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Abstract

In this paper we investigate the boundedness on Hardy spaces for the higher order commutator 7,
generated by the BMO function b and fractional integral type operator 77, and establish the boundedness
theorems for 77, from Hf 4" to LP2 and to H”2 (0 < p; < 1), and from HK;l'f’,,"‘,f, to K72 and to
H K72, respectively, for certain ranges of @, p1, g1, p2, g2 and s.
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1. Introduction

Let T be a linear operator and b a BMO function. The higher order commutator
operators are defined as

Tomf () = T((B() —~ bx)"f (Nx), m=0,1,2,....
Obviously, T,o = T, T, = [b, T] which is the commutator in [6], and
Tb.m =[b’ Tb,m—l], m = 1, 2,

Coifman, Rochberg and Weiss [6] stated that if T is a Calder6n-Zygmund singular
integral operator, then T, , = [b, T] is bounded on L?(R") for 1 < p < o¢. Chanillo
[4] extended this result to the fractional integral. Subsequently, many authors have
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studied the L” —boundedness of the commutator 7;; = [b, T] (see, for example, {2,
3, 10, 22]) and the higher order commutators T, ,,,m =0, 1, ..., (see [8, 12, 15,23)).
The case 0 < p < 1 was also considered by many authors. When T is a Calder6n-
Zygmund singular integral operator, Perez [21], Pluszynski [20] and Alvarez [1]
showed that [b, T] does not map H? (R") into L?(R"). However, Perez [21] proved
that 7, ,, maps the modified spaces H,,‘_‘,f'o([R") to L'(R"), Alvarez [1] obtained that
[, T] maps H,f_',°°‘0(lR") to L?(R"), and Long and Wang [15] proved that T, ,, maps
HPPP(R") to LP (R") and to H? (R"). In this paper, we will extend these results to the
higher order commutators 7, of fractional integral type operators T* and consider
their boundedness from H}, " (R") to LP2(R") and to H?2(R") for0 < p; < 1.

On the other hand, Herz type Hardy spaces were recently studied by many authors
(see [5,9,11,12,16-19]). The boundedness of some operators on Herz spaces and
Herz type Hardy spaces can be found in [11,12,14-17,19]. If T is a standard
Calderén-Zygmund operator, [b, T is bounded on Herz space K 77 (R™) (or K7 (R™))
for —n/qg < a < n(1 — 1/q), but not for ¢ > n(1 — 1/q) (see [11,19]). It is not
bounded even from HK"” 2(R™) (or HK?°(R™) into K“P(R”) (or K27 (R")) for
@ > n(l - 1/g). However [b, T] is bounded from HK“” %(R") (or HK"" *(R™)
into K:"(lR") (or K"’”(IR")) forn(l1—-1/g) <a <n(l - l/q) + v (see [19]) just as
the cases involving thc standard Hardy space H'(R") and the Lebesgue space L'(R").
Long and Wang [15] obtained the boundedness of the higher order commutators
T, m of the Calderén-Zygmund singular integral operators 7 from H K ~hm(R™) (or
HK;‘,’,’:,(R")) into. K‘“’ (R™) (or K37 (R™)), and from HKZ b m(RY) (or HK:',’,":,([R"))
into HK" 2 (R™) (or HK"’" (R™)) for some ranges of p, ¢, s and a. The boundedness
of higher order commutators of fractional integrals on Herz spaces was obtained for a
range of « in [12]. Here, we will also investigate the boundedness for the higher order
commutators T, of the fractional integral type operators 7" from the Herz type Hardy
spaces H K*%* (R™) (or HK>%'* (R")) to Herz spaces K"” (R") (or KZ:P*(R")) and

q1.b.m q1,b,m

from HK;'I”,,‘,,’,(R") (or HK_ %' (R™) to HK" "P2 (R") (or HK"‘Z"Z(R")) for certain
ranges of a, p, q1, p2, ¢z and s.

Let us introduce some definitions below.

DEFINITION 1. Let 0 <t < n, 0 <y <1l,5s e NU{0},l < g < ¢ < X
be such that 1/q, — 1/q, = t/n. T7 is said to be a (qi, 1; s, y)-fractional integral
type operator if 77 is a bounded singular integral operator from L? (R") into L%(R")
with kernel K (x, y), which is C® away from the origin and satisfies the following

conditions:

M) T°f(x) = fp K&, Y)f () dy, if x # y;

L | K y) Kk, y) ly—yIr . ;

(ii) 8y¢ P <G m,lf |x —y| > 2|y —y’|, where
& =1, ..., &) is any multi-index ands={|=&+ -+ &,
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Denote by [r] the integer part of the real number r. For 8 = (B1,...,8,) €
(NU{OD", x? =x{"---xP and |B| = By + -+ + B,. Let

1/q
1 f lovcan = ( /R 1feor dx) .

Denote by T* the conjugate operator of 7.

DEFINITION 2. Let0 < p <1 <g <00, p < q,[n(l/p—-1] <5 <00. A
function a(x) is said to be a (p, g, s; b)-atom of order m if there exists a ball B for
which

(i) suppa € B =B(xo,r)=1{x:|x—x0| <rk;

(i) lallie@n < |B[V77Y7;

(1ii) fw a(x)b' (x)xPdx =0;|B| <s,i =0,1,...,m.

DEFINITION 3. Let 0 < p <1 < g <00, p < g, [n(1/p — D] < s < o0.
We define f € H/,7*(R") if and only if f(x) = 3,y Axax(x), where each g, is a
(P, g, s;b)-atom of order m, 3, . |Ael? < +00, and || £l e+ ey ~ (Dgen 12el7) 7.

Obviously, Hb’,‘:’ O(R") are the spaces Hb"m(lR") which were introduced by Perez
in [21]. By the atomic decomposition theory of Coifman and Weiss [7, 13,25], if
O<p=<l<g<oo,p<gqgand[n(l/p—1)] <s < oo, itis easy to see that
H)*(R") = HP(R"), the classical Hardy spaces.

THEOREM 1.1, Let O < py < L, 1/po=1/p1—t/n,0 <y < 1,5 > [n(1/p,—1)],
1 < g, < oo, and let T® be a (q,, T;s, y)-fractional integral type operator (as in
Definition 1) and b € BMO. Ifn/(n —t+s+y) < p» < +00and0 < t < n, then
T, maps H; " (R") into L7 (R").

REMARK 1. Theorem 1.1 is equivalent to [21, Theorem 1.9] when 7 = 0, p; =
p2=1,5=0,q, =o00;and to [1, Theorem 1.5] whent =0,m =1,5s =0.

THEOREM 1.2. Let 0 < p; < 1,1/p, =1/pi—7/n,0 <y < 1,5 > [n(1/p,—1)],
1 < g, <00, and let T™ be a (qi, 1;s, y)- fractional integral type operator and
b € BMO. Assume that (T*)*(gi 3) = C (a constant), g; g(x) = b (x)xP, |[B| <s,i =
0,1,....,m. Ifn/(n—t+s+y) < p < 1and0 < t < y, then T}, maps H,,,"*(R")
into H(R").

Let By = {x € R" : |x| < 2%}, Ciy = By \ Bi-1, and x; = xc, fork € Z, where xc,
is the characteristic function of set C;.

DEFINITION 4. Let0 < ¢ < 00,0 < p < 00,1 < g < 00. The Herz spaces are
defined by
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(@ K&P(R") = {f € LL(R"\ {0} : || fllge»@s) < +00} (homogeneous space),
where

1/p
I flkermey = (Z | Be|**'" llkalli.,m)) ,

kel

(b) K;“"(IR") = LI(R") N Ii’;""(IR") (non-homogeneous space), and || f || k=»g+) =
N fllomny + ILfll ko ey

Obviously, K%#(R") = LP(R") = K2»(R") forall 0 < p < oo.

DEFINITION 5. Let —00 < a < 00,0 < p<oo,l <g<oocands € NU({0}.
A function a(x) is said to be an mth order central HK — («, q, ; b),-atom if a(x)
satisfies

(i) suppa S BO,r)={xeR":|x|<r, r >0}

(1) llalemny < 1B, r)|=/

(i) fpa)b'(X)xPdx=0,|8|<s,i=0,1,...,m.
A function a(x) is said to be an mth order central HK — («, q, ; b),-atom if a(x)
satisfies (ii), (iii) and

(i) suppa C BO,r)={xeR":|x|<r, r>1}.

DEFINITION 6. Let0 < p < 00,1 < g <o00,n(1—-1/q) <@ < ocands € NU{0}.
We define f € HK./, (R") (or HK_;, (R™) if and only if f(x) = Y rez Mear(x)
(or f(x) = Y ks0 Acax(x)), where each ay is an m order central HK — (or HK —)

(, q, ; b),-atom with the support By, 3, [Al? < +00 (or 3,0 IAk|? < 400), and

1/p i/p
If Nrkogs ey ~ (Z M’) or || flluspsan ~ (Z lw)

keZ k>0

f0<p<oo,l<g<oo,n(l-—1/g) <a<oocands > [a —n(l —1/g)],
it is easy to see that HK'[3(R") = HKZP(R"), HK; 7 (R") = HK®"(R") (see
[11,17]) or [18,19]). For 0 < p < o0, HKg"’(R") = HKg"’(lR") which are the
usual Hardy spaces H?(R"). In particular, H?(R") = L?(R") when p > 1. When
1<q<o0,—n/qg<a<n(l—1/g)and0 < p < 0o, HK¥?(R") = K*P(R")
and HK;-P([R") = K;’“"([R”) (see [11)).

THEOREM 1.3. Let0 <1 <n, s e NU{0}, 0 <y < 1,0 < p < p» < 0,
l<qg <o, /g2 =1/q—t/n,n(l - 1/q)) <a <s+y+n(l-1/q), and let
b e BMO and T* be a (q,, t;s, y)-fractional integral type operator. Then T, maps
HK®8" (R") into K';'I‘m(IR") and HK.",\ (R") into K57 (R™), respectively.

qi.b.m q1.b.m
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REMARK 2. Theorem 3 is [19, Theorem 3.1]whent =0,5s =0, m = 1.

THEOREM 1.4. Let py, p2, q1, G2, T, &, s, ¥, T" and b be as in Theorem 1.3.
Assume that (T*)*(gip) = C, gip(x) = b'(x)xP, |Bl <s5,i=0,1,2,...,m. Then
T} ,.(R™) maps HK.';"';,‘_',:(R") into HI&;‘Z"’Z(R") and HK " (R") into HKP*(R"),
respectively.

Denote by BMO the space of measurable functions b such that
/ |b{x) — bgldx < C|B|
B

holds for all balls B, where by = |B|™! |, 5 b(x) dx with a constant C independent
of B.

Throughout this paper, C always means a constant independent of the main para-
meters involved, but which may be different from line to line. For any power exponent
p with 1 < p < 00, we denote the conjugate exponent p/(p — 1) by p’.

2. Proofs of the theorems
First we prove two lemmas.
LEMMA 2.1. Let 1 < g < 00, T" be the (q, T;s, y)-fractional integral type

operator defined as above and b(x) € BMO. Iffori =0, 1, ..., m, a(x)b'(x) satisfy
s order vanishing moments with suppa C B with the center at xo = 0 and x € (2B)S,

then
: b(x) — bg|™ Ib1l5,
T (s+y)/n+1/q I B BMO
In,ma(x)l =< ClBl ”a”L"(R") < len—t+.\'+y len—r+.\'+}’ ’
PROOF. Using the sth order vanishing moments of a(x)b'(x), i =0, 1, ..., m, we
have

o) = [ (60 = BON"K(x,)a) dy
.

= | (b(x) —b(y)"(K(x,y) — P(x,y))a(y)dy,

R

where P(x, y) is the (s — 1)th order Taylor’s expansion for K (x, y) as a function of y at
y = 0. Again, using the sth order vanishing moments of a(x)b'(x),i =0, 1, ..., m,
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we have
K
T, ja(x) = ZCsz (x Yo) y*(b(x) — b(y))"a(y) dy
R 2)=s
4 4
- [ Y. (a Ko yo 2RO )y‘(b(x)—b(y»'"a(y)dy,
R" i ay* ay*

where y, is a point on the line segment connecting y and 0. Thus, by (ii) in Definition 1,
and since yp € B,y € B, [¢] = s, llallu@y < |B[V9||a|| Legn and

1/q9
/ 16(y) — bs|"la(y)| dy < llall e ( / 1b(x) — bs|™ dy)
R” B

l !
< ClIblizyo! BI' llall oo,

we have
|(s+y)/ n

f Ib(x) — b I™la(y)ldy

T B ———
lT;’v’"a(x)I 5 I 'n T+s+y
|B|(s+y)/n

(Ib(X)—bsI"'f la(y)|dy
Rn

|x|n—t+s+y

+ / |b(y)—b3|'"|a(y>|dy)
() — bsl" 1B ) -

(s+y)/n+1/q’
= CiB| "a"“(“")( x|n-ttsty + |x|r=T+s+y

LEMMA 2.2. Letq > 0,m e NU {0}, B = B(0, r). Then

— balma
Hzf M|x|5dx
R

4B x |(a—T+s+)g

00
< C||b||,o| B|~n=tts+rIg=b=n)/n Z(] + 1)maQi (n=ths+y)g—b-m)
j=2

PROOF.

—
—
I

|b(x) — bg|™ dx
Vr<lxj<Y+ir |x|(n—r+s+y)q—5
1

| 2 rl(n—t+s+y)q—8

IA

‘[\’Js gk

-
i
~

[ {b(x) — bg|™ dx
Y+B

= § : — balm
C, < (2 r)rmtetna=isn () +1p)n /;_Hﬁlb(x) bp|™ dx.
j=
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When mq > 1, we have

1
(2j+lr)n

. mq
1 m 4
< (:(21_*’1")'l LHB Ib(X) - by+13| 1 dx + C (Z |b2iB - b2i+13|)

i=0
j ma
< Clblizgo + C (Z ubnm)

f Ib(x) - bg|™ dx
2+ B

i=0

= C( + D™ bl o

When 0 < mq < 1, by Holder’s inequality, we have

bix) - bg|™d
vy [, 1) = bl ds

1 o
< b —-b 2l+lB 1-mgq
< Gy (/M| ) Bldx) 12+ B|

. mq
1 -’
< i b _b"*l d bi _bi+l
_'((Z’“r)"/;-ﬂgl (x) — by+] X+Z|23 2 B|>

i=0

< CG + D™ |1bllzso-

When mq = 0,
1
. b(x) — bg|™dx = C.
s fmn (x) — bs|™ dx
Thus, we have finished the proof of Lemma 2.2. O

PROOF OF THEOREM 1.1. We need to prove that there exists a constant C such that
for each function f in Hy,"*(R"),

I Tomf Mm@y < CIf Nugro @

where g, g, are as in Definition 1, thatis, 1 < g, < ¢, < cosuchthat1/q, — 1/q, =
t/n(=1/p, — 1/p,). By a standard argument, it is enough to show that there exists a
constant C independent of a such that || 7}, a|l ..~ < C for each (pi, qi, s; b)-atom
a of order m.

To prove this, without loss of generality, we may suppose that supp a C B with
center at the origin. Then

| Ty a(x)|P?dx = (/ +/ ) | T, ,a(x)|”* dx
R 4B "4B '
=I+1I.
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By the boundedness of 7;, from L% (R") into L%(R") and Holder’s inequality, we

have
1/q\ P?
I<c||B|'/rle (/ ITb',ma(x)I‘"dx)
4B

1/pi— P
< C (116l ol BI'P =9 | all Lo iry) "

1 -1 1/q:—~ P2
< C(”b“Z’MolBI /p: /q‘IB! I l/m)
= Clblizko-

For II, using Lemma 2.1 (g = ¢), Lemma 2.2 (§ = 0, ¢ = p;) and |lallta@~ <
|B|"/ai=VP1 | we have ‘

< ClB'(J+r)Pz/'l+P2/ql “a”qu @&

|b(x) — bg|™*> 15l 540
X (n—1+s+y)p2 dx + (n—t+s+y) dx
rreg x| P2 w\as 1 X| Pz

< C|B|S+Vpaintplai| g|(1/a=1/pop2

[e o]
X ”b”g]’:folB|‘(n—r+x+)’)P2/n+l Z(] + 1)mpz2-—j((n—t+.\‘+y)pz—n)

j=2
= Cl|blisho>
since n/(n — T + 5 + y¥) < p. This concludes the proof of Theorem 1.1. d

PROOF OF THEOREM 1.2. By the atom-molecule theory of Coifman and Weiss (see
{7,13,25]) we need only to prove that there exists a constant C such that for each
(p1, q1, 5; b)-atom a of order m, T, ,ais a (p3, q2, s, €)-molecule, that is,

(i) x|"T;,a(x) € L%(R");

(i) Nop (T3 @) = | T pallfo ol X1 T @) ey = € < 003

(i) fo. TF,ax)xPdx =0, |8 <s,
where s > 5o = [n(1/p2 — 1],

(s—t+y)/n>1l/py—1lsincep, >n/(ln—1+s+vy)),c=1-1/ps+e,
d=1-1/g+¢6,0<p, <1,0<y <1,5>0,1/q;— l/qs = T/n.

Let suppa C B with the center at the origin. By the boundedness of 7, from
L% (R") into L% (R"), we have [| Tj ,all » gy < Clibligyollalt o gm)- Let

x |2 T, a(x)|® dx = (f +/ )|x|qz"dgr,;ma(x)1qz dx
R" 48 "\48
=1+1I.
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For I, by the L7(R")-boundedness of T;,, and |lal| a @~ < |B[/%~'/P!, we have
1< CIBI*||T; ,allfn@ < CIBI®I1bl5ollall o ge)-
ForII, by Lemma 2.1 and Lemma 2.2 (g = ¢, § = q;nd), we have
I < C|quz(s+y)/n+qz/q, ”a”un(mn

y be) — bglem oI5
R"\4B [x |a2(n=T+s+y)~qnd R\4B | |g2(n—T45+y)—qond

< C|B |qz(s+y)/n+qz/q. "a”m ®)

[e o]

X ||b||Z2A’4"O|BI—qz(n—r+s+y)/n+qzd+l Z(] + l)qzmz—j(qz((n—r+s+y)—nd)—n)
j=2

= Clbligo! BI®llall Fu @
sincequ(n —tT+s+y)—qnd—n=q(s+y—1—ne)>0.
Thus,

d d (I~c/d) d(1—c/d 1-c/d
No(TE @) < Cliblissollall Za g 1610 @ 1B1* = |1l o ey
1 1
= C”b”BMo"a"an(mn)lBl Ip2=l/a <C

We have proved (i) and (ii). By (T*)*(gip) = C, |Bl <s,i=0,1,2,...,m, and the
vanishing moments of a, (iii) is obvious.
This concludes the proof of Theorem 1.2. O

q1,b,m
where each g; is an m-order dyadic central HK — (a, q;; b),-atom with support B;,

and |If lukeryz e ~ (Xjezoo 14 1P) /7. Then,

PROOF OF THEOREM 1.3. Let f € HK™%"*(R™), that is, f (x) = Z}“;_w Aja;(x),

pi/p2
15 B = € ( 32 21T 1
k=—00
<C Z 2P (T f )Xkl e
k=-o00
o k=2 P
<C Z Qkapi Z |)nj|||(7;:,maj)xlf"w(“‘")>
k=—00 j=—00

P1

oo o
+C Y2 Y I e el

k=-—o00 j=k—1

=1]+12.
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For I,, by the L7(R")-boundedness of 7, and Holder’s inequality, we have

o ¢] o0 pP1
L=C Y 2 [ 3 1blmolilla ||un(m")>

k=-o00 j=k—1
00 00 Py
pm k—j
< Clibligo D | D 2 ”"w)
k=—00 \j=k-1
fo o] o0
Clbligio D Y 2% Py, if 0<p; <1
k=—00 j=k—1
oo o0
k—j 2
< Cllb|m Z k=j)pra/ A |m>
k=—00 \j=k—-1
00 p1/p}
X Z 2(’"”’"“/2) if l<p; <o
j=k-1
( j+1
Clibligye Y A1 Y 20w if 0<p <1
]—-—OO =—0Q0
=< 00 j+1
Cllbligo Y WP ) 267%e2 if 1< p) <00
3 j==—00 =—00
o0
< Clibligio ) 1P
j=-00

Thatis, I < C||bligmollf 15} HREL @y For I, since

k-1 Qm
|b(x) — by, |™ < Clb(x) — bg,|*" + C (Z |bs, — b, I)

i=j

< Clb(x) = bg,|™™ + C (k — j)™" bl 5o

and [, |b(x) — b, |®" dx < |Byllbllzmo < C28(k — j)||bl| 350, for k > j, we have

” ( T;;maj )Xk ” Lo (R")
< C|B; |(s+y)qz/n+qz/q1 lla "qu @)

O S T Gl N S
G |x |g2n—T+s+y) G |x |2 (n=T+s+7)

< ClBj I(x+y)qz/n+qz/q| ”aj “Zz‘"(lk")

bG) = bg | [ K="l
X G |x |pin—THsty) G jx |gin—t+sty)
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< C2j (+y)q+nq—nq/q1)—jaq 2—k(n—r+:+y)qz x 2k"(k __j)qzm”b”glno

= C2U-bty+mae-ng/q))~jeq k—j )qzm”b”qzm

BMO*
Hence
o] k-2 p1
Il < C”b”g}.‘;no (Z (k _j)m2(l—k)(n+s+y—n/q1—u)|)\_jI)
k=—00 \j=-00
00 _
Cliblm Y D (k= jymer2d=bessty=n/a=apip o1 if 0 < py < 1
k=-00 j=—00
< | [} k=2 '
=\ Clbltim Z (/Z 2(/—k)(n+s+y—n/ql—a)p1/2|Aj |pn>
k=—00 \j=-00
k2 i > P1/p .
{ X (Z}:—oo(k ])mp,z(l Wnts+y—n/gi— nt)p./) if 1<p <00
C||b|p'"' |)‘,|m k — ')mm2(l—k)(n+s+y—n/q|—a)p| if 0 < pr <1
BMO j J
< _1=—oo k—j+2
Clibl5im Z A P! Z 9 =K} (n+s+y—n/qi-a)py/2 if 1 <p, <00
j==00 k=j+2
< Cliblio Z I 1P
j=—0

pim

fory > a+n/q —n—s. Thatis, I, < C||bll5yollf II°} HRSPL @)’
Thus, we have proved the case of homogeneous spaces "of Theorem 1.3 The proof
of the non-homogeneous case is similar to that of homogeneous case. This concludes

the proof of Theorem 1.3. O

PROOF OF THEOREM 1.4. By the atom-molecule theory of H Ii’;"” (R") (see [18,
Theorem 2.5]), we need only to prove that there exists a constant C such that for each
dyadic central m-order H K-(a, gy; b)-atom a; with support By, T, .a is a dyadic
central (¢, ¢, s, £);-molecule, that is,

0 T pallin@n < 275

(i) N(T a0 = 1T aell 2o o 111 Ttk GO 2y = € < 005

(i) fp Tyna(x)xPdx =0, 8| <s,
wheres > [a+n(l/q; — 1)), s+y —t)/n > € > max{s/n,a/n+1/q, — 1} (since
+y—-v)/n>a/n+1/gg—1),c=1—-1/q—a/n+e,d=1—1/q +¢.

(i) By the LY(R")-boundedness of 7, we have

—k
”Tbmak”L‘n(R") < C”b”BMo”ak”Lq:(mn) < C”b”BM02 a
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(1)

s acras = ([ 4 [ Ywe s ame s
R" B2 R\ Bis2
=I1+H.

ForI, by the L7(R")-boundedness of Tj,,, we have
IS C2% | T il fnary < C2 % 1Bl Eiroll el o ey < CllBIG02 4,
For II, by Lemma 2.1 and Lemma 2.2 (§ = g,nd), we have

< ClBk|(°'+Y)q2/"+q2/q'.||ak||qu. &)

9 / |b(x) — bg,|"" dx+/ 151l 3o dx
R"\ By, |x|qz(n—t+.\'+y)-q2nd R"\Bi. |x|qz(n T+s+y)—qand

k((s+ +
< C2" (s+¥)q2/n qZ/ql)"ak”L“(R"
00
b Zﬂoz—nk((n-f+s+y)q2/"_qzd~l) Z([ + Hyrm2 (q2((n—1+5+y)—nd)—n)
Jj=2

o0
2 kgand . i o
= Clblig02 "™ @l fa @») E G + 1)mp-i eHy-r-ena
i=2

= ClIbl§o2 "™,
since (s + ¥y — T — gn)gq, > 0. Therefore,
N(nf ak) < C2—kac/d2k(nd—ot)(l—c/d) — C.

(iti) By (T")*(gip) = C,|Bl < s,i =0, 1, ..., m, and the vanishing moments of 4,
the vanishing moments of 7, a, are obvious.

Thus, we have proved the case of homogeneous spaces of Theorem 1.4. The proof
of the non-homogeneous case is similar to that of homogeneous case. This conclude
the proof of Theorem 1.4. O

3. Fractional integrals

Let 0 < t < n, we define the fractional integrals of T by
T f(x) = f ———-—f ) dx
g lx —y|*T
The proof of the boundedness of T* from L% (R") into L%(R") for1 < g, < g; < o0
such that 1/q, — 1/q; = t/n can be found in [24]. Thus, the fractional integrals T°

as above satisfy the condition in Definition I for y = 1 and any s > 0. Hence, as the
special case of Theorems 1.1-1.4, we have the following corollaries.
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COROLLARY 3.1. Let 0 < p;, < 1, 1/py = 1/py — t/n, s > [n(1/p, — 1)],
1 < gy <00, and let T* be a fractional integral operator (as above) and b € BMO.
Ifn/f(n—t+4+s+1) <p, <+00and0 < t < n, then T}, maps H,,"*(R") into
LP2(R").

The case p; = 1 and m = 0 of Corollary 3.1 was proved by Stein and Weiss.

COROLLARY 3.2. Let 0 < p; < 1, 1/p, = 1/py — t/n, s > [n(1/p, — 1)},
1 < q; £ 00, and let T" be a fractional integral operator and b € BMO. Assume that
(THY* B (x)xP)y=C, |Bl<s5,i=0,1,....m Ifnf(n—t+s+1) <p, <land
0 <t < 1, then Ty}, maps H{,,"*(R") into H"*(R").

The case 0 < p; < p; < 1 and m = 0 of Corollary 3.2 was proved by Taibleson
and Weiss [25].

COROLLARY 33. Let0 <7 <n, s >0,0<p; <p, <00, 1 < q < 00,
1/ = 1/gs —t/n, n(1 — 1/q;) < ax < s+ 14+n(l—1/q), and let T® be a
fractional integral and b € BMO. Then T, maps HK E (R into K7 (R") and

q1,.b,m
HK, (R into K2P(R™), respectively.

COROLLARY 3.4. Letp|, p2, q1, g2, T, @, s, T* and b be as in Corollary 3.3. Assume
that (T")*(b'(x)x#) = C, |Bl <5, i =0,1,...,m. Then T}, maps HK_;*% . (R")
into HK3?*(R") and HK %), (R") into H K37*(R"), respectively.

q1,b,m

The case m = 0 of Corollary 3.3 and Corollary 3.4 can be found in [14, 18].
The case m = 1 of Corollary 3.3 can be found in [19].
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