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Projective metabelian nonfree groups

V.A. Artamonov

This paper is concerned with projective metabelian AA -groups,

where A is the variety of all abelian groups, A - of all

abelian groups of exponent n . Let P be a projective AA -

group. Since AA n /V the group P/P' is a free abelian group.

Define rank P = rank P/P' . It is shown that for all numbers

r, n > 1 , except r = n = 2 , there exists a projective nonfree

AA -group of rank r with r + 1 generators.

1 . Introduction

This paper is concerned with projective metabelian AA -groups, where

A_ is the variety of all abelian groups, A - of all abelian groups of

exponent n . Let P be a projective AA -group. Since AA 3 A , the

group P/P' is a free abelian group. Define rank P = rank P/P' . We

show that if r, n > 2 , except r = n = 2 , then there exists a projective

nonfree AA -group of rank r with r + 1 generators. On the other hand,

Mclsaac [4] has proved that projective AA -groups of rank 2 are free. It

is not difficult to prove that projective AA -groups of rank 1 are free.

2. Preliminaries

Let C be a d i r e c t product of r cyc l i c groups [x.\ of the same
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102 V.A. Artamonov

order n . Consider the group ring 1C . Let m be the augmentation

ideal of 1C . For y d C define n(y) = 1 + w + . . . + yn~ .

PROPOSITION 1 . If N = I y <LlC , then

y r
Proof. For a l l x. , 1 5 j 5 r , we have x . ] f n[x.) = "| [ n(x.) .

3 ° i=l ^ i=l t'
r

So "I fnfx.) = ail/ , a E Z , since only IN satisfies this

3?

property. But aN E an (mod m) = "| [ n(l) = n and, hence, a = 1 .
r ' n i=l

Consider now the augmentation epimorphism

e : ZCr>n ->• Z , E(SN) = 1 , ker e = m .

It induces an epimorphism

e1 : 1C /{N ) *Z/(n) ,r,n K v,n> K ' '

since N E n (mod m) . In i t s turn e ' induces a homomorphism of groups

of units

(1) e* = e : [1C /{N ) )* •+ {l/[nr))* .

THEOREM 1. Let r, n 2 2 except r = n = 2 . TTzen e , from

( l ) , is not an epimorphism.

Proof. Suppose that for r - 1 the theorem i s proved, and

X + [nr~1] € (Z/K3""1) *\lm e . Then X + (wr) € (Z/nr) * . Suppose

* + ( i r ) € Im tr . Then X E ffa^ . . . , x^) (modern, nP)) , where

. . . , xp) € ZC^^ and, for some g(x±, ..., xp) € ZC^,^ ,
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Pro jec t i ve metabelian nonfree groups 103

(2) f(x1, . . . , xr)g{xv . . . , xr) = 1 + aNp^ = 1 + a [ J n ( i { ) .

Put xp = 1 in (2) . We have

r-X

So f (x x , . . . . x ^ , l ) € ^ r _ 1 > M / ^ . 1 > M ) * .

/ ( * ! *,_!• l ) E /(«]_. •••> * r )
 E * M l m . nr))

n J € Im £ . This contradiction shows that

This remark shows that we need only to prove that e „ and e ,

n > 2 , are not epimorphisms.

LEMMA 1. e_ _ is not an epimorphi8m.

Proof. Let A = A(x, y, z) , B = B{x, y, z) € Zc_ o and

i4S = 1 + off , a i. 1 . By Proposition 1, A(-l, y, z) i s a unit in

ZC c ZC . But a l l uni ts in ~LC o are t r i v i a l (see [2 ] , Theorem 6).

Since e maps t r i v i a l uni ts into ±1 we can assume that

o p o
A(-l, y, z) = B(-l, y, z) = 1 . Then x = y = 3 = 1 implies
A = 1 + (l+x)(ao+a1y+a2s) . So,

4(x, -1, a) = [ ^ ( )

Again, by Higman's Theorem, two of the three numbers 1 + a - a ,

<zQ - a , a equal zero. But 1 + a - a ? a - a . Hence a = 0 .

Similarly, the consideration of A(x, y, -1) implies a. - 0 . Thus

A = 1 + a_(l+x) . The same argument shows B = 1 + £> (l+x) . Hence

AB = 1 + (a +fc +2a i J (l+x) = 1 + a(l+x) (l+y)(l+z) and th i s implies

aQ + i Q + 2aQfc0 = 0 . If aQ = 0 then fc0 = 0 and A = 1 , z^ 2U) = 1
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Otherwise a = b = 1 and A - -x , t (A) = -1 . So, in all cases,

Im e = {1, -1} # {1, 3, 5, -1> = (Z/8)* . This proves Lemma 1.

Suppose now r = 2 , n > 2 , n = ai> . Then there is a natural

epimorphism f : lC2 -*• ZCg ̂  . It is clear that /(w(x.)) = a'fc(x.) ;

hence /(#„ ) =^a ^2 , • The epimorphism / induces a homomorphism

rings /' : ZCO /No •*• T-C ,/No , and a homomorphism of groups
c. yYl d. yYl d. yD d. yD

f* : [ZC2 /N2 ) * •+ [1C2 b/N2 .)* . L e t 3 b e t h e n a t u r a l homomorphism

3 : Tin2 - lib2 , 3{K+{n2)) = K + (Z>2) .

LEMMA 2. The following diagram

t-i~ 1,, 1* 2,n. r-r 1 2\ j.

is commutative.

The proof is trivial, since all homomorphisms are induced by ring

homomorphi sms and for ring generators x. we have

COROLLARY. If e • is not epi, then e , , K> 2 , is not epi
d>* 2,2

either.

The proof follows from Lemma 2, since 3* is epi.

LEMMA 3. e . is not epi.

Proof. We shall show that 3 + (16) £ Im e . . Let A = 4(x, j/) ,

B = B(x, j/) 6 ZC"2 ̂  , and AB = 1 + a#2 ̂  , e € Z ; put x = -1 . Since

(l+x)\N2 ^ we have in IC± ^ ,

By Theorem 6 from [2], ZC . contains only trivial units, so, without

loss of generality, we suppose 4(-l, y) = 1 ;
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that i s , A(x, y) = 1 + (l+x)ZJ(x, y) where D{x, y) = E(x) + {l+y)J{x, y) .

By Theorem 6 from [2] , A(x, -1) = 1 + (l+x)£(x) is a t r iv ia l unit,

A(x, - l ) = ±x* . Thus A(x, y) = tx* [l+(l+x)(l+y)J(x, y)) . Let

J(x, y) = J±(x) + yJ2(x) + (l+y2)j3(x, y) . Then in l[i]C^ ^ ,

(2 1 ) ± xU"*A(x, £) = 1

i s a unit. But Q[i]C , i s isomorphic to the direct sum of four copies of
1 » ^

Q[i] in which the generator of C , acts as a multiplication by

±1, ±i . So, since a l l units of Q[£] have finite order, the same is true

by Theorem 5 from [2] for Z[£]C , , and by Theorem 3 (see [2]) a l l units

of l[i]C_£ ^ are of the form ±xk, ±ix . Hence, in (21) , J^ = J2 = 0 ,

and i4(x, y) = +x*ll+(l+x) (l+j/) (l+j/2)eT (a, z/) . Similarly,

^ and thus A(x, y)' = ±xt (mod N2 J , e2 ^(A) = ±1 .

Suppose now that n = p d , k > l , p an odd prime, and we have

already proved that for all z € Im eo ,

(3) * 2 ( P - 1 ) 2 = 1 •

Then 1 + pd + (n2) f Im e . Indeed, if 1 + pd + (w2) € Im e ,

then by Lemma 2, 1 + pd + (p ) € Im e^ , so mod p ,

2
(l+pd)2^"15 - 1 i (l+2pd) - 1 i 2pd = 0 ;

th is contradicts {d, p) - (2, p) = 1 . Thus, we need only prove (3).

Let H be the group of a l l automorphisms of

lC = Z[x, J/]/(x^-l, yP-l) leaving invariant the cyclic subgroups
2»P

{x}, iy) <= Co . It is clear that for a € S , g I lC ,
cP ^ P

and | J?| = (p-l) . Note that the element N = ff is 5-invariant;
^ »p
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that i s , for all a € H ,

a(N) = N .

LEMMA 4 . Let A € lCo be U-invariant, B € ZCO . If

AB = 1 (mod #) tfeen 5 i s H-invariant.

Proof. If 45 = 1 + aN , a € Z , then

0 = a(l+aff) - (1+atf) = 4[a(S)-5] , a € fl .

Since 4 i s inver t ib le mod iV ,

a(B) = B + M , 2> € Z ,

and, by induction, a (S) = B + kbN . But for some It > 1 we have

a = 1 , so fcitf = 0 and b = 0 .

LEMMA 5. Let C € 1C and C be H-invariant. Then
^>P

C = aQ + c^p(x) + Cppiy) + c^p(x)p(y) where o^ € Z .

P-l ^ J

Proof. Let C = J a • -x U • F o r each i , l i i S p-1 , we have

an automorphism $ € fi such that &(x) = x , 8(z/) = y . Since C i s

invar ian t , a. . = a . , 1 5 i 5 p-1 . The same i s true for j . This

proves Lemma 5-

LEMMA 6. J / z € Im e_ , then z2^~X) = 1 .
^»P

Proof. Since for a l l 4 ( Zc , a € H , e{a(A)) = e(A) and

|ff| = (p-l) , we need only prove that for //-invariant A , invert ible

mod N ,

e2jA+{N)) = ±1 .

By Lemma h, for ff-invariant B t ZC_ ,

AB = 1 + aN , a € Z .

By Lemma 5 we can assume A = a + a.p(a;) + a2p(^) ,

B = bQ + b^?(x) + bppiy) . Note that p (x) 2 = p«p(x) ; so in lC^ ,
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AB = aQbQ + (aofc1+a1bo+pa1b1)p(x) + p(y) {a

+ p(x)p(y) [ajbp+cipbj) = 1 + ap(x)p(y) ,

which implies aQb± + a±b0 + pa^ = aQb2 + aJ)Q + p a ^ = 0 , aQbQ = 1 .

Hence a = b = ±X , b = ±a (tl+pZ^) , and

since p 2 3 . Thus b = a = 0 . Similarly a = b„ = 0 . Hence,

finally, 4 = ±1 . This completes the proof of Theorem 1.

THEOREM 2. Let the numbers r, n be as in Theorem 1. Then there

exists a protective nonfree ~l£ -module T of rank r with epimorphism
r yn

I : T •* m [the augmentation ideal of T-C ) such that

(i) for some projeotive ideal J < 1C the module M = J © T

is free of rank r + 1 ,

(ii) if I is trivially extended to M , so that 1(<J) = 0 ,.

and if p is a projection of M onto T 3 then for some

basis w , ..., wp of M ,

p(uQ) € mT , l{wQ) = 0 ,

p(u^) = w^ (mod mT) , l[w.) = x. - 1 > X S i S r .

Proof. Let k € Z and k + [n") € (Z/nr)*\lm e . Then
v ' v ' r,n

(k, n) = 1 and for some k', m € Z ,

(1*) kk' = 1 + mnr .

By resu l t s from [6] the ideals I = {k, N) , J = (fc\ tf) , where

N = N , are projective nonfree ZC -modules of rank 1 . There exis ts

an isomorphism

f = (ICrJ2 *J@I '

/ ( I , 0) = (ku'-mv', u) , / (0 , 1) = {mnru'-mk'v', k'u-mv) ,
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where u' = k' , v' = N € J , u = k , y = ff € J . Take in (ZC I 2 a

new bas is eQ = fc(l, 0) - (0 , l ) , e 1 = ( l , 0) . Then by (U),

C*') / 0 = f{eQ) = ( « ' . M , / x = f(e1) = {b ' -my p , M) .

In [6] Swan noticed that I = {k, N) i s given by generators u, V

and re la t ions

(1*") Nu = kv , xy = y , for a l l x € C

Thus, i f t : I -*• m i s any homomorphism, then kt(v) = Nt{u) = 0 by

Proposition 1, since l(u) = £ a^(x.-l) . So, by (U"), a l l homomorphisms

Z : J ->• m are uniquely determinded by l{u) , and since ZC u os ZC

there i s no r e s t r i c t i o n on

Now take T = I® ZC /^ @ . . . © ZCy / ^ .

LEMMA 7. T is a protective nonfree lC -module of rank r .

Proof. If T c- (ZC ) r , then since Krull-dim lC = 1 (see [7 ] ,

p . 600) by the 'cancel la t ion 1 theorem ( [ J ] , p . 184), J @ ZC = (ZC ) 2

But GL(2, ZC ) ac t s t r ans i t ive ly on the set of a l l unimodular vectors

in ZC „ . So l a ZC (see [ 3 ] , p . 286). This contradicts

J + ZCr,» •
LEMMA 8 . z , e t

AQ = -mnr~1n(x) + fek'x + (i/-l) ,

A. = k'rnn ~ n{x) - k'rm x - k'(y-l)

A3 = x - 1 .

Then

(i) AQ = 1 (mod m) , A^, A^ € m ,

(ii) UnrAQ+kAA{x-\) + A2(y-1) = 0 ,

https://doi.org/10.1017/S000497270002428X Published online by Cambridge University Press

https://doi.org/10.1017/S000497270002428X


Pro jec t i ve metabelian nonfree groups 109

(Hi) the ideal L = [AQ, A±, A^ = lCp n .

P r o o f . S i n c e A . B 4 . ( 1 , l ) ( m o d m) , (k) i m p l i e s
If U

A ( l , 1) = -mnr + kk1 = 1 , 4 ( l , l ) = k'mn" - fc W = 0 , 4 ( l , l ) = 0

Thus (i) i s proved.

Now n{x)(x-l) = 0 , so

j/-l))](a;-l) + (x-D(y-l) = 0 .

S i n c e L 3 x - 1 b y ( i ) , 4 = 1 + ( y - l ) i Y ( m o d £ ) a n d 1 € £ .

LEMMA 9. There exists A € GL(3, ZC , /n) such that the first row

of A is AQ, 4 1 > 4 2 .

Proof. Since Krull-dim ZC = 1 by resu l t s of Chapter 5 of [ / ] ,
r,n

there exis ts C € GL(3, ZC ) with the f i r s t row a = 4 , a = 4 ,

e = 4 . But 4 = 1 (mod m) , so, applying elementary transformations

to C , we can suppose °-<Q>
 C20 * m '

C E C,

1 0 0

0 a fc

0 a d

[a 2»
€ GL(2, Z) ,

and we can take 4 to be 4 = C~ C € GL(3, T-C , m) .

Note that

k' rm1

1 k
1 ,

so
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B =

k' mnr o:

i k o:

o o I :
GL(r+l, lCpJ

where A is from Lemma 0. Put W. = B~ f. , £ = 0, ..-, r , and define

liwr) = 0 > £("„•) = *• - 1 , i = 1, .... r . We need to prove that

l(J) = 0 and (/ , ..., W satisfy (ii) from Theorem 2.

= 0 .LEMMA 10.

Proof. Since l(J) = T-C l(u') , we need to prove, by (!+'), that
v yn

l{fQ) = 0 . But / Q = b0QWQ + fc^^ • bQ2W2 ,

l[fQ) = \A rmr+A k\(x-l) + A^y-1) = 0 by C££J from Lemma 8.

LEMMA 11 . If p is a projection p : M •* T , then p(j/Q) € nff ,

p[w.) = it. (mod mM) , i = 1 , . . . , r .

) (mod mM) ,

= 2 . Then

Proof. Since A € G L ( 3 , ZCy n, m) and Â  = j \ =

2 - i - r , without loss of generality we suppose A = 1 , r

k -mri

- 1 k'
B " 1 -

0

wo = fe/o ~ wi = --̂ o + k'fi • By

- rm u =

+ k'(ku'-mv', u) + (0, mv) - fe'(O, u) =

= m((iV-nr)Ml
) o) €
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This completes the proof of Theorem 2.

3. Projective AA -groups

Let P be a projective AA -group. As we have already noticed in the

introduction, rank P = rank P/P' .

THEOREM 3. Let r, n > 2 except r = n = 2 . Then there exist

projective nonfree AA -groups of rank r toith r + 1 generators.

Proof. Let ZCp = Z[x , ..., x j / x"-l, i = 1 r> with

augmentation ideal m , ZC = Z[x , ..., x"]/ x.-l, i = 0, ..., r

with augmentation ideal mn , and T, Z-, J, W. from Theorem 2. Let

S = 1C n Wn 0 ... ® 1C n VI .
r+l,n 0 r+l,w r

: 5 - mQ by j = ̂  - 1 .Define

In [5] it is shown that the group F of matrices

a 0

b 1

is a free AA -group with r + 1 free generators

x. O'

= lib) ,

J/. 1
v

Note that for t. =
1

a. 0

,-1

(5)

al °
* 1

1 0
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Let cp be an endomorphism of F ,

c i _

LEMMA 12. If

a. 0

\ X

3 =

then

(6) <p(z) =

The proof is t r iv ia l , since (6) is valid for z , . . . , z , and if (6)

i s val id for t , t , then, by (5) , i t is valid for t-.t^, t~

LEMMA 13 . Let <p be an endomorphism of F such that

' 1 0

#(/. 1
If

, % = 1 , . . . , r

Then

U =

1 0

6 F

f/ c ker cp .

Proof. By (5), £/ < F and by (6), U c ker <p , since a = 1 ,

= 1 .

Now we can prove the theorem. We have M c S . Let p be the

projection p : M •*• T , p = (p. .) . By (ii) from Theorem 2,
1-1

i / x r 1 } • Define1
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(7)

Then

(7 1 )

Put

* . . =
1-0

, . 7 = 0 ,

(7")

1 0

*>(/„ 1

x. 0

'• 1

, £ = o ,

> 1

LEMMA 14. <p(3i) € F .

Proof.

T v

since Z(ker p) = Z(J) = 0 . Similarly for i > 1 ,

= y p..fx.-i
3 -L

Thus <p € end F .

LEMMA 1 5 . L e t TT = cp2 ; t ^ e w TT2 = IT .

Proof. We have

https://doi.org/10.1017/S000497270002428X Published online by Cambridge University Press

https://doi.org/10.1017/S000497270002428X


I 14 V . A. A r tamonov

where

Hence

x .

Me S . Then by (6), ( 7 1 ) , (5 ) , and p2 = p we have

3^J (mod U) where U i s a normal subgroup from Lemma 13.

) = <p \Zj) = cp[ẑ j u. , u. € U c ker <p and

*• i,' T ^ is T *• i'' * i, i,' *• •£•' ^ i '

Put P = Im IT . Then P is a projective AA^-group with r + 1

generators.

LEMMA 16. rank P = r .

Proof. Let

G =

Then, by (5) and (6 ) , G i s a verbal subgroup of F corresponding to the

va r i e ty A . By (7" ) , P/PnG i s a free Z/(n)-module of rank r . But

r = rank P/PnG = rank P/P' = rank P .

Suppose tha t P i s a free AA^-group. Since every automorphism of

P/P' can be l i f t e d to an automorphism of P (see [5]) we can choose in

P free generators £ , , . . . , t such that in F ,

t. =

x. 0

H

Let 9i = 9l* {*0-l)9l . ^ e r e ^ € Jtf , g\ S S . Since u ^ ) =

(6 ) , (7 1 ) , (7") imply ^ ffp € T , and, by (5) , the submodule

generated by g ' , . . . , g'r coincides with T . So the projective

module T of rank r has r generators. Then T i s free. This

contradiction shows that T i s not f ree.
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