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ON THE MULTIPLE MARKOV PROPERTY OF LEVY-HIDA
4 FOR GAUSSIAN PROCESSES

V. MANDREKAR*

The purpose of this note is to clarify relations between multiple
Markov properties (MMP) defined by Lévy ([8], [9]) and Hida [5] for
Gaussian processes and to extend some work in Lévy [8] and Hida [5].
In the stationary Gaussian case it has been shown ([5], [4]) that these
notions of MMP coincide. Interesting examples of (non-stationary) pro-
cesses satisfying MMP can be found in [5], [8]. We now set up some
notation: Let {z(f),te R} be a Gaussian stochastic process (GSP) and &,
for each ¢ be the o-field generated by {z(z),z < t}. (Henceforth, #, =
ax.,t < t}.) We denote by Y(t,s) = E(x(t)|F,) the conditional expecta-
tion of x(t) given #,. We note that Y(¢,s) is the orthogonal projection
of z(t) onto H(x:s) where H(x:s) = S{x(z),r < s}’. A GSP is said to
be N-ple Markov ([5], p. 128) if for each s fixed Y(¢;,,s) are linearly
independent (as elements of the vector space of square integrable func-
tions) for s < ¢, <t < ... <ty and Y(t,s) are linearly dependent for
t, 6=1,2,...,N + 1) satisfying s <t, < ... <ty,,. Our first result is
to show that if #,_, = &, (or equivalently H(x:t) = H(x:t — 0)). Then
there exists an N-dimensional Martingale Gaussian process {u(t),t e R}
and a non-random family of functions {f;(£)}_, such that

0.1) w(t) = ﬁ FiOuw®

where (i) det {fi(t)} = 0 for any ¢, <¢, < ... ty.
(ii) for all ¢,{w,(®), - - -, uy(®)} is linearly independent set.

0.2) (i) u(-) = (u,(-), -, uy(-))* is an N-variate Martingale, that is
E(u,@®) | F W) = u(s) with F, = ofulo),c<s,1=1,2,..., N},
1=1,2,.--,N,s<¢t.
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iv) F(x) = F,(w (or equivalently, H(x:t) = H(u:t) with H(u: t)
= @{ui(f)’f < ty 1= 192’ . "N}) .

This representation? will be referred to as Lévy representation in view
of Lévy’s definition ([9], [8], p. 158) of Markovian process of exactly
order N. We show that such a representation is unique. This repre-
sentation can be used to construct N-ple Markov process of multiplicity
N, which answers a question by Lévy [9] regarding multiplicity of such
processes. The representation (0.1) is called proper if (0.2) (iv) is satisfied.
We examine the question regarding properness of the representation (0.1).
These results include some earlier work of Lévy ([8], [9]) and Hida [5].
Finally, we give an interesting necessary and sufficient condition for a
differential operator to be factorable in terms of the multiple Markov
property of the solution of an associated stochastic differential equation.

During the preparation of this work the author had the privilege
of extensive discussions with Professor T. Hida whose suggestions led
to considerable improvement in content and presentation of the original
results announced in the preprint [11].

1. Let {u(t),te R} be an N-variate GSP and for each ¢, let #,(») =
o{uo), r <t,1=12,...,N}. We say that {u(¢), te R} is an N-variate
Martingale if E(u(t)| F (W) = E(u(t)|u®) = u(s),1=1,2,---,N. We
now state our main representation theorem.

1.1 THEOREM. Let {x(t),teR} be an N-ple Markov GSP satisfying
F,=F (&) = 6(Un F1_1,.(®)), then there exists an N-variate Martingale
GSP {u(t),t e R} such that the GSP x has representation (0.1) satisfying
0.2).

Proof. Let s <<z, then for s <t, <t, <. ... <ty <z we get
N
(1-2) Y(Ty S) == Z ai(z', tu ] tN)Y(tw S) .
=1

Also for s <5, <8< v <y <t < oo <ty we get

N N
(1-3) Y(fy S) = }:,; kzl ak(fy tu tT tN)a’j(tk’ Spy c vty SN)Y(sj, S) .
j=1k=

From (1.2), (1.3) and linear independence of {Y(s;,8)})_; and {Y (¢, $)}i-y
we have

» Qriginally this representation was obtained by using the multiplicity theory [5].
The present concise and improved proof was suggested by Professor Hida and Nomoto.
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N
(1) kZ_;ak(T’ ty oo, tN)aj(tk: Sy v ',SN) = aj(f, Sy ot ,SN)

() det ((a;(tx,s1, -+, 85))) # 0.

1.4

Following notation and argument as in Hida ([5], pp. 129-130) we
get that f(r) = a(z, 8)B(s, ) has an extension independent of s. We denote
it by f(o) = (fi(®), -+, fa(r)). In view of (1.4) (iD) {fi(2)}., satisfies con-
dition (0.1) ()

1.5) Y(z,8) = alr, DY, 8) = f(©)B'(s,DY(t,8) = f(Du*(s,s,8),s <.
For e >ty > oo >t >8> ... >4
(1.6) Y(z,8) = f(u*(s, s, 1) .

Now (1.5), (1.6) and condition (1.4) (ii) imply wu(s,s’,t) = u(s,s,t),
7z > max (ty, ty), i.e., u(s) = u(s,s,t) is well defined as a functions. We
thus get for s <=z

@.m E@@)|F) = i FlDugs) .

Clearly, for each ¢, {u;(s), #s(x),s < ¢} is a Martingale giving for each
i, B |lu (s)f is non-decreasing. Also using (1.7), (0.2) (i) and Jenssen
inequality for conditional expectation we get for s <z, >, sup,.. Elu, ()}
is finite. By Martingale convergence theorem ([3], Ch. VII) for each ¢,
a.e. limit of u,(s) as s 1 ¢ exists and if we denote by wu,(z) = lim,,, u,(s)
we get {u,(s), #,, s < ¢} is a Martingale where £, = o(_,.. #,) and Z,
= ZF, for s <z. But by assumption &, = &%, and hence {u,(s), #,, s < r}
is a Martingale for each ¢. Taking in (1.7) lim as s 1 ¢ on both sides
we get for all ¢

(1.8) 2(0) = B@() | F._p) = i FuOm .

By the construction, we get #,(w) & % ,(x) for each t. By (1.8), F,(x)
C Z,(w giving (0.2) (iv). Linear independence of {u(s),¢=1,2,..-,N}
for each s follows from (1.7), N-ple Markov property and the proved
property (0.2) (i) of the f,’s.

1.9 Remark. We note that although property #.(x) = %, () is
required for the Lévy representation of N-ple Markov processes, the

® Denotes the transpose.
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GSP of the form (0.1) satisfying (0.2) is always N-ple Markov.
With this in mind we state the following

1.10 THEOREM. A GSP {x(t),tc R} of the form (0.1) satisfying (0.2)
is N-ple Markov. In this case, the functions f;’s and the process
{u@®),t e R} are unique in the sense that if x has representation (0.1)
with functions f; i =1,2,..-.,N) and a process {¥/'(t),te R} satisfying
(0.2) then there exists a non-singular constant matrizx K = ((k;))Y;_, such
that f; = 2. il and w(t) = Ku(t) where ((4;))Y,;,., = K.

Proof. Let s be fixed Y(£,8) = E(x(t)|F,) = DV, fi(®Du,(s) for s <t
in view of (0.2) (iii) and (iv). Now from (0.2) (i) and (ii) the first part
follows. To prove the uniqueness we note E(x(z)|F,) = >, filu,s)
gives for any s<i¢ <t < ... <ty u@® =0 't)Y(t,s) where O() =
((fiE Y-, and Y (2, 8) = (Y (£, 8), - - -, Y(E,, sN*.  Also w'(s) = 9" DY (¢, 9),
where @'(1) = (fit))Y ;... Hence we have u(s) = 07'@®)P'Mu'(s). It
therefore suffices to prove @-(#)@’(f) is independent of £. Let s <t (that
is, sy < t). Choose s’ <s,. Then we get

u(s) = 0P’ ()u'(s)) .
And
us) = 'RV’ (s) .
This implies @7 (3)@’(s) = @~'@®)P'(t) for any s <t so that @ '@)P'(¢) is
independent of ¢t. Let K = @'~'({)@(). Then we get
N
x(t) = Zlf{(t)ug(t)

= (/i®), - - -, [yEK ' Ku(?)
= (i®), - - -, [u(ODK (@) .

Also z(t) = (fi(t), - - -, f¥®)u'(?), giving, by linear independence of {u(t),
-, uy(D)}, the result.

2, In this section we examine the Hida-Cramér multiplicity ([1],
[5]) of GSP of the form (0.1) satisfying (0.2). In view of (0.2) (iv) we
get that the multiplicity of such processes is equal to the multiplicity
of a non-degenerate N-variate Martingale {u(t),t e R}. Hence in view of
([10], p. 12) we get the following theorem immediately.
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2.1 THEOREM. The multiplicity of N-ple Markov process of the form
(0.1) satisfying (0.2) is at most N.

The question raised by Lévy was whether such N-ple Markov
processes have multiplicity one. We give an example of an N-ple Markov
process of multiplicity N. Naturally we use Theorem 1.10 and present the
process in terms of its Lévy representation with the functions {f;(©)} .,
N — 1 times differentiable. Choose for each ¢ a continuously N — 1
times differentiable function f;. Assume that f; satisfies the following
condition (W), Wi(fy, -+, f) # 0,k =1,2,- .- N where W, (k = 1,2,---,N)
denote the Wronskian of order k. For the existence of such systems
see Karlin ([7], p. 276). Also it follows from ([7], pp. 276-277) that
det ((fi(t))Y;.))) # 0 for any N-points ¢, < ... <ty. Let {§P,k= =1,
+2,---,4=1,---,N} be a Gaussian system of independent random
variables with mean zero and > ;= . F(¢#) < oo fori=1,2,.-.,N, with
E@E@)? >0, z() = 27, fi® 2ok £ where the infinite series converges
a.e. under the assumptions. For m —1<t<m (m=0,=+1,+2,...)
we get x(t) = >, fiODu,(m — 1) where u,(t) = > ., €. This implies «
is N — 1 times differentiable in ¢-m® in m — 1<t <m. Now since
Wyulfs, -5 fw) =0 we get u;(m — 1) e H(z:t). But u,(t) = u,(m — 1) giv-
ing u()eH@x:t) ¢=1,2,---,N) for m —-1<t<m (m=0,+1,...).
This implies that H(u: t) C H(x:t), vt. Clearly H(x;t) C H(u:t). Prop-
erties (ii) and (iii) on the Lévy representation follow from definition u,(¢)
and mutual independence of {£}. The multiplicity of {x(t),te R} is
therefore the same as {u(t),te R}. But multiplicity of u is equal to
dimension of H(u:m)6H(u: m — 1) = N.

2.2 Remark. (i) In the above example chosing for all k, E(6®)* = 0
fori=7+1,.--,N (1 <7< N) we get that multiplicity of x is equal
to 7, <7< N).

(ii) Professor Hida informed me that Professor Hitsuda had an
example of a 2-ple of multiplicity 2, however {fi(-),f.(-)} were chosen
non-differentiable.

3. Motivated by the work of Lévy ([8], 4.7, p. 158) we call the
representation of a process of the form

3.1) (t) = ﬁ SO

9 At m-1 the right derivatives are considered.
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where {u(f),te R} is an N-variate Martingale, a Goursat representation
(GR). We say that the GR is proper if H(x:t) = H(u:t). We now
examine conditions on «,f; and u,; in order that the GR is proper.

3.2 THEOREM. Let (i) the GSP {xz(t),te R} have a GR, (ii) = be
N — 1 times differentiable in quadratic mean and (iii) F,_, (W) = F,@).
(iv) Each f, is N — 1 times continuously differentiable and Wy(fi, -+, fx)
+ 0. Then the GR is proper.

Proof. We have
E(x(t) | F W) = i]lfi(t)ui(s) for s <t.

Hence E(x(t)| F () is N — 1 times continuously differentiable in ¢. This
implies that

33 2 Ba®)|F.w) = 3 /#Wu)  fork=0,..,N—lands<t.
By (3.3) and assumption (ii) we get that

3.9) ;_;E(x(t)%) = BEG(t)|F)  for k=0,1,2,---,N — 1

where z®(t) denotes the k‘* q.m derivative of xz({). Thus we get

(3.5) B0 F,0) = 3 /POu .

Hence

(3.6) E@®®)|F @) = E(é FE@Qu )| F 3(7_1)) for s<t.

This implies E@®(t)|F,_(w) = EC_Y, fP®w, ) | F,_(w) giving by con-
dition (iii)

29(t) = 37 FEGUD, k=12, N—1.
i=1
Now condition (iv) and (ii) conclude the proof.

1
3.7 Remark. Observe that if wu,(¢) = g;(u)B(du) with B repre-

-

senting the Brownian motion on the line and for each interval (a,b]
there exists at least one g; + 0 on (a,b], then H(u:?t) = H(B:t). This
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can be seen as follows. Since Hu:t) € H(B:t). Suppose there is ye
H(B:t) orthogonal to u,(r) for <t and 2=1,2,.---,N. Since y =
f " hwB(dw) and y | H@u:¢) implies that [ hwg:(wdu =0 for all
1=1,2,...,N and z <t¢. But this implies fo; all 7, h(w)g,(w) = 0 a.e.
on (—oo,t], giving A(w) = 0. Since for Brownian motion HB:t — 0) =
H(B:t) we get Hu:t) = Hu:t — 0) in this case.

From the above remark, Theorem 3.2 has the following corollary.

3.8 COROLLARY. Let a(t) = | S, 7:(Dg:w)B(dw) with @, f's as in

Theorem 3.2 and g;’s as in Remark 3.7. Then (i) x has a proper GR.
(ii) = has multiplicity one.

The proof of (i) is clear once we observe that u(t) = (u,(%), - - -, uy()*,
where u;(f) = t g;(u)B(du) is N-variate Martingale since under the
assumption of Rwemark 3.7, Hu:t) = HB:t) = H(x:t) from which (ii)
also follows.

We note that in view of [2], the GS Process occurring as solution
of the N'* order stochastic differential equation with input Brownian
motion B given by L,x = B(dw); x(0) = 0 has the form

a(t) = f " G(t, wB(du)
0
where G(t,u) is the Green’s function of L,. We therefore get
t N
2(t) = . ;f () 9,(w)B(du)

where {f;(®)})_, is a fundamental system of solutions of L,f =0 and
{9:(}Y, is a fundamental system of solutions of L¥g = 0 where L¥* denotes
the formal adjoint. Here we assume Wy(f, ---,fx) # 0. In view of
Corollary 3.8 and Remark 3.7. If {g,} satisfies the condition of Remark
3.7 one has H(z:t) = Hu:t) = H(B:t). Hence the x has proper GR.
Also in this case H(x:t — 0) = H(x: t). Therefore z satisfies condition of
Theorem 1.1. We also know that since Wy(f, - -, fx) # 0, {91, 92, - -, In}
are linearly independent. Thus using Theorems 1.1, 1.2, Corollary 3.8,
one deduces the following theorem

3.9 THEOREM. Let x(t) be the solution of N'* order stochastic
differential equations with input Browmnien motion; viz,2(0) =0 and
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L.x = B(du). Let {g9;} satisfy condition of Remark 3.7. Then x(t) is
N-ple Markov iff det ((fi(t)Y;.. # 0.

We say that a set {f,,f, -+, fx} of N —1 times continuously dif-
ferentiable functions satisfies property (W) if W.(fi, - Jx) #+ 0, k=
1,2,.--,N.

The following lemma essentially due to Karlin ([7], p. 56) is now
needed to obtain structure of f; satisfying conditions of the above theorem.

3.10 LEMMA. Let {f\, fo -+ -, fn} be a set of (N — 1)-times continu-
ously differentiable real valued functions defined on [0,c0) such that
W(fis fos -+ +sSw) =0 on [0,T], for each T finite. If for 0 <t <t, <
s <ty < T, det {fiD}ijo12,....w = 0. Then there exists a non-singular
constant N X N matrix B with {b;;}:,j-1,2....n Such that the functions h;(t)
= >, b, fit) G=1,2,---,N) have the property (W).

Proof of the lemma, except for trivial modification, is the same as
in Karlin ([7], p. 57) and hence is omitted.

3.11 Remark. We note that if {f,,---,fy} is a fundamental system
of solutions to the non-degenerate differential equation L,f = 0 and in
addition det ((f:(z;))) =0 for 0 < ¢, < --. <ty < T (for each T finite),
then in view of the above lemma we can choose another fundamental
system {h,,---,hy} satisfying condition (W). Thus we obtain from
Theorem 3.9 and Lemma 3.10 the following striking theorem.

3.12 THEOREM. Let x(t) be the solution of the stochastic differential
equation L,x = B(dt) with z(0) = 0 and suppose the fundamental system
{91, -+ -1 gn} of solutions of L¥g =0 satisfy condition of Remark 3.7.
Then the following conditions are equivalent

(i) =z is N-ple Markov.

(i) The operator L, is factorable in the sense of Ince ([6], p. 120).

Proof. In view of ([6], p. 120) we note that (ii) is equivalent to
L,f = 0 having a fundamental system of solutions satisfying condition
(W). Equivalence (i) to this is obvious from Theorem 3.9 and Lemma
3.10.

The functions {&,, A,, « - -, hy} described in Lemma 3.10 can be explicitly
written in terms of finite systems of non-vanishing functions (see Karlin
[71, p. 276) in terms of iterated indefinite integrals. From this the
following lemma is immediate.
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3.13 LEMMA. The system {h,, ---, hy} satisfies condition (W) iff the
fundamental system {K,,---,Ky} of solutions to the formal adjoint equa-
tion L¥f = 0 satisfy condition (W).

Here K (s) = Wi (8)/W(hy, -+, hy)s) G =1,2,---,N), where W,(s) is
the N X N determinant having the same elements as in Wy(h,, - - -, hy)(s)
except with (0, ...,0,1) as its jth column.

In view of the above lemma, Theorem 3.13 can be interpreted as
strengthening of Lévy-Hida theorem (Theorem II.7, [5], [8], p. 159) in
the sense of providing a partial converse to his theorem. This follows
since if a system satisfies condition (W) then g, satisfy of Remark 3.7
and since, if {f;})-, and {g.}i_, are given by (II.29) and (II.25) of [5] then

2t) =3, [ ruvgwBan)

satisfies L, = B(dw) with L, as in ([5], p. 138). We also remark that
Theorem 3.12 provides a rigorous proof of Lévy’s claim ([8], 2°, p. 159).

Note added in Proof. After this work was with the referee, Prof.
L. Pitt informed me of some of his work which has several points of
contact with this one.
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