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ABSTRACT

We prove that a formula for the ‘pluricanonical’ double ramification cycle proposed by
Janda, Pandharipande, Pixton, Zvonkine, and the second-named author is in fact the
class of a cycle constructed geometrically by the first-named author. Our proof proceeds
by a detailed explicit analysis of the deformation theory of the double ramification cycle,
both to first and to higher order.
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1. Introduction

Inside the moduli space My ,, of smooth pointed curves (C,p1,...,p,) there are natural closed
subsets
n
H’;(m) = {(Capb e apn) : w%k = OC(Z”M%) } C Mg,na (101)
i=1
where m = (my,...,my,) € Z" is a vector of integers summing to k(2¢g — 2). Since the above

isomorphism of line bundles is equivalent to the existence of a meromorphic k-differential on C
with zeros and poles at the points p; with specified orders m;, these subsets are called strata
of meromorphic k-differentials. These strata appear naturally in algebraic geometry, the theory
of flat surfaces and Teichmiller dynamics and have been studied intensively in the past; see
the surveys [Zor06, Wril5, Chel7]| and the references therein. Motivated by problems in sym-
plectic geometry, Eliashberg asked whether there was a natural way to extend these strata and
their fundamental classes to the Deligne-Mumford—Knudsen compactification Mg,n and how to
compute the resulting cycle class.

For k = 0 there are two geometric avenues to defining such an extension. The first is via
relative Gromov—-Witten theory and the space of rubber maps to P! [Li01, Li02, LRO1, GV05].
This is based on the observation that for a smooth curve C, a meromorphic 0-differential on
C' as above corresponds to a morphism C' — P! with given ramification profiles over 0, co. The
second series of approaches, viable for any k > 0, uses that H’g“(m) can be obtained by pulling
back the zero section e of the universal Jacobian J — M, ,, via the Abel-Jacobi section

o Mg,n — ja (Cap17~--7pn) Hwk<_zm1pz)
i=1

The map o does not extend naturally to ﬂg,n, but various geometric extensions of its domain
and target have been proposed that yield cycles on M, ,, [HKP18, AP21, Hol21, KP19, MW20].
These constructions all produce the same cycle class on Mg,n, which we denote DRC; an overview
of one construction is given in §1.2.

Pixton [Pix14] defined a class Py *(mm) in the tautological ring of My . The equality

DRC = 279P¢"(h) (1.0.2)
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was conjectured by Pixton for £ = 0, and in [Hol21] for all k. An introduction to Pixton’s formula
in the case k = 0 can be found in [Panl8, § 6.4], and in the general case in [JPPZ17]. The con-
jectured equality 2*9P§7’k(rh) = DRC for k =0 was proven in [JPPZ17]. Since the preprint of

the present paper was posted, the equality 279 Py k(rh) = DRC for all k has been established in
[BHP*20].

A new geometric approach to extending the cycle appears for k > 1: assuming that one of
the integers m; is negative or not divisible by k, the papers [FP16, Sch18] define a cycle H, ;m

obtained as a weighted! fundamental class of an explicit closed subset ﬁ’;(m) C M, extending
H’;(m), and propose the following conjecture.

CONJECTURE A [FP16, Sch18]. Let k> 1 and m = (mq,...,my,) € Z" with my + -+ m, =
k(2g — 2). Assume that one of the m; is negative or not divisible by k and let m = (mq +
k,...,mp+ k). Then

HY = 279P9%(10) € AY(My,p).

At the time these papers were written the geometric class DRC had not been defined for k > 0;
from our current perspective it seems most natural simply to conjecture that all three classes
(DRC, Z_QPg’k(rh) and Hg”,m) are equal whenever they are defined.

The main result of our paper is the following theorem.

THEOREM 1.1. For k > 1 and at least one of the m; either negative or not divisible by k, the
equality

DRC = H} , (1.0.3)
holds in the Chow ring of M.,

Combined with the recent proof of 279 P¢**(xn) = DRC in [BHP*20], this yields a proof of
Conjecture A.

In fact, not only do we prove the equality (1.0.3) of cycle classes, but as a byproduct of
our proof we demonstrate how the weights in the weighted fundamental class H ;m arise from
intersection multiplicities of the Abel-Jacobi section with the zero section in the construction
of [Hol21]. Further, with a little extra work our method allows us not only to compute the
multiplicities of the cycle, but even to give a presentation for the Artin local rings at generic
points of the double ramification locus (Theorem 5.6).

In the remainder of this introduction, we recall the definition of H gm and the construction
of DRC from [Hol21] before stating a more refined version of our main result in §1.3. We give
a sketch of the proof in §1.4 and discuss some future research directions in §1.5. We finish by
giving a more detailed overview of the relations between the various approaches for defining the
extended cycles that we discussed before.

1.1 The moduli space of twisted k-differentials

A first idea for extending the stratum ng(m) of k-differentials is to consider its closure
ﬂ’;(m) C M, . Stable curves (C,p1, ..., py) in this closure have been characterized in [BCG 18,
BCG™19a] in terms of existence of k-differentials on the components of C satisfying certain
residue conditions. For £ =1 and all m; > 0, the closure ﬂ;(m) is of pure codimension g — 1,
and [PPZ19] gives a conjectural relation of the fundamental class of this closure to Witten’s
r-spin classes.

! This means the fundamental classes of the components of ﬁ’;(m) are summed with explicit positive integer
weights; see (1.1.2).
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A larger compactification containing the closure ﬁ;(m), the moduli space of twisted

k-differentials ﬁ’; (m), has been proposed by Farkas and Pandharipande in [FP16]. The idea
here is that as the curve C' becomes reducible, it is no longer reasonable to ask for an iso-
morphism of line bundles wgk = 00(2?21 mipi), since these line bundles will have different
degrees on the various components of C. However, these multidegrees can be balanced out by
twisting the line bundles by (preimages of) the nodes of C.

The way this balancing happens is encoded in a twist on the stable graph I of C. This is
a map I from the set of half-edges of I to the integers, satisfying I(h) = —I(R') if (h,h’) forms
an edge, together with a further combinatorial condition (see Definition 1.6 for details). Given
a twist I on the dual graph I' of a stable curve C, let vy : C1 — C be the map normalizing
the nodes ¢ € C belonging to edges (h,h') with I(h) #0. Let qn,qn € C1 be the correspond-

ing preimages of ¢ under v;. Then the curve (C,pi,...,pn) is contained in ﬁg(m) if and
only if there exists a twist I on its stable graph, such that we have an isomorphism of line
bundles

n
Wik = Oc, (Zmipi + Y (I(h) = k)an+ (I(h) - k)%/) (1.1.1)
i=1 (h,h")EE(T)
I(h)#0
on C7. This corresponds to requiring the existence of a k-differential on the components of the
partial normalization C; of C with zeros and poles at markings and preimages of nodes, where
the multiplicities at the node preimages are dictated by the twist I.

The space ﬁ’g“(m) is a closed subset of M, ,, containing ﬂl;(m) but possibly having additional
components supported in the boundary of ﬂg,n. It turns out that these extra components
are essential when trying to associate a natural cycle class to the extension of the strata of
k-differentials. Assume we are in the case where k > 1 and that at least one of the m; is either
negative or not divisible by k. Then it is shown in [FP16] (for £ = 1) and [Sch18] (for k£ > 1) that
ﬁ’;(m) C M, has pure codimension g. In this situation, instead of studying the fundamental

class of ﬁ]g“ (m) (as a reduced substack), the papers [FP16, Sch18] consider a certain weighted
fundamental class HY ,, € A9(Myg,,) of ﬁlg (m).

To define this weighted class, let Z be an irreducible component of ﬁ';(m) Denote by I' the
generic dual graph of a curve C in Z and let I be the? generic twist on I'. Then it is shown
in [FP16, Sch18] that I' and I must be of a particular form. Indeed, the graph I" is a so-called
simple star graph, having a distinguished central vertex vy such that every edge has exactly
one endpoint at the central vertex. The remaining vertices are called the outlying vertices. All
markings ¢ with m; negative or not divisible by &£ must be on the central vertex. Moreover, the
twist I on I" has the property that for all edges e = (h, h’), with h incident to vy and h’ incident
to an outlying vertex, we have that I(h') is positive and divisible by k. By a slight abuse of
notation we write I(e) = I(h') in this case; see Figure 1 for an example.

With this notation in place, we can define® the weighted fundamental class H, g’m of ﬁg(m)
as
Z HeEE(F) I(e)

koo
Hym = E#V(D)—1

[Z] € AY(My), (1.1.2)
(Z,F,I)

2Tt is not a priori clear that there could not be two different twists on T' which both ensure that (1.1.1) holds for
the generic point C of Z, but we show in Proposition 2.19 that this cannot happen.

3 The papers [FP16, Sch18] give a slightly different definition of the weighted fundamental class. We recall this
definition in §1.8.4 and comment on why it is equivalent to the formula above.
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@ @ outlying vertices
@ central vertex

FIGURE 1. Example of a simple star graph for ¢ =4, k=3 and m = (—2,5,3,12) with the
twists I of the half-edges and the weights m; of the marked points indicated in grey.

where Z runs over the components of ﬁg(m) and, as above, I', I are the generic dual graph and
twist on Z.

Conjecture A above then relates these weighted fundamental classes to the explicit tautolog-
ical cycles Py * () proposed by Aaron Pixton in [Pix14]. In our paper, we show how both the
twisted differential space ﬁlg (m) and its weighted fundamental class H, gm naturally arise from
a construction presented by the first-named author in [Hol21].

1.2 Extending the Abel-Jacobi map

Let J be the universal semi-abelian Jacobian over ﬂg,n, often written Pic% i It has con-
g,n

nected fibres, and parametrizes line bundles of multidegree zero on the fibres of the universal
curve C — M, ,,. Inside the open set M, C Mg, the strata H’g“(m) of k-differentials can be
obtained as the pullback of the zero section e of J via the Abel-Jacobi section

g: Mg,n - ja (Caplv s 7pn) = wk<_ Zm2p2> = wk(—mP)
i=1

While o does not in general extend over M ,,, in [Hol21] the first author defines a ‘universal’ stack
MO — ﬂg,n, birational over ﬂg,m on which o does extend to a morphism o® : M? — Tnmo s
where J) 0 is the pullback of J to MO, Moreover, the scheme-theoretic pullback DRL® of
the unit section e of Jy, 0 along 0¥ is proper over ﬂgyn. Denote by DRC? the cycle-theoretic
pullback of the class [e] under o, supported on DRL?, and by DRC € A9 (ﬂg,n) its pushforward
under the proper map DRL® — Mgy

1.3 Main result
Refining Theorem 1.1, the next theorem is the main result of our paper.

THEOREM 1.2. The image of the double ramification locus DRL® under the map M® — Mg,
is the moduli space H'; (m) C My, of twisted k-differentials. Moreover, for k > 1 and at least
one of the m; either negative or not divisible by k, we have that

DRC = Hj ,, € AY(Mg,). (1.3.1)
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In fact, this is true in the strong sense that these two cycles supported on ﬁg(m) have the same
weight at each irreducible component (they are equal as cycles, not just cycle classes).

For the last point of the theorem, the equality of DRC and H, g,m on the cycle level, observe
that formula (1.1.2) allows us to define H, s];m as a cycle, not just a cycle class. And, under the
assumptions of the theorem, the locus DRL? has the expected codimension, and so DRC makes
sense as a cycle, not just a cycle class. Then in fact the equality (1.3.1) holds as an equality of
cycles, not only up to rational equivalence (in contrast to Conjecture A above, which only makes
sense up to rational equivalence).

We give an outline of the proof in §1.4, where we will also discuss in more detail how
the multiplicities in formula (1.1.2) come up for the cycle DRC. Our method of proof actually
yields more precise information than required for the conjecture; we can not only compute the
multiplicities of the cycle, but even give a presentation for the Artin local rings at generic points
of the double ramification locus (see Theorem 5.6).

The above theorem gives a concrete interpretation for the weights appearing in the definition
of H g,m. It is also a crucial component of the proof of Conjecture A.

COROLLARY 1.3. Conjecture A is true.

Proof. The equality DRC = 279P] ok (m) is proven in [BHP*20], so this follows from Theorem 1.2.
O

At the time the preprint of the present paper was posted to the arXiv the equality DRC =
2*9Pg’k(ﬁ1) was known over the locus of compact-type curves by previous work [HPS19] with

Pixton, showing Conjecture A to be true when restricted to the locus ﬂ;tn C ﬂg,n of compact
type curves.

1.4 Sketch of the proof

The main difficulty in the proof of Theorem 1.2 is to compute the intersection multiplicity of the
Abel-Jacobi map ¢¢ : M® — 7 ‘w0 with the unit section e of 7)o along the different components
of DRL®. For this, we use classical deformation theory to first compute the Zariski tangent space
at a general point and then show how to extend this study to higher-order deformations.

To set up the deformation theory, we first need to choose local coordinates on M?. Here,
it turns out that it is more convenient to work with a slight variant ﬂm’” b Mg, of MO,
for which it is easier to write down local charts around the general points of DRL. The precise
construction of Mm’l/ b is given in §2 (where we also make more concrete the relationship with
the construction of Marcus and Wise [MW20]), but for us the two key properties are as follows.

(i) The map AR My, is log étale and birational and the map o : M — J sending
(C, P) to [w*(—mP)] extends uniquely to a map & : AR J.

/

(ii) We can compute the tangent space to Y ki explicitly.

The double ramification locus is then DRL = ¢*e, where e is the unit section in 7. The concrete
local charts for M‘“’” ¥ can be used to show that the image of DRL in ﬂg,n is exactly the

twisted differential space ﬁg(m)
With this set-up established, the equality of weights in Theorem 1.2 comes about in an
interesting way. Let Z be an irreducible component of ng(m) with generic stable graph I' and
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twist I. Then a general point p € Z has exactly

#{p € DRL over p} = k#FEO-#VI+1 _ i (T)

preimages p’ in DRL. This is something that can be easily checked in the local charts of M 1 "

In Definition 2.11, we define a cycle DRC supported on DRL. At each preimage, its mult1phc1ty
is

B Ite) leemm 1(¢)
mult,y DRC = gr) = R
ec

Hence, the pushforward DRC of DRC has multiplicity

Ly Leenny 1(€) _ Tleenr) 1(€)

mult, DRC = BT AV

which is exactly the weight of [Z] in the class H §7m. It is also easy to see that the cycle DRC on
DRL equals the fundamental class of (the possibly non-reduced) DRL (see Lemma 2.17), so we
are left with studying the multiplicity of DRL at its generic points.

Section 3 is concerned with the computation of the tangent space to DRL. Suppose we are

given a point p € DRL C M 1 k, which is a general point of some irreducible component of
DRL. Let I" be the generic stable graph and I be the generic twist on this component.
The maps e and ¢ induce maps on tangent spaces

T, M — I TpJd
T

p€

and the difference b = T),0 — T),e factors via the tangent space T.J), to the fibre J, of J over p.
This induces an exact sequence

—-—m,1/k b

0 — T, DRL — T, M 2T

it thus remains to analyse carefully the map b. For C, the stable curve corresponding to the point
p, the domain and target of b are easily identified in terms of cohomology groups of sheaves on
Cp. Instead of studying the cokernel of b, it will be more convenient to use Serre duality and
compute the kernel of the linear dual bV, which is dual to coker(b). In Theorem 4.2 we show that
ker(b¥) has a natural basis, with one element for each outlying vertex v of I' connected to the
central vertex only by edges with twists I > k. In Theorem 4.3 we conclude that

dim 7, DRL = dim, DRL +#{e € E(T) : I(e) > k},

so we have one ‘direction of non-reducedness’ for each edge e with I(e) > k, corresponding to an
infinitesimal deformation smoothing the corresponding node.
While this description is quite simple, the deformation-theoretic computation that derives

it is fairly long and involved. We decompose the tangent space Tpﬂm’l/ " into a direct sum of
four pieces, corresponding to different types of deformations. Then the dual b decomposes into
four summands accordingly and we compute the intersection of their kernels. In the course of
these computations, we need to show that for the k-differential on the central component of Cp,
we have that sums of kth roots of its k-residues® at (subsets of the) nodes of C, are generically
non-vanishing. We show a corresponding general result, which might be of independent interest,
in Appendix C.

4 A generalization of the residue of a 1-differential; see Appendix C for a definition.
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That the tangent space to the double ramification locus can be computed via first-order
deformation theory is unsurprising, but in order to prove Theorem 1.2 we need to compute the
local rings of the double ramification locus, which is much more involved. It is not hard to show
that an Artin local ring is determined by its functor of deformations, but reconstructing the
Artin ring from the deformations is in practice often difficult.

Write E for the set of edges of the dual graph of the tautological stable curve C, over p. The
universal deformation of C, comes with a natural projection map to Spec K[z, : e € E]], which
we can see as the space of deformations which smooth the nodes. Here K is our base field, which
we assume to be of characteristic zero. We slice DRL with a generic subvariety of codimension
equal to the dimension of DRL, obtaining a space DRL’ whose tangent space has dimension equal
to the number of edges e with twist I(e) > k. We use our tangent space computation to show
that the natural map DRL’ — Spec K|[[z. : ¢ € E]] is a closed immersion; it remains to identify
the image. From the explanation above, one can reasonably guess that the image might be cut
out by the ideal

(zl)/F e e B) C K[[z. : e € E]].

We conclude the proof by showing that for an Artin ring A’, a map Spec A" — Spec K[z, :

e € FEJ] lifts along DRL' — Spec K|[z. : e € E]] if and only if the elements 21/F are sent to zero
under the corresponding ring map K[z, : e € E]] — A’. The proof works by writing A’ as an
iterated extension of Artin rings and lifting the map one step at a time. That is, we have Artin
rings Ag = K, Ay, ..., Ay = A’ and short exact sequences

0—>Ji—>Ai—>Ai_1—>0

of K-vector spaces, such that A; — A;_1 is a morphism of K-algebras with kernel J; C A; satis-
fying Jim 4, = O for the maximal ideal m4, of A;. Then we show that for each ¢, the obstruction
of lifting an A;-point of DRL’ to an A;;1-point of DRL over Spec K|[[z. : € € F]] is exactly that
(e)/k

I .
all elements z, are sent to zero in A;.

Remark 1.4. If we had worked with M? instead of Mm’l/ k, a similar description would be

possible, but both the multiplicities and the cardinalities of fibres of the double ramification locus
over the twisted differential space would have to be expressed in terms of the greatest common
divisor/least common multiple of the twists (though in the end everything would of course
cancel to give the same answer). This would have made the deformation-theoretic calculation
more complicated, and seemed to us better avoided.

Once again, the key input is our result in Appendix C on the generic non-vanishing of
k-residues.

1.5 Relation to previous work and outlook

Compactification via log geometry. In the paper [Guél6], Guéré uses logarithmic geometry
to construct a moduli space of k-log canonical divisors sitting over ng (m) and carrying a natural
perfect obstruction theory and virtual fundamental class. For £ = 1 and one of the m; negative,
the pushforward of this virtual class equals the weighted fundamental class H, g}m. However, for
general & the multiplicity of this pushforward at a component with stable graph I' and twist [ is
equal to [],c B(D) I(e), and thus different from the multiplicities obtained here and conjectured
in [Sch18]. This could indicate that for £ > 1 the definition of the space in [Guél6] needs to
be adapted. We hope that the computations in the present paper may shed some light on the
necessary modifications.
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The cases of excess dimension. Until now, our paper has focused on the case k > 1 and one
of the m; negative or not divisible by k, in which case 'ng (m) was of pure codimension g. In

general, by [FP16, Theorem 21] all components of the space ﬁ’;(m) have at most codimension g.
In these remaining cases, the behaviour is as follows:

— for k = 0, the principal component ﬂs(m) is of codimension exactly ¢g (unless all m; = 0),
but there are components in the boundary of M, , of various excess dimensions;

— for k = 1 and all m; > 0, the principal component ﬂ; (m) is of pure codimension g — 1, with
all other components supported in the boundary and of codimension g;

— for k > 1 and all m; = km) > 0 divisible by k, the space ’ng(m) decomposes as a disjoint
union

Hp(m) = H,(m') UHE(m),

where ’H;(m’ ) is the locus where the k-differential is a kth power of a 1-differential, and
ng“ (m)’ is the complement. Then ﬁ;(m’ ) C 7'7’5 (m) is a union of components of codimension

g — 1, with all other components (i.e. ﬂg(m)’ and those supported in the boundary) having
codimension g.

In all of these cases, the iycle DRC still makes sense and by Theorem 1.2 it is indeed supported
on the locus ng’“ (m) C Mg,,. Similarly, the formula of Pixton’s cycle Pg’k(rh) makes sense in

these cases, and in [Hol21] the first author shows that for £ = 0 we have DRC = 2_9ng’k(rh).
We expect that in the cases k> 1 and m = km’ > 0 the cycle DRC should behave as
follows:

— on a component Z of ﬁg(m) of codimension equal to g, it should be

[eermy I(e)
k#V(D)—-1

as before (where I', I are the generic twist and dual graph);

— on the components ﬁ;(m' ) of codimension g — 1 it should be given by the first Chern class
of an appropriate excess bundle (for the Abel-Jacobi section meeting the unit section) times
the fundamental class of ﬂ; (m').

It seems likely that the deformation-theoretic tools in the present paper can be applied to prove
these expectations, and explicitly identify the excess bundle.

The perspective above could also help shed further light on a second conjecture made in
[Sch18]. There, for a non-negative partition m’ of 2g — 2, a class [ﬂ; (m/)]VI" was defined by the

formula
771 vir - ~
e+ 30 (T 10)iz1= 2 0p ),
(ZT,1) “ecE(T))
where Z runs through the boundary components of 'I'Nlé(m’) and m' = (my +1,...,m], +1).

The idea was that [ﬁ;(m’ )]VI' should be a contribution to the double ramification cycle of the
partition m’, supported on ﬁ;(m’ ). From our perspective, this should just be the contribution

of DRC supported there. Then, since the locus ﬂ;(m' ) appears as a component of ﬂ};(km’ ) for
any k > 1, the following conjecture was made.
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CONJECTURE A’ [Sch18]. Let k > 1 and m = km’ for a non-negative partition m’ of 2g — 2.
Then we have

—1 vir | ok [eermy I(e) _ -
[y ()] + [y (m)] + Y iR [2] = 2Py * (),
(Z,,I)

where Z runs through the boundary components of ﬁ’;(m)

From the perspective of defining the double ramification cycle via an extension of the
Abel-Jacobi map, this behaviour is expected: the space M for the partition km’ of k(2g — 2)
agrees with the space for the partition m’ of 2¢g — 2, and the Abel-Jacobi section for km’ is
simply the composition of the section for m’ with the étale morphism

j - \77 (Cv ﬁ) = (C7 £®k)

Thus, over the locus ﬁ;(m’ ), the intersection of the Abel-Jacobi section with the unit section
should produce the same contribution to the cycle DRC.

Smoothing differentials. The papers [BCGT18, BCGT19a] give criteria for a nodal curve

(C,p1,...,pn) to lie in the locus ﬁ];(m). Being contained in this closure is equivalent to
having some one-parameter deformation (Cy, pi¢,...,Pnt)tca With the general curve being con-
tained in H’;(m). The criteria of [BCGT18, BCGT19a] are phrased in terms of the existence of
k-differentials on the components of C' satisfying some vanishing conditions for sums of kth roots
of their k-residues at nodes of C'. On the other hand, in our deformation-theoretic computations
in §5 we see that for a point in a boundary component of the double ramification locus, the
obstruction to smoothing the nodes while remaining in the double ramification locus is exactly
related to a non-vanishing of such sums of kth roots of k-residues. While these computations are
not directly applicable to the problem of classifying ﬁ]; (m), it seems plausible that the methods
of our paper can be applied in this direction. We thank Adrien Sauvaget for pointing out this
connection and plan to pursue this in forthcoming work.

In a related direction, the recent paper [BCG'19b] constructs a smooth compactification of
the closure ﬂ];(m) and gives a modular interpretation for this new compactification. Here, it is

an interesting question how this relates to the compactification obtained by taking the closure
of H(m) C DRL? inside the double ramification locus of M?.

1.6 An overview of different definitions of double ramification cycles
In this subsection we want to summarize the existing definitions of double ramification cycles in
the literature and the known equivalences between them.

Several authors gave elementary geometric constructions of the DR class on partial com-
pactifications of M, , inside ﬂg,n (e.g. the compact-type locus), and computed them in the
tautological ring. Examples include [Hail3|, [GZ14b], [GZ14a], and [Dud18].

The following are the different constructions of a DR cycle on all of M, ,:

— In the case k = 0, Li, Graber and Vakil gave a construction as the pushforward of a virtual
fundamental class on spaces of rubber maps ([Li01, Li02, GV05]; see also [LRO1]).

— Pixton [Pix14] proposed the formula 279 P§ k(rh) for the DR class as an explicit tautological
class, defined via a graph sum.

— Kass and Pagani proposed extending the cycle as the pullback of a universal Brill-Noether
class on a compactified Jacobian via the Abel-Jacobi section ([KP19] and [HKP18, § 2.4]).
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Tropical
blowup
Compactified
Jacobian [AP21]
[BHP20]
[HKP18]
Extension Theorem 1.1 Weighted Conj. A Graph
of AJ map fund. class sum
for k > 1 and some m; < 0 or k{ m;
[Hol21] [JPPZ17]
Log/Tropical [MW20] Rubber
geometry maps

for k =0

FIGURE 2. Equivalences between different definitions of double ramification cycles.

— Marcus and Wise used techniques from logarithmic and tropical geometry [MW20] to
construct a space on which the Abel-Jacobi map extends.

— The first-named author gave a definition using a universal extension of the Abel-Jacobi map
as described above [Hol21].

— Abreu and Pacini gave an explicit tropical blowup of mg,n (i.e. a blowup dictated by an
explicit refinement of ﬂ;zp) resolving the Abel-Jacobi map to the Esteves’ compactified
Jacobian over My, and use this to define a double ramification cycle [AP21].

— Finally, for £ > 1 and one of the m; negative or not divisible by k, there is the definition of

the DR cycle as the weighted fundamental class H, §7m, proposed by Janda, Pandharipande,
Pixton, and Zvonkine for £ = 1 [FP16] and the second-named author for & > 1 [Sch18].

In Figure 2 we illustrate the known equivalences between these definitions. In particular,
[BHP'20] (which came out after the preprint of the present paper) completes the proof that
they are all in fact equivalent.

1.7 Outline of the paper

The main purpose of this paper is to analyse very carefully the infinitesimal structure of the
double ramification locus, eventually enabling us to compute the multiplicities of its components
and thus compare it to the cycle of twisted differentials. In §2 we describe the construction of
the space ﬂm’l/k, the variant of M? on which we perform our computations (see §1.4 above).
We also make more concrete the relationship with the construction of Marcus and Wise [MW20].
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Sections 3 and 4 are devoted to the computation to the tangent space to the double ram-

ification locus. In the brief §3 we compute the tangent space of the space ﬂm’l/ k, in which
the double ramification locus naturally lives. Section 4 is much more substantial, and contains
the computation of the tangent space of the double ramification locus itself. A key technical
lemma on the non-vanishing of certain residues is postponed until Appendix C, as it may be of
independent interest and we wished to keep its exposition self-contained.

Once we understand the tangent space to the double ramification locus, in §5 we can
explicitly compute its local ring, and in particular the length of the local ring. In §5.1 we use
this to deduce the desired formula of the double ramification cycle as a weighted fundamental
class.

Finally, in the Appendices A and B we recall some standard results on Serre duality and
deformation theory via Cech cocycles that are used in several places in the proof. This material
is well known, but we include it to fix notation, and because the very explicit forms of these
results that we need are somewhat scattered about in the literature.

1.8 Notation and conventions

Notation.
K the ground field, assumed to be of characteristic zero
M the moduli space Mg, of smooth curves of genus g with n marked
points
M the moduli space ﬂg’n of stable curves of genus g with n marked points
J—-M the universal semi-abelian Jacobian over ﬂg,n
wk(—mP) the twisted k-canonical line bundle w(]’g( -y mipi) of a curve C

a twist, given by a function I on the half-edges of a stable graph I" as
described in Definition 1.6

yout the outlying vertices (i.e. those that are not the central vertex) in a
simple star graph, as described in Definition 1.9

M J Uy L aE a combinatorial chart of M, as described in §1.10

MP the universal stack M© /ﬂ on which the Abel-Jacobimapo : M — J
extends, constructed in [Hol21]

o MO T the extension of ¢ : M — J to M

DRL® the scheme-theoretic pullback DRLY ¢ M? of the unit section e C J
under o©

DRC? the double ramification cycle on DRL?

DRC the cycle in M obtained by the pushforward of DRC? via the proper
morphism DRL® — M

AIE an affine toric variety A’IE — AF associated to a fixed combinatorial
chart M J U -2 AP and twist I on I', with equations as given in
§2.3

M?’IU the pullback of A}E — AP under the map g : U — A" from the combi-
natorial chart

M the stack M — M obtained by gluing the patches M]n?U for a cover
of M by combinatorial charts

om M J the extension of 0 : M — J to M™

DRL™,DRC™ the double ramification locus and cycle constructed inside M
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ﬂ?‘} the open substack in M where the twist I is divisible by k

ﬂm’l/k the partial normalization of ﬂﬁl obtained by taking kth roots in the
defining equations of AJIE , pulling back to the combinatorial charts U
and gluing

r the divided twist I'(e) = I(e)/k for the case where I is divisible by k

7 Mm’l/k —J the extension of o : M — J to M A7k

A the normalization of My, k(1> an open substack of the normalization MO
of M™

DRLY* DRC!/* the double ramification locus and cycle constructed inside Mm’l/ g

U, the spectrum Spec Oy, of the local ring of a point v € U inside a
combinatorial chart M Al U -2 AE

Zh, Zh coordinates in a singular coordinate chart of the curve Cy, /U,, for an
edge e = h, 1/ of the stable graph I' of Cy,,, where 2, vanishes on the
component of Cry,, incident to h

T the ‘correction’ line bundle on the universal curve Cr/ H?IUI /* described
in §2.5

H\(T', K) the first cohomology group of the graph I' with coefficients in K,
isomorphic to K@)

v(e, €) cycle of length 2 given by the composition of the directed edge e with
the inverse of the directed edge €/, assuming e, e’ : v — v/ have same
source and same target

L, sub-vector space of T, M of dimension at most 1 defined in § 3

Tp the fibre of the universal Jacobian J — M A7k over the point p:
Spec K — M™ 1k

b:T, M™ A7k — T,Jp the difference T,,0 — Tpe of the differential of the Abel-Jacobi map &
and the unit section e of J

ba, br, b>1,b1, the restrictions of b to the directl/k summands

——m, .
HY(Cp, ¥V (=P)), HY(T, K), ®,.p1(e) 51 K, Lo of TyM in §4.1
Q the sheaf of relative differentials
w the relative dualizing sheaf

Generalities. We have fixed integers g > 0, n > 0, k£ > 0 with 2g — 24+ n > 0, and integers
mi,..., my summing to k(2g — 2) with at least one m; negative or not divisible by k. We will
write M for My ,, M for M, ,, etc. We write J for the universal semi-abelian Jacobian over

M, often written PICE vt Then the section

o M—T,(Cp1,...,pn) — < Zmzpz>—w(mP)

lives naturally in 7 (M), but in general does not extend to the whole of M.

We work throughout over a fixed field K, which we assume to have characteristic zero. Our
proof is entirely algebraic, except for the crucial application of a result of Sauvaget [Saul9,
Corollary 3.8] in Appendix C, which we expect to admit an algebraic proof. When k > 1 we
very often use the characteristic-zero assumption, but for £ = 1 it can often be avoided; its main
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purpose is in allowing us to apply Sauvaget’s result mentioned above, and in Lemma 4.10 where
we use that a function with vanishing differential is locally constant. As such it may well be
possible with the methods here to determine what happens in small characteristic; it seems very
likely that the multiplicities of the twisted differential space will be different in this case.

Remark 1.5. Our results do not require the ground field K to be algebraically closed. When
we talk about the graph of a curve over a field, we are implicitly saying that the irreducible
components are geometrically irreducible, and the preimages of the nodes in the normalization
are all rational points. At later points we will assert that various k-differentials locally have
kth roots; this should be interpreted over a suitable finite extension (our characteristic-zero
assumption ensures that adjoining kth roots yields an étale extension, and thus does not affect
the deformation theory). Alternatively, because the computations of the tangent spaces and
lengths of local rings are invariant under étale extensions, the reader may assume without loss
of generality that the ground field k is algebraically closed throughout §§4 and 5.

We expect that most readers will be mainly interested in the case of algebraically closed
fields, so to minimize clutter we do not explicitly discuss these field extensions, but allow the
interested reader to insert them when necessary.

1.8.1 Graphs and twists. A graph I' consists of a finite set V of vertices, a finite set H of
half-edges, a map ‘end’ from the half-edges to the vertices, an involution ¢ on the half-edges, and
a genus g :V — Z>o. Graphs are connected, and the genus g(I') is the first Betti number plus
the sum of the genera of the vertices.

Self-loops are when two distinct half-edges have the same associated vertex and are swapped
by i. Edges are sets {h,h'} (of cardinality 2) with i(h) = h/. Legs are fixed points of i, and L
denotes the set of legs. A directed edge h is a half-edge that is not a leg; we call end(h) its source
and end(i(h)) its target, and sometimes write it as h : end(h) — end(i(h)). We write E = E(T")
for the set of edges.

The wvalence val(v) of a vertex is the number of non-leg half-edges incident to it, and we
define the canonical degree can(v) = 2g(v) — 2 4 val(v), so that

T)—2=) can(v)

A closed walk in T is a sequence of directed edges so that the target of one is the source of
the next, and which begins and ends at the same vertex. We call it a cycle if it does not repeat
any vertices or (undirected) edges.

A leg-weighted graph is a graph I' together with a function m from the set L of legs to Z
such that > ,.; m(l) = k(29(T") — 2).

DEFINITION 1.6. A twist of a leg-weighted graph is a function I from the half-edges to Z such
that:

(i) for all legs I € L, we have m(l) = I(1);
(i) if i(h) = h’ and h # B/ then I(h) + I( " =0;
(iii) for all vertices v, } o q(n)=y I (h) — k- can(v) = 0.
)

We write Tw(I") for the (non-empty) set of twists of a leg-weighted graph I

Remark 1.7. In [Hol21] these twists were called ‘weightings’, and were denoted w. The present
notation is much closer to that used by [FP16]; we have made this change to facilitate comparison
to [FP16], and because the letter w was already overloaded.
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Remark 1.8. Farkas and Pandharipande impose two additional conditions (which they call ‘van-
ishing” and ‘sign’), which together state that I" cannot contain any directed cycle for which every
directed edge h has I(h) > 0, and at least one h has I(h) > 0.

We do not need to impose this condition as it will drop out automatically from our geometric
set-up; more precisely, the fibre of a chart M?IU of M™ over the origin in AF (see §2.2 for this
notation) is easily seen to be empty if either of these conditions is not satisfied.

If one forgets the values of the integers I(h) and remembers only their signs and whether
they vanish, the above condition is exactly equivalent to ‘Suzumura consistency’, a condition
arising in decision theory [Bos08].

DEFINITION 1.9. We say that a leg-weighted graph I' is a simple star graph if all legs with
negative weight or weight not divisible by k are attached to the same vertex (which we call
the central vertex), and every edge has exactly one half-edge attached to the central vertex (in
particular, there are no self-loops). We call the non-central vertices the outlying vertices, and the
set of them is V°ut,

1.8.2 The weighted fundamental class of the space of twisted differentials. Here we recall the
definition of the class H;m € AI(M) given in [FP16, § A.4] (for k = 1) and [Sch18, § 3.1] (for
k > 1) and explain why it is equivalent to the definition as a weighted fundamental class of
ﬁ’;(m) presented earlier in this introduction.

First, recall that given any integer k£ > 1 and a partition m of k(2g — 2) of length n, we have

HE(m) = {(C,pl,...,pn < Zm1p1> = } C Mg,

the corresponding stratum of k-differentials. This closed, reduced substack has pure codimension
g—1if k=1 and all m; > 0, and pure codimension g if there exists ¢ such that m; is negative
or not divisible by k. As before we denote by ﬁ’;(m) its closure in My ,.

Write S for the set of simple star graphs of genus g (see Definition 1.9). We say that a twist
I of a simple star graph is positive (writing Tw™(T') for the set of positive twists) if I(h) > 0
and k divides I(h) for every half-edge h attached to an outlying vertex. In this case, by a slight
abuse of notation, we write I(e) = I(h) for the edge e = (h, h’) to which h belongs.

With this notation, Janda, Pandharipande, Pixton, Zvonkine (for k = 1) and the second
author (for k > 1) define

HeeE(F) k
m=D_ 2. TAum )!k#\/ouch*[rg (g, —I|oy — k)]

Fes retwt ()

I, [ (2 )]

veveout(r)

Here H’;(UO)(m|UO, —I|yy — k) denotes the cycle in M) n(vy) With n(vo) the number of half-
edges attached to vy, and with weighting given by restricting the weighting m to those legs
attached to vg, and given by —I(e) — k at the half-edge belonging to the edge e of I'. The cycles
H;(U)(m/ |y, I/k|y, — 1) on the outlying vertices v are defined analogously, where we use that
all markings on them have weights m; divisible by k and all twists I are likewise divisible by &
(again, see [Sch18] for details). N

Now we comment on why this is a weighted fundamental class of the space ng“ (m). Given
a boundary component Z of this space, let I' be the generic dual graph of a curve C' in Z
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and let I be the twist on I' such that condition (1.1.1) is satisfied for this generic curve C. By
[Sch18, Proposition A.1] every node of C such that the corresponding edge has twist / =0 can
be smoothed while staying in H’g“(m). Thus since Z is assumed a generic point of H’g“(m), all
edges of I' must have non-zero twist. Then this condition tells us that the various components
C, of C vary within appropriate strata of k-differentials. But the codimension of Z is at most ¢
by [FP16, Theorem 21]. A short computation shows that this is only possible if at all but one
of the vertices v, the curve C), varies in a stratum of kth powers of holomorphic 1-differentials
(which is the case of excess dimension). This implies that all twists must be divisible by k& and
that there is exactly one vertex carrying all the negatively twisted half-edges as well as markings
1 with m; negative or not divisible by k. This easily implies that the generic dual graph I' of Z
is a simple star graph and that the twist I on I' is positive.

Conversely, one checks that condition (1.1.1) is satisfied on all the loci on which the cycle
H §7m above is supported. This shows that it is indeed a weighted fundamental class of H’;(m).
On the other hand, the weights agree with those given earlier in this introduction: the closures of
strata of differentials (which are pushed forward via &p) are generically reduced and thus all have
multiplicity 1. The factor 1/| Aut(I")| exactly accounts for the fact that the gluing morphism T’
has degree |Aut(T)].

Thus the definition of H, g}m given earlier coincides with the definitions from [FP16, Sch18].

1.8.3 Combinatorial charts. If p : Spec K — M is a geometric point corresponding to a curve
C, the associated graph I'c comes with a leg weighting from the integers m;. If a node of the
curve over p has local equation xzy — r for some r € (’)%’p, then the image of r in the monoid
O%m / (O%,p) * is independent of the choice of local equation. In this way, for each edge e € E(I})
we obtain an element £, € 0%,;; / (O%’p)x, recalling that edges of the graph correspond to nodes
of the curve.

Given a leg-weighted graph I' with edge set E, define’

AP = SpecK|a, : e € E].
To any point a in AP we associate the graph I', obtained from I' by contracting exactly those
edges e such that a. is a unit at a. Denote by [a.] € OZtE,p the image of the function a. on A¥
in qup-
DEFINITION 1.10. A combinatorial chart of M consists of a leg-weighted graph I' and a diagram
of stacks
ML UL AF
satisfying the following six conditions.
(i) U is a connected scheme.
(ii) g:U — AF is smooth.
(iii) f:U — M is étale.
(iv) the pullbacks of the boundary divisors in M and A¥ to U coincide.
(v) 0 € A¥ is in the image of g.

Let p : Spec K — U be any geometric point, yielding natural maps

b b
et / et 9 et
Oﬂ,fozﬂ = Oup & OAEvQOP'

® In [Hol21] this was denoted M.
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(vi) Let C' = f(p) and a = g(p). Then we require an isomorphism
p - FC — F

such that f°(£.) = ¢’([a Ay, (e)]) UP to units in (’)et for every edge e (which necessarily makes
this ¢, unique if it exists). Moreover, the map cpp sends the leg weighting on I't., coming
from the —m; to the leg weighting on I'yo), coming from that on I'.

This definition is as in [Hol21] but with the logarithmic structures excised (since we do not
need them). We see in [Hol21] that M can be covered by combinatorial charts.

2. Constructing suitable moduli spaces

2.1 Recalling the construction of DR

We begin by recalling the basic construction of the cycle DR from [Hol21]. First one constructs a
certain stack M© /M such that the rational map o : M — J extends to a morphism % MO —
J. Writing e for the unit section of J (viewed as a closed subscheme) and [e ] for its Chow class,
it is shown in [Hol21] that the scheme-theoretic pullback DRL? of e along ¢ is proper over M.
We would now like to take the cycle-theoretic pullback of the class of e along o©, but the latter
is not (known to be) a regular closed immersion, so we do not know how to make sense of this
pullback. Instead, we consider the induced section M® — J Mo =T X5 MP, and pull back the
class of the unit section along this section (using that the latter is a regular closed immersion as
J is smooth over M) to obtain a cycle DRC® on M?. This cycle DRC? is naturally supported
on DRL?, and so by properness can be pushed down to a cycle on M, which we denote DRC, the
compactified double ramification cycle. Many more details and properties of the construction,
and a comparison to other constructions in the literature, can be found in [Hol21], [HPS19] and
[HKP18].

In this paper we will work with a slight variant of the stack M of [Hol21]; this is only for
convenience, but the intricacy of the calculations we have to carry out makes every available bit
of notational efficiency worth using. We also note that M® depends not only on ¢ and n, but
also on the m; and k, hence the notation is not good; we will take the opportunity to correct
this.

The stack M® is built by gluing together normal toric varieties; in particular, it is normal.
We will begin by introducing a ‘non-normal’ analogue M™ of M© which is close to (but not yet
quite) what we want. The resulting double ramification cycle will be unchanged, by compatibility
of the refined Gysin pullback with the proper pushforward; see §2.6 for more details.

2.2 Construction of M™
Fix a combinatorial chart

ML U2 AP
and a twist I on I'. If e = {h,h'} is an edge of T, and ~ is a cycle in T, we define

0 if h¢~andh' ¢~
L(e)=<I(h) ifhexy (2.2.1)
I(W) W en.

In the free abelian group on symbols a. : ¢ € E we consider the submonoid generated by the a.
and by the expressions
IT e (2.2.2)

eeE
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as v runs over cycles in I', and we denote the spectrum of the associated monoid ring by AJIE .
Equivalently, AF is the spectrum of the subring of K[af! : e € E] generated by the a. and by
the expressions in (2.2.2). Note that this is slightly different from the monoid rings constructed
in [Hol21], where we worked with sub-polyhedral cones of QEO, cut out by equations: monoids
coming from cones are always saturated, and so yield normal varieties, whereas here we want
to work with not necessarily saturated monoids. In §2.3 we give explicit equations for (a slight
variant on) the A%,

We write M??U for the pullback of A’IE to U. We want to argue that these MTU naturally
glue together to form a stack M over M. The first part of the gluing can even be done over
AP Indeed, fixing a graph T, as I runs over twists of I the A}E naturally glue together as I; cf.
[Hol21, § 3].5 We denote the glued object by AP — AP,

Ezample 2.1. In the case k = 0, suppose the graph I" has two edges and two (non-loop) vertices
u and v. Suppose the leg weighting is +n at w and —n at v. Twists consist of a flow of a along
edge e from u to v, and n — a along the other edge ¢’ (again from u to v), for a € Z:

I(e)=t

+n TN +n

—u -~ " E— (2.2.3)

I(e')=n—i

In this setting A” = Spec K[a, ar]. There are two directed cycles, and expression (2.2.2)

yields ala’,™ and a_'a’;". The form of AF then depends on I: we have

i<0: AF =SpecK[a:!' al'],

i=0: A¥ =SpecKlac,a%'],

6/

K , otl K , t:l:l
0O<i<n: AJIE = Spec % = Spec [qe7 e 771—1‘ ], (2.2.4)
(075 — al) (eit — )

i=n: A¥ =SpecK[af! ay],
i>n: AF = SpecK[a;tl,a;'El].

A more detailed explanation of these equations can be found in (2.3.3) below. These patches
are then all glued together along the torus Spec K [aF!, ajl] to form AP. Note that (in the case
where n is not prime) this differs slightly from the example in [Hol21, Remark 3.4] (where a toric
interpretation is given) as the rings above are not normal for 0 < ¢ < n whenever n and 7 have
a common factor.

These patches can naturally be seen as charts of a (non-normal) toric blowup. In more
involved examples (e.g. [Hol21, Remark 3.5]) there is no canonical way to embed the patches in
a blowup, though see also [AP21] for a general approach to compactifying.

While there are infinitely many charts glued together, only those for 0 < i < n are relevant;
the others do not enlarge the space. This is how we glue infinitely many patches to obtain a
quasi-compact space.

_ We now return to the general construction. For a fixed combinatorial chart U, pulling these
AP back to U we obtain a stack covered by patches M??U. Then running over a cover of M

5 Note that the hard thing in that reference is proving quasi-compactness of the resulting object, but since it is
clear that the normalization of the object constructed here is that built in [Hol21] the quasi-compactness comes
for free here.
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by combinatorial charts yields a collection of stacks over M which are easily upgraded to a
descent datum. We denote the resulting ‘descended’ object by M. Comparing with the con-
struction of M in [Hol21], one sees that the normalization of M is MP. Imitating the proof
of [Hol21, Theorem 3.5] shows that the map M™ — M is separated, of finite presentation, rel-
atively representable by algebraic spaces, and an isomorphism over M. If we equip the above
objects with their natural log structures, it is also log étale. From separatedness and the impli-
cation (1) = (2) of [Hol21, Lemma 4.3], we see that the map o : M — J extends (uniquely)

to a morphism o™ : M? = 7.

DEFINITION 2.2. We define the double ramification locus DRL™ — M™ to be the schematic
pullback of the unit section of 7 along o™.

Now M? — M™ is proper, and by [Hol21, Proposition 5.2] the map DRLY — M is proper.
But since DRLY — DRL™ is surjective, by [Stal3, Tag03GN] DRL™ — M is also proper.

DEFINITION 2.3. We define the double ramification cycle DRC™ to be the cycle-theoretic pull-

back of the unit section of J x5z M™ along the section induced by o™, yielding a cycle on
DRL™.

The pushforward of DRC™ to M makes sense by properness of DRL™ — M, and the com-
patibility of the refined Gysin pullback with the proper pushforward (see Lemma 2.12) implies
that the pushforward of DRC™ to M coincides with pushforward of DRC® to M. See §2.6 for
further details.

2.3 A partial normalization of M

As discussed in §1.8.4, on the components of the double ramification locus supported in the
boundary, the twist I is generically divisible by k. If we restrict the construction in §2.2 to
twists I taking values in k7Z, we obtain an open substack ﬂﬁ, of M™. We can define a finite

/

surjective map AE ﬂﬁl by replacing the generators in (2.2.2) by

[ az"@". (2.3.1)

ecy

/

More concretely, we obtain Mm’” F by gluing together patches ﬂ;nUl F similarly to the procedure

in §2.2. But now, the patch ﬂ;nUl/k is the pullback of the space A}E, — AP to U, where I'(e) =
I(e)/k. For clarity and later use, we now give explicit equations for the A’IE, (and hence implicitly

for ﬂ?lUl /% since it arises by pulling back A¥ to U).

Let YT be the set of cycles v in I and recall that E is the set of edges in I'. Then naturally
we can see A?, as a subscheme of AT x AF cut out by explicit equations. Let ((ay)ver, (@e)ecE)
be coordinates on AT x AP. Then the generators (2.3.1) translate into a system of equations in
the a., a.. Indeed, given f € ZT and e € E, define the integer

Mep =" fyI(e), (2.3.2)
Y

where I/ = I, /k (cf. (2.2.1)). Then a set of equations cutting out AY C AT x AF is given by the
vanishing of the

xlff:< I1 a&)- T e e’f—( I1 a;f”> T a™ (2.3.3)

YEY: f4>0 eek:M. ;<0 YyeY: f4<0
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as f runs through ZY. In particular, for any cycle v we have for the inverted cycle (), walking
in the opposite direction, that aya;) =1, which forces a, # 0. Apart from that, the simplest
equations in the system above are of the form

ar H a; ') = H al’), (2.3.4)

e€v:1(e)<0 ecy:I(e)>0

We will see later that these are the only equations that matter for computing the tangent space
—m,1/k
to M : e

To get the description of M?’U/ over U one inserts for the variables a, the components of the

function ¢ : U — AF from our combinatorial chart, and obtains equations for M?}é/ cUxAT.

Remark 2.4. A shorter but less explicit description of the polynomials W, of (2.3.3) can be
obtained by saturating an ideal obtained from (2.3.4). Let R := K[a, : v € I'][a. : e € E], and
let A be the R-algebra obtained by formally adjoining inverses to the a.. Let I be the ideal of A
generated by

ay — [[al'®, (2.3.5)

ecy

and let I be the intersection of I with R. Then Iy is exactly the ideal generated by the ¥ of
(2.3.3). Note that this is not in general equal to the ideal generated by polynomials coming from
expressions in the form (2.3.4).

The map ﬂm’l/ L ﬂﬁ[ is finite birational, but in general neither the source nor the target
is normal, thus the map need not be an isomorphism. Indeed, we have the following lemma.

LEMMA 2.5. Let p € Mf“l lie over a simple star graph I" with outlying vertex set V°%. Then

the fibre over p of the map ﬂm’l/k — ﬂﬁl contains exactly FHFED)—#V — bi(T) points.

Proof. Let M?} be a chart containing p with I =k-I' (here we use p € ﬂ;:\jl) Then the

preimage of ﬂ?} in MV s M’;‘;ﬁ/’“ and the map Ml;/lll/k — ﬂ?}r is a base change of the
map

A?' - A? ((ay)y; (ae)e) — (((av)k)w (ae)e)- (2.3.6)

Now p corresponds to a point where all the a. = 0, and the values of a, for v in a basis of
HY(T',Z) can be chosen freely. Once these values of a, are fixed, all other a./ are determined by
(2.3.3). Thus the number of preimage points under the map (2.3.6) is exactly k(™) and so the

same is true for the pullback ﬂ?ll/ - ﬂ?lp. O

Remark 2.6. The reader only interested in the case kK = 1 will note that in this case the maps

Mm,l/k

— My — M"

are all isomorphisms, and I'(e) = I(e).

LEMMA 2.7. Suppose that I is a simple star graph. Then ﬂl;l”ll/k is a local complete intersection
over K.

As in [Hol21], the stack ﬂ?,lll/ * can be defined relative to Z, in which generality the same
lemma holds, with the same proof. The requirement that I' be a simple star seems necessary;
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the graph

© \00/ © (2.3.7)

seems to give a counterexample in general, though we have not checked all details.

Proof. Recall the notion of a syntomic morphism [Stal3, Tag01UB] generalizing the definition of

being a local complete intersection over a field. In particular, the stack ﬂ?,lll/ b is a local complete
intersection over K if and only if ﬂ??(l/ b Spec K is syntomic. Now the class of syntomic

morphisms is closed under composition and base change, and the morphism ﬂ?}é/ SRR Spec K
factors as

ﬂ?}(l/k — AF — Spec K;
moreover, the first morphism is smooth (and hence syntomic) as a base change of the smooth
morphism U — AF. Thus it suffices to check that A?, — Spec K is syntomic, that is, that AJIE, is
a local complete intersection.

Step 1. Choosing a spanning tree in I' induces a collection Y C T of cycles in I" forming a
basis of H'(I',Z). Given a cycle v € T, writing v as an integral linear combination of elements
of T’ induces an element of Z¥' (with all coefficients in {—1,0,1}), whose image in Z" under the
natural inclusion Z¥ — ZY we denote by f~- We denote by 4, € ZT the indicator function for
7. Then the corresponding expression Wy _s (as defined in (2.3.3)) contains no terms a. with
non-zero exponents.

Step 2. Consider the collection of polynomials consisting of the ¥y 5 for v € T. We then
claim that the subscheme Z of AT x AP cut out by these polynomials is smooth over K of
dimension #Y’ + #FE. First, for v € T’ the equation ¥y _5 =0 can be rewritten as 1 =1, so
can be ignored. Then if i(y) € Y’, the equation Uy 5 = 0 yields aya;(,) = 1, 50 a;(,) is inverted.
For all other v € Y’ we can move all the a,, with 7 € Y’ to the left-hand side of the equation
(perhaps inverting them), thus writing a, as a product of ail. Thus in fact Z is a graph of a

suitable function (A'\ {0})" x AP — AT\Y'" obtained by solving for those coordinates a. for
v € YT\ Y. In particular, Z is smooth of the claimed dimension.

Step 3. Since AIE, has dimension #F, it suffices to show that it is cut out from Z by the \I/(;W,
as 7/ runs over Y. First, given v € T, we claim that Vs, is contained in the ideal of I'(Z, Oz)
generated by the \I/(;W, : 9 € T'. We may assume that neither v nor i(7) lies in Y’. Then 7 consists
of two directed edges, say v = e; o i(ez), with the e; going from the central vertex to an outlying
vertex. Suppose that the spanning tree contains the edge eg to that outlying vertex. Then ~ can
be written as a difference of two cycles in Y': v = 1 — o with 41 = e1 0 i(ep) and 2 = eg 0 i(eg).
Then

_ I’ (e I'(e1)
\I/(;W = avaez( ) ael( ,

which is evidently contained in the ideal generated by

I'(eg I'(e1
o) _ gl'(en),

Vs

)

o I'(eg I'(eo
— aal € ql'e)

Uy 6, = Gy = G0y, Vs =aya eo

" 2
using that all a, are invertible on Z.

Step 4. It remains to treat the case of a ¥y coming from an arbitrary element f € ZT. The
element f induces an element of H'(T', Z), which we can view as a subset of Z¥; write F for the
image of f in Z¥. If F is zero then the equation ¥ 7 = 0 already holds on Z. If F' is non-zero

then there exists a cycle y € T satisfying the assumptions of Lemma 2.8, and ¥;_ is in our ideal
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by Step 3, so we may replace f by f — d,. Now the sum of the absolute values of the coefficients
of F'is a positive integer strictly greater than the corresponding term for f — d,, so this process
must terminate. U

LEMMA 2.8. Let f € Z¥, and let v € X; write v = (hy, hs), and set e; = {h;,i(h;)}. Assume
that Me, y > 1 and M., y < —1. Then ¥y is contained in the ideal generated by Vs and Wy_s._.

Proof. A small calculation with expressions (2.3.3). O

2.4 Charts and coordinates on the universal curve

For the deformation-theoretic computations later, it will be necessary to fix a system of coor-
dinates on the universal curve in the neighbourhood of a given point. Suppose we have a
combinatorial chart

ML UL aP

and a point u € U(K) mapping to the origin in A” (if desired we make a finite separable extension
of K so that this exists). Write U, = Spec Oy . A smooth coordinate chart of the tautological
stable curve Cy, /Uy, consists of an open subscheme V' — Cp* of the smooth locus of Cy, over U,

with connected fibre over u. A singular coordinate chart of Cy, /U, consists of an isomorphism
from the strict henselization” of Cp, at a non-smooth point (corresponding to an edge e = {h, h'}
of I') to the strict henselization of Oy 4, [2h, 2n/]/ (2120 — Le) at the non-smooth point over u, where
zp, (respectively, z5/) vanishes on the component to which h (respectively, h') connects.

We will repeatedly make use of the following situation.

SITUATION 2.9. We fix:

— a combinatorial chart M S U2 AP with T a simple star;

— a twist I of I';

— a K-point u of U lying over the origin of A¥;

— a K-point p of ﬂ;nUl/k lying over u;

— an fpqc cover of the universal stable curve Cy, /U™ consisting of a finite collection of smooth
and non-smooth charts as described above.

2.5 The universal section &
Composing with the map ¢™ : M — J yields a map & : M — J extending the section
o € J(M); this is the same as the Abel-Jacobi map of [MW20, § 4]; cf. §2.7. Here we make this

map explicit. We fix a combinatorial chart M LU 95 AP and a twist 1 , and we work on the
chart /\/lm 1/ of M™ 1k

Write Cy for the universal stable curve over M}HUI * onc 1 we have the line bundle w*(—mP)
which has total degree zero on every fibre, but need not have multidegree 0 (the zero vector)
if the fibres are not irreducible, and so we cannot define o = [w*(—mP)]. The idea behind the

definition of My LU m1/F is that the multidegree of w*(—mP) can be ‘corrected’ to 0 by adding on
vertical divisors supported over the boundary (‘twistors’); details can be found in [Hol21].
Later we will need an explicit description of the pullback of this ‘corrected’ bundle to the tau-
tological curve over a (connected) scheme T — H?IU/ such that the composite T' — ./\/lm M
U factors via the strict henselization at the point w (this is to ensure that the local coordinates

—-—m,1/k

" The strict henselization is the local ring for the étale topology; intuitively, it can be thought of as playing a
similar role to that of an e-neighbourhood in the complex analytic world.
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zp, 2z below make sense on T'). We will describe this line bundle by giving its pullback to the
fpqc cover chosen above, together with transition functions. We first define a ‘correction’ line
bundle 7. Begin by choosing a function

A : {directed edges of '} — Op(T)*

such that A\(—e) = A(e)™!, and such that for every loop 7 in ' we have

H Ae) = ay.

ecry

This is possible: choose a spanning tree IV C I". Then the edges e in I" but not I correspond to
a basis 7. of the space of cycles (where 7, first takes the edge e and then takes the unique path
inside I closing the loop). Given this, a possible choice of A is to set A =1 on all edges of T”
and A(e) = a,, on the remaining edges.

Choose also an orientation on each non-loop edge. The bundle 7 will then be trivial on each
chart of the cover, and we will choose a generating section 1 on the smooth charts, and 7, on the
non-smooth chart corresponding to an edge e of I'. The transition function on an intersection
of smooth charts sends 1 to 1. When a non-smooth chart corresponding to an oriented edge
e = {h, '} meets a smooth chart, the connected components of the intersection will be contained
in V(zp) or V(zp/). On a connected component contained in V' (zp/) the transition function on
the overlap is given by 7 = )\(e)kzi(h) 1, and on a connected component contained in V(zp) the

.. L ()
transition function is given by 7 = z;,” 1.

When two non-smooth charts meet their intersection is necessarily contained in a smooth
chart, and so the transition functions are uniquely determined by the previous cases. Then the
section & is defined by the line bundle w*(—mP) ® T'; the reader can check that it has multidegree
0, or can find the details in [Hol21, § 5]. Moreover, one verifies that for a family with generically
smooth fibre, the bundle 7 restricts to the trivial bundle on this smooth fibre. This means that
on the smooth fibre, w*(—mP) ® T is just the Abel-Jacobi section and from the separatedness
of J it follows that w*(—mP) ® 7 is indeed the unique extension to the whole family.

Later on we will want to make some of these choices in a ‘natural’ way on a simple star
graph. Suppose therefore that I' is a simple star (see Definition 1.9), and for each outlying vertex
v choose one edge e, to v. We take the orientation to be the ‘outgoing’ one from the centre to
the outlying vertices. And we uniquely determine A by requiring it to take the value 1 on e,.
A basis of cycles is given by going out along e, and back along a different edge. If a cycle 7 is
given by e, and €’ then the gluing at the node corresponding to e’ gets ‘adjusted’ by exactly
a~. Because of the choice of orientation, it is only the gluing on the outlying vertices that gets
adjusted by the a,.

Remark 2.10. Because we work on this particular normalization ﬂm’l/ k, we can also define

canonically a kth root of 7. The construction is similar to that of 7; we choose generating

/ k, respectively), then glue

on overlaps by the formulae 71/* = /\(e)z}IL (M11/k and 71/% = Z,Il,(h )11/k_We denote this new line

bundle by 7'/*; there is then a unique isomorphism (7/*)®* — T sending (1'/%)* — 1 and
L/k\k

(1" = e

sections on the smooth and non-smooth charts (denoted 1'/% and 7o
DEFINITION 2.11. We define the double ramification locus DRL'* to be the schematic pullback
of the unit section of the universal Jacobian along the map 6. We define DRC = DRC'* to
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m,1/

be the cycle-theoretic pullback of the unit section of the base change J xﬂﬂ b along the

section ﬂm’l/k —J xﬂﬂm’l/k induced by &, as a cycle class on DRLY*.

By [Sch18] we know that all the generic points of ﬁlg(m) lie in the locus ﬂﬁl of M™ where
the twists are divisible by k. We will use this to show in §2.6 that to compute DRC™ it suffices
to compute the multiplicities of DRC'*. For most of the rest of this paper, we will be working
to compute the multiplicities of DRCY*.

2.6 Comparing the various double ramification cycles and loci
Recall from § 2 that we have various moduli spaces and double ramification loci (with associated
cycles), which we summarize in the following diagram:

DRLY
N
MO
<
%&
DRL'/ DRL™ e (m)
N \ N &‘ N
mm,l/k proper ﬂa}[ open imm‘ﬂm M

In Lemma 2.13 below we will show that DRL™ — M factors set-theoretically through ﬁlg(m)
Note that (unless & = 1) we do not have a map M? — ﬂm’”’“, since M™"* is a partial
normalization of an open subscheme of M. In § 5 we compute the lengths of the local rings of the
subscheme DRLY* — ﬂm’l/ k. Ultimately we want to show an equality of cycles DRC = H, Z;m
on M (recalling that DRC is by definition the pushforward of DRC? to M), so we need to

compare the cycles on these various spaces, and to compare the length with the intersection
multiplicity. We begin with a general lemma.

LEMMA 2.12. Let X 1, Y — M be birational representable morphisms of reduced stacks, with

f proper (here ‘birational’ means inducing isomorphisms between some dense open substacks).
Suppose that the morphism o extends to ox : X — J and oy : Y — J (necessarily unique, by
reducedness). Define DRLx — X and DRLy — Y by pulling back the unit section of J along
ox (respectively, oy ), and assume that they have the expected codimension g.

Define DRCx and DRCy as cycles supported on DRLx (respectively, DRLy ) as in
Definition 2.3. Then f. DRCx = DRCy, an equality of cycles on DRLy .

Proof. We proceed as in the proof of [Hol21, Theorem 6.7]. Namely, we have a commutative
diagram

Ix —— gy

oX €x oy €y
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(here the upward-pointing arrows are closed immersions, by separatedness of J, so we can

also see them as cycles). Since f is proper and birational, we see that f;,[ex] = [ey]. By
the commutativity of proper pushforward and the refined Gysin homomorphism,® we see
that

oy fr.lex] = fuolxlex]
(an equality of cycles on DRLy ), hence
DRCy = oy ley] = oy f.lex] = fuox[ex] = fe DRCx . O
Unfortunately, since the map ﬂﬁl — M™ is not proper, we cannot apply this lemma to

compare the double ramification cycles on ﬂg‘l[ and on M™.

Recall that by the discussion of § 1.8.4, the underlying (reduced) substack of M corresponding
to H, !]]f’m is the twisted differential space ’ng(m).

LEMMA 2.13. The maps DRL™ — M and DRLY* — M factor set-theoretically via
HE(m) — M.
Proof. This is clear from the description of the universal bundle in §2.5 (noting that the same

. - ——m,1/k
construction of the latter works on AM™ as on AM™" ) O

LEMMA 2.14. The maps DRLY* — M and DRL™ — M are quasi-finite.

Proof. The map ﬂm’l/’“ — M™ is quasi-finite, so it suffices to check this for DRL™ — M. The
map is finitely presented (since there are only finitely many combinatorial charts to consider,
by [Hol21, Lemma 3.8]). For a given chart over a given point in M, moving in the fibre of the
chart corresponds to shifting the gluing map of the line bundle 7 at the nodes. In particular, it
is clear that at most one point of the fibre of the chart can lie in DRL™. g

LEMMA 2.15. The subscheme DRL'* has pure codimension g in Mm’l/k, and DRL™ has pure
codimension g in M.
Proof. We give the proof for DRL'/¥: the other case is almost identical. Recall that DRLY/* is
m,1/k

, and the latter

is smooth over M of relative dimension g. As such, every generic point of DRLli ¥ has
codimension at most g, since DRL!* can be cut out locally by g equations. The substack H’g“(m)

constructed by intersecting two sections in the universal Jacobian over M
1/k

has pure codimension g in M by construction, so we are done by combining Lemmas 2.13 and
2.14. O

Combining Lemmas 2.13-2.15 also yields the following result.
LEMMA 2.16. Every generic point of DRLY* and of DRL™ lies over a generic point of ﬁlg(m)

LEMMA 2.17. Let p be a generic point in ﬁ’;(m) Then the multiplicity of the cycle DRC at p is

equal to the sum of the lengths of the Artin local rings of DRLY* at (necessarily generic) points
p in DRL!/* lying over p.

8 Here we were not able to find the precise compatibility result we require in the literature (for example, [Vis89,
Theorem 3.12] would require that Jx and Jy be schemes). However, since our DRL loci have the expected
codimension, the cycle DRCs make sense as actual cycles, not just rational equivalence classes. The stated equality
can thus be checked locally on M, so we may reduce to the case where all objects in sight are schemes, whereupon
we can simply apply [Ful84, Theorem 6.2(a)].
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This lemma, is almost obvious from the definition of the proper pushforward, but we must
take a little care as the map ./\/lm’l/ — M™ is not in general proper, and we must compare the

cycle-theoretic multiplicity with the length.

Proof. First, Lemma 2.12 implies that pushforwards of DRC® and DRC™ coincide, so we are
reduced to showing the same statement where we replace DRC by the pushforward of DRC™
to M. By Lemma 2.16, every generic point of DRL™ lies over a generic point of ng(m),
so by the discussion of §1.8.4 we know that every generic point of DRL™ is contained in
My

Now Mﬁj — M™ is an open immersion and not (in general) proper. But we can still push
forward cycles (not cycle classes) along it, simply taking the closure of the image of a prime
cycle, and equipping it with the same multiplicity (thus, the same formula as used for a proper
pushforward). Since DRLﬁI = DRL™ ﬂﬂr,;r[ is of pure codimension g, we see that DRCQ“I on
it makes sense as a cycle, not just a cycle class. Since every generic point of DRL™ is con-
tained in ﬂﬁl, we see that this ‘naive pushforward’ of DRC}}; to DRL™ coincides with the
cycle DRC™.

Now we apply Lemma 2.12 to the proper morphism ﬂm’l/

- M;TI, to see that the push-
forward of DRCY* to DRLﬁI yields DRCﬁI. Thus, we see that the composite of maps on cycles
(not just classes):

— proper pushforward ﬂm’l/k — MEI;
— naive pushforward ﬂz‘q[ — MY
— proper pushforward M — M

sends DRCY* to DRC'.

To conclude the proof, we just need to check that the cycle-theoretic multiplicity of DRCY¥ at
a generic point p of DRLY* coincides with the length of DRLY* at p. This holds by [Ful84, Propo-

sition 7.1], if we can show that Hm’l/ F is Cohen-Macaulay at the generic point of each component
of DRLY/*. Since generic points of DRL'* lie over generic points of ’ng“(m) (Lemma 2.16), and

the graphs at the latter are simple stars, the local rings of ﬂm’l/ ¥ are local complete intersections
(and hence Cohen-Macaulay) by Lemma 2.7. O

LEMMA 2.18. Let p be a generic point of ﬁ’;(m) Then there exists a generic point of DRL'/¥
mapping to p.

Proof. Combining Lemmas 2.14 and 2.15 shows that any point in DRL!/* mapping to p must
be a generic point.
Fix a (minimal) combinatorial chart containing p. From §2.2, the twist I on the dual graph

71/k

of C; determines an affine patch of M™ whose image in M contains p. Now in the fibre

of ﬂ“"” ¥ over that point, the universal line bundle runs over all possible ways of gluing the
bundle on the partial normalization from [FP16, Definition 1] to a bundle on the curve Cj itself.
In particular, one of those ‘gluings’ yields the bundle w*(—mP) ® 7 itself, so DRLY* meets that
fibre. O
PROPOSITION 2.19. Let p be a generic point of ﬁ’g(m) and let I be the dual graph of Cp, such

that T" is a simple star graph. Then there are exactly pHE—#VO points of DRL!/* mapping
to p.
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Proof. Recall that we have the following diagram of maps and inclusions:
DRLY¥ —— DRL™ —— #%(m)

N N N

—-—m,1/k

M

M™ M

For every point p’ € DRL™ over a generic point p € 7—7’; (m), by Lemma 2.5 there are fHE—#V

points of DRL!/* mapping to p’. Thus it suffices to show that there is a unique point p’ € DRL™
mapping to p.

By Lemma 2.18 there is at least one such p’. On the other hand, fixing a combinatorial chart
M « U — AF the spaces H??U (as I runs over twists of I') cover the fibre of M™ over p. We
claim that for a fixed I there is at most one preimage point of p in MTU.

To see this, note that the Abel-Jacobi map o™ : M — J is injective on the fibres of
m?}] — M. Indeed, we have ﬂ?}U C U x AT and the additional coordinates in AT parametrize
different ways to glue the line bundles on the components C,, of the normalization of C;. At most
one of them maps to the trivial bundle under the Abel-Jacobi map, so at most one preimage
point of p can lie in DRL™.

So it is enough to check that for a general point p of a component Z of ﬁ’; (m) supported in
the boundary, there is at most one positive twist I satisfying the twisted-differential condition.
Let I" be the generic dual graph of Z, which is a simple star graph.

Let (C, P) be a general point of Z, so we have an identification of the components/nodes of
C with the vertices/edges of I'. By assumption there is some m; with m; < 0 or m; not divisible
by k. Then the vertex vy carrying the marking p; must be the central vertex of the star graph.
Thus from the abstract dual graph I' we know uniquely which was the central vertex and which
the outlying vertices v € V°ut,

For each outlying vertex v we take the corresponding component C, C C together with its
inherited markings and preimages of nodes. As explained in §1.8.4, this is a generic point of
some 'H;(U) (i) for a non-negative partition u’ of 2¢g(v) — 2. In particular, g(v) > 1. If we knew
all such ¢/, this would allow us to reconstruct the positive twist I on I". But by Lemma 2.20,
knowing a general point C, of the space H;(v) (') uniquely determines the partition p'. Thus
indeed the twist I is uniquely determined. O

LEMMA 2.20. Fix g > 1, n > 0 and non-negative partitions p1, us of 2g — 2 of length n. Then
H;(ul) and H;(Mg) have a common irreducible component Y if and only if iy = ps.

Proof. Assume pj # po. By the dimension results [FP16] Y is of pure codimension g — 1. By
reordering we can ensure py = (my,ma,...), g2 = (M1, Ma,...) with 0 < my < my (since parti-
tions are not identical). Now on the general point (C,p1,...,p,) € Y we have two equalities of
line bundles

we = Oc(mipr + mapa + -+ -+ mupp),
we = Oc(mipt + mapa + -+ + Mppn).

Taking the first equation to the power mq, the second to the power —m; and tensoring both, we
obtain

wg}l_ml = (’)(;((fnl -mi1p —mq - ml)pl + (ml Mo — My - mg)pg =+ .- ) (2.6.1)

=0
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Thus the general point of Y lies in the space H;hl*ml () for fr =mq - py — my - po. By [Schls,
Theorem 1.1] the space Hj" =™ (ji) has at most codimension g — 1, so in fact ¥ must also be
a component of this space. But clearly, condition (2.6.1) is independent of the position of p;
(the first entry of fi vanishes). Thus for (C,p1,...,p,) € Y we also have (C,q,p2,...,pn) €Y for
all ¢ € C\ {pa2,...,pn}. However, the condition w = O(mip1 + ---) to be contained in H;(ug)
does depend on p;. Indeed, since g > 1, for any fixed p; € C there are only finitely many points
py € C such that O(1mip1) = O(myp;). This implies that ¥ cannot be a component of Hg(u2),
a contradiction. g

Together, the results of this section reduce the problem of computing the double ramification
cycle to that of computing the length of its local ring at a generic point. This computation will
occupy the remainder of the paper.

2.7 Relation to the construction of Marcus and Wise

The construction of Marcus and Wise [MW20] produces a stack Div m, over M; we will explain
how it is related to our M" . We will not need this in what follows, but we feel it may be useful
to sketch the connection.

We begin by outlining the construction of Div, . First, we define the tropical multiplicative
group to be the functor on log schemes sending X to G%OP(X) =I(X, M%), and a tropical line
over a log scheme S to be a G2P_torsor over S. Then Div is the stack in the strict étale topology
on logarithmic schemes whose S-points are triples (C, P, «) where C is a logarithmic curve over
S, P is a tropical line over S, and o : C' — P is an S-morphism. We write Div, , for the open
substack where the underlying curve has genus g, the marked points are labelled 1,...,n and
the outgoing slope at the marked point labelled ¢ is given by m;.

Now Divy , comes with a natural forgetful map to the stack of all log curves, and we write
Dinfm for the pullback of the locus of stable log curves. It also comes with an ‘Abel-Jacobi’ map
aj : Divy 4 — Picg p, described in [MW20, § 4]. Write II for the fibrewise connected component in
Picg ,, of the section w®(— 3", mip;). We write Divztﬂ for the pullback of II along aj to Div;fm.
Then unravelling the definitions yields a natural isomorphism of log stacks

. I ~ ——m
D1v§f’m — M.
In particular, combining with Lemma 2.12 yields the following lemma.

LEMMA 2.21. The double ramification cycle DRC € A*(M) coincides with that constructed in
[MW20].

This generalizes [Hol21, Theorem 7.3] to arbitrary k.

/k

3. The tangent space to M™E simple star

In this section we will give an explicit description of the tangent space Tpﬂm’l/ k. Since étale
maps are isomorphisms on tangent spaces we will not distinguish between tangent spaces to a
stack and tangent spaces to its charts. We will write T, M and T, AP in place of TtouM and

TgouAE . The natural map ﬂm’l/k — M induces a map Tpﬂm’l/k — T, M, and we will describe
its kernel and image.

An element of Tumm’l/ " is given by a pointed map from the spectrum of K [t]/t? to ﬂm’l/ F
Suppose we are given a pointed map from Spec K[t]/t? to M. For each edge e of I' we denote
by ac € tK[t]/t? the image of . under the given map Ox; — K[t]/t? (see §1.10 for the £.; in
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particular, the choice of these coordinates means /. is really well defined, not only up to units).
By the description given in §2.2, the point p corresponds to giving an element (a), € K* for
every cycle v, subject to some compatibility conditions. Then, to specify a vector in Tpmm’l/k
is to give an element a, € (K[t]/t?)* for every cycle 7 in T, lifting the element (a,), € K*, and
subject to the relations (2.3.3).

This description is valid for graphs of any shape, but we now specialize to the case where
I" is a simple star graph (cf. §1.8.4), for which things become simpler. For each outlying vertex
v write F, for the set of directed edges from the central vertex vy to v, and choose one edge
ey € E,. For e, e’ € E, distinct edges, let (e, ¢’) be the directed cycle going out along e and back
along ¢’. Then the cycles (e, €') for v € VUt ¢’ € E, \ {e,} yield a basis of the homology of T.

For each outlying vertex v there are exactly three possibilities:

(i) all e € E, have al'® = 0;
(ii) all e € E;, have al® NON-Z€ero;
(iii) there exist e and ¢’ € E, such that al'® =0 and ai,(e) # 0.

In cases (i) and (ii), the lifts of a, from K* to (K[t]/t*)* can be chosen completely freely for v
in a basis of the cycles between vy and v, and these determine all the other a,. To see this, we
can split (2.3.3) into two types. We consider first those where the element f € ZY corresponds to
a trivial class in the homology of I'. Then the resulting equation does not contain any instances
of the a., and simply imposes that the product of the a, is 1 (i.e. the group homomorphism from
the free abelian group on cycles to (K[t]/t?)* factors via the homology). On the other hand, if
f € ZT does not correspond to a trivial class in homology, then the resulting equation will have
terms a. appearing on both sides (since twists are positive on outgoing edges). Since the a. lie in
tK[t]/t%, any lift of (a,), from K* to (K[t]/t*)* will automatically satisfy these equations (as
t?> = 0). Summarizing, we can choose the lifts a~ freely for « in a basis of the homology, and the
rest are uniquely determined.
In case (iii) we consider the equation

I 6, / e
sy (eena @) = al'®), (3.0.1)

I'(e)

The terms ae/
of K[t]/t? from M to Y b (i.e. choice of a,) exists.

Using this analysis, we easily determine the kernel and image of the map Tpﬂm’l/ R T .M.
The kernel is given by the set of lifts of the zero tangent vector, that is, all a, = 0 in the above
discussion. Then it is clear that we are always in case (i), and the lift of a, from K* to (K[t]/t?)*
can be freely chosen. The set of these choices yields a copy of K, and we see that the kernel of

MR T, M is given by HY(T, K).

oM
To understand the image of Tpﬂm’l/k — T, M we must distinguish carefully between cases
I'(e)

(i), (ii) and (iii). Since each a. € tK[t]/t?, we know that a. *~ = 0 whenever I'(e) > 1. Thus, at
a vertex v with at least one incident edge e satisfying I’(e) > 1, we can never be in case (ii).
Then we are in case (i) if and only if a, = 0 for all ¢ at v with I'(¢/) = 1, and we can choose
ae € tK[t]/t? arbitrarily for all e with I’(e) > 1.

It remains to understand the contribution of the vertices v with all edges e satisfying I'(e) = 1.
We define L, € @, cp, K to be {0} if there exists an e € E, with I’(e) > 1, and otherwise to be
the set of tuples (l.). satisfying the linear equations

and ai,/ ) do not differ by multiplication by a unit a, . in K[t]/ t2, so no lift

(a'y(e,e’))ple’ =1, foralle, e e E,.

2308

https://doi.org/10.1112/50010437X21007557 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X21007557

INFINITESIMAL STRUCTURE OF THE DOUBLE RAMIFICATION LOCUS

—-—m,1/k

Note that in this latter case, L, has dimension 1. Then the image of T, M — T, M is given

by
H'(C,), Y (-P)) o P K@@L

el'(e)>1

Here the first factor corresponds to the locally trivial deformations, not smoothing the nodes.
These correspond to setting a, = 0 for all e and thus can always be lifted by the analysis above.
The second factor corresponds to the free choices of a. € tK[t]/t> = K for I’(e) > 0, and the last
factor to the contribution from vertices with all incident edges e satisfying I'(e) = 1. This yields
an exact sequence

0— H\I,K) - T,M™" — H'(C,, Q" (-P)) o P K@@L ~0, (3.0.2)
eI’(e)>1
but we can write down a ‘natural’ splitting by setting a, = (a), for all v, so we get

= HY(D,K) & HY(C,, Q' (-P))e P Ke@P L. (3.0.3)
el'(e)>1

T Mm 1/k

This ‘natural’ splitting depends heavily on the choices of coordinates in Situation 2.9. See-
ing Mm 1k C U x AT as in §2.3, this splitting is just sending the vector v € T, U to (v,0) €
TS € T,U x AT,

4. The tangent space to the double ramification locus

In this section we will compute the tangent space to the double ramification cycle at the generic
point of an irreducible component. Having in §3 analysed the tangent space to M 1k and
decomposed it into direct summands, we will begin by describing the Abel-Jacobi map on the
tangent space. We will decompose the dual of the tangent map of the Abel-Jacobi map into four
factors (§4.1), and then in §§4.2-4.5 compute the intersection of the kernels of these four maps.
Along the way we will need a result on the non-vanishing of sums of kth roots of k-residues of
k-differentials, which we state and prove in Appendix C as it is somewhat disjoint from the rest
of our story, and may be of some independent interest.

4.1 The Abel-Jacobi map on the tangent space
Assume we are in Situation 2.9 with p lying in DRLY*, so 5(p) = e(p) € J(K). Taking the
difference of the induced maps 7T, and Tje on tangent spaces yields another map 7T}, M RASN

T(p)J , and the composite map Wlth the projection to T, M,

—m,1/k Tpo—Tpe

T,M — e(p)J—>T./\/l

is evidently the zero map. Write J, for the fibre of J over p. Then 7.7, is the kernel of the
projection To(,)J — T, wM, so we have an induced map

—-—m,1/k

b: T M i Tejp'

The kernel of b consists of exactly those vectors on which T),6 and Tje agree, hence ker b =
1) DRL*. Dualizing the natural exact sequence, we obtain an exact sequence

0 — (cokerd)" — T, — (T, M™*)Y — (1, DRL/%)Y — 0.
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In the following we compute
(coker b)ngeij:Hl(Cp, Oc,)"=H"(Cp,w),

where the latter equality holds by Serre duality.
To describe the proof strategy, note that from (3.0.3) we have a chosen isomorphism

M 2 (D K)o H'(C, Q' (-P) e D KoL,
el’(e)>1 v
We write the restrictions of b to each subspace appearing as a direct summand as
br : H'Y(T,K) HHl(CP,OCp),
bo: HYC,QV(-P)) — Hl(Cp,(’)cp),
b>1 : @e:]’(e)>1 K — Hl (CIH OCp)v
br, : L, — HYCp,Oc,).

Elementary linear algebra yields the following lemma.

LEMMA 4.1. Inside T.J," = HY(Cp,w) we have

(coker b)¥=ker(b") = ker(bg,) N ker(by") Nker(b¥;) N ﬂ ker (b ).
veyout
In §§4.2-4.5 we compute the intersection on the right.

To describe the final result, note that for a stable curve C' = C, with dual graph I' there
exists a natural inclusion

P H(Cvwe,) = H(C,w), (4.1.1)
veV(T)

taking differentials on the normalizations C;, of the components of C' and descending them to C.
The image is exactly the space of differentials on C with vanishing residues at all nodes.

As a second ingredient, recall from § 1.8.4 that for p a general point of a boundary component
of DRLY*, the stable graph of C, is a simple star, and on the components of C, correspond-
ing to the outlying vertices the twisted k-differential on C, is the kth power of a holomorphic
abelian differential. To be more precise, recall that p lying in DRL'* means the line bundle
wF(—mP) ® 7 is trivial on C,. Let

wo € H°(Cp,w"(—mP) ® T)

be a generating section (unique up to scaling). Recall from § 2.5 that the bundle 7 has a gener-
ating section 1 on the smooth part of C,. Let 1, be the restriction of 1 to the components C, of
C = Cp. Then /1, is a meromorphic section of w*(—mP) on C,. As described in §1.8.4, for
v an outlying vertex, this section is actually a holomorphic k-differential, which is, moreover, a
kth power of a holomorphic differential. Denote one such choice of a kth root by (¢g/1,)'/*.

As a final piece of notation, let V>! C V(I') denote the set of outlying vertices such that at
least one edge e incident to v has I’(e) > 1, and denote by V! the remaining outlying vertices.
Then we can state the main result of this section (whose proof follows Lemma 4.13).

THEOREM 4.2. Let p be the generic point of a boundary component of DRLY*. Then the kernel
of bV inside HY(C,,w) is given by the injection

P K- H(Cpw)

veV>1
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sending (¢, ), to the section given by 0 on the smooth locus of the central vertex, and c,(pg/1,)/*

on the smooth locus of the outlying vertex v.
THEOREM 4.3. In the situation of Theorem 4.2, for the exact sequence

1/k
m,/i}

0 — T, DRLY* — T, M T.J, — coker(b) — 0,

the cokernel of b has dimension equal to #V>!. The dimension of T, DRLY* s given by
dim DRL/* plus the number of edges e in the star graph having I'(e) > 1.

Proof. The assertion about the cokernel of b comes from Theorem 4.2, and the equality of
dim ker(b¥) with dim coker b. To compute the dimension of T, DRL'/* we must first compute the

dimension of Tpﬂm’l/ k; following (3.0.3), it is given by
hH(Cp, QY(P)) + BN (L) + #{e: I'(e) > 1} + #V,
where we use that L, has dimension 1 for v € V1. Then

— hYCp, Y (P)) =39 — 3+ n — #F (locally trivial deformations);
~ WMD) =1—#V + #E;

- dimTeJ, = ¢;

~ dimDRLY* = 3g — 3+ n — g (by Lemma 2.15).

We see that
dim T, DRLY* = (3g =34 n — #E) + (1 — #V + #E) + #{e: I'(e) > 1}
+H#V +#V g
=Bg—34+n—g)+#{e:I'(e) > 1}
= dim DRLY* 4 #{e: I'(e) > 1}

as required. O

4.2 Computing the kernel of by

LEMMA 4.4. For any point p € ﬂm’l/k

the inclusion

with underlying curve Cp, the kernel of b is given by

P H(Cywe,) = H(Cw),
veV(T)

as described in (4.1.1).

Proof. We start by recalling some generalities about line bundles on nodal curves. Let C' be a
nodal curve with dual graph I' = (V, E'). Choose some orientation for the edges e € E such that
we can uniquely identify source and target s(e),t(e) € V' of each edge. Moreover, let (Cy)yev be
the set of components of the normalization of C' and for an edge e let n’(e) € Cyy, n"(e) € Cy(e)
be the preimages of the nodes corresponding to the edge.

Then a line bundle L on C'is given by a collection of line bundles (L, )yecy on all components
of its normalization together with identifications of the fibres (e : Lg(e)lnr(e) = Lie)ln(e))ec E
of these line bundles at the pairs of points mapping to the same node. These identifications
(0¢)ecr have a natural action by the group (G,,)” by componentwise multiplication. The set of
such identifications is a torsor under this action. Moreover, different identifications can give
the same line bundle: multiplying all the fibres on a given vertex v € V by the same con-
stant u, that is, going from (o¢)eer to (oc - u(svvt(@_‘svvs(e))eeE, does not change the line bundle.
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Moreover, multiplying all fibres by the same constant does not even change the set of identifica-
tions (0¢)ec . This means we have an effective action of the group GY,/G,, on GE which does
not change the line bundle on C. Making suitable choices, we can identify the quotient of GZ
by GY /G,, with the torus T = Hom(H(T',Z), G,,).

Now let p € M™ 1k with underlying stable curve C' = C,; this determines a kth root Tk
of the correction bundle 7 on C as described in Remark 2.10. In fact, in the local charts for
Mm,l/k
to act on the bundle 7%/* as described above yields a faithful action of T on the fibre of M
over C, whose orbit is open (it is exactly the fibre of M I,U/ for the relevant weighting I at

the additional coordinates a, exactly parametrize the gluing data for 7 1k Allowing T
—-—m,1/k

p and any neighbourhood U of p). Hence the summand H(T', K) in T, p/ﬂm’l/ s canonically
identified with the tangent space to 1" at 1. On the other hand, there is also an action of T
on the Jacobian of C', where elements of T" act on line bundles on C in the way described
above. However, we want to take the action obtained from this usual action by composing with
the group morphism T' — T,t — t*. With respect to this new action, the Abel-Jacobi map is
equivariant. This follows since, on the fibre in ﬂm’l/ ¥ over C € M, the Abel-Jacobi map just
sends 7V/% - wk(—mP) ® (T'/*)*. Hence the tangent map br : H'(I', K) — H'(C,O¢) to the
Abel-Jacobi map on this fibre is given by the tangent map for the action of T on the Jacobian
of C. One then verifies that for the map

KE B HO(C, Knodes)

g7l _ AT
wH (F,K)_ KV HO(C,W*OC?)

— H! (C,0¢),
coming from the long exact sequence of 0 — O¢ — m.Op — K nodes _, () where C' — C is the
normalization, we have br = k1. Thus, for computing kernels and cokernels we may as well work

with the map ¢ above.
The kernel of by is then equal to the left kernel of the Serre duality pairing

H(C,w) x ¢y (H'(I,K)) - H'(C,w) = K.

This left kernel is equal to the inclusion @, H°(Cy,we,) C H(C,w) from the statement of the
lemma. To see that @, H(Cy,we,) is contained in the left kernel, note that the cocycles in
the image of v are represented by constant functions on the overlaps of the Cech cover, so
multiplying them with holomorphic differentials from €@, H°(Cy,we,) does not produce poles.
Hence the residue pairing indeed vanishes. However, note that the map 1 is injective from the
long exact sequence we used to define it. Thus, the dimension of the left kernel is

dim H°(C,w) — dim HY(T', K) = g — by (T’ Zg ZdimHO(Cv,va),

so indeed @@, H°(Cy,wc, ) is equal to the left kernel. O

Though we will not need it in what follows, we mention the following lemma.

LEMMA 4.5. The projection map T, DRLY* — T,M is injective.

—-—m,1/k —-—m,1/k

Proof. We have T, DRLY* oM — T,M, and the kernel of T, M — T,M is given
by HY(I', K). On the other hand, T, DRL* is the kernel of b, the dlﬂ'erentlal of the Abel-Jacobi
map, and the restriction of b to H'! (I‘, K) is bp = k. So an element of the kernel of T}, DRLY* —
T,M is an element of the kernel of ¢ and 1 is injective. O
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4.3 Computing the kernel of b
We put ourselves in Situation 2.9 with p a K-point of DRLY*. As described in §4.1, we can
choose a generating section

@0 € H(Cp, w*(—mP) @ T).
We will use the description in Appendix A to compute explicitly the map
bo : H'(Cp, QY (—P)) — H'(Cy, O¢,).

Recall that for covers of C, as in Situation 2.9, all non-trivial intersections of charts map to the
smooth locus of C,/K, and the line bundle 7 comes with a trivialization on that smooth locus,
described by a generating section 1.

LEMMA 4.6. Working in Cech cohomology for a cover of Cp as in Situation 2.9, the map
<1 =1
bo : H (Cpan(_P)) —H (CP)OCP)
is induced by the map

d(gf;0/1) o
- P — —g..dl k.
9ij 7 —Gij 95900/1 gij @ 10g <g7,] 1 >

on 1-cocycles (gi;)i; of ¥ (—P).

For an interpretation of this formula, note that on the smooth locus of C, we can interpret
the g;; as tangent fields on the overlaps U;; of the cover. Thus the pairing gfj(tpo /1) of gfj
with the meromorphic differential /1 makes sense as a meromorphic function. Applying the
external derivative d gives a meromorphic differential, which we again pair with g;; to obtain a
meromorphic function. Given the simple nature of the formula, it feels as if there should be a
simple conceptual proof of this lemma. But our description of the line bundle 7 was somewhat
ad hoc, making it necessary to keep careful track of all the gluing data. Since this bookkeeping
is quite subtle, we have written the proof out in a painful amount of detail.

Proof. To prove the statement, we make (more) explicit the calculations from Appendix A. Our
short exact sequence 0 — J — A’ — A — 0 of K-modules is just

0—tK — K[t]/t? - K — 0,

and we represent an element g € ﬁl(Cp, QY(—P)) as a cocycle (g;;)i; on the cover {V;}; of Cp.
Then ¢ is a generating section of the line bundle Lx = w*(—mP) ® 7.

Recall that g encodes a locally trivial deformation Cy//A’ of Cp. To obtain it, define U; =
V; xx K[t]/t?, then we can choose isomorphisms U;; — V;; X K[t]/t* such that the inclusion
fi : Ui — U is just the base change of V;; — V; to K[t]/t?, and the inclusion f; : U;; — Uj is
given by applying Spec to the ring homomorphism r +— r + tg;;(dr). Gluing the U; together along
the U;; yields the desired locally trivial deformation C4//A’.

Recall from Appendix A that, to compute the image of g in I:Il(Cp, wkF(—mP) ® T), we should
consider the line bundle £ = wéA/ (—mP) ® 7, choose generating sections ¢; on U;, ¢; on Uj,
then pull them both back to U;; and compare. It will be very important to ensure that the
pullback is performed in a functorial way, so we can effectively compare these pullbacks.

For the first tensor factor of La/, we identify f(wc,, |v;) with wy,; via the differential df;
(and similarly with df;). The fact that the differential is naturally functorial later ensures that
this gives compatible identifications.
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The second factor 7 is, in a sense, trickier, because we defined 7 in terms of a cover with
gluing maps and thus we need to be extra careful how to identify pullbacks of 7 under various
compositions of maps. First, to fix terminology we recall the following very standard description
of the pullback of a line bundle given by gluing data.

Digression (Pullbacks of line bundles). Let f : X — Y be a morphism of schemes and Y = |J, U;
an open cover. Assume a line bundle £ on Y is given by fixing

— a generating section 1y, of £ on Uj,
— functions p;; on Uy; = U; N Uj, telling us that 1y, |u,; = pijlu,|u,; -

Giving a section s of £ on Y means giving local sections s;1p, satisfying s;1y; ’Uij = s;pijly, ’UW
or in other words s;p;; = s; on Uj;.

Then the pullback of £ under f is given by the cover X = J, f~}(U;) with new generating
sections 1;-1(y,) and gluing functions n;; = f*p;; = pij o f. The pullback of the section s is
specified by the local sections (s; o f) - 15-1(1,)-

End digression.

Now for the line bundle 7 on Cy4s we use the cover by the U; above. For smooth U; we
have a trivializing section 1, which we here call 1y, to be more precise. For the singular chart U;
associated to an edge e = {h, h'} we have the trivializing section 7.. The transition functions were
1 between two smooth charts, and for a smooth chart U; and a singular chart Uj;, the transition
function is 7, = )\(e)kzi(h)lUi if U; is a chart on an outlying vertex and 7, = (z)!") 1y, if Uy is
a chart on the central vertex. Since the formula uses the coordinates zj, 2,y on Uj, we implicitly
identify U;; as a subset of U; here (since on U; the expression zj, has no meaning). Note that
overlaps between singular charts are already contained within the overlaps of smooth and singular
charts, so the values of the cocycles on these patches are uniquely determined by those we have
already listed.

Now we proceed to choose generating sections ¢; on U;, ¢; on Uj;, pull them both back to U;;
and compare. We consider the case when U; is a smooth chart and U; is a singular chart on an
outlying vertex. Denote by 7; : U; — V; and 7j : U; — V; the natural projections. Also, denote by
1y, and 7.y, the trivializing sections of 7|c, on V;, V;. Then the section ¢g/1y; is a generating
section of w‘k,i(—mP) on V; and so ¢; := 7/ (po/1y;) is a generating section of w(’}i(—mP) on
Ui. Denoting by 1y, the trivializing section of 7|y, we choose ¢; := @; ® 1y, as the generating
section of w*(—mP) ® T on U;.

For U; something different happens: on V; we have that ¢o/7.v; is a generating section of
w‘k/-]_(—mP). Denote by ¢; := 7} (0/7e,v;) the section of w(kjj(—mP) and by 7.y, the section of
T on Uj. Then ¢; := ¢; ® 7.y, is our chosen generating section of wk(-mP)® 7T on Uj;.

Now since f; is just an inclusion, indeed f;yp; = @ily,; ® 1y,;. On the other hand, f; is
the composition of the automorphism W, . : U;; — Uj; (obtained as Spec of the ring map r —
r + tg;;(dr)) with the inclusion U;; C U;. But now note that when restricting ¢; to U;; we obtain

§0j|Uij = (ﬁj‘Uij ® Te, Ui+
However, by the original gluing data of 7 we have

I(h
TeUs; = )\(e)kzh( )lUi]..

The crucial thing to observe is that the transition function )\(e)kz}{(h) is actually a pullback from
Vi; (it ‘does not contain the variable t’). Denote by m;; : U;j; — Vi; the projection. Using again
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that p; = 77 (¢0/7e,v;), we make a quick sanity check:
‘pj|Uij = (ﬁj‘Uij ® Te,U;,
73 0/ e, vy © Me)*z, 10,
= 5 0/ ey, M) 2, o, © Lo,
= (0 /e, Me) 2V v,) @ 1o,

= W;(j(gooh/ij/]“/ij) ® 1Uij

= 7;;(¢o/1u;lvi;) ® Loy,
= m; (vo/1u,)|ui; ® 1oy,
= @ilu,; ® 1y,
= wiluy,-
To conclude, by Lemma A.4 the class in iy (Cp,wF(—mP) ® T) that we seek is given by
fioi— fiej. Now flo; = @ilu,; ® 1y,; and
fre; =9, (Bilu; @ 1u,;) = (d¥g,;8ilu,;) @ 1u,;-
Using Lemma 4.7 below, we see that
AV, il = ilv,, + tgi; " d(gleo/1u,)-
This allows us to conclude that
fioi— Ies = —tag; " d(gleo/10,;) © 1oy,
and pulling back along the ‘multiplication by ¢’ isomorphism from A to J yields the element
[—gilj_k d(gfjgoo/lUij) ® 1y,;lij in ﬁl(Cp,wq(—mP) ® 7). To translate this into an element of

Hl(Cp, Oc,) we use the isomorphism w!(-mP)® T = O, via dividing by ¢g. This gives the
desired result

gi; " d(ghpo/1) @1 . d(gkp0/1)

_ —gij—

o a 955¢0/1

0

LEMMA 4.7. Let B be an A’-algebra, and g : Qp,/k — Bk a Bg-linear map. Define f :
B — B;r — r+tg(d(r|p,)), where we use that the map Bx — B,uwt-u is well defined.
Then the map fq: Q%/A, — Q%/A, induced by the differential of f is given by fqo(w) = w +

tg*=* d(g*(w|py)), where we use that Q]fBK/K — Q%/A,, n +— t-n is well defined.

Proof. We prove the result for local generators w = rodry---drg of Q%. In the computation
below we implicitly use that ¢t dr; = t(drj|p, ) and that the restriction to the fibre Bg commutes
with taking differentials. We then obtain

fa(w) = f(ro)df (r1) - - df (&)
= (ro +tg(dro|z,)) H(dﬂ' +td(gd(ri|Bg)))

_w +t<g(d7"OBK)1§[dri +TOZZ-: <(d9) d(T’i|BK)Hde>>

J#
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=w+ t(g(drO\BK) + 79 ng) Hdri|BK

=w+ t(g(dro\BK) + krodg) H dri| B,

=w + tgl_k d(gk(ro dry...drk|y))-

Note that in the computation we used a natural extension of the differential d to tensor powers
of the tangent sheaf of B, when we apply it to g and g¢*. O

Recall that
bg/l : HO(CP7(‘)) - HO(CP,HOTFL(Q\/(—P),LU))

denotes the map induced by applying Serre duality to bg. Our next goal is to give an explicit
formula for this map, or rather, for its restriction to ker b = @&, H%(Cy,wc,) € H°(Cp,w), since
this is all we need later.

We define a map of coherent sheaves on the smooth locus C;™:

B w — Hom(QY(—P),w)

e[ (2 (2)a((5) ) = o (o ((5) 7))

Note, in particular, that this map makes sense at markings of C,: while the differential
dlog((po/1)"'s*) can have a pole of order 1 at a marking, we have that f is a local section
of QV(—P), so a vector field vanishing at the marking. This cancels the possible pole.

Inside H%(Cp,w) there is the subspace ©,H%(Cy,wc,) of global sections of w with vanishing
residues at all nodes. The following result shows that it makes sense to apply §°™ to elements
in this subspace.

LEMMA 4.8. Let s € @®,H°(Cyp,we,) C H(Cp,w). Then the section B (slegm)  of
Hom(QY(—P),w) on C;™ extends uniquely to all of C, and we thus obtain a map

B: @ H(Co,we,) — HY(Cp, Hom(QY (—P),w)).

Proof. What we need to check is that for every local section f of QV(—P) around a node of C,,

the section
-1
f<sdlog <<¢10> sk>> (4.3.1)

of w on C;™ extends over the node. In other words, for each branch of the node we need to show
that this differential has at most a simple pole at the node and that the residues at both sides
of the node add to zero.

For this, we make the following observation about f: working étale-locally we may assume
a neighbourhood of the node is given by the spectrum of R = Klx,y|/(xy), so that Qp/r =
R(dz,dy)/(xdy + ydx). Since f is O¢,-linear we have zf(dy) + yf(dxz) = 0, and hence f(dx)
(respectively, f(dy)) is divisible by = (respectively, by y). Thus, on both branches of the node,
we can regard f as a tangent field vanishing to order at least 1 at the node.

Then, as before, the term dlog((wo/1)™'s*) has at most a pole of order 1, cancelling with
the zero of f. So in fact the differential (4.3.1) is regular at the nodes (it does not even have
simple poles) and, in particular, the residues vanish on both sides and thus add to zero. O
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LEMMA 4.9. We have
bole, HO(Cowe,) = B @D H(Cv,we,) — HO(Cp, Hom(QY (—P), w)).

Proof. Given s € HY(Cy,we,) € H(Cp,w) and g = (gi5)ij € I:I1(Cp, QY(—P)) we want to show
(s,ba(g)) = (B(s),9) € H'(Cp,we,) = K

where (—, —) denotes the respective Serre duality pairings on both sides. Inserting the formulas
above, we obtain

(s,ba(g)) — (B(s),9)

-1
“(raea () saos(4(T) ) ),
]

= (—sgij : leg(gijkO = (—kd(sgij))ij-
]
Thus the difference of the two sides of the equality has the form dn for the element n =
(—ksgij)ij € i’ (Cp, Oc,) and thus is zero. Here we use again that on the overlaps of our cover,
we can pair the differential s and the sections g;; of Q¥(—P) to obtain a local section of Oc,-
The computation above is taken from Mondello’s unpublished note [Mon]. O

Recall from §4.1 that on the components of C, corresponding to outlying vertices, we could
choose kth roots (¢g/1,)"/* of the twisted differential, all unique up to scaling.

LEMMA 4.10. The kernel of b, & b}" is given by the map
P k- HCpw) (4.3.2)

veyout

sending (¢y), to the section given by 0 on the smooth locus of the component C,, of the central

vertex vy, and ¢, (cpo/lv)l/’€ on the smooth locus of the component C,, for the outlying vertices v.

Note that while the sections (¢g/1,)"/* are only unique up to scaling, the image of the map
(4.3.2) is independent of these choices.

Proof. Since every element of the kernel of b, @ byl is in particular in the kernel ®,H°(C,,w¢,)
of by, it suffices to know the description of b¢) on this subspace.
On the smooth locus we have

Hom(QY(—P),w) = w(P),

and on this locus by (s) = sdlog(s¥(¢p/1)~1). This vanishes if and only if s*(¢p/1) 7! is a locally
constant function. In other words, up to scaling, s should be a kth root of ¢g/1.

On the central vertex, this implies 3’Cu0 = 0. Indeed, by assumption there is a marking
with m; < 0 or m; not divisible by k. By the discussion in §1.8.4 this marking must be on the
central vertex vg, hence there cannot be a holomorphic differential s with kth power ¢(/1. On
the other hand, on the outlying vertices there do exist the sections (¢g/1,)"*, so the kernel of
by is exactly given by the map (4.3.2). O

4.4 Computing the residue pairing with an element of the kernel of by, ® by
In §4.5 and in Lemma 5.5 it will be important to compute the value of the residue pairing
between an element of the kernel of b, @ by and a particular element § of H!(C,w*(—mP) @ T).
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To avoid duplication we will carry out this computation here, in sufficient generality for both
our applications. Let

0—-J—-A —>A-0

be a short exact sequence of K-modules, where A and A’ have the structure of (Artin local)
K-algebras, the map A’ — A is a K-algebra homomorphism, and Jmy = 0 where my is the
maximal ideal of A’.
Suppose we are given a stable marked curve Cys over A’, whose fibre over m 4 is our curve Cp.
We consider a formally étale fpqc cover of C 4/ consisting of charts and gluing morphisms as
follows.

(i) For each irreducible component Cy/,, of C'as (corresponding to a vertex v of I'), the smooth
locus U, := C5} is a chart. Since U, is smooth and affine,” it is (non-canonically) a trivial
deformation of its central fibre Uy x = Uy x4 K, so we have U, = U, g x g A’. Note that in
particular, U, is the complement of finitely many A’ points of the smooth projective curve
C, xx A over A’.

(ii) For each node (corresponding to an edge e of I'), a formally étale neighbourhood of the
form U, := Spec A'([zn, 20|/ (znzn — Le).

(iii) For each half-edge h belonging to an edge e = (h,h’) with h incident to a vertex v, the
choice of a formal neighbourhood I = Spec A’[[t]][t~!] of the preimage of the corresponding
node in (the normalization of) Css, and an open immersion D — U, given by the ring map

A'llzn, 2]/ (o — €e) — AT 2 £ 20 %

describing how D is glued into the singular chart.
Note the following important assumption about the smoothing parameters £..
We assume throughout this section that Egl(e) € J.

This will be the case in our applications and in general for first-order deformations, that is,
those over A’ = K[t]/(t?). Indeed, it is always true that £, € J = tK[t]/(t?), since otherwise the
chart U, is not nodal.

Now assume C'4 lies in the double ramification locus, so we can choose a generating section
¢o for the line bundle wéA(—mP) ® 7. For each of the charts U, we choose a lift ¢, of ¢y,
and for each U, a lift ¢,. The differences ., — ¢, on the overlaps restrict to 0 over A, hence
give an element &' of H 1(Cp,w’gp(—mP) ®7T)®K J (see Appendix A). Using the isomorphism

w]gp(—mP) ® T = Oc, via @glc,, we can convert this into an element § € H'(Cp, Oc, ).

Now let ¢ = (¢y(0/1,)'/*), be an element of the kernel of b @ by. (recall that we fixed the
kth root of ¢g/1, on the outlying vertices v). Then the product dc lies in H(Cp,wc,) ®x J,
which is isomorphic via the residue pairing to J. In this section we make the image of dc in J
explicit.

Recall from Remark 2.10 that we have a canonically defined root 7%/* of 7, and on the
smooth charts U, a generating section 111/ ¥ of TY* which is a kth root of 1,. Multiplying with
the section (g/1,)Y*, we obtain a well-defined kth root of g on the outlying components, which
extends to the nodes. Now, we should not expect this to extend to a root over the whole of the
central component. However, since (g is a generating section of the line bundle w*(—mP) ® T,

9 Since p is a point of a boundary component of DRLY* the curve Cp is not smooth, hence these charts are indeed
affine.
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/

this root will extend uniquely to a kth root <p(1) R of o on a small étale neighbourhood of each

node in the central component. Here cp(l)/ " is a local section of w ® T/* around the nodes.!
Now the restriction ¢o|c,, /1y, to the central component extends to an element of

zﬂ(amwamﬁmmp+§;uww+m%>)

where g, is the point on C,,, corresponding to the edge e. Thus when taking the kth root defined
locally around the nodes we see that cpé/ k|CUO / 111,(/)11C yields a local section of

<%(waﬂm)

e

LEMMA 4.11. The image of §c in J under the residue pairing is given by
/ 1/k
— Z Cy Z aﬂ/(e)&{ () Resqe(wo/ ]cvo/l%k) € J. (4.4.1)

’UEVO"t e:vg—v

where 7y(e) is the cycle in I' going out along the distinguished edge e, : v9 — v and back along e
(in particular, a,(c,) = 1).

We make some remarks on the statement, before giving the proof.

— This root go(l)/ F (defined above) only makes sense locally around nodes, but this is all we
need for (4.4.1) to make sense.
— We emphasize that in (4.4.1), the residue is taken on the central component C,, of C.

— Recall that we assume throughout this section that 65(6) eJ.

Proof. We compute the residue one point at a time, as in Appendix B.

Case 1: smooth points. On the smooth points of (), for the central vertex vg, the section
coming from ¢ vanishes. On the outlying vertices v, the sections ¢, extending ¢g do not have a
pole. Hence in both cases the residue vanishes.

Case 2: nodes. Here there is only one possible choice of patch. But to compute the residue we
have to sum the residues coming from the two preimages of our point under the normalization
map 7 : Cp — Cp.

Case 2.1: lift to the central vertex. Here again the section coming from c is zero, hence the
residue vanishes.

Case 2.2: lift to an outlying vertex. Let q be the chosen point on the outlying component
C, mapping to a node. Our strategy will be as follows. As described above, the overlap of the
singular chart and the smooth chart on the outlying vertex is given by D = Spec A'[[t]][t™}],
sitting inside the singular chart U, = Spec R’ via the ring map

R = Al 2wl Gazae — €)= AT 2 bz o

where the branch z;, = 0 corresponds to the central vertex. On the other hand, since C), is smooth
at g, we can take the inclusion D — U, to be the product of a small punctured formally étale
neighbourhood Spec K|[t]][t '] — C, of ¢ € C, with A’ over K.

We will compute the difference ¢, — ¢, on D and, by the deformation theory in Appendix A,
this gives an element

Pe — Py € HO(DKuWIIB)K ®T|DK) R J.

10 Here we use that the marked points P are disjoint from the small étale neighbourhood of the nodes.
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Recall that the collection of such differences exactly describes a cocycle representing the element
' of Hl(Cp,w'C“p(—mP) ®T) ®k J. We obtain § € H'(Cp, O¢,) ®x J by dividing by ¢olc,-

To compute the pairing with ¢, we now multiply (¢e — ©v)/(¥0lc,) With the restriction of
cv(goo/lv)l/k to Dg and obtain

1/k

e — Yv 0 _

St @ (f) = CU(@O) 1+1/k(906 - (Pv)/li/k'
¥o v

Then we can take the residue of this at ¢ = 0 and obtain the contribution to the pairing from
the node q.

Now instead of abstractly using that ¢, — @, € HO(DK,wBK ®7T|p,) ®k J and multi-
plying with the section ¢,(¢o) ' +t1/*1, Uk defined over K , we can instead use any section
p € HOD,w 1 @ T-1H1V/k) such that p restricts to c,(wo) '*V/* over K and compute the
residues of p(p. — cpv)/li/k on D.

We now propose a particular choice of p: by Lemma 4.12 below there is a unique section <pi/ k
of w® TY* on U, such that (cpi/k)k = @, and such that goflz/k|,4 = goé/k. We choose the section
p= cv(goflz/ k)_k“, which obviously has the properties mentioned above. Thus the value of the
pairing at ¢ is given by

cu(resi—o (02! ™) 7 (e — u) /11/F) (4.4.2)

(lying in J C A’) and we will see that our choice of p allows us to compute the residues from the
terms involving ¢, and ¢, separately.
For the first term we observe that (goé/ k)"““npe = cpé/ s (the restriction to D of) a section

of w® TY* on U,. Thus on U, it has a representation
1k _ -~ N 1/k
©e'" = Pe(2h, 21) o & Te

with @e(zp, 25,) € R’ = A'[[zh, 21,]]/ (212}, — le). Pulling this back to D (and using the gluing maps
of the sections of 7'/*) gives us

_ le\ [dt
ve!* = B (t, t> <t> ® r/k
= Ae)t" g, <t, Z) (Cit) L/

Dividing by 111,/ * and Taylor expanding yields

o 1L\ O'Pelzh, 21
I'(e)—1 I PelZh, Zh
av(e)t [ E il < n ) 782]1/2. (t, 0):| dt.

1>0

Here we use that A(e) = a.() is a valid choice according to the construction presented in §2.5
(for the spanning tree I" C I" we choose the tree formed by the distinguished edges e, mentioned
in Lemma 4.11).

To compute the residue at ¢t = 0 we look at the terms whose order in t is exactly —1. Since @,
is a power series in zp, 2}, this forces ¢ > I’(e). On the other hand, by our assumption lgl(e) eJ
and also o € my/, so for i > I'(e) we have [} = lé_ll(e)lél(e) = 0 since my - J = 0. Thus all terms
for i > I'(e) vanish and hence the only term of the above sum making a possibly non-zero
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contribution to the residue occurs when i = I’(e), and the residue is given by

Ay(e) )I'(e) 0" e (zn, 21)
I'(e)! Dz '(e)
This finishes the computation of the residue for the term of (4.4.2) involving ¢.. Now we
want to argue that the sum (over the nodes ¢ connecting C, to C,,) of the residues of the terms
(pt/")=k+1p /1% in (4.4.2) vanishes.
For this, we now choose some splitting of the short exact sequence 0 — J — A" — A — 0 of
K-vector spaces, allowing us to write A’ = A & J in some non-canonical way. Then on D we can
write

(0,0).

(/") oo/ 1* = (o5 4 Re) - (g0 + )1,

1+1/k

where as before, ¢, and ¢ are sections of the base changes of w1 @ 711k and wk @ T

on D to A (ie. ¢, Lk ¢ At - () * 1 @ 1,1k etc.), and Rj, Ry are corresponding
sections which vanish modulo J (i.e. there exist representatives with coefficients in J). We note
here that since U, = U, g x g A’, and since the map D — U,, is the pullback of Dg — U, g to A’,
the section Ry is indeed the restriction of a section Ry € H(U,,w*(—mP) ® T) on U, (which
is just the J-part of the section ¢, on U,).

Using that J? = 0 we can write out the product above and obtain three terms

(o) o0 1% = i 1/F 4 o TRy J1E oo R /10,

By assumption, the first term cp(l)/ ¥ / 111,/ " has order I’ () —1>0att=0,soit does not contribute
a residue. On the other hand, for the third term we observe that R; is the restriction to D of a

section Ry on U, killed by J (the ‘J-valued’ part of goglﬂ/k). If we write
. dzn )R+
Ry = (zn, zw) - % @ 7 Uk
“h

for some ¥ (zp, zp) € J - A'[[21, 217]] then, restricting to D, we have

- I\ (dt)~FH! ol o
Ry = Rilp = w<t, t) : (t)kﬂ ® (A(e) Rl Wk () ULk

but ¥(t,l./t) = 1(t,0) since ¥ has coefficients in J and since l. € mys so that [, - J = 0. Looking
at ¢, we know that

wo = C(t) - 'MW F )k o1,
for some ((t) € A[[t]]. Combining the two terms (and using I(h) = I'(h) - k), we obtain
poa/1/* = (1, 0)C(DN(E) 1 - IOk gy

(' (h)—1

so the order of this term at ¢ = 0 is non-negative and hence the residue vanishes.

Finally, we look at the remaining term ¢ 1+1/ kRg / 111,/ ¥ Now using Lemma 4.12 we can find a
section gpll,/k of w(—(m/k)P) ® T'/* on U, such that (@i/k)k = ¢, and such that (gp},/k)|UeXA,A =

cp(l)/k. Then the section ngHl/k = (cpi/k)_k“ on U, has the same restriction to D4 as goElH/k.

Since R is killed by J, this means that goaHl/kRz/Ll/k = cleH/k\DRg/Ll,/k. Using that Rs
71+1/kR2/111,/k is the restriction of the

holomorphic differential ¢, 1+1/ kRQ on U,. Since U, C C, xx A’ is the complement of finitely

is the restriction of the k-differential Ry, we see that ©®o
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many A’-points, we can see this as a meromorphic differential of the smooth projective curve
C, x i A" over A’. The residue of Yo 1+1/ kRg / 111,/ Fatt=0is just the residue of this differential
at the A’-point corresponding to the node g. Then, by the residue theorem for curves over Artin
rings [Con00, Appendix B.1, p. 272], the sum of all residues at nodes ¢ connecting C,, to Cy, is
ZETo.

Summarizing the above, we see that the image of dc in J under the residue pairing is given
by

o ,
Z e Z a”‘f(e)gl(e)a SDe(Zh,zh)(O’O%

I'(e)© Ozp1'(©)
vevVout  e=(h,h'):vg—v ( ) R

where z;, is a local coordinate on the central vertex for the node.

Since lgl(e) € J and my/J = 0 we see that in the formula we can replace @, by its restriction
po to K. Looking back at the definition of ¢, its restriction g over K satisfies that on U, x 4» K
we have
1k - dzp,
5" = Bolzn, 2n) ” ® 7/

- dZ ’ —I'(e
= <P0(Zh72h')<— i ) ® (thl( )111)ék)'

Zh!
From this it is clear that the expression

1 81/(6)@0(2% Zh/)
— : 4.4.
I,(e)! azh/p(e) (07 0) ( 3)

is the residue of the differential 90(1)/ F Cuy/ I%k at the point ¢ on the smooth ‘central’ curve Cy,. U
LEMMA 4.12. Let R' be an A’-algebra, and M’ a locally-free R'-module of rank 1. Let m' € M'®*
andl € M = M' @4 A= M'/JM' such that I°F = m/ + JM'®* in M®F. Assume also that the
section m' is generating. Then there exists a unique I’ € M' such that ' =m/ in M'®* and
U'+JM' =1e M.

In this lemma our assumption of characteristic zero (or more precisely that k is invertible
on A) is essential.

Proof. Let us first discuss uniqueness. The condition !’ + JM' = [ means I’ is unique up to an
element of JM'. For a different I = I’ + jim we have (I")®F = I'®F 4+ kj(I")®*~1m (here we use
M’ being locally free so we can commute tensor products). The fact that m’ is generating implies
that I’ is generating. Thus (I”)®% = m/ = I'®¥ is only possible for kjm = 0. Since k is invertible
in A’, this implies jm = 0 hence I" =1'.

By the uniqueness part, we can work locally and so assume that M’ is free, so take M’ = R/,
M = R (and identify M®* = R etc. also). Choose any lift [ of [ to R', and define e = I¥ —m/ €
JR'. Now [ generates R since m’ generates R’, and k is invertible, so there is a unique j € J
such that kI*~1j = ¢ (recall Jmy = 0). Then

(I+7)F=1F+k*15 (since J? =0)
=%+ kl*1j  (since Jmy = 0)

= m/‘ |:|
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4.5 Intersecting with the kernels of by and b¥,
Recall from §4.1 the maps
b1 : @ K — Hl(Cp,Ocp)
el'(e)>1
and
br, : Ly — H'(Cp, Oc,).

The goal of this section is to prove the following lemma, which describes exactly the intersection
of the kernels of b, by, b, and by ~(cf. Lemma 4.1). It immediately allows us to conclude the
proof of Theorem 4.2.

LEMMA 4.13. Let C, be a general element of a boundary component of DRL'* ¢ ﬂm’l/k,

with dual graph T'. Recall that V! is the set of outlying vertices v such that I'(e) = 1 for each
e:vg — v. Let ¢ = (cy(¢0/1,)"/*), be an element of the kernel of by, @ by.. Then ¢ maps to zero
under the maps b, and bj if and only if ¢, = 0 for all v € V1.

Proof of Theorem 4.2. The elements c of the kernel of b¢) @ by with ¢, = 0 for v € V1 are exactly
those parametrized by the ¢, for v € V=1 appearing in the map from Theorem 4.2. O

Proof of Lemma 4.13. By definition, the element c is in the kernel of b¥, and bzv if and only if
it pairs to zero with the image of each element

a = (ae)e € @ KEBEBLU

el’(e)>1
under the map
b1 @ @@Pbr,: P Ke@PL,— H'(COc,)
v e:l’(e)>1 v

But recall that b~ and by, come from tangent maps of the Abel-Jacobi section for first-order
deformations of C, locally smoothing various nodes of C,. This is exactly the situation analysed
in Lemma 4.11. To be more precise, we apply Lemma 4.11 for A = K, A’ = K[t]/t?, and J = tK.
Then from the definition of b, and bxv we see that the local smoothing parameters /. are exactly
le = act € J and we have

0= <b>1 @ @bLU>(a) Kt e Hl(cp,Ocp) ® J.

We check that the pairing of ¢ with § vanishes for all choices of a if and only if ¢, = 0 for all
veVl

First, we claim that b¥, vanishes on the kernel of b¢) @ by.. Indeed, in the formula (4.4.1) from
Lemma 4.11, all terms d/(e) = aél(e)tﬂ(e) vanish for I’(e) > 1 since t> = 0. These are exactly the
contribution of the direct summand .. 1'(ey>1 & above on which b, is defined.

Thus it remains to compute the pairing with the image of by,. Let v € V! be a vertex, so
I'(e) =1 for each edge e : vg — v. Let a, = (@e)ewy—v € Ly. Then from Lemma 4.11 the value

of the pairing of ¢ with bz, (a,) is given by
1/k
— G Z a'y(e)aetReStZe (900/ ‘Cvo/lquék) €J (4.5.1)
e:vg—v

Evidently this vanishes when ¢, = 0. We claim that for a, # 0 (and recalling that p was gener-
ically chosen in the boundary component), the sum appearing in the formula is non-zero. Thus
c pairs to zero with the image of b7, if and only if ¢, = 0.
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To show that the sum in (4.5.1) is non-zero, recall that we fixed an edge e, : v9 — v before.
For any edge e from vy to v we have by definition of L, that

aW(e)ae = Qe, -

Hence to prove that the element (4.5.1) is non-zero for ¢,, a., # 0, we need to show that

37 Resg, (94 Flc, /1YF) # 0. (4.5.2)

e:vg—v

But the summands above are just some choice of kth roots of k-residues!! for the meromorphic
k-differential ‘700|Cvo /1., on C,,. Since p was generically chosen in its component, we have that
Cy, is generic in a suitable stratum of meromorphic k-differentials. Then the non-vanishing of
(4.5.2) follows from Theorem C.1. O

5. The length of the double ramification cycle

In this section we will compute the length of the Artin local ring obtained by localizing DRL!/*
at the generic point of the component. In Lemma 2.17 we checked that this coincides with the
multiplicity of the cycle DRCY* at the corresponding point.

To compute this length we first choose a combinatorial chart M «— U — A¥ = Spec K¢, :
—-—m,1/k

e € E] inducing a chart M?lUl/k — M
of DRLY* Hml/ " we want to consider. We can assume that U is affine, say U c AM for
—m,1/k

some M. Recall that in this situation we have that M; ;" C U x AT c AM x AT = AN For a
generic linear subspace H in A" through our chosen point p € DRLY k¥ where H has codimension
29 — 3+ n, we denote DRL’ = (DRLY¥NH), the intersection of DRLY* with H, localized at
our point p. Since dim DRLY* = 2¢ — 3 + n, this is an Artin local K scheme with residue field
K, and its length is exactly the length of DRL!/* along the component containing p, assuming
p sufficiently generically chosen in that component.

containing the general point p of the component

/

. . . —m,l/k . . .
The chosen combinatorial chart induces a map from M?U to A¥ sending p to the origin;

/

composing with the inclusion of DRL’ into M?]Ul " induces a map DRL' — AF. Our goal for

this section is to prove the following theorem.
THEOREM 5.1. The map DRL' — A¥ is a closed immersion, with image cut out by the ideal
(fé © . ee E).
An immediate corollary of this theorem is that the length of DRLY* at p is given by [], I'(e).
We will deduce the theorem from the next lemma, for which we need a little notation. Set R =

K[l :e € E] = O,ur(AF), and let b < R be an ideal containing some power of m := (£ : e € E).
Let B = R/b (we think of this ideal as a B-point of A¥).

LEMMA 5.2. This B-point of A lifts to a B-point of DRL' if and only if b contains 65(6) for
every e.

Proof of Theorem 5.1 assuming Lemma 5.2. Applying Lemma 5.2 with b = (62(6) ce € F), we

see that the map DRL’ — Spec R/(ng(e) e € F) has a section, so in particular it is surjective
on tangent spaces. Since the tangent spaces have the same dimension by Theorem 4.3, the map
is necessarily bijective on tangent spaces.

1 This terminology is recalled in Appendix C.
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Now, since DRL’ and A” are evidently (locally) of finite presentation over K, by [Stal3,
TagOOUV(8)] injectivity of the tangent map implies that DRL' — A is unramified. Since
being a closed immersion is étale local on the target, we conclude that DRL' — AF is a
closed immersion by applying [Stal3, TagOOUY] together with the fact that the source is Artin
local.

It is then clear from another application of Lemma 5.2 that the image is cut out exactly by

1'(e)
Uy 1e€E). O

We want to apply deformation theory to prove Lemma 5.2, but the kernel of B — K; /., — 0
is not necessarily killed by m. So we decompose it into steps. For every integer r > 2 we have a
short exact sequence

m !l +b R R
—

0.
mr+b _>m’"+b_)m?"—l—i—b_>

Fixing some r > 2, denote the non-zero terms in the above sequence by J, A" and A, respectively
(remembering the R-algebra structures of the latter two). Then we have a surjection A" — A
of Artin local K-algebras with residue field K, and the kernel J is killed by the maximal ideal
of A'.

Suppose we are given an A-point of DRL’. We want to understand when this lifts to an

A’-point of DRL’ (again, as a map over Spec R). We say an R-algebra B is I-constrained if
)

for every edge e the element 65(6
I-constrained.

maps to zero in B. Note that K = R/m is automatically

LEMMA 5.3. Suppose A is I-constrained. Then the given A-point of DRL’ lifts to an A’-point
of DRL/ (over Spec R) if and only if A’ is I-constrained.

Proof of Lemma 5.2 assuming Lemma 5.3. By induction on r, Lemma 5.3 shows that the given
K-point of DRL/ lifts to an R/b-point if and only if R/b is I-constrained, that is, all Eg ©) Jie
in b. O
We now fix an I-constrained A-point of DRL’ and a compatible A’-point of A¥”. We write
M(A, A") for the set of liftings of this A’-point to ﬂ}nUl /% \which are still compatible with the
given A-point of DRL'. By Lemma A.3, the set M (A, A’) is naturally a pseudotorsor under the
group H'(C,,QV(—P)® J) ® HY(T, J); the H(C,,QV(—P) ® J) term parametrizes lifts from
AF to U, and HY(T', J) parametrizes lifts along the map M;nUl/k — U (cf. §3).
LEMMA 5.4. If A’ is I-constrained then the pseudotorsor M(A,A’) is a torsor (ie. is
non-empty).

Proof. Firstly, since by assumption the map U — A¥ from our combinatorial chart is smooth,
we can always lift the A’-point of A¥ to an A’-point of U compatible with the A-point of U
induced by Spec A — DRL' [Stal3, Tag02H6]. In the solid diagram

SpecA —— M??’Ul/k

J P l (5.0.1)

Spec A/ ——— U

we need to show that a dashed arrow exists. To see this, recall from §2.3 the equations (2.3.3)

cutting out ﬂ}nUl/ "o UxAT. Lifting the map Spec A’ — U to ﬂ;nUl /k requires specifying
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elements (a)),ey in A’ lifting the elements (a,),ex in A coming from the map Spec A —

AM™F and still satisfying (2.3.3). But note that, as described in §2.3, in equations (2.3.3)
we must substitute for a. the image of . in A’. Since A’ is I-constrained and since all expo-
nents M, are divisible by I’(e) it turns out that all of the defining equations, except for

ala; (=L become trivial. So indeed we can choose any lift (a,) ey of (ay),er satisfying these
equations. ]
LEMMA 5.5. Assume that M (A, A’) is non-empty, and choose an element p € M(A, A"). Then
A’ is I-constrained if and only if there exists an element § € H'(Cp, QV(—P)® J) ® HY(T, J)

such that p+ § : Spec A’ — AM™Y* Jands in DRLY*,

Proof of Lemma 5.3 assuming Lemma 5.5. If M (A, A’) is empty then by Lemma 5.4 we see that
A’ is not I-constrained, and clearly no lift to an A’-point of DRL’ exists. Hence we may as well
assume M (A, A’) to be non-empty, hence a torsor under H*(C,, Q" (—P) ® J) & H'(T, J).

If A" is not I-constrained then Lemma 5.5 shows that no element of M (A, A’) lands in
DRL'/*,

If A" is I-constrained then by Lemma 5.5 there exists an element p/ € M (A, A’) which lands
in DRLY*. To finish the proof we now need to show that, given an element in M (A, A") con-
tained in DRLY*, we can construct another element of M (A, A’) which is also contained in
DRL'.

Recall that we have an étale coordinate chart U — M where U C AM for some M. We have
M;n{]l /k CU x AT ¢ AM x AT = AN and by an affine linear transformation we can assume that

our chosen point p € DRLY* Mm 1k maps to 0 € ANV, Then we can obtain DRL’ by inter-

secting DRLk ¢ M} U m.1/k with a generic linear subspace H through the origin of codimension
2g — 3+ n (and localizing at p). Denote by W = Ty DRLl/l‘C C ToA"N the tangent space to the
reduced double ramification cycle, which we consider as a hnear subspace of AY. Recall that
since DRL'/* has dimension 2g — 3 + n, the space W also has dimension 2g — 3+ n. As H was

assumed generic and the two linear subspaces W, H are of complementary dimensions, there
exists a linear projection h : AN — W with hly = idy and h=1(0) = H.

By assumption we have a lift Spec(A’) — DRLY* ¢ Mm 17k of the given A-point of DRL'.
For this to lie in DRL/ = (DRLY* NH), we want the composition ¢ : Spec(A’) — /\/lm AN it

to be zero. We know this is true on Spec(A), since Spec(A) factored through DRL’. Thus the
difference between ¢ and the zero map is an element € € (TpW) ® J. But note that we can shift
our map Spec(A’) — DRLY* ¢ ﬂ}nUl/k around by elements of (ToyW) ® J C (ToMm 1/k) ® J.
Indeed, tangent vectors to the reduced DRLY/ k_component are locally trivial deformations (the
reduced DRLY/ k_component is contained in the preimage of the boundary of M), so the shift
by W ® J does not change the map to A” we want to lift. Also, clearly it does not change the
composition with the Abel-J acobi map, so we stay in DRL'*. But note that the tangent map

(ToW)® J C (ToMm 1/k) ®J (TQW) ® J of h is the identity, since h was assumed to restrict

to the identity of W. So indeed, we can shift our map Spec(A’) — DRLY* by —e € (TyW) ® J,
to obtain an A’-point of DRL/. O

Proof of Lemma 5.5. The sections e and & of the universal Jacobian J induce a map @ :
M(A,A") - T.J, ®k J, which is a pseudotorsor under the map

a=(bg®br)®idy: HY(Cp, QY (-p) @ J) & H'(T,J) = ToJ, @ J.
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Choose an element 1 € M (A, A"). We need to decide when there exists § € H'(Cp, QY (—p) ®
J) @ HYT,J) such that ®(u+ §) =0, that is, such that p+ 6 : Spec A" — M; U/k lands in
DRL'*,

Now the existence of such a ¢ is equivalent to ®(x) mapping to zero in the cokernel of «,
which is in turn equivalent to ®(u) pairing to zero with the kernel of a¥. Hence we are reduced
to showing that

(*) A" is I-constrained if and only if ®(u) pairs to zero with the kernel of V.

By Lemma 4.10 the kernel of oV is given by the injection

P k- HCpw)

vEVout

sending ¢ = (cy), to the section given by 0 on the smooth locus of C,,, for the central vertex vy,
and ¢,(po/1,)"/* on the smooth locus of C, for the outlying vertices v. By Lemma 4.11 (where
the notation is also defined), the image of ®(u)c in J under the residue pairing is given by

S e Y ay @ Resy, (0 ey, /1) € . (5.0.2)

veyout e:vg—v

Note that the assumption Eél(e) € J of Lemma 4.11 is exactly the fact that A= A'/J is
I-constrained.

Now if A’ is I-constrained, all terms lil(e) are actually zero in A’, so the entire sum above
vanishes, proving that ®(u) pairs to zero with all c.

Conversely assume that (5.0.2) vanishes for all choices of ¢,. From the fact that p defines an

A’-point of ./\/lm 1k ; (3.0.1) tells us that aele I - = (6”) so (5.0.2) becomes
" 2 e X Rl len /10

peyout e:vg—v

But the sums of residues appearing above are non-zero at a general point p within its component
by Theorem C.1. So for this sum to vanish for all choices of ¢, it is necessary that life”) =0
for all v, and since av(e)ﬁé @ ng(e”) with a,() invertible in A’, it follows 0@ — 0 e A for all

e, finishing the proof. O

5.1 Concluding the proof of the formula
We conclude the proof of the equality of the double ramification cycle DRC and the cycle H, ke
of Janda, Pandharipande, Pixton, Zvonkine and the second-named author (§1.8.4) in the Chow
ring AI(M).

Finally, we can easily deduce the main result of this paper, that DRC =

Proof of Theorem 1.2. Let p be the general point of some component of ﬁ’;(m) If P lies in the
interior of the moduli space (i.e. Cj is smooth), then DRC has multiplicity 1 at p, agreeing with its
multiplicity in H §,m~ This multiplicity follows from the computation in [Sch18, Proposition 1.2].

Thus we can assume that C; lies in the boundary with associated simple star graph T’
and positive twist /. Combining Lemmas 2.16 and 2.17, it suffices to show that the sum of
the lengths of the Artin local rings of DRLY* at points lying over p is given by the formula
[Lecrm I(e)/k#VI+1 (¢f. (1.1.2)). By Proposition 2.19 there are exactly k#Z=#V=1 of these

points and by Theorem 5.1 the multiplicity of DRL'* at each of them is [I.cpI'(e). Using
I'(e) = I(e)/k the result is then immediate. O
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5.2 Presentation of the local rings of the double ramification locus

Our strategy for computing the multiplicities of the double ramification cycle was somewhat
indirect, as we began § 5 by slicing with a generic hyperplane. In this section we do a little gentle
bootstrapping to extract a presentation for the local rings of DRLY* itself at generic points. We
begin by resuming the notation from the start of § 5, and write 7 for the generic point of DRLY/*
containing the point p in its closure. The local ring Opg; 1 Ik admits (by the Cohen structure
theorem [Stal3, Tag0323]) a non-canonical structure as an algebra over (), the residue field of
71 (compatible with the K-algebra structure). In this section we show the following theorem.

THEOREM 5.6. The r(n)-algebra structure on Oppy 1/x , can be chosen so that

(e : e € E|
(fél(e) te € E)

I

k(1) (5.2.1)

Oprri/k,,

We are very close to proving this in Theorem 5.1, except that latter concerns DRL’, which

is obtained from DRL!/* by cutting with a generic linear subspace (see the discussion at the
beginning of §5). Noting that we can work over any field of characteristic zero, we can in

particular base-change the whole set-up to the residue field x(n). The gap is then filled by the
following lemma.

LEMMA 5.7. Let Z — A% be an irreducible closed subscheme of dimension d, with generic point
n. Write A : 7 — n X g n for the diagonal (see the diagram below), and let H C AfYV be a generic
linear subspace of codimension d through A (the latter viewed as a point of A,]]V ). Then there
exists an isomorphism of complete K-algebras

Oz = OZnﬂH,A- (5.2.2)

Before the proof, we give a diagram (in which all squares are pullbacks) to illustrate the
notation in the lemma:

N NXKn

A (5.2.3)

Spec K +— 1

Since Oz, nm,a is naturally a x(n)-algebra, the isomorphism (5.2.2) naturally equips Oz, with
the required x(n)-algebra structure (dependent on the choice of H).

Proof. The hyperplane H is defined over the generic point 1, and extends to a family of hyper-
planes over some dense open subscheme U «— Z™4. Writing Hy — AJI}’ for this family, we note
that dimg H = N, and we have a diagram of natural maps

AR AY AN Hy H
[ e N N (5.2.4
K Z U P U n
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We claim that, since H is generically chosen, the map Hy — A% is étale in a neighbourhood of
A. Since étaleness is an open condition it is enough to check this for some special H, and the
claim is indeed clear if we take Hy to be the normal bundle to U in A%.

We then have a diagram

Z Z,NH

i J X (5.2.5)
H X n

A%%HU

where the rectangle is a pullback, and the lower row is formally étale along A, hence so is the
upper row. Localizing at the image of A thus yields a formally étale map of complete local
K-algebras Oz, nu.a — Oz, which is then necessarily an isomorphism. [
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Appendix A. Explicit deformation theory with Cech cocycles

In this appendix we recall some standard results on deformation theory, to fix notation and to
keep this paper reasonably self-contained. We emphasize explicit computations with Cech covers.
Let

0-J—-A—-A-0
be a short exact sequence of K-modules, where A and A’ have the structure of (Artin local)
K-algebras, the map A’ — A is a K-algebra homomorphism, and Jmy = 0 where my is the

maximal ideal of A’. This generality will only be needed in §5; for computations of tangent
spaces, it is enough to look at the special case

0 — tK[]/(2) — K[]/(?) — K — 0.

Before we start with deformation theory, we need to introduce some technical results, which
we use later.

Remark A.1. Now J is an A’-module and A’ a K-algebra, hence J is also a K-module. Writing
a € K for the reduction of a € A’, we see that aj = aj for all j € J, since the difference between
a and the image of @ in A’ lies in m 4/, and m4 J = 0.
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LEMMA A.2. Let M be an A’-module. Then the K-bilinear map

fiMxJ— @K J;  (m,j)—m®j

M
(marM)
is in fact A’-bilinear, and the induced map

M

M@y J— ———

R J

is an isomorphism.
Proof. This is a special case of [Bou98, Chapter 2, paragraph 3.6 (p. 254)] O

We will apply the following well-known lemma to the Jacobian of the universal curve.

LEMMA A.3. Let X be a K-scheme and n : Spec A — X a map over K with image point q € X.
Denote

M(n,A") ={n" : Spec A" — X K-morphism : ' |spec 4 = 1}

Then M (n, A’) is naturally a pseudotorsor under Tx 4 @k J. Moreover, for g : X —Y a mor-
phism of K-schemes, the natural map M(n,A’) — M(gon, A’) is a pseudotorsor under the
natural map

Tg®idy : Tx 4Kk J — Ty 4(q) @K J.

Let C4 — Spec A’ be a family of stable curves (i.e. a map Spec A’ — M) and L4 a line
bundle on C4:. Assume that the restriction £4 of £ 4/ to the fibre C4 = C4r X 4+ A is trivial, with
a trivializing section g € H%(Ca, L4).

In particular, this implies that L4 has multidegree zero, so the line bundles L4 and
Oc,, induce maps 01,02 : Spec A’ — 7 into the universal Jacobian J — M. By the assump-
tion L4 = Oc¢,, the restrictions 1 : Spec A — Spec A" — J of these maps to Spec A agree. Thus
both give elements'? in M(n, A’), in the notation of Lemma A.3, with X = 7. Furthermore,
their compositions with the projection J — M to the moduli space of curves agree (on all of
Spec A'), since for both o1, 09 the underlying family of curves is Cy4/.

Let C = Cy X 4 K. Then by Lemma A.3 the set M (n, A") is a pseudotorsor under the group
Tc,0)J @k J, so the difference of 01, o gives a unique element ¢ € T(¢ 0)J @k J. Furthermore,
it must lie in the kernel of the map

TicoyJ @J — TecM® J,

which is exactly T,Jc ® J = HY(C,O¢,.) ® J = HY(C, Lk) ® J, where J¢ is the Jacobian of C,
and the last isomorphism is via the restriction ¢g|c of ¢g to the fibre over K.

Our goal here is to describe how to obtain this element 6§ € H'(C,Lx) ® J using Cech
cohomology for a suitable cover U = (U;); of Cyr.

Suppose there exists U = {U; };cr an fpqc cover of C4s by affines such that for every i there
exists a section p; € HO(U;, L 4/|y,) with DilU;x A = ©olU;x A

We fix a cover U and sections ; as above. For the overlaps U; ; = U; X¢ v Uj we see from
the definition of the ¢; that

gp’i‘UinA/A = SOO‘UMXA/A = SOj‘UinA/A (AOI)
for all 4, j. The difference
Wi =i —¢; € H(Uij, L)

12 7 is only étale locally a scheme, but this is enough for these infinitesimal considerations.
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lies in the kernel of the ‘reduction mod .J’ map
HO(Uij, Lar) — H(Uij, La). (A.0.2)

We now want to identify this kernel with H O(Uij, Li)®k J. To see this, note that we can
interpret the sequence 0 — J — A’ — A — 0 as an exact sequence of sheaves on Spec A’. Since
L 4 is flat over A’ we obtain an exact sequence

0—>£A/ ®A/J—>EA/—>[,A/®A—>O,

The map L4 — L4 ®4 induces (A.0.2) on global sections, so the kernel of that map is given by
HO(Uij, Lar @40 J) = HO(Uij, Lar) ® 4 J. Here we use that U;; is affine. By Lemma A.2 applied
to M = H°(U;j, L /) this is naturally identified with

(H(Uij, Lar) @4 K) @ J = H(Uij, L) @ J.

LEMMA A.4. For the cover (U;); of Cx = Car X ar K, the element (1; ;); j defines a 1-cocycle in
HY(C, LK) ®k J, which represents the class 6 € T.Jc ® J we want to compute.

Appendix B. Explicit Serre duality

For the convenience of the reader, and to fix notation, we recall here the standard description of
Serre duality on a curve in terms of Cech cocycles.

We consider first the case of a smooth proper (possibly non-connected) curve C/K. We
choose a Cech cover U = {U;}; of C, where i runs over some indexing set I = {0,...,n}. For a
sheaf of abelian groups F on C we write C},(F) for the group of Cech i-cochains, Z;,(F) for the
group of i-cocycles, and Hz(C, F) for the ith Cech cohomology group. The point of Serre duality
is that the ‘residue map’ fIl(C, w) — K is an isomorphism of K-vector spaces; our goal here is
to make this residue map explicit. We approximately follow [For91, § 17.2].

Write K for the sheaf of fractions of O¢ on C. Fix an element w = (wj;)i<; € Z}(w). Choose
an element w € CJ}(K ®o, w) such that for all i < j we have

W; — wj = wij € w(Uij) €K@ wUiy).

For example, if all Uy is dense in C' we could set wy = 0 and for i # 0 let @; be any meromorphic
differential extending w;p. For a point p € C, choose i such that p € U; and define res, w =
res, w;. To see that this is independent of the choice of ¢, note that if p € U;; then w; — w; is by
assumption holomorphic around p, and so has zero residue. Finally, res, w is not independent of
the choice of w, but the global residue Zpec resp w is independent of all choices, and we define
this to be resw. This gives a well-defined residue map H'(C,w) — K.

Now for the case of nodal curves. We resume the notation from above, but we allow C
to have nodal singularities. We write 7: C — C for the normalization of C. Suppose again
we are given w = (wjj)i<j € Z},(w). Writing U for the cover of C obtained by pulling back U,
we have a natural pullback map Z})(w ® K) — Zg{ (w® K). We choose 0 € Zj)(w ® K) such that
w; —w; € w(U;;) € K®w(Ui;), and w; —w; = w;j. Given a point p € C, we choose i with p € U,
and define res, w = Zﬂ( q)=p 1€5q m*W;. As before, we should check that this is independent of the
choice of 7. For p in the smooth locus of C' this proceeds exactly as before. If p is a node, write
7 p={q,¢'}. Assume'® p € U;;. Then we need to show that

resq W; + resy W; = resq W; + resy wj. (B.0.1)

13 Generally in this article we assume that the intersections U;; do not contain any nodes, so we can ignore this
case, but we treat it here from completeness.
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But since w; — w; € w(U;;) we have that the residues of w; — w; at ¢ and ¢’ sum to zero, giving
exactly the above equality.
Thus for a given choice of W we have a well-defined residue map at all points of C', and

the global residue Zpec res, W is independent of all choices, giving a well-defined residue map

ﬁl(C,w) — K.

Appendix C. Generic non-vanishing of k-residues

In this section we are concerned with the vanishing of sums of kth roots of k-residues (defined
just below) of k-differentials on smooth curves. We fix integers g > 0, n > 2 with 29 — 2 4+n > 0.
Let k > 0, and m a vector of n integers m; summing to k(2g — 2), and assume that some m;
is either negative or not divisible by k. Write DRL, — M, ,, for the locus of (smooth, marked)
curves admitting a k-differential with divisor ), m;p;, and let Y be an irreducible component
of DRL, (by [Sch18], such a Y is necessarily smooth and of pure codimension g). Let 1 denote
a general K-point of Y (we assume in this section that K is algebraically closed, so that this
exists; otherwise one simply works with the generic point, but the notation becomes slightly less
convenient), and let &, be a differential on the curve C,, with the prescribed divisor.

We recall from [BCG'19a, Proposition 3.1] the notion of k-residue of a k-differential £ on
a smooth curve C'. Assume that £ has multiplicity m < 0 at a point P € C' (i.e. a pole of order
|m| at P). Assume furthermore that k | m. Then after suitable choice of local coordinate z on C'

(with z = 0 at P) we can write
k
s
= (2] (dz2)*
e= (%) wr

k
e= (m 4 2) (@
for m < —k, respectively. Here s is an element of K whose kth power is well defined, denoted by
Resh (€) = s*, the k-residue.

THEOREM C.1. Let 0 < n' <n, and assume that m; <0 and k| m; for all 1 <i<n'. Also
assume that m,, 1 Is either negative or not divisible by k. For each 1 <i < n’, let r; be any kth
root of the k-residue of &, at p;. Then

P4y 20, (C.0.1)

independent of the choices of kth roots r;.

for m = —k, and

For this result to hold, it is essential that the point 1 be general in Y. In the case k =1,
we know that the sum of all the residues vanishes, and this result tells us that the sum of
any proper subset of the residues is generically non-vanishing. Our result is closely related to
those of Gendron and Tahar [GT17]. The key difference is that, on the one hand, we need to
treat the connected components Y of DRL, separately, but on the other hand, we are only
interested in the behaviour at the generic point. Note that for £k = 1 our result follows from
[GT17, Proposition 1.3].

The proof will occupy the remainder of this section, and we break it into a number of steps.

Step 1: the case dimY = 0. In general we will argue by showing that the sum in (C.0.1) varies
non-trivially in Y, and thus cannot vanish at a general point; this argument fails if dimY = 0,
so we treat this case separately. Now dimY = 2g — 3+ n and n > 2, so we must have g =0,
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n = 3. Note that in this case necessarily n’ = 1, since for n’ = 2 we have mj, mg < —k (since
they are negative and divisible by k). But mj + mg + ms = —2k, forcing that k | ms and ms =
—2k — mq — ms9 > 0, a contradiction to the assumptions of the theorem.

So we are in the case g = 0,n' = 1,n = 3. Then we have that DRL, = Mo 3 is a single point
and we can assume that C' = P! with (p1, p2,p3) = (0,1, 00). Then w is uniquely determined (up
to scaling) as

w= 2™ (1 — 2)™2(dz)".
Let g(z) be a kth root of (1 — z)™2 around z = 0 with g(0) = 1. Then for m; = —m;/k we have
w = (z"Mg(2)dz)"

and

) k
z=0

One verifies that to compute the derivative of g we can just apply the usual rules for derivatives
for the formula g(z) = (1 — z)™2/* and obtain

(i)bg(z) - (~1h=2 <";2 = 1> <”;2 Y 1> (1— z)ma/k=b

Since my is either negative or not divisible by k, this is a non-zero number for b = —m; /k — 1
and thus the k-residue of w at 0 does not vanish, as claimed.

Resf() = (Rese ™ 9(:)2)" = (- (jz)ml_lm

mi — 1)'

z=0

Step 2: Canonical covers of curves with k-differentials. We now move on to the general case,
where dimY > 0. Given a curve C), with the k-differential §,, we are going to use its canonical
cover 7 : Cpy — Oy (see [BCGH19a]). This is a cyclic cover 7 : C,, — C, of degree k obtained by
extracting a kth root of the section &, of the line bundle w®k(—mP) This means that there
exists a 1-differential én on C’ with (én) = 1*¢,. Moreover, for 7 : C — C an automorphism
over (), generating the Galois group, it satisfies T*fn = pkfn where py is a primitive kth root of
unity. Note that the map 7 is étale outside of the preimages of the points p; (since over points
where the k-differential &, is not zero, there are exactly k choices of a root).

There is a unique maximal b > 1 such that &, is a bth power of a k' = (k/b)-differential. The
number b is also the number of connected components of the cover C‘n, and each such component
is the canonical cover for the suitable k’-differential on C,,. The component ¥ of DRL, is then
just a component of a space of k’-differentials, and the kth roots r; of the k-residues are exactly
k'th roots of the corresponding k’-residues. Since the canonical cover of the k’-differential is
connected, it suffices to show the statement of the theorem for connected canonical covers if we
show it for all £ > 1. So from now on we assume that C’ is connected.

Let g be the genus of C There are ged(m;, k) preimages of each p; (and g is determined by
Riemann—Hurwitz). Then we write H for the stack of ‘cyclic covers with the same degree and
ramification data as C’,, — C,’; more precisely, the objects of H consist of:

— a (smooth, connected, proper) curve C of genus g with n marked points p1,. .., pn;

— a (smooth, connected, proper) curve C' of genus § with >, ged(my, k) marked points g; ; :
1<i<n,1<j<ged(my,k);

— a cyclic cover 7 : C — C of degree k mapping the g; ; to p;.

For a full definition and the properties of the stacks H that we will use, we refer the reader to
[SvZ20] and the references therein.
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The stack 'H comes with a map

0:H— Mgy
remembering the target curve (C, (p;);) and a map

¢:H— Mg,

remembering the domain curve (C, (gi,;)i;); here r =" | ged(m;, k). The map ¢ is étale and
¢ is unramified.

Recall that we write DRL, C M, for the ‘double ramification’ locus where there exists a
k-differential £ with divisor mP. If ¢; ; is a marked point on C mapping to a marking p; on C,
then the canonical cover C' — C has multiplicity f; = k / ged(mg, k) at ¢; j and the 1-differential
¢ has multiplicity m} == (m; + k)/ ged(m;, k) — 1. We write DRL; C M, for the locus where
there exists a 1-differential £ with divisor m'Q = >0 migi ;.

LEMMA C.2. Let 7 : (C, (g )i;) — (C,(pi)i) be a point of H given by the canonical cover of
a curve (C, (p;);) € DRLy. Then (C, (gi;)i,j) € DRLg, and inside H, in a neighbourhood of the

~

point 7 : (C, (i ;)i,j) — (C, (pi)i) of H, we have
¢~ 1 (DRL;) = 6~ }(DRLy). (C.0.2)

Proof. For the inclusion ¢~!(DRL;) C 6~ }(DRLy) let 7 : (C, (gi;)ij) — (C,(p:):) be a point of
H such that (C,(qi;)i;) € DRLg, that is, such that there exists a 1-differential w on C' with
multiplicity m/ at the points ¢; ;. Then for the cyclic automorphism 7 of the cover = we have
T*w = Aw for some A € K, since 7*w has the same pattern of zeros and poles as w. Since 7 has
order k, it follows that X is a kth root of unity. But then the kth power w®* of w is invariant
under 7, and hence descends to a k-differential on C' with suitable zeros and poles. This shows
¢ 1(DRL;) C 6~ 1(DRLy).

The other inclusion is not true globally, but we only need it on a neighbourhood of our point
7 which already lies in ¢~ !'(DRL;). If we can show that every infinitesimal deformation of 7
which lies in 671 (DRL,) also lies in ¢~!(DRL;) then we are done, since all these moduli stacks
are of finite presentation. A deformation (Ct, (g; j4)i;) of C lying in 6~*(DRL,) implies that
the line bundle w2 (— > i kmigije) is trivial, that is, we (= 32; ;m5q:,5) is k-torsion. Since the

Ct
k-torsion points are discrete in the relative Picard of the family C; and since at C' = Cy this
bundle is trivial (since C' € DRLy), it stays trivial in the deformation Cy, so C; € DRL. ]

Step 3: Tangent space computations. We know that

pu— 1 A \/ . .
T(év(qi,j)i,j)Mg’r =H <C’ QC‘( - Z qw))

and we have an action of Z/kZ on C induced by the automorphism 7 of C. This in turn induces

an action of Z/kZ on T(C‘,(qi,j)i,j)M?M’ and
X _ R  \Z/KZ
T(Cv(Qi,j)i,j)H o (T(C»(Qi,j)i,j)Mg’T) ’ (C.0.3)
where we see the tangent space to H as a subspace of the tangent space to Mg ;. via the unramified

map ¢.

One also checks that the tangent space to DRL; (contained in T(C‘ (Qij)ij)Mg’r) is stable

under the Z/kZ-action (for fixed 4, all markings ¢; j, which form a Z/kZ-orbit, have the same
weight m; in the definition of the double ramification locus DRLg).
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Step 4: Residue maps on the tangent space. From now on we focus on a curve C' coming from
a general K-point of the component Y in the statement of the theorem, and take the cover
7:C—C by extracting a kth root of the given differential £, as in the previous step. Write 5
for canonical kth root of £ on C. Suppose that k | m;. Then there are exactly k£ markings g; ;
of C lying over p; (the cover 7 is unramified there), and the residues of f at the markings g; ;
lying over p; are exactly the kth roots of the k-residue of £ at p;. The chosen roots rq,...,r, in
the statement of the theorem thus correspond uniquely to certain markings ¢;o lying over the
p;i; they are given exactly by the residue of é at the g¢; 0.

Write f C— DRL; for the universal curve over DRLg. After perhaps restricting to an open
subset of Y, on DRLj the coherent sheaf f*wé( — ZZ j m! i j) is invertible. We write n for the
number of markings ¢; ; with negative weight, and we let H C ODRL be the subspace defined
by the vanishing of the sum of all the coordinates. Then the (usual) re81due gives a map

R: f*wé ( - Z mfiqi,j) — H. (C.0.4)
Y]

Let ¢ — C in H lie over a general point in Y, and choose a non-zero section ¢ of
wk(—mP) over C, leading to a differential ¢ over C. This gives a point in the total space of
Jews(— ZZ j mq; ;), and we can consider the tangent map T'R at such a point.

Step 5: Concluding the proof with a lemma of Sauvaget. Recall that we have reduced to the case
where the curve C' is connected. We can then apply [Saul9, Corollary 3.8] to see that TR is a
surjection.

The morphism 7 induces an automorphism of the pair (C’ , é ), where it acts on the differential
by pulling back and dividing by pg. This induces an action of the group Z/kZ on the deformations
of the pair, or in other words on the source of T'R. This group also acts on the target (by
permutation of markings and multiplication by suitable roots of unity), and the map T'R is then
equivariant for the action. Since Z/kZ is linearly reductive, the induced map on the invariant
subspaces is also surjective.

On the left, the invariant subspace is the fibre of the source of T'R over

T(év(‘h',j)i ])H N T(C (9i,5)i,5) DRL ( J(pi)i) DRLg

using the combination of (C.0.3) and (C.0.2), and the fact that for a deformation of (C, €) leaving
the underlying curve C fixed, the group Z /kZ also fixes the deformation of the differential. On the
right, the invariant subspace HZ/*Z is the tangent space to the subspace of H with coordinates
of the form [..., s, pgs, ... ,pﬁ_ls, ...], and the desired kth roots r; of the k-residues are just some
of these values. We claim that the corresponding projection

T 2 T

) Z/kZ n'
R(C(ai )i K

is surjective. If k > 1, the numbers s, pgs, . . . ,piils automatically sum to zero, so the coordinates
of H summing to zero places no additional restriction on s. Thus every tuple (r,...,ry) € K W
can be obtained from an element of H%/*% under the map m,/. On the other hand, for k =1
we have HZ/FZ — H and necessarily my+1 < 0, so one of the coordinates of H is the residue
at ppr11 which is forgotten under m,,. Thus we can use this coordinate to balance the sum of
coordinates in H to be zero and for any choice (r1,...,r,y) € K " find a preimage under .
Since the invariant part of the source of TR is the tangent space to Y, and the differential
of the map taking the residues at the n’ points is surjective, and dimY > 0, we see that at
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a general point of Y the sum of these residues cannot be zero. This concludes the proof of

Theorem C.1.
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