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ABSTRACT

We give an asymptotic formula for correlations

Y APi(n) fa(Pa(n) -+ frn(Prn(n)),

n<e

where f,..., f,, are bounded ‘pretentious’ multiplicative functions, under certain
natural hypotheses. We then deduce several desirable consequences. First, we
characterize all multiplicative functions f : N — {—1,+1} with bounded partial sums.
This answers a question of Erdés from 1957 in the form conjectured by Tao. Second,
we show that if the average of the first divided difference of the multiplicative function
is zero, then either f(n) = n® for Re(s) < 1 or |f(n)| is small on average. This settles
an old conjecture of Katai. Third, we apply our theorem to count the number of
representations of n = a+ b, where a, b belong to some multiplicative subsets of N. This
gives a new ‘circle method-free’ proof of a result of Briidern.

1. Introduction

Let U denote the unit disc and let T be the unit circle. It is of current interest in analytic number
theory to understand the correlations

> AiPin) fa(Pa(n)) - -+ - fn(Prn(n))

n<e
for arbitrary multiplicative functions fi,...,fm : N — U and arbitrary polynomials Pi,...,
P,, € Z|zx]. For example, Chowla’s conjecture says that, for any distinct natural numbers hy, ...,

hka

> An+hy) A+ hy) = o(),

n<x
where A(n) is a Liouville function. These problems are still wide open in general, though
spectacular progress has been made recently due to the breakthrough of Matoméaki and
Radziwilt [MR16] and subsequent work of Matoméki et al. [MRT15]. In particular, this led
Tao [Taol6b] to establish a weighted version of Chowla’s conjecture in the form

5 A(n)A(n + h)

=o(l
- o(log z)

n<x
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MULTIPLICATIVE FUNCTIONS

for all A > 1. Combining this with ideas from the Polymath5 project, and a new ‘entropy
decrement argument’, led to the resolution of the Erdés discrepancy problem.

Following Granville and Soundararajan [GS07a], we define the ‘distance’ between two
multiplicative functions f,¢g: N — U:

D(f,g;y;7) = < > L Rel/

YSPST p

<p>g<p>>>1/2

and D(f, g; ) := D(f, g; 1; ). The crucial feature of this ‘distance’ is that it satisfies the triangle
inequality
D(f, g;y: %) + D(g, hyys z) = D(f, hyy; )

for any multiplicative functions f, g, h bounded by 1.
Haldsz’s theorem [Hal71, Hal75] implies Wirsing’s theorem that for multiplicative f : N —
[—1,1], the mean value satisfies a decomposition into local factors,

1
O3 f) =TI M) + o) (1)
n<x P
when x — oo, where we define the multiplicative function f, for each prime p to be
ko Jf@") ifq=p,
pu— 2
fo(d®) {1 if g+ p (2)

for all kK > 1 and

1 1 k
My ()= Jim 23 gyt = (1 2) 50D
n<x k>0
This last equality, evaluating M, (f), is an easy exercise. Substituting this into (1), one finds that
the mean value there is < exp(—D(f,1;00))? and so is non-zero if and only if D(f,1;00) < oo
and each M,(f) # 0. Moreover, using our explicit evaluation of M,(f), we see that M,(f) =0 if
and only if p = 2 and f(2¥) = —1 for all k£ > 1. We also note that one can truncate the product
in (1) to the primes p < x and retain the same qualitative result.

1.1 Mean values of multiplicative functions acting on polynomials

Our first goal is to prove the analog of (1) for the mean value of f(P(n)) for any given polynomial
P(z) € Z[z]. This is not difficult for linear polynomials P but, as the following example shows,
it is not so straightforward for higher degree polynomials.

PROPOSITION 1.1. There exists a multiplicative function f : N — [—1,1] such that D*(1, f;x) =
2loglogz + O(1) for all x > 2 and

lim sup
r— 00

;Zf(nQ—i—l)’ > %4—0(1).

n<x

In the proof of Proposition 1.1 (see §2), the choice of f(p) for certain primes p > z has
a significant impact on the mean value of f(n? + 1) up to z. In order to tame this effect, we
introduce the set
Np(z) = {p",p > = | 3n <z, p"|P(n)}

1623
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for any given P € Z[z| and modify the ‘distance’ to

—Re —Re( F(RYa (o) /2
mmmm:(zl Re(/(p)glr)) , 3~ 1Ruwmmg

p x

YSPST p*ENp(z)

and Dp(f, g;x) :=Dp(f, g;1;x). Moreover, we define
o1
My(f(P)) = Jim — > _ fy(P(n
n<x

and one easily shows that

Z fp ( ") WP(PHI))
k1 ’
k>0 p

where wp(m) := #{n (mod m) : P(n) =0 (mod m)} for every integer m (and note that wp(.) is
a multiplicative function by the Chinese remainder theorem). We establish the following analog

of (1).

COROLLARY 1.2. Let f: N — U be a multiplicative function and let P(x) € Z[x] be a polynomial.
Then

%Zf(P = [ M,(f +0(]Dp(1 frlogz:7) + 1og110gx)'

n<x p<x

This implies that if D(1, f;2) < oo and
> 1-Re(f(p") = o(x),
pFeNp(z)

then

S5 1) = [T M7 (P) + o(1) = [T My (£(P)) + (1)

n<x p<z p=>1

when z — oo.

1.2 Mean values of correlations of multiplicative functions
We now move on to correlations. For P, Q € Z[z], we define the local correlation

My(F(P),9(@) = Tim 3™ f,(P(n))g(Q(n)). 3

n<x

Evaluating these local factors is also easy yet can be technically complicated, as we shall see
below in the case that P and () are both linear.
More generally, we establish the following result.

THEOREM 1.3. Let f,g: N — U be multiplicative functions. Let P,Q € Z[z]| be two polynomials
such that res(P, Q) # 0. Then

L3 FPe)g(@0m) = TT My£(P),9(@) + Error(£(P), (@), ),

n<x p<z

where
1

loglogx

Error(f(P),9(Q),z) < Dp(1, f;logz;z) + Dg(1, g;log z; z) +

1624
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Theorem 1.3 implies that if D(1, f;z),D(1,g;2) < 0o and 3 ey 1 — Re(f(p*)) = o(z)
and EpeNQ(I) 1 — Re(g(p*)) = o(z), then

1

=Y F(P(n)g(Qn)) = ] Mp(f(P),9(Q =[] Mu(s (@) + o(1).

x n<e p<x p=>1
If Dp(f,n'; 00),Dp(g,n;00) < 0o, then we let fo(n) = f(n)/n® and go(n) = g(n)/n™ so that
Dp(1, fo;00),Dp(1, go;00) < co. We apply Theorem 1.3 to the mean value of fo(P(n))go(Q(n))
and then proceed by partial summation to obtain

LS FPE)9@() = M F(P),9(@),2) T] MplfolP). 90(@)) + Brror(fo(P), g0(Q), ).
n<x p<x
where, if P(z) = az” 4 --- and Q(x) = ba? + - - -, then we define T' = Dt + du and
Mi(F(P),9(Q),2) 1= = 3 P(n)*QUn)™ = ab* . + o(1)

Here, the o(1) term depends on the polynomials P, Q € Z[x] and
1
loglog x’

Error(fo(P), 90(Q),z) < u Dp(1, fo;logz;z) + Dg(1, go; log z; z) +
where the implied constant depends on ¢, u. The same method works for m-point correlations
D A(Pi(n) fa(Pa(n) -+ fn(Pin(n))
n<z
for multiplicative functions f; : N — U and polynomials P; with each Dp, (n'i| f;,00) < 0o. We

give a more explicit version of our results in the case that P and () are linear polynomials.

COROLLARY 1.4. Let f,g: N — U be multiplicative functions with D(f,n", ), D(g,n*, 00) <
oo and write fo(n) = f(n)/n' and go(n) = g(n)/n™. Let a,b > 1, ¢,d be integers with (a,c) =
(b,d) =1 and ad # be. As above we have

5" flan +c)g(bn -+ d) = Mi(f( @) | Ma(fo(P). 90(Q)) + o(1)

n<x p<z

when x — oo and the o(1) term depends on the variables a,b,c,d,t, u.

We have
atpivpilt+u)

Mi(fF(P),9(Q):%) = Ty

when x — oo and the o(1) term depends on a, b, t, u.
If p|(a,b), then M,(fo(P),g0(Q)) = 1. If p { ab(ad — bc), then

%%WWMWZ%%@DMMM@)LJ+O)( m +ZQWU

J
jz1 j=1 p

+o(1)

In general, if p{ (a,b), we have a more complicated formula

My(fo(P), 90(Q)) = Z <9 +‘5 Z +5 Z’y )

Oii%k, 7>t 7>t
=0,
p¥||ad—be

and §; = 0 when p|l and 0; = 1 otherwise. Here, fo = 1% 6 and gy = 1 % .
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For t = u = 0, some version of Corollary 1.4 also appeared in Hildebrand [Hil88a],
Elliott [EN192] and Stepanauskas [Ste02].

Next we apply Theorem 1.3 to obtain a number of consequences. The key idea for our
applications is that one expands

n+H+1 H?2
SIS sw] = S s n+h+0<x>
n<x' k=n+1 |h|<H n<x

and then one observes that the h = 0 term equals H if each |f(n)| = 1. Therefore, if the above
sum is small, then

fo f(n+h)>1

n<x

for some h, 1 < |h| < H. As Tao showed, if some weighted version of this is true, then D(f(n),
x(n)ni; x) < 1 for some primitive character y. Therefore, to understand the above better, we
need to give a version of Theorem 1.3 for functions f with D(f(n), x(n)n';z) < 1.

1.3 Correlations with characters
Now we will suppose that D(f(n),n"x(n),o0) < oo for some ¢t € R, where x is a primitive
character of conductor ¢g. We define F' to be the multiplicative function such that

F(pk) _ {{(pk)mp_ikt if;}{g’

and
_ 1 -
My(F, F;d) = lim — n; E,(n)Fy(n + d).

In § 3, we prove the following result.

THEOREM 1.5. Let f: N — U be a multiplicative function such that D(f(n),n'x(n);o0) < oo
for some t € R and x be a primitive character of conductor q. Then, for any non-zero integer d,
we have

fo fin+d) =[] Mp(F.Fid) [] My(f. T d) + 0(1)

n<T p<x pt
> llg
when x — oo. Here, the o(1) term depends on d, x,t and
0 if p=1 ¢ d,
1
— 1—- ifplil||d7
My(fFd)=0 P
pt\Jo S k A
1 O V0|
1—- — — if ptF||d
D

for any k > 0 and, if p"||d for some n > 0, then

M,(F,F,d) = 12 . <1_ 1> Z<F(Pn)F( ) _i_F(P")F(Pj)>'

pn+1

In particular, the mean value is o(1) if ¢ { d]],, p.
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The same method works for correlations:

> fn)g(n +m),

where D(f(n),n" x(n); 00), D(g(n), n"*3(n); 00) < 0.

1.4 The Erdds discrepancy problem for multiplicative functions

The Polymathb project showed, using Fourier analysis, that the Erd6s discrepancy problem can
be reduced to a statement about completely multiplicative functions. In particular, Tao [Taol6a]
established that for any completely multiplicative f: N — {—1,1},

> f(n)

n<e

lim sup
T—> 00

= OQ.

In [Erd57, Erd85a, Erd85b], Erdés, along with the Erdés discrepancy problem, asked to classify
all multiplicative f: N — {—1,1} such that

> f(n)

n<e

lim sup < 00. (4)

Tr—> 00

In [Taol6al, Tao, partially answering this question, proved that if for a multiplicative f : N —
{—1,1}, (4) holds, then f(27) = —1 for all j and

LI (5)

p p
In §4, we resolve this question completely by proving the following result.

THEOREM 1.6 (Erdés-Coons-Tao conjecture). Let f: N — {—1,1} be a multiplicative function.
Then (4) holds if and only if there exists an integer m > 1 such that f(n +m) = f(n) for all
n>1and )" f(n)=0.

There are examples known with bounded sums, such as the multiplicative function f for which
f(n) = +1 when n is odd and f(n) = —1 when n is even. One can easily show that f satisfies
the above hypotheses if and only if m is even, f(2¥) = —1 for all k > 1 and f(p*) = f((p*, m))
for all odd prime powers p*. In particular, if p does not divide m, then f(p*) = 1.

It would be interesting to classify all complex-valued multiplicative f : N — T for which (4)
holds. Using Theorem 1.5, it easy to prove the following result.

THEOREM 1.7. Suppose for a multiplicative f : N — T that (15) holds. Then there exists a
primitive character x of an odd conductor q and t € R such that D(f(n), x(n)n';00) < co and

f(2F) = —xF(2)27* for all k > 1.

1.5 Distribution of (f(n), f(n + 1))

Let f: N — C be a multiplicative function and Af(n) = f(n+1) — f(n). Kétai conjectured and
Wirsing proved (first in a letter to Kétai and then in a joint paper with Tang and Shao [WTS96])
that if a unimodular multiplicative function f satisfies Af(n) — 0, then f(n) = n® (see also
a nice paper of Wirsing and Zagier [WZ01] for a simpler proof). One would naturally expect
that if Af(n) — 0 in some averaged sense, then the similar conclusion must hold. Kétai [Kat83]
made the following conjecture, which we prove in § 5.

1627
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THEOREM 1.8 (Kétai’s conjecture, 1983). If f : N — C is a multiplicative function and

1
lim = 37 |Af(n)] =
Jim = [Af(n) =0,

n<x
then either )
Jim = | f(n)[ =0
ne

or f(n) =n® for some Re(s) < 1.

Since f(n) = e™M™ is multiplicative, where h(n) : N — R is an additive function, one may
compare Theorem 1.8 with the following statement about additive functions, first conjectured by
Erdds [Erd46] and proved later by Kétai [K4t70] (and independently by Wirsing): if h: N — C
is an additive function and

1
lim =57 [h(n+1) — h(n)| =0
Jim = [h(n+1) = h(n)| =0,

n<e

then h(n) = clogn.

The conjecture attracted considerable attention of several authors including Katai,
Hildebrand, Phong and others. See, for example, [Hil88b], [Phol4], [Pho00] and [KAat91] for
some of the results and the survey paper [K&t00] with an extensive list of the related references.

1.6 Binary additive problems
A sequence A of positive integers is called multiplicative if its characteristic function, 14, is

multiplicative. We define
(d) = lim —— S Tu(kd)
pa(d) = Jim —5 > 1a
k<z/d

with pg = pa(1), which is the density of A. Note that these constants all exist by Wirsing’s
theorem.
Binary additive problems, which involve estimating quantities like

r(n) = |{(a,b) € Ax B:a+b=n}|,

are considered difficult. However, using a variant of a circle method, Briidern [Brii09], among
other things, established the following theorem, which we will deduce from Theorem 1.3 in §6.

THEOREM 1.9 (Briidern, 2008). Suppose that A and B are multiplicative sequences of positive
densities ps and pp, respectively. For k > 1, let

a(p") = pa@®) /0" — pa@* 1) /¥
Define b(p*) in the same fashion. Then
r(n) = pappo(n)n + o(n)

when n — oo, where

1628
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2. Multiplicative functions of polynomials

For any given polynomial P(x) € Z[x], we define wp(p*) to be the number of solutions of P(x) =
0 (mod(p*)). Clearly, wp(p*) < deg P for all but finitely many primes p. We begin by showing
that the mean value of f(P(n)) in general significantly depends on the large primes. We restrict
ourselves to the case P(z) = 2%+ 1 but the same arguments work for all polynomials P(z) € Z[x]
that are not products of linear factors.

LEMMA 2.1. Let P(x) = 2 + 1. For any « > 2 and any complex numbers g(p*) € T, p < 2z and
k > 1, there exists a multiplicative function f : N — T such that f(p*) = g(p¥) for a]l p <
and

LY )| > § 4o

n<x

Proof. Let
M(z) = {np <z | 3Ip € Np(x),p|P(np)}.

We note that for each p > 2x, there exists at most one element n, € M(x) such that p|P(n,)
and moreover all prime factors of P(ny)/p are smaller than x. We have

2zlogzx + O(x ZlogP Z Z A(d

n<x n<x d|P n)
<2 Z logp-——l— Z logp + O(x)
P, p>2x,
p=1mod(4) p|P(np),
np<T

< zlogx + 2logx - |M(x)| + O(x)

and therefore
M ()| = x(5 + o(1)).

Consider the multiplicative function f defined as follows: f(p*) = g(p*) for all primes p < 2z

and
)= cp (P02

if p > 2z and there exists n, € M(z) such that p|P(n,), where

_arg( S p >

neM(z)
n<e

Define f(p¥) = 1 for all other primes and all k > 1. Clearly,

D SfPm)= Y fPW)+ Y f(Py)= Y f(P(n)+ M)

nsz neM(x) np€M(x) neM(x),
n<x n<x

Selecting ¢ so that the two sums point in the same direction, we deduce that

M(x
‘ S AP ‘ | i)|>;+o(1). -
n<e

1629
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PROPOSITION 1.1. There exists a multiplicative function f : N — [~1, 1] such that D?(1, f;x) =
2loglogx + O(1) for all x > 2 and

lim sup
T—> 00

1 1
L3 12+ 1] 3 5+ o).

n<x

Proof. Take the sequence xj = 22" for k > 1 and define a completely multiplicative function f
inductively: f(p) = —1 for all primes in p € (zk, T)+1] unless p € Np(zy), in which case we define
the function as in the proof of Lemma 2.1. This guarantees that for all k > 1,

;k > f(nz—f-l)‘ > %—Fo(l).

n<ry
Since Np(z) contains at most = elements, we have

> o1p< D> 1/p< (loglogz)/logx

pENp(z) r<p<2zxlogx

so that 3 o1 D e np(ay) 1/P < Dkt k/2F < 1. Therefore,
DX (1, fiz) > Y > 2loglogz—O(1). O

pszT
PEUk>1Np (1)

T

For technical reasons, we define an equivalent distance

 Re(F (P gl 12

pP<a

We thus focus on the class of functions such that f(p) is close to 1 on large primes p > = where
the distance is given by Dp(1, f;x), where

1
Dh(L fra) =Y (1-Ref(p) - — > 1,
p n<,
PF|P(n)

which generalizes D(1, f;x), where
1
DX(1, f;2) = D**(1, f;2) = > (1—Ref(") - =Y 1.
(1, f52) < D(1, f52) ;< ) xZ
p*ln

In order to prove Theorem 1.3, we begin by proving a few auxiliary results. The following lemma
is a simple consequence of the Turan—Kubilius-type inequality for the polynomial sequences.

LEMMA 2.2. Let h: N — C be an additive function such that h(p*) = 0 for p* > z and |h(p*)| < 2
for all p and k > 1. Suppose that P(x) € Z|z] is irreducible. Define

e =) h(ik) (wp(pk) - wP(pkH))

p p

pF<e

1630
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and ’ ( k\|2 k+1
h(p®)| wp(p™)
J}QL’P = Z - (Ldp(pk) - 7).
< b P
Then 1o X
h(p loglog x
S I(P) — pnpl? < 2 30 LPIE L Qosloa ) (6)
oy ot P log x

Proof. By multiplicativity, we have

~—

d
<z ldPm) =Dy iy,

d

where rq4 = O(wp(d)). Furthermore, by [GS07b, Proposition 4] applied to the additive functions
in place of strongly additive ones,

S P(0) = il < Caaot -+ 0 (maxln)?) (Z“’if”) > ).

Py
n<T p<T d=p1p2,
PisT

The error term is bounded by

2
wp(p) xloglog
(rggg\h( )!2)(§ . ) dE Iral < max|h(p*)*(loglog z)* - — ===

1
=p1p2, 08T
Combining this observation with the estimate

pi<T
]h
h JSS Z

pk<x

psT

we conclude the proof of (6). O

In what follows, we are going to focus on two-point correlations but the same method actually
works for m-point correlations with mostly notational modifications. Let

Ky wp(phtl
Ph,p = Zh < )_ Pp(lfﬂ )>

pk<a

and

s IS (52 =20).

p<z k=0

We also introduce equivalent distance

3 LRG0 | g 1—Re(f(pk)M)>1/2_

p x

D (f, g5y ) = (

y<pF<a p*ENp(z)

We begin by proving the concentration inequality for the values of a multiplicative function
f:N—>U.
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PROPOSITION 2.3. Let f: N — U be a multiplicative function. Let P(n) € Z[z]. Then

273
S 15(P() = (S P < aDB(1, fiz) + ZE B

n<e

Proof. We begin by proving the proposition for the multiplicative function f such that f(p*) =
for all p* > z. Note that e*~' = 2z + O(|z — 1| ) for |z| < 1. By repeatedly applying the triangle
mequahty, we have that for all |z, |w;| <

Hzi—Hw <Z\zi—wi. (7)

1<i<n 1<i<n 1<i<n
Therefore,
1 "= I voh+ouset—1P)= [ fo (Z !f<p’“>—1‘2>
p*||P(n) p*||P(n) P P(n) P*||P(n)
and

1 5= 1] ef<p’“>—1+0( 3 |f(p"“)—1!2>-

p*||P(n) P[P (n) PP (n)

We now introduce an additive function A such that h(p*) = f(p*) — 1. Clearly,

D IF(Pm) = PR <Y T f(P(n)) — M)

n<T n<o
[f(*) —1P 2
<Y > M -1P < )] o < zD™(f,1;2).
n<Z pk || P(n), pF<z
pk<x

Since |e® — €’| < |a — b| for Re(a), Re(b) < 0, Lemma 2.2 implies that

3
MPm) — emnr 2 < N i pl? < aD(f 1 ) + EUoglosz)”
Z le L |h(P(n)) — pn,pl” < 2D*°(f, 1;2) + ogr

n<x n<x

We introduce pp p = Ep<a: [th.,p, Where

(2 )

pF<e

and observe that

w k w k+1 k
e =1t gy + O ,) = f(p’“)< =28 P;fﬁf )> +O<1+1 > 'h(i)‘)
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Note that |e#r»r| < 1. Using (7) and the Cauchy—Schwarz inequality once again yields

e —B(f; Psa)f? < (Z e — 3 S ( k)‘wpp(fﬁl)>+0<:lc>’>2

p<T 1<pr<e
1 —1 1
<<<Z ‘f ‘+Z > < D*(f,1;2) + —5—,
p log*
pF<x p<x

which, together with the triangle inequality, completes the proof of the lemma in the special case
when f(p*) =1 for p* > x.
We now consider any multiplicative function f and decompose f(n) = fs(n)fi(n), where

W JFOR) ifpF <
fs<p)_{1 if k>

and

w1 if pF <
fl(p)_{f(pk) if pF > .

Note that for a fixed prime power p¥ € Np(z),

[{n <z | p*IP(n)} < wp®)

and each P(n) is divisible by < deg P elements of Np(x). Using the Cauchy—Schwarz inequality
yields

2 kY 112
S i) - e« (X eh 1) <o 3 OIS
n<T n<T pk||kP>(n), p*ENp(z)

We are left to collect the error terms and note that
1 — Re f(p")
]D)*2 .
(Lfiz)+ >, —————==Dp (L f;a). 0
pkENp(x)

Proposition 2.3 immediately implies the following corollary, which will be used in the proof
of Theorem 1.3.

COROLLARY 2.4. Let f: N — U be a multiplicative function and let g : N — U be any function.
Let P(n) € Z[z]. Then

. z(log log x)3/2
Zf B(f; P;x) Zg —|—O<JEDP(1,f;:L‘)+\/@>.

Proof. Using Proposition 2.3, the triangle inequality and the Cauchnychwarz inequality gives

> F(P( B(f; Psx) Y g(n) < > |f(P(n) —B(f; P; )|

n<x n<x n<x

< (e 1P -3 x>|2)1/2

n<x

n<x n<xe

z(loglog z)3/?
Viegz

< 2Dp(1, f12) +
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Let f, g : N — U be multiplicative functions. For any two irreducible polynomials P, Q) € Z[x],

we define
M(f,g;) Zf (n)).

n<x

We define w(p¥, p) to be the quantity such that

{n <z | p*IP(n),p'|Q(n)} = zw(p®, p") + O(1).
We note that if p { res(P, Q), then w(p*,p') = 0 unless k = 0 or I = 0. In the latter case

_wp(p®)  wp(pt)

w(p®,1) = Pk ket

and
Lol = we®)  wol'™)
w(l,p') = == — — 75—
p p

Furthermore, by the Chinese remainder theorem, we have

{n <z |di|P(n),d2|Q(n)} = xF(di,d2) + O(wp(d1)wq(d2)) = zF(d1,d2) + O (xF)

for some multiplicative function F'(dj,ds) and any € > 0. Our main goal in this section is to
prove that the mean value M(f,g;x) satisfies the ‘local-to-global’ principle. We first evaluate
the local correlations.

LeMMA 2.5. Let f,g : N — U be multiplicative functions. Define f,, g, as in (2). Let P, Q € Z[x]
and res(P, Q) # 0. Then

LS P @m) = Y F6Re p>+o( log 7 )

xlogp
n<x pk7pl>1

In particular, if p {res(P,Q), then

1
> pr(P(n))gp(Q(n))
k+1 k k+1 1
-(Brn (57 - ) - S (M9 -4 1) o)
k>0 k=0

Proof. We first suppose that p { res(P, Q). In this case we have
1
- > fo(P(n))gp(Q(n))

(X b T+ X )

PP Hiem PIPIQ0)
_ ") wp@") k(@) wo(P*th) log z
- (B (5 - )« on (9 -2 ) ) o)
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More generally,

1 log
LS hPm)a@ Z FMe) = 3 e el p>+o(x10gp).

n<w k pl<a, pk pt>1
p FIlP(n),
PIQ(n)
This completes the proof of the lemma. O

THEOREM 1.3. Let f,g: N — U be multiplicative functions. Let P, Q) € Z[x] be two polynomials
such that res(P, Q) # 0. Then

iz f(P(n))g H M,( (Q)) + Error(f(P),9(Q), z),
n<e pszT
where 1
Error(f(P),g(Q),xz) < Dp(1, f;logz;z) + Dg(1, g;log ;) + loglogz’

Proof. Choose y = (1 — ¢)logx. We begin by decomposing f(n) = fs(n)fi(n), where

o) M) PP <y
fs(p") = {1 ifpk >y

and

fk) ifpF >y

By analogy, we write g(n) = gs(n)g;(n). We apply Corollary 2.4 to get

Y fiP() fs(P(n)g(Q(n)) = R(fis Pix) Y fi(P(n))g(Q(n))

n>1 n<e
z(loglog )3/
Ol zD%(1, f1;v; — == |
+ (.’IJ P( 7flay7$)+ \/@

1 if p* <
ﬁ(p’“):{ S

We now apply Corollary 2.4 to the inner sum to arrive at

Zgl ))fs( ( )) glaQa Zfs s ( ))
log log )3/2
+0 <$D}":(1, fsys ) + aDy(1, g y; @) + %) :
Combining the last two identities, we conclude that
> F(PM)g(Q(n)) = B(fi; P;x)P(g1; Qs 2) Y fs(P(n))gs(Q(n))
b - log1 3/2
+ O(xD*p(L fisys ) + 2Dy (1, g y; @) + %) :

Let fo = 1 %6, and g, = 1 % v,. Then 6,(p¥) = 0 and 75(p*) = 0 whenever p¥ > y. Since
Hpkgyp = evtol¥) < 2 as long as y < (1 — €)logz, the following sums are supported on the
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integers dy,ds < z. Hence,

D SPM)gs(Q) = D0 Os(di)ys(da) D 1

n<T dy,d2<x, n<,

pldi=p<y di|P(n),
d2|Q(n)
= Y Y b(d)ys(da)F (dl,dg)x+0<az5 > |03(d1)%(d2)!>
d<z, dy,d2<x, dy,do<x
d\res(P,Q) (d1,d2)=d,
pld;i=p<y
= Y Y @ Fde+0(s Y ).
d<z, dy,d2>1, dy,do<x
d\res(P,Q) (d1,d2)=d,
pld;=p<y

To estimate the error term, we observe that

dde J(d)ys(d2)] < 212 (M |d1/4 )(Z 'ﬁfﬁ”)
1/2(1_[(2 105 (p Ay ))(H(Z !%m ))

Py k=0 DY

1/2 H 1+ 2 2 1/2 y3/4 (8)
Lz W KLz exp logy )’

Py

The last sum is O(x1/2+5) for y < logz and y — oo. It easy to see that for p < y, Lemma 2.5

implies that
= > 0N FE" P,
pFpi>1

where M,(f,g) is defined as in (3). By multiplicativity, the contribution of small primes is

Z Z 0s(d1)vs(d2)F(dy,dz) = HM (f,9) 9)

d|res(P,Q) d1,d2>1, PY
1 7d2):d7
pldi=p<y

We are left to estimate B(f;; P; )B(g;; Q; ). The contribution of primes p* > y and p < y is

H<+291 wP )H<1+Z% )

pF>y, ik PPy, ik
p<y p<y
1 1 1
:1+O<Zk>:1+0<~ y >=1+0< )
— p y logy logy
pe2y
p<y

Furthermore, for p > y, we clearly have (p,res(P,Q)) = 1 and
B(fi; P;2)B(g; Q; @)

(o)) IO 225 I (- 2 25e)

Yy<p<zT k>1 Yy<p<zT k>1
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and thus

P(fi; Ps2)B(9; Q; @) HM (f.9) <loéy>.

We note that D} (1, f;logz;x) can be replaced with Dp(1, f;logz;x) at a cost of O(loglogx/
log z). Combining all of the above, we arrive at the result claimed. O

Applying Theorem 1.3 and Lemma 2.5 with g = 1, we deduce the following corollary.

COROLLARY 1.2. Let f : N — U be a multiplicative function and P € Z[x]. Then

%Zf(P HM +O(DP(1 filogz;z) + k)gll()g:z:)

n<T pLx

3. Corollaries required for further applications

To state some corollaries required for our future applications, we introduce a few notations. We fix
two integer numbers a, b > 1. For multiplicative functions f, g : N — C such that D(1, f; 00) < o0,
D(1, g;00) < 0o, we set f =1%6, g=1x~. For (r,(a,b)) = 1, we define

Clfigirio) = Clra) =[] (e<p’“>v<pk>+5bze< N 5, Z” ) (10)
pF|r, p<z i>k i>k

and 9; = 0 when p|l and §; = 1 otherwise. We remark that in (10), we allow k = 0 if p { r. For
(r, (a,b)) > 1, we set
G(r,z) = 0.

We can now deduce the following corollary.

COROLLARY 3.1. Let f,g : N — U be multiplicative functions. Suppose that D(1, f;o00) < oo,
D(1, g;00) < oo. Let a,b > 1, ¢,d be integers with (a,c) = (b,d) = 1 and ad # bc. Then

%Zf(amc)g(bnw): 3 W+O(l)

n<z rlad—be

when x — oo and the error term o(1) depends on the coefficients a, b, ¢, d.
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Proof. We note that

X
{n < 2| 3p" >z, pflan + ¢} <« ——
log

and thus the contribution of terms with large prime power factors can be absorbed into the
error term. We can now apply Theorem 1.3 (using the same notations) with P(n) = an + ¢ and
Q(n) = bn + d and note that res(P, Q) = ad — be, wp(pF) =1 for pt a and wp(p*) = 0 for pla,
wq(p®) =1 for ptb and wo(p*) = 0 for p|b, p* < x. We are left to note that

1

F(dy,d2) = (. da]

and the terms coming from small primes p < y, such that (r, (a,b)) =1

_ QS(dl)'YS(d2>
G= 2 Taal

(d1,d2)=r

(d1,a)=1

(d2,b)=1
plrd;=p<y

each has an Euler product
0
Gia)= ][] <9(p"“)7(p’“) Oy ( 7 ) 15, > A )
pk|la, p<y i>k 1>k
and §; = 0 when p|l and é; = 1 otherwise. O

We will require the following extension of Corollary 3.1 to all ‘pretentious’ functions.

COROLLARY 1.4. Let f,g: N — U be multiplicative functions with D(f,n%, 00), D(g,n™, 00) <
oo and write fo(n) = f(n)/n' and go(n) = g(n)/n*. Let a,b > 1, ¢,d be integers with (a,c) =
(b,d) = 1 and ad # bc. As above we have

5" flan+ e)g(bn -+ d) = Mi(F(P), 9(Q). ) [T My(fo(P), (@) + o(1)

n<x p<x

when x — oo and the o(1) term depends on the variables a,b,c,d,t, u.

We have
altpiupilt+u)

M;i(f(P),9(Q),z) = T+it+u) +o(1)

when x — oo and the o(1) term depends on a,b,t,u. If p|(a,b), then My(fo(P),g90(Q)) = 1. If
p 1 ab(ad — be), then

My(a(P)an(@) = M(o(P) + Mylan(@) ~ 1= 1+ (1= 1) (3 2D 57 ),
i>1

j=1

In general, if p{ (a,b), we have a more comp]icated formula

My(fo(P),90(Q)) = Z (9 +5 Z +(5 Z ¥( pl 9 )

Ofi%k, >t 7>t
2 b
p*||ad—bc

and §; = 0 when p|l and é; = 1 otherwise. Here, fo = 1% 6 and gy = 1 % 7.
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Proof. We observe that D(fp, 1,00) < oo and D(go, 1, 00) < oo and let

M(z) = ng(an—l—c)go(bn+d).

n<x
Corollary 3.1 implies that

rlad—bc
Recall that for any r > 1, (r, (a,b)) =1,

0 pk pi pk 0 pi
G(foigoiriz) =G(rx) == [ (00" 0" +6) % +0a Y w .
pFr, p<z T sk P
Note that D(1, fy,00) < co together with the fact that Re(6(p)) < 0 implies that
Re(#

|y R
p=1 p

and thus for y > r we have

G(r,y) < exp<z Re(6(p)) - Re@(p))> =0(1).

=1 p p

Furthermore, since Re(6(p))/p < 0 and Re(v(p))/p < 0, we use (7) to estimate

G(r,x) —G(r,y) = G(r,y)[ H <1+Z egf) +Z’y§§f)> - 1}

y<p<az k> k>

— G(r,y) [exp <logy<;:<1 + ’; 9212’“) n ’; Viﬁ’“))) - 1]

o 2 2D B (1) |

< < Z 1) <<log(iiz>. (11)

y<psz

For (7, (a,b)) > 1, we have G(r,x) = G(r,y) = 0 and (11) holds. Hence,

¥ G0y G (o))

rlad—bc rlad—bc o8Y
Since Clry)
"Y
M(y) =
)=y D>, —F+oly),
r|lad—bc
we have v v |
(y) _ M(x) +O(1og( 0gx>)
Y logy
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Summation by parts yields

Z flan+c)g(bn+d) = Z(an + )% (bn + d)™ fo(an + ¢)go(bn + d)

n<x n>1
= [ ("o + dy a0 )
= M(z)(az + )" (b + d)™ / M(y)[(ay + ) (by + d)™) dy
M (z)(ax + c)’t(bx + d S / M (z)y[(ay + c)’ (by + d)”‘] dy
ylog< y) [(ay + &) (by + )™ dy>
/ (ay + c)’t(by + d)““‘ dy

" o( [ 10w (D il + ooy + a1y )

Mo

Note that

itb diul Y Yy — 1
dlllay + 0"y + Y] < Y Y — o)

and so the error term is bounded by

r 1
/ log(ng) dy < T o(x).
9 logy log

Since |(ay + ¢)* — (ay)®| = O(t/y), we have

/ x(ay + o) (by + d)"™ dy = / x(ay)”(by)"“ dy + o(x).
2 2

Evaluating the last integral and performing simple manipulations with the Euler factors, we

conclude that
S GBI _ T aay(folP), (@) + (1)

rlad—bc P

and the result follows. O

Remark 3.2. Let fr(n), k =1, m be multiplicative functions such that |fix(n)| < 1 and D(fx(n),
n'k;00) < oo for all n € N. Following the lines of the proof, one can generalize Corollary 1.4 to
compute correlations of the form

> filarn +by) fa(agn +by) - - fm(@amn + bp).

n<x

Finally, we will require the following special case of Corollary 3.1.

COROLLARY 3.3. Let f : N — U be a multiplicative function such that D(1, f;00) < oo, m € N.

Then a
fo fln+m) Zor(r)—i-o(l)

n>1 rlm
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when  — oo and o(1) depends on m, where f = 1% 6 and

Go(r) = T (1 < |2+-2jgjl3e ))>.

k”r i>k

Proof. We apply Corollary 3.1 with g = f,a=b =1, d =0 and ¢ = m and observe that

H( B 12y Rel@IE)) %k)» fwymgf“ )aL

p>x i>k p>x i>1

Hence, the Euler factors

Ga) = [ ( 124-22531{6 ))>

p¥lla, p<a >k

converge to

Go(a) := H( |2+2ZRe ))). 0

p*||a i>k

Let f be a multiplicative function such that |f(n)| < 1 and D(f(n),nx(n);00) < oo for
some t € R, where y is a primitive character of conductor q. We define F' to be the multiplicative

function such that
k T, —ikt
Fob) = {f(p )x(P*)p if ptq, (12)

1 ifplgq

and
_ | -
My(F, F;d) = lim — > Ey(n)Fy(n+d).
n<x
We are now ready to establish the formula for correlations when f ‘pretends’ to be a modulated
character.

THEOREM 1.5. Let f : N — U be a multiplicative function such that D(f(n),n'y(n);o0) < oo
for some t € R and x be a primitive character of conductor q. Then, for any non-zero integer d,
we have

fo fin+d) =[] Mp(F,Fid) [ My(f, F,d) + 0(1)

= p<a Pla

plq

when © — oo. Here, the o(1) term depends on d, x,t and

0 ifpi=ttd,
- -1 if P d,
M d) = P
p(fi 1) klﬂ -
1—- Z " if pF|d
7=0
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for any k > 0 and, if p"||d for some n > 0, then

My(F.F.d)=1— — +<1—1>Z<F(pn)F( )+F(pn)F(pj)>.

pn+1

In particular, the mean value is o(1) if g { d[ ], p.

Proof. We partition the sum according to r,s > 1 such that r|n and rad(r)|q, (n/r,q) = 1 and
s|(n +d) and rad(s)|q, ((n +d)/s,q) = 1. Note that (r,s)|d. We write

n=m-lem(r,s) + rb(r)

such that sb(s) — rb(r) = d for some integers b(r), b(s). The sum can now be rewritten as

IOHCETEDWLHOIDY f(m* cat b(r))f(m* cat b(s)),

n<x m*<z/lem(r,s)

where the inner sum runs over m* such that

(m gy + o) =1

(m(rrs) + b(s),q> ~1.

We can therefore define the function f; such that f;(p*) = f(p*) for all primes pt ¢ and f1(p*) =0
otherwise. In this case Corollary 1.4 implies that

S g o) s (e )

m*<z/lem(r,s)

- ¥ f1<m(:'s)+b(r)> f1<m(:5)+b(s)>, (13)

m<x/lem(r,s)

and

where now m runs over all integers up to x/lem(r, s). We can now factor fi(n) = x(n)F(n).
Note that D(F, 1, 00) < co. Let m = kq + a, where a runs over residue classes mod(gq). The sum
in (13) can be rewritten as

S (o 400 x(og +000)

amod(q)

> F(r)f(s)

S F<l<:q(rss) + aﬁ + b(r))F(k:q(:S) + aﬁ + b(s)).

k<z/qlcm(r,s)
We apply Corollary 1.4 to the inner sum and observe that

dq_
(r;s)

agby — arby =
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and the asymptotic in Corollary 1.4 does not depend on by, b2 and consequently on the residue
class a (mod(q)). Hence, up to a small error, the innermost sum is equal to

> Pl o) F(m +49)

m<x/q[s,r]

We now focus on the sum

3 X(a (:8) + b(r)) X(a (3% + b(s)>. (14)

amod(q)

Let ¢ = p‘fpo ~-ppk and x = Xpi Xpt2 e Xk where each x,, i is a primitive character of
conductor p}*. By the Chinese remainder theorem, the sum (14) equals

> (o +#0)x (g +40)

amod(q)

ST S e (g 00 e (o + 00

p¥llg amod(pk)

We claim that the last sum is zero unless r = s. Indeed, if r # s, then there exists a prime p
such that p’||r and p’||s for j > i. Since (r/(r, s),p) = 1, we can make a change of variables
ar k
a—> —— (mod
sy (mod (1)

and the pth factor can be rewritten as
S (@ it + by ()3 (@ + B (9)),
amod(p¥)

where (¢, p) =1.If j —i > k, then the first term is fixed and the second runs over all residues
modulo p¥. So, the sum is zero. If j — i < k, we write a = A + p*~ U~ L, where A runs over
residues modulo p*~(U—" and L runs over residues modulo p?~%. Then our sum becomes

S b)Y (At bils) + P D),

Amod(pk—0U—0) Lmodpi—*

It is easy to show that the inner sum

S X(A+bils) +pFIHL) = 0.

Lmodpi—t

Thus, the main contribution comes from the terms r = s = R. In this case we have R(b(s)—b(r)) =
d = bR and we can take b(r) = 0, b(s) = b. Our character sum can be rewritten as

> x(a)x(a+b).

amod(q)

To evaluate the last sum, we split it into prime powers. Now, if p*||¢ and p?||b (possibly i = 0),
then we have a non-zero contribution if and only if ¢ > k — 1. Indeed, let b = p'by, (b1,p) = 1.

We note that ‘
Z Xpk (@)X (@ +b) = Z Xpr(P'e +1).
amod(p*) cmod(p®),
(e,p)=1
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This sum is 0 if i < k — 2 and equals —p*~! whenever i = k — 1 and ¢(p*) whenever i > k. We
thus have
> xla)x(a+b) = H/L’”pHa5
amod(q) P"llg P*llq
Pl p*[b
i<k—1

and the result follows by combining this with Corollary 1.4 and easy manipulations with the
Euler products. O

Combining the last proposition with Corollary 3.3, we deduce the following result.

COROLLARY 3.4. Let f : N — U be a multiplicative function with D(f(n),n"x(n);cc0) < oo for
some primitive character x of conductor q. Then

LS s = MO T (ore 1 - )(zf >_”“>_1)+o<1>

n<e p=>1 k>0

pla

when x — oo and o(1) depends on Y, t.

We remark that using the same arguments one may establish the formula for the correlations

Zf g(n+m)

nx

for D(f(n),n"1x(n),c0) < co and D(g(n), n**2¢(n),c0) < co. We state here one particular case
when m = 1.

PROPOSITION 3.5. Let f,g: N — U be two multiplicative functions with D(f(n), n""* x(n), c0) <
oo and D(g(n),n"21)(n), 00) < oo for some primitive characters x,v. Let R = qy/(qy,qy) and

S = qy/(4x: @), Q@ = [ay> qy]. Then

Rit1 Sth
53 Fmgn+1) = e (R)(S) amozd(@x(as + B(R)Y(aR +b(S))

I((-5) (Z )

psx

rQ |
(D) ) e

when x — oo and o(1) depends on the parameters t1,ta, X, .

n<x

Proof. We follow the lines of the proof of Proposition 1.5 and note that in this case (r,s) =1
and the only term that contributes is

and
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4. Application to the Erd6s—Coons—Tao conjecture
In this section, we are going to study multiplicative functions f : N — T such that

> fn)

n<x

lim sup
r— 00

< 00. (15)

We first focus on the complex-valued case and the proof of Theorem 1.7. The key tool is the
following recent result by Tao [Taol6b].

THEOREM 4.1 (Tao). Let aj,as be natural numbers and let by, be be integers such that aiby —
a2b1 # 0. Let € > 0 and suppose that A is sufficiently large depending on €, a1, a2,b1,be. Let
z > w > A and let g1,92 : N — U be multiplicative functions with g non-pretentious in the
sense that )

T 1 — Re(g1(p)x(p)p")
p

> A

p<T

for all Dirichlet characters x of period at most A and all real numbers |t| < Ax. Then

Z g1(ain + by)ga(agn + be)
n

< elogw.

z/w<n<z
We will require the following technical lemma.

LEMMA 4.2. Let a > 1 be given and let x,, be an increasing sequence such that x,, < xp41 < 2.
Suppose that for each x,,, there exist a primitive character x,, of conductor O(1) and a real t,,
with |t,| < @, such that D(f(n), n®"mxm(n), r,) = O(1). Then there exist t € R and a primitive
character x such that D(f(n),n'x(n),o00) < cc.

Proof. Without loss of generality, we may assume that x,4+; = 2% (otherwise we can choose a
suitable subsequence and modify the values of a if necessary). We note that there exists k = O(1)
such that for all n > 1, x*(p) = 1 for all but finitely many primes p. The triangle inequality now
implies that

D(f*(n), n*m, ) = D(f* (), n™mxT (), @) + O(1) = kD(f(n), """ Xpn(n), Tm) = O(1).

Moreover,

< O(1) 4 2log 108 Tm1 _ O(1)

log

D2(fH (), 0 ) <O+ Y

Tm SPSTm+1

SR

and therefore applying the triangle inequality once again we end up with
O(1) = D(£*(n), n*m 2 i1) + D(fF(n), 04t 2 1) = D(L, pFme1=tm) g ),

Clearly, k|t+1 — tm| < Zm41 and therefore by the classical zero-free region we get
1 =t < .
0g Trm+1

Iterating the last inequality, we conclude that there exists ¢ such that

ltm —t] <K ——
log 41
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for all m > 1. Since there are only finitely many options of characters x,,, we can pass to the
subsequence and assume that x,, = x is fixed. The triangle inequality now implies that

D(f(n), """ x(n), ) +D(1, ") 21) > D(f (n), n"*x(n), 2m) + O(1).

We are left to note that '
D(1, ') 2,) = O(1)

as long as |t,, — t| < 1/logz,, and we can replace t,, with ¢ at a cost of O(1). This completes
the proof of the lemma. O

LEMMA 4.3. Suppose that for a multiplicative f : N — T, (15) holds. Then there exist a primitive
character x and t € R such that D(f(n), x(n)n", o) < co.

Proof. Let H € N. Suppose that for each 1 < h < H, we have

Zf fn—l—h)\l

log = 2H'
Consider
nt+H+1 2
T(o)i= o>l S S
g n<x k=n+1
Expanding the square, we get
fn+hy)f(n+ hg)
T@ = Y. ez " -
1<h175h2<H n<x

The diagonal contribution hy = hg is 14 0(1). For he > hy, we introduce h = hy — hy and replace
n in the denominator by N = n + hy at a cost of < H/logx. We change the range for N from
1+h < N<z+h;tol<n<xatacost of <log H/logz. Therefore,

UEEVERCIED SUSIEe SRLNUEL

\h|<H N<z

1 H
>H—(H>-H) —— +0(1) = - +0(1)
2H
for z — oo. This contradicts (15) for sufficiently large H > 1. Thus, for a fixed H > 1 and every

large = > 1, there exists 1 < h, < H such that

f(n n+h)
logazz > 1.

Since h, < H, we can apply Theorem 4.1 to conclude that there exists A = A(H) > 0 such that
for any sufficiently large x, there exist ¢, € R, |t,| < Az and a primitive character x of modulus
D < A such that D(f(n), n”l‘x( );z) < A, namely

— —itz~, (1)
3 L= Re(f(p)p™ " x(p) _ 4o
p<x p
Since the latter holds uniformly for all large x, Lemma 4.2 implies the result. |
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We now refine the result of Lemma 4.3.

THEOREM 1.7. Suppose for a multiplicative f : N — T, (15) holds. Then there exist a primitive
character x of an odd conductor q and t € R such that D(f(n), x(n)n';c0) < oo and f(2F) =
—x*(2)27** for all k > 1.

Proof. Applying Lemma 4.3, we can find a primitive character x of conductor ¢ and t € R such
that D(f(n), x(n)n'; 00) < co. Theorem 1.5 implies that for any d > 0, we have

Sd_xlggogz:f flz+d) =[] Mp(F, F;d) [ My (£, f.d).
n<z Pz Plg

plq

For fixed H > 1, we can now write

n+H+1
G 2SS gw) = jim | S HfT0 D2 Y (- m Y S )
n<x' k=n+1 h=0, n<z 1<h<H n<x
H H—-1 N
=HSy+2) (H-h)Spy=H+2) > Sn
h=1 N=1n=1

We note that all S,, < 1 and Theorem 1.5 implies that each S,,, behaves like a scaled multiplicative
function, since it is given by the Euler product. We are going to show that there exists
imy oo (1/N) D ,<n S = ¢ and so

H

H-1 N
H+2ZZ = H+2ch—cﬂ2+0( )

N=1

The latter would imply that ¢ = 0. We turn to the computations of the corresponding mean

lim %ZS =[] s®.

n<N p<N

values. Clearly,

where S(p) denotes the local factor that corresponds to the prime p. If p t ¢, then, using
Theorem 1.5 and simple computations,

Sp = Z(lk - @)Mp(F»F,pk) = ‘(1 - ;) 3 Fz()fzk)

k>0 p

If p!||q, then again using Theorem 1.5 we get

1 1 1 1\?
=3~ )0 70 = 5 (1)

k=0

Since ¢ = 0, one of the Euler factors has to be 0. The only possibility then is So = 0 and 2 1 ¢
and F(2F) = —1 for all k > 1. This completes the proof. a
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Proof of the Erd6s—Coons—Tao conjecture

We now move on to the proof of Theorem 1.6. It turns out that periodic multiplicative functions
with zero mean have the following equivalent characterization that we will use throughout the
proof.

PROPOSITION 4.4. Suppose that f is multiplicative with each |f(n)| < 1 for all n € N. Then
there exists an integer m such that f(n+m) = f(n) for alln € N and Y " | f(n) = 0 if and only
if f(2¥) = —1 for all k > 1 and there exists an integer M such that if the prime power p* > M,

then f(p*) = f(p*~1).

Proof. Suppose that f(n+m) = f(n) for all n > 1 and ) ", f(n) = 0. From periodicity, we
have f(km) = f(m) for all k > 1 and so, if p®||m, then f(p®) = f(p®) for all b > a. In particular,
if p does not divide m, then f(p®) = 1. Hence,

> +f (p“)>-

- m o 1 p*
> s = r@s(5) = T (w(1-3)( X %
n=1 dlm p 1<k<a—1 p
Consequently, some factor has to be 0. The only possibility is then p = 2 and f(2*) = —1 for all

pm
k > 1. The other direction immediately follows from the Chinese remainder theorem. O

Our starting point is the following result.

THEOREM 4.5 (Tao, 2015). If, for a multiplicative f : N — {—1,1},

> fn)| <0

ne

lim sup
Tr—> 00

then f(2/) = —1 for all j > 1 and

Zl_}{(p)<oo.

P

In what follows we restrict ourselves to the multiplicative functions f : N — {—1,1} such
that D(1, f,00) < oo, f = 1% g and f(27) = —1 for all j > 1. For such such functions, we are
going to drop the subscript and set

Gola) = G(a) := H( \2+229 g > (16)

kHa l>k+1

Here, we allow k = 0 if p { a. The following lemma summarizes properties of G(a) that we will
use throughout the proof.

LEMMA 4.6. Let G(a) be as above. Then:
(i) G(4a) =0, a € N;
(ii) G(2a) = —4G(a) for odd a;
(iii) Yq51 (Gla)/a?) =
(iv) if f(3) =1, then G(a) < 0 for all odd a;
(V) 2az1(Gla)/a) = 1.

It
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Proof. Note that g(2) = —2 and g(2°) = f(2°) — f(2°!) = 0 for i > 2. Thus, G(4a) = 0 and
G(2a) = —4G(a) for odd a. The third part immediately follows from

G(a G(a G(2a
Z 652)_ Z 652)+ Z (2((1)2)_

a>1 a>1,aodd a>1,ao0dd

To prove (iv), fix p and suppose that p¥|la. We note that for k = 0, the Euler factor

4
_1+2Zg >1--—120
’L>1 o

forp 5. Note that Eg( )=1-2=—1.1f 3%a, then g(3) = f(3) =1 =0 and E3(a) > 1—
3 > 0. Suppose that p*||a and k > 1. Then

Rellss
[\GI[eV)

)2 g(@")g(p") g 8
2 24— —2
E,(a) = |g(p")]* + E | 0
izk+1

for p > 3. Hence, the only negative Euler factor is Eo and (iv) follows. To prove (v), we take
= 0 in Corollary 3.3 to arrive at

LEMMA 4.7. Suppose that G(a) # 0. Then
Ga)] > ()@ 2 |G()].
Proof. Recall that
G(a) = H< |2+2zg 9 )
p*|a ik+1

Note that g(p*¥)g(p**!) < 0 and so if p*||la and k > 1 we have

g g 8 1 8p
Eyla) = lg@)P +2 3 SR B SR
S p 1-1/p p?—1

For p = 3, the last bound reduces to Es(a) > 1 and for p > 5 we clearly have E,(a) > 2. For
k =0, we have

g(p 4 1 4p
)=1+2 =14
; R p?—1

Consequently, for k > 1 and p > 3,
Ep(Pk) 2 %Ep(l)-
Taking into account p = 3, we conclude that

I (whree £ 20805 () Fn

pk|la, k=1 i>k+1

|G(a)| =
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In fact, it is easy to check that G(1) # 0 and thus the last lemma provides a non-trivial lower
bound for G(a). In the next lemma we compute the second moment of the partial sums over the
interval of fixed length.

LEMMA 4.8. Let H € N. Then

=2 Z

a>1,a0dd

n+H+1 2
) + Oz%oo(l)

(X sw

n<r “k=n+1

Proof. Note that

1 n+H-+1 1
$Z< > > —x[ S Hfm k) +2 Y (H—h)Zf(n)f(n+h)]+o(1)

n<x S k=n-+1 h=0, n<x 1<h<H n<x

a>1 1<£L|iH7

To compute the corresponding coefficient, we write H = ra + s, 0 < s < a, to arrive at

ra+ s+ 2 Z (ra+s—ma)=ra+s+ar(r—1)+2rs

1<m<r
(ra + s)? (s <8>2>
=" qa(Z-(2) ).
a a a

Inserting this into our formula and using (iii), (i) and (ii) from Lemma 4.6, we get

e soo({F)-{3)
-xou({)-{2))
- 5 aol ({2 (- {2)]

=2 Z

a>1l,a0dd
since
(2)-(2) (1)) 42
a a 2a 2a 2a ||’
where ||z|| denotes the distance from z to the nearest integer. O

We are now ready to prove Theorem 1.6.

THEOREM 1.6. Let f: N — {—1,1} be a multiplicative function. Then

Zf(n) < o0

n<x

lim sup
Tr— 00

if and only if there exists an integer m > 1 such that f(n +m) = f(n) for all n > 1 and

> f(n) =0
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Proof. If f satisfies ) ;" f(i) = 0 and f(n) = f(n+ m) for some m > 1, then, for all z >

Zf(n) <m

n<x

and the claim follows. In the other direction, we assume that |> . f(n)| = Oz~oo(1). By
Theorem 4.5, we must have f(2!) = —1 for all i > 1 and D(1, f,00) < co. By Lemma 4.8, we
must have that for all H > 1,

(Y w) =2 ¥ a

n<r S k=n+1 a>1,a0dd

H + 0p00(1) = Ozo (1)

Suppose that there is an infinite sequence of odd numbers {ay,}n>1 such that g(a,) # 0.
Observe that |G(ay)| > 1. Choose H = lcm|ay,...,ap]. If f(3) = 1, then, by Lemma 4.6, part

(iv), we have
-2 ) @ >-2 ) ¢

a>1,a0dd 1<n<M

> M.

This is clearly impossible if M is sufficiently large.
Suppose that f(3) = —1. Let

G*(a) = H< |2+229 9 >

klla, p>3 izk+1
and =
SH)=-2 Y G*a) o
a>1, (a,6)=1
Note that i
-2 > = ZE?,(?,Z')S(SZ.) =0(1). (17)
a>1,a o0dd =0

If E5(1) > 0, then we proceed as in the previous case. If F53(1) < 0, then ¢(3) = f(3) — 1 = —2.
Since g(p*)g(p**1) < 0 for all k > 0, we get

8 1
E3(3)>4— - >3
3(3) 9 1-1/97
and ()
(3 41 1
B3(1)=1+2 AL Py _—
0> E1)=1+2) 3 3°1-1/9 2

i>1
Since F3(3%) > 0 for all & > 1, applying the triangle inequality in (17) yields
E5(3)S(H/3) H
—— 24+ 0(1) 265 — ) — M. 18

If there is an infinite sequence {by, },>1 such that g(b,) # 0 and (b,,6) = 1, then we select Hy as
before such that S(Hy) > M and S(3Hp) > M. Then (18) yields S(3Hy) > 55(Hy). By induction,
one easily gets that for all n > 1,

S(H) >

S(3"Hy) > 5"S(Hy).
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This implies that, for the sequence H,, = 3"Hy, we have S(H,) > H}*¢. On the other hand,

Z G*Cfa) _ OH_)OO(l)

a>H, (a,6)=1

and so

SH)=-2 Y  Ga)

iH« o G+ H Y G'(a)

a>1, (a,6)=1 a<H, (a,6)=1 az2H, (a,6)=1 a
G*(a) G*(a)
<VH ) — L +H > —— +o(H)
a<VH, (a,6)=1 VH<a<H, (a,6)=1

and so S(H) = o(H).
To finish the proof, we are left to handle the case g(3*) # 0 for infinitely many k& > 1 and
there exists finitely many by, ba, ..., by (b;,6) = 1,47 > 1 and g(b;) # 0. In this case we have

m

S(H) <) G*(b) = M.
=1

Choose Hy = lem[by, ..., b,] and observe that S(3¥Hg) > M/2 for k=1,..., K. Then

35 H, o (3% Hy
-2 = v -
> c) | - T mens (S
a>1,a 0dd 120
o 35 H
>y E3(31)S< 5 0) — B5(1)S(Hy)
1<i<K
M k
> Z E3(3%) — M.
1<i<K
The last sum is bounded if E3(3%) = 0 for all k > K. Consequently, f(3¥) = f(3**1) for k > K
and the result follows. |

5. Applications to the conjecture of Katai

Let f: N — C be a multiplicative function and Af(n) = f(n+ 1) — f(n). In this section, we
focus on proving the following result.

THEOREM 1.8. If f : N — C is a multiplicative function and

Jim =321 =0, (19)

n<x

then either )
lim — =0
Jim —> | f(n)

n<x

or f(n) =n® for some Re(s) < 1.

In [K&t00], Kétai, building on the ideas of Mauclaire and Murata [MMS80], showed that in
order to prove Theorem 1.8, it is enough to consider a multiplicative f with |f(n)| = 1 for all
n > 1. Observe that, if we denote

S() = S 1am),

n<x
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then (19) implies that

n<x n<x

We begin by proving the following lemma.

LEMMA 5.1. Suppose that f : N — T is multiplicative and
A
Z 18 m)17 f <2(1—¢)logx

for z sufficiently large and some 0 < ¢ < 1. Then there exist a primitive character xi(n) and
ty, € R such that D(f(n), x1(n)n'x1;00) < oco.

Proof. We note that 2
Re f(n)f(n+1)=1- \Afénﬂ

and therefore

Z Re f(n)f(n+1) > elogz + O(1).

n
n<x

We can now apply Lemma 4.3, since the only fact that was used in the proof is that the
logarithmic correlation is large, to conclude the result. O

Remark 5.2. The conclusion of the lemma also holds if f : N — T satisfies
A
Z [Af ()17 f >2(1+4¢)logx

for some € > 0. In other words, if > . (|Af(n)|?/n) is bounded away from 2log z, then
D(f(n), x1(n)n'1;00) < oco.

PROPOSITION 5.3. Let f : N — T be a multiplicative function and D(f,n*x(n);00) < oo for
some t € R and a primitive character x of conductor q. Then

)2
Z [&fm)I7 _ 2(1 - E(f)+o(1))logz,

where b ng)g<2R (1 B ]1)) (g f(pk)x](f;k)pzkt) _ 1)
pla

Proof. Applying Corollary 3.4, we have that

=S f)fn+1) = y”gq) H<2Re<1 - ;) <Z f@k)xg';)pikt> - 1> +o(y).

n<y p=1

pla
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Consequently,

Ref(n)f(n+1 M(x T M
T f()f(+):()+/1 (v)

n T y2

dy =logz - E(f) + o(log =)

n<e

and

S IAIOE s 1gpp -0 30 BIWIOED o) —o1— ) 4o oge. O

n
n<e n<e

COROLLARY 5.4. Let f : N — T be a multiplicative function such that D(f,ny(n);o0) < oo
for some t € R and a primitive character x of conductor q. Suppose that

)2
Z’Afy(l ) = o(log x).

n<e
Then f(n) = n't.

Proof. Proposition 5.3 implies that E(f) = 1. We have that for all p > 2, p{ ¢, each Euler factor

B =2(1- 1) SRR (1 (-3 ) -1 -2

P/ =0 p

with the possible equality only at p = 2. On the other hand,

nes(-2)(5a)

k>0

Consequently, we must have ¢ = 1 and |E,(f)| =1 for all p > 2. Since E(f) =1 > 0, we have

Es5(f) # —1 and
1 E —Re ( pk) ﬁ_ikt_ —
2(1 p) 2 o 1=1.

This is possible if and only if f(p¥) = p** for all p > 2 and k > 1. The result follows. O
Theorem 1.8 now follows from the following result.
ProposITION 5.5. Let f: N — T be a multiplicative function such that

n)|2
Z |Af7i)‘ = o(log z).

n<e

Then f(n) = n® for some t € R.

Proof. Applying Lemma 5.1, we can find a primitive character x and ¢ € R such that
D(f(n), x(n)n'; 00) < co.

We now apply Corollary 5.4 to conclude that f(n) = nt. O
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6. Applications to the binary additive problems

As was mentioned in the introduction, Briidern established the following result.

THEOREM 1.9 (Briidern, 2008). Suppose that A and B are multiplicative sequences of positive
densities ps and pp, respectively. For k > 1, let

a(p®) = pa(®®)/p* — pa(p™t) /P

Define b(h) in the same fashion. Then r(n) = pappo(n)n + o(n) when n — oo, where

m k—la kb k m o (pm T p(pmtl
U<">—H<1+;p p(zii(p)_p (P H)b(p )>'

(p—1)?

p™|n
We now sketch how one can derive this from our main result.

Proof. Let f(n) =14(n) and g(n) =1p(n). Clearly, both f and g are multiplicative, taking values
{0,1}. Since pg > 0, we have
1
li — 0.
1misup . nér f(n) >

The theorem of Delange readily implies that D(1, f;00) < oo. By analogy, D(1,g;00) < 0.
Furthermore,

and .
pp = lim —3 g(n) =P(g,1,00).

n<x
Notice that

r(m) = f(n)g(m —n).

n<m

We note that following the proof of Corollary 1.4, we may let a =1, ¢ =0, b= —1 and d = m.
Despite the fact that d = m — oo, the error term is still bounded by (8). Corollary 1.4 gives

) =Y G(f;g:1500)

7 m + o(m).

llm

A straightforward manipulation with the Euler factors shows that the latter has the Euler product
described above. O

Remark 6.1. In case one of the sets A, B has density zero, say pa = 0, we can apply Delange’s
theorem to conclude that

r(m) =Y f(n)g(m —n) < Y f(n) = o(m).

nm n<m
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