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ABSTRACT. An interacting continua framework is adopted to model a dry 
snowpack, which is viewed as a three-constituent mixture composed of an ice matrix 
whose pore space is occupied by water vapo ur and dry air. We foc us on the response of 
a one-dimensional vertical snowpack to changes in pre.sure and temperature at its 
surface. The time-scale of the surface forcing is assum ed to be much longer than the 
time-scale for thermal transfers a nd phase change to take place. Th e constituents a re, 
therefore, in thermal eq uilibrium/ with a common temperature T which is gove rned by 
a single bulk-energy balance. In addition, each constituent sa tisfi es a mass a nd 
momentum balance. The constituti ve postulates a nd ex ternal prescriptions necessary 
to elose the system of equati ons are discussed in detail. Non-dimensional \'a ri ables are 
th en introduced formally to draw out the major balance in the eq uations a nd 
construct a reduced system that accurately models the dominant features in the 
snowpack. It is shown how the effects of phase change enter the leading-order balance. 
An iterative proced ure is construc ted to solve the sys tem. Illustrations fo r the case of a 
sinusoidal annu a l temperature gradient imposed at the su rface are presented. 

NOMENCLATURE T;,], T * Temperature mean and its amplitude of 

C l ell. CV 
P' P' P 

D 

pl , pA , pV 
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Common tempera ture 

Present address: lnstitut fur M echanik , Hochschul­
strasse 1, 64289 Darmstadt, Germany. 

Vi, va , VV 

Va*,Vv* 

z 
z* 

g* 

f..L 
pl, pA, pV 
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1. INTRODUCTION 

Snow pack models have been deve loped to predict the 
mechanical and thermal properti es need ed for enginee r­
ing applica tions, avalanche forecas ting, remote sensll1g 
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and risk assessment in meltwater hydrology. Often, the 
underl yi ng physics is included in an ad hoc fashion and 
ass umptions a re made without proper discussion and 
justifi ca tion. H ere, wc derive a reduced m odel in a 
rational manner, discussing the necessar y constituti ve 
pos tula tes a nd pointing ou t a reas where the ph ysics is 
poorl y und erstood or where it is not self-consistent. 

Na tura l snow packs in general consist of a porous ice 
matrix th a t is occupied by liq uid water and a moist gas, 
composed of water vapo ur and dry air. H owever, in 
ma inta ined sub-zero tempera tures, when the water 
freezes, only three constitu ents remain; these a re called 
dl)1 snowp acks and a re ab unda nt on the Antarcti c 
continent. M orland and o thers (1990) la id down a 
rigo rous theoreti cal fram ew ork for a fo ur-constituent 
phase-changing snowpack, in which the conserva tion 
eq ua tions for the ice, wa ter , wa ter vapour and air were 
deri ved from the principl es o f mixture theory (MOl"land , 
1972, 1978) , ass uming th a t each constituent has the same 
comm on tempera ture T . This theory is considerably 
simplified in the specia l case of dl) snowpacks, in which 
the mass and momentum ba la nces for the wa ter vanish. 
Also, th erm al contributions from the wa ter a re no longer 
present in the bulk-energy ba la nce, and the r a tes of mass 
uppl y associa ted with ph ase changes of m elting/freezing 

and eva pora tion /co ndensa tion a re absent. 
A simplified mixture theory for a one-dimensional 

ve rti cal snowpack that has no la tera l g radients and 
whose horizontal velocity components a re identi cally 
zero has been im'es tiga ted by J or'd an (1991 ) a nd Bader 
and Weilenmann (1992) . These were prim a rily devel­
oped to m odel both wet a nd d lY snowpacks and many of 
th e terms which may be of importance in dry snowpacks 
were neglected wi thout proper justifica tion. Bader and 
W eilcnm a nn (1992 ) ass um ed tha t bo th gases a re 
sta ti onar y a nd tha t they m ake no sensible- or latent­
hea t contribu tions in th e energy balance . Jordan (1991 ) 
a lso ass um ed that the gas d oes not move bu t does allow a 
la tent-h ea t contribution du e to sublimation in the 
energy bala nce. 

In order to determin e the rela ti" e importa nce of gas 
contributions in the bulk-energy balance, Gray and 
M orl a nd (1994) formula ted the conservation balances 
for a simple two-co nstitu e nt dry snowp ack model 
consisting of a sta tionary poro us matrix occupied by dry 
a ir. Focusing on the one-dimensional vertical snowpack, 
fi ve constitutive postulates a nd two ex ternal prescriptions 
we re made to obtain a closed sys tem which was forced by 
annu al surface varia tions in the tempera ture gradient and 
press ure. A non-dimension a l analysis of the parti a l 
differenti al equations a nd the surface conditions deter­
mined the maj or balances a nd led to a ra tional reduced 
model. T o leading order , there is a sma ll sensible-hea t 
contribution from the presen ce of air which m odifies the 
snow's bulk thermal conductivity but there is no simila r 
contri bution to the bulk specific hea t. For slow surface­
pressure va ri a tions, the original assumption that the gas is 
sta tionary, m ade by J orda n ( 199 1) a nd Bader and 
Weilenma nn (1992), is very good since there are neither 
convective terms nor press ure working terms in volving 
the air velocity in the energy ba lance. H owever, for fas ter 
pressure forcing, the velocity m agnitude is increased and 
the work d one by the gas travelling through a non-
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uniformly porous snowpack can make a sig nifi cant 
contribution to the energy bala nce. 

A complete d escription of a dry snowpack should of 
course include the third constitu ent, water va po ur. At 
these low tempera tures, it occ upies only a very small 
vol ume fraction of the moist gas a nd its effec t on the 
thermal conducti vity and specific hea t is und o ubtedl y 
sm all but la tent-heat contributions through phase change 
wi rh the ice m a trix could well be signifi cant. I n this 
pa per, we formula te a three-constituent theory for a 
na tural dry snowpack tha t includ es the effects of phase 
change and , in one dimension , inves tiga tes the case of a 
si nusoidal su rface-tem pera tu re g radien t. 

2. MIXTURE FRAMEWORK 

A dry snowpack is a mixture (interac ting continua) 
composed of the three constitu ents ice, water vapour and 
a ir. In each elem ent of the snow pack there is a proportion 
q;1/ of each constituent, defin ed as the volume fraction of 
constituent v p er unit mixture volume. The constituent 
letters v = i, v , a will be used to refer to the ice, vapour 
a nd air, respec tively. By definiti on , the volume fractions 
a ll lie between zero and one a nd their sum over a ll 
constituents eq uals unity: 

(2.1 ) 

Pa rti al vari a bles denoted by a lower-case superscript are 
d efin ed per unit mixture volume or area, whilst intrinsic 
va ri ables, defined per unit constituent ,'olume or a rea, a re 
indicated by the upper-case superscript. The pa rtia l and 
intrinsic densities a re therefore related by a volume­
frac tion scaling a nd we adopt the same common as­
sumptions for the scaling of pa rti a l and intrinsic stress . 
Thus, for constituent /J the density pI/ and stress er" sa tisfy 

(2.2) 

(2.3) 

is related to the intrinsic press ure by the sam e linea r 
volume-frac tion sca ling. The constituent velocity fi elds vl/, 
however, a re associa ted wi th the mixture in the sense that 
pI/v" determines the mass flu x per unit mixture cross­
sec tion in the d erivation of the usual mass-conservation 
equ a tion for each constituent, while the deriva tion of the 
usual conservation eq uations of m omentum and energy 
for each constituent also id entifi es v" as the intrinsic 
ve locity. M orland (1992) showed that this also requires 
the assumption of equal a reas and volume fr ac tions, 
ind epend ent of the orienta tio n of the cross-sec tion. 
Introducing a n a ni so tropi c structure will therefore 
require re-exa mina tion 0 [" the velocity interpretation 
a nd of the momentum and en ergy Ou xes . The present 
equa tions, then , a re not necessa rily appropria te to a 
structured snowpack. 

Mixture theory lays down the conserva tion la ws 0[" 

m ass, momentum and energy for each constituent, 
including the m echanica l a nd thermal interac tion effects 
b etween constituents. Following Gray and Mor"land 
(1994), we fo cus our a ttentio n on a one-dimensional 
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vertical snowpac k in which there a re no la tera l g radients 
and the hori zonta l velocity compon ents are id entica ll y 
zero. The coordina te z measures distance in the ve rtica ll y 
upward sense a nd VV is the vertica l velocity of constituent 
I/. Mass conse rva ti o n for consti ru e n t 1/ is expres ed by 

apV + ~ (pvvv ) = """ mVw , (2.4) at az ~ 
W=1,v.a 

where m VuJ is the ra te 0[' mass supply to constituent 1/ 

['ro m constituent w due to phase change. Th e rate of 
m ass suppl y from each constituent to itself; mW, is by 
d efinition zero, a nd the rate of mass supp ly ['rom 
constituent 1/ to constituent w is equa l but opposite in 
sig n to the ra te of m ass suppl y ['rom w to 1/, mVw = _mwv . 
The linear momentum balance for constituent 1/ h as Lhe 
form 

wh ere 9 is th e consta nt of gra\' it il ti o na l acce lera ti o n , pis 
th e bulk mixture d ensity defin ed b y 

p= L pV, (2.6) 
v=i.a.l' 

a nd p8vW is the interaction force exer ted on constituent 1/ 

b y constituent w, namely, the force per unit mixture 
vo l ume. The interac tion force of each constituenL o n itself, 
8 /11/, is by definiti o n zero. and th e force on constituent 1/ 

by constituent w i. eq ual but oppos ite in sign LO the fo rce 
on w exe rted by 1/, 8 'IW = _ 8 WI1

• ] n the nex L sec ti on , wc 
introdu ce a n ex p licit clrag a nd a lso a m o lecular 
inte rac ti on force be tween the misc ib le gases . The right­
h a nd sid e of Equation (2.5 ) rep rese nts momentum 
tra nsfer and were termed thrusts by l\ l orland ( 1992 ) LO 
d isting uish them from the interac tion drags du e to the 
res ista nce to rela tive motion. Th e pa rti cula r form in 
Equ a tion (2.5) was derived by pos tul a tes of linea rity in 
the mass tra nsfer a nd rela ti\'e veloci ty. consisten t with the 
total thrust relation , with a common relation fo r a ll 
bin a ry interacti o ns. 

The three constituents are in a state of thermal 
eq uilibrium, prov ided tha t the for cing time-scale is much 
lo nge r than the time-scale for thermal Lransfers between 
constituents, which is assumed here . Thus, a ll constituents 
have a common temperature, T, a nd there is a sing le bulk 
e nergy bala nce expressed by 

(2.7) 

where for consti tuen t 1/, et: is th e specifie heat a t cons ta n t 
press ure, 1,,/ is th e rate of eX Lerna l e nergy supply per unit 
volume of mix ture (e.g. sola r radiation ), J(N is the 
th erma l condu ctivity a nd L ,/uJ i · the la tent hea t released 
due LO phase eha nge from consti tu en t w. The convec ted 
d erivative D,) Dt , d efin ed as 

Gra)1 and a/hers: A /l/wse-clzanging dl)1 snOW/Jack model 

(2 .8) 

is a m easure of the cha nge foll owi ng a particle of 
co nstitu e nt 1/ . These eq uat io ns para lle l Gray a nd 
Ylorl a nd ( 1994) with one ex tra mass a nd momentum 
ba la nce for the water vapour. H ere, however, phase 
cha nge be tween each of the cO ll st iLU C11lS must be 
co nsid ered a nd the resulting ra tcs of mass supply 
contribute to each of the balances in Equations (2.4), 
(2.5 ) and (2.7).lt has been pointed out b y a reviewer th a t 
C\'en sma ll differences in constitu ent tempera tures can 
have sig nifi cant effec ts upon the mass-transfer rat es 
(Adams a nd Brown, 1989, 1990). Since ou r later red uced 
equations show that the mass transfer influences the 
leading-order rate of volume-fraction c ha nge, this sim­
plifyin g co mm on temperature ass umpti o n may n ot 
a lways be sa tisfac to ry, a nd compariso n is needed to 
assess the range of validity. 

3. CONSTITUTIVE PROPERTIES 

The co nse rva tion principles yield three mass balances in 
Equation (2.4), three m o mcntum balances in Equation 
(2.5 ) a nd one energy balance in Equation (2.7 ), and in 
addition the \'o lume-frac ti o n sum eq ua ls unity, Equation 
(2. 1) , a nd the first stress im'a ri an t defines the mean 
press u re, Equation (2.3 ) , a LOta l of II conditions. For 
sim p li ci ty, \l'e neg lect the partial-intrinsic \'a riable 
relations in the eq ua ti o n co unt a nd need nOt di stinguish 
between thcsc two types in the \'ariable co unl. It follows 
that the co nserva ti on eq u<ltions con tain three volu me 
fr ac Li ons, three densities, three stress fields. three 
pressu res, th rec veloci ti cs , three rates of mass suppl y, 
three interaction drags, in add ition to three cxte rn a l 
encrgy suppli es a nd o ne Lem pera ture, a total of 25 
va ri ables. I n ord er to c lose th e model , 11 constitutive 
properties arc needed a nd three ex ternal energy suppli es 
must be prescribed. 

Th e first t\l'O cond itio ns prescribe the constitutive 
properties of each or th e gases. The mean pressure is 
ass umed to be purely hydrosta ti c, a nd eq ual to Lh e 
intrinsic gas pressure by Equation (2.3 ) , obeying a perfect 
gas law. Thus, for the water vapo ur 

(3. 1) 

and for the a ir 

(3.2) 

where RV = 4.61 X 102 J kg- I K -1 a nd RA = 2.87 X 102 

J kg-1 K - 1 (Gill, 1982) arc th e gas constants for the water 
\'apour a nd a ir, respectivel y. Further, a discontinuity in 
pressure between th e misc ible vapour a nd dry air cannot 
be supported , a nd the th ird conditi on is th a t 

(3.3) 
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R ecall tha t each consti tuent h as a common tempera ture 
T , so ass uming a comm on gas pressure pG and the 
equa tions of sta te (3.1 ) a nd (3. 2) implies tha t the vapour 
and gas d ensiti es are related by 

(3.4) 

Note tha t, since RV > R A, th e vapour density is less tha n 
the air density pV < pA, a nd we might expect the vapour 
to be buoyant and rise under the action of gravity. In 
practice, howe\'er, small-scale turbulence ensures that the 
vapour and air are always well mixed. The total gas­
volume fraction, or matrix porosity, is 

(3 .5) 

by the volume-frac tion rela tion (2.1 ). Volume frac tions of 
vapo ur a nd air per unit volume of gas are obtained by 
dividing their mixture volume frac tions by the porosity: 

(3.6) 

where the h ul11idity rF sa tisfi es ev = 1 - ea. The parti al 
pressures and parti al densiti es per unit volume o[ gas are 
defin ed as 

(3 .7) 

where pV is commonl y referred to as the VaPOUT pressure and 
p v is termed the vapollr-densil)i concentration. 

Su blimation from water vapour to ice, or vice versa, is 
the only permissible phase change, because the dry air is 
inert. There are no phase cha nges between the air and the 
ice ma trix, or the air a nd the water vapour, so the ra tes o[ 
mass excha nge between these pairs of constituents are 
identically zero, tha t is 

(3.8) 

which a re the fourth and fifth conditions. There remains 
the rate of mass supply miv due to sublima tion to prescribe. 
'vV e a re not aware o[ an es ta blished physica l relation, even 
though forms can be moti vated (Adams and Brown, 1990; 
Morla nd a nd others, 1990) . We th erefore adopt a 
simplifying approximation that the vapour pressure pV is 
given in terms of tempera ture by an equilibrium relation, 
which is the sixth condition discussed a t greater length in 
section 4 . Prescription of miv by its own constitutive 
rela tion would in general predict a vapour pressure not 
satisfying this equilibrium rela tion. 

D arcy's law describes the motion of a single fluid 
through a porous medium, but there is no es tablished 
theory when two miscible fluid pass simultaneously 
through the ice matrix, as is the case here with water 
vapour a nd air. Morla nd ( 1978) interpre ted the usual 
Darcy experiment res ults relating fluid flux to pressure 
difference for steady uni axia l flo w under uniform pressure 
gradient to infer an interac tion drag for matrix per­
meability k and gas viscosity /-Lv, which in this one­
dimensiona l case becomes 
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(3 .9) 

for constituent v. The presence of the porosity-gradient 
contribu tio n had been noted by Garg (1971 ) but in many 
a pplications it is negligible. In the absence of any 
accep ted two-component fluid rela tions, we propose to 

appl y Equation (3.9) [or the interaction drags between 
th e vapour and ice, pBvi

, and the air and ice, pBai
, 

ass uming that ILv = /-La = /-L, which are conditions seven 
and eight. 

Experimental evidence sugges ts tha t in the presence of 
strong tempera ture gradients the vapour will disperse 
signifi cantly through the air. This is driven by a moLecuLar 
interaction force (M orland, 1992) pBva o[ the air on the 
vapour, with corresponding force _pBav of the vapour on 
the air, possibly tempered by inter-fluid drag . H owever, 
the form of such an interaction force is not known, so we 
will first consider the conventiona l diffusion relation 

(3. 10) 

which rel ates vV to va This supposes that the interac tion 
force pBva is just that req uired to impose Equa tion (3. 10) . 
The mass flux pV(VV - va) of the vapour relative to the air, 
a nd the vapour-density concentra tion gradient opv /fJz, 
in Equ a tion (3.1 0) are our interpreta tions o[ th e 
und efin ed qua ntities introduced by Male ( 1980) . Male 
suggested that the diffusion coeffi cien t D has a functional 
dependence on pressure and temperature but, following 
Col beck ( 1993 ) , we shall assume that the diffusion 
coefficient of vapour in snow is simply fi ve times that of 
vapour in air. Given that Dair = 2.2 X 10- 5 m2 s-l (Weast, 
1988) then D ~ 10- 4 m2 S- l . This is condition nine. An 
alterna tive approximation examined later is that VV = va, 

imposed by an inter-fluid drag which is the ex treme non­
dispersive case. This is given by se tting D = O. 

We shall assume that the ice grains are rigid a nd have 
constant density pI = 918 kg m - 3 ; this is conditio n ten. In 
the pre ence of gravity, the ice m a trix collapses under its 
own overburden pressure, leading to densifica tion o[ the 
snowpack. Yosid a and others ( 1956) , Bader ( 1962 ) and 
Kojima ( 1964) interpreted this behaviour by m eans o[ a 
linearly visco us stre s relation with a camp active viscosity T)e 

tha t is dependent on the porosi ty, temperature a nd grain­
size, deducing tha t this viscosity lies in the range 1010 < 
T)e < 1017 kg m - 1 S-l . Mellor ( 1975) concluded tha t the 
properties were of such bewild ering complexity that it was 
sensible to adopt a greatly simplified description tha t will 
domin ate in a particular problem, and Gray and 
Morland (in press) have d eri ved a pressure- d ensity 
rela tion consistent with the same da ta. Here, we suppose 
that the pack is pre-compacted a nd , instead of prescribing 
the constitutive properties of the stress field d we shall 
simply assume th a t the ice matrix is sta tionary. That is, 
the ice matrix has zero vertical velocity component 

(3. 11) 

a llowing the stress component d33 to be determined from 
the ice-momentum balance in Equation (2.5 ) . The 
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horizo n ta l stress com p o n en ts a re a l 0 req uired to 
determin e the ice pressure pi defin ed in Equa tion (2 .3) . 
For simplicity. and lacking a shea r la w , we ass ume tha t 
the m a tri x shear stress is zero so tha t 

(3. 12) 

since we d o not ex pec t distinct horizonta l stresses to ha vc 
a m ajo r effec t in thi s constrain ed ve rti cal mo ti o n . 
Equ a tio n (3. 11 ) in conjuncti on with Eq ua ti ons (3. 12 ) 
detennine the ice-stress fi eld a nd prov id e the eleventh 
cond i ti o n. T he sta ti o n a r y ice ma t ri x precl ud es th e 
withdrawal of gases by m atrix compaction. and is no t 
a ppli cabl e to consolida tio n during the build-up of the 
pack, but we may still in ves tiga te the m ain effects of 
surface-tem pe ra ture a nd press ure forcing in isola tion. In 
the sam e spirit, th e fin a l three condi tions eliminate solar­
radi a ti o n effec ts in the n ear-surface laye rs, i. e . th e 
ex terna l energy supplies TV == 0, (1/ = i, v , a). It rema ins 
to d e termine the ice-\ 'a po ur mass tra nsfer. 

4. PHASE-EQUILIBRIUM THERMODYNAMICS 

Na tura l dry sno\\'pac ks conta in a sma ll a m ount of wa ter 
va po ur, w hich is free to circul a te thro ug h th e ice ma trix. 
l ee m ay sublime into wa te r vapour a t d eeper levels in the 
snowpac k a nd move up wards before ["eso lidifying into ice, 
possibly fo rming lioar-fi"os t laye rs a t som e la ter stage . 
Altho ug h compacti o n is p roba bly still th e domina nt 
process in d l) 1 snowp ac k d ensilica ti o n , vapo ur tra nsport 
and phase cha nge p ro\ 'id e a n a ltern a ti\ 'C mecha nism fo r 
the redistribution of m ass. In ord er to m od el these effec ts, 
a rela ti on for th e vo lum e frac tion of wa ter va pour within 
a sa tura ted moist gas a t a ny gIve n tempera ture a nd 
pressure is required. 

As a first a ttempt to mod el the process of ph ase 
cha nge, it is ass um ed th a t th e ice a nd wa ter vapo ur co­
ex ist a t a ll tim es a nd a rc in therm a l equilibrium . This 
means tha t the sys te m must a lways lie on the phase 
bound a ry between th e solid and gas o n a p ress ure~ 

tempera ture phase diag ra m. H ence, a t a ny tempera ture 
a nd press ure, the a m o unt of wa ter va po ur in the air is 
d etermined by the humidity va lue on th e phase bound a ry 
a nd th e phase cha nge (which can proceed in either 
direc ti on ) is just eno ug h to keep th e sys tem in therma l 
equilibrium . Along phase bound a ri es the change of th e 
chemi ca l potentia l o f ice , df.Ll , equ a ls th e cha nge in 
chemi cal potenti a l of th e wa ter va pour, clpY. At the pore 
sca le, th e ice constitu ent appears as a g ra in with curved 
surface , whil e th e wa ter vapour is still intimately mixed 
with th e inert dry a ir which inhibits th e exchange o f 
wa ter m o lecules . The ch a nges in the ch emical potenti a ls 
sa tisfy 

v 1 v 
df.L = vclp ~ SvdT 

p 

( 4.1 ) 

where pV a nd pV a re th e partia l density a nd press ure per 
unit vo lum e of gas (accounting for th e frac tion of dry a ir) , 
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res pec ti ve ly, a nd SI and Sv a rc th e spec ifi c entro pies . Fo r 
the reversible proces of sublima ti on these a re rela ted to 
the tempera ture by 

(4 .2) 

where the la tent heat of subl.ima ti on is Liv = 3 X 106 J 
kg- l . It is convention al to ass ume th a t th e m echa nica l 
equi li brium of the ice g ra in is d escribed by Laplace's 
equa tion (D efa y and Prigogine, 195 1) , in which th e 
dilTerence o /" the ice pressure a nd the press u re exerted by 
the gaseo us componen ts is ba la nced by the th e surface 
tension o f the ice grain . Th us, 

where th e in terfacia l energy O"iv = 109 mJ m - 2 (~ 10- 1 J 
m- 2 ) (H o bbs, 1974) and T is th e m ean radius o f 
curvat ure . H owever, th e ice-m omentum ba la nce in 
Equa tion (2.5 ) a lread y d te rmines the ice pressure pl 
a nd the additional requi rement of Equa ti o n (4 .3) either 
ove rde te rmines th e p ro blem o r tell s us a bout th e 
evolution o f the mea n rad ius o f curva ture. 

Equa ting th e chemica l po tenti a ls in Equa ti on (4 .1 ), 
and using Equ a ti ons (3. 1) , (3.7 ), (4 .2) a nd (4 .3), deter­
min es th e ph ase-eq uili bri u m ba la nce 

RVT dev RVT dp V II V 20"iv cl ' _ L clT ) 
gv- + pv + pl cP ~~ 7 - iv y (4.4 

which is a co nstituti ve re la ti o n between the humidity, 
\'apour pressure a nd tempe ra ture. Th e la tent-h ea t term is 
of magnitud e 105J kg I fo r a n a\'Crage tempera ture o f 
238 K a nd tem pe ra ture c ha nges a re of 35 K , while th e 
gas-pressure c ha nges a re of" th e ord er of 103 Pa , so th e 
second a nd third terms of th e Icfth a nd sid e a re of ord er 
103 a nd 10 IJkg '. Th e first term is, howe\'e r, o f 
magnitud e 10"J kg I based o n the the vo lum e frac ti on 
01" water va po ur changing b y its own ord er o f m agnitud e. 
The fo urth te rm , whi ch is cs. e nti a ll y the contribution due 
to radius o f curva ture effecL, ca n onl y contribute to th e 
ba lance if 

dT 7 
2"'-' 10. 
T 

(4 .5) 

Now, if T is the max imum m agnitude of th e m ean radius 
of curva ture which occurs, th en necessa ril y clT ::; T a nd 
a pproxim a ti on (4.5 ) wou ld require T::; 10- 7 m. Tha t is, 
th e fourth term contributes o nl y if the ma ximum mean 
radius of c urva ture does no t exceed 10 7 m. "Vhi le such 
radii may ex ist a t a local scale, pe rh aps in new snow with 
bra nched c r ys ta ls, we ex pec t such sharp interfaces to be 
smoo thed ra pidl y. 

R adii o f curva ture effec ts d o not, therefore, ca use 
signifi cant c ha nges in humidity, a nd the first a nd second 
terms on th e lefth and sid e must be th ose whi ch balance 
th e latent-h ea t term on th e ri g htha nd sid e . Thus, our 
dilemma in using La place 's Equa ti on (4.3) is resolved , as 
th e terms it introduces d o no t enter the lea ding-ord er 
bala nce, a nd Equa tion (4 .3 ) is superllu ous. I n this case, 
the pha e-equilibrium ba la nce in Equa ti on (4 .4 ) reduces 
to 
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(4 .6) 

which becomes, using the perfec t gas law for the vapour 
in Equation (3.1), 

(4. 7) 

By direct integration, the volume fraction of water vapour 
is related to the gas pressure and temperature by 

(4 .8) 

where p~ = 610.5 Pa and Tc = 273.1 K (Colbeck, 1990) . 
At a given temperature and pressure, the amount of water 
vapour in the pore space is determined by this rela tion, 
and the ra te of mass supply miv is that required to 
maintain the vapour pressure. That is, the vapour­
pressure relation, Equation (4.8), provides the six th 
constitutive condition. Note that, if order-unity density 
cha nges due to phase change, occur on a time-scale t * so 
tha t miv cv pV / t * by Equation (2.4), then the vapour 
would have to have velocity VV cv gt* in order that the 
interac tion thrust terms on the rightha nd sid e of 
Equations (2.5 ) might balance the gravitational accel­
eration . Even a t very fast time-scales t* = 103 s, this 
implies VV cv 104 m s- l, and observ ed veloci ti es are 
significantl y lower, so these thrust terms are always 
negligible. 

5. MODEL EQUATIONS 

The conservation laws in conjunction with the constit­
u tive properties, define a rational closed system of 
equations for the se t of 25 variables. W e now reduce 
this to a system of nine equations in nine unknowns. 
Using the stationary-matrix condition (3.11 ), the con­
stant intrinsic ice density and the porosity definition in 
Equation (3.5 ), the mass balance in Equation (2.4) for 
the ice red uces to 

P 
I . (5 .1 ) 

Substituting the density relations in Equations (2.2), (3.4) 
and the humidity definition in Equation (3.5) into the 
mass balance of Equation (2.4) for the vapour, we obtain 

Similarly, the air-mass balance is 

The interaction forces exerted on the ice due to the 
vapour and air are equ al but opposite in sign to those 
given by Equation (3.9 ) and , together with the stationary 
ice-matrix assumption in Equation (3. 11 ) , complete the 
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ice-momentum balance in Equation (2.5), which becomes 
an equa tion for the ice pressure, pI, 

- ~ ((1 - cPg)pI) - (1 - cPgVg _ pG 8cP
g 

8z 8z 

+ ~ cPg
' (gv' VV + [1 - gV']va ) = O. (5 .4) 

Adding the vapour and air-momentum balance Equat­
ion (2.5 ) eliminates the unknown molecular dispersion 
forces, pBva

, and , substituting the Darcy matrix drags in 
Equation (3.9), we obtain the composite relation 

_8:: _ p Ag [l_gV (l_RA/RV ) ] 

- ~ cPg ((r' vV + [1 - gV']va
) = O. (5.5) 

The vapour velocity is related to the air velocity by the 
diffusion relation (3.10) 

(5 .6) 

The thermal conductivity and specific heat of the 
composite moist gas are, in general, fun ctions of the 
humidity. For simplicity, however, we shall ass ume that 
KA = K V and CA RV = CV RA which results in thermal 

PP' 
properties that are independent of the humidity. We will show 
in section 7 that these terms do not contribute to the leading­
order balances and so this assumption is not a real restriction. 
The energy balance in Equation (2.7) now reduces to 

where the thermal conductivities KI = 2.2J m -I S- 1 K- 1 

and KA = 2.24 x lO-2Jm- ls-1K- l, and th e heat 
capacities C~ = 2.093 X 103 J kg- 1 K- 1 and C~ = 1.012 x 
103 J kg- 1 K -1 . Fukusako (1990) reviewed the empirical 
dependence of snow thermal conductivity on porosity and 
catalogued the quadratic and q uartic polynomials that 
are used to parameterize the large spread of data but 
these empirical relations already include the latent-heat 
effects due to vapour transport. In the proposed model, 
the latent-heat terms, on the right-hand side of Equation 
(5.7 ), a re separa te contributions to the en ergy balance 
and it is, therefore, appropria te to use a linearly volume­
fraction weighted thermal conductivity, the natural 
mixture-theory definition . In addition to the fi ve 
conservation prin cipl es, we impose th e p erfect gas 
rela tion for the air 

(5 .8) 

and the thermodynamic phase-equilibrium Equation 
(4.8 ) for the humidity 
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which completes the sys tem. The m od el consists of seven 
coup led pa rtial differential Equa tions (5 .1 ) (5.7) and two 
algebra ic rela ti ons (5.8) and (5.9 ), whi ch can be solved 
for the nine variabl es pA, pG, pr, cpg , (]V , va, vV

, m iv a nd T , 
whe n seven bound a r y co nditi o ns a nd fo ur initi a l 
conditio ns a re specified. The consta nts a re summarized 
in T a bl e 1. 

It is very importa nt to note tha t th e theory, as it is 
presen ted here, can lead to an inconsiste ncy unless a very 
res tric ted set of basal-boundary conditio ns is adopted . 
Consider the vapour-density concen tra tio n , pV, which, 
using Equa ti ons (5.8 ) a nd (5.9) can be written as 

(5.10) 

This is a fun ction of tempera ture T o n ly. The vapour­
density concentration g radient in the diffusion rela ti on , 
Equ a tion (5.6), implies tha t thc rcl a ti ve vclocity of the 
vapo ur to the air is proportiona l to th e tempera ture 
gradient . It is not unreasona ble to sugges t th a t a t som e 
snow d epth the pack becomes im permeable and the 
vapour a nd air velocities a re identi ca ll y zero, VV = va = O. 
H owever, the diffusion rela tion in Eq ua ti on (5.6 ) can 
then onl y be satisfi ed if the tempera ture g radi ents are a lso 
identicall y zero a t this point, which is ove r-res tri ctive. If 
there is a n a pp li ed basa l- tempera ture g radi ent, then, to 
obta in a self- consistent set of equ a tio ns, eith er th e 
diffu sio n rela tio n in Equ a ti on (5.6 ) o r the phase ­
equi librium Equa tion (5. 9) must be reformu la ted to 
acco unt fo r different behaviour cl o e to thi s basal 
bound a ry. We proceed with the present m od el equa ti ons 
a nd res tri cted class of bound ary cond i ti o ns o n the premise 
tha t th e. e effec t take p lace in a na rro w basa l-bound a ry 
laye r th a t does not a ffect the solution w i thin the interi o r 
sig nifi cant ly. 

I t is a lso immedi a tely a ppa rent th a t c ha nges in surface 

T able 1. Constants 

Gray and others: A phase-changing dry snowpack model 

pressure d o no t cha nge the pa rti a l vap our-d ensit y 
concentra ti o n di rectly (a ltho ugh they can have some 
minor effec t through t h e wea k co up li n g with the 
tempera ture ) a nd , therefore, cannot indu ce d ispara te 
vapour a nd a ir velocities. This, combined with the weak 
humidity d e pendence on pressure in Equation (5.9), 
impli es th a t press ure forcing on seasona l time-scales 
essenti a lly r educes to the two-constituent theo ry of Gray 
a nd M ar· la nd ( 1994). 

6. NON-DIMENSIONAL VARIABLES 

Na tu ral dry snowpacks a re forced by the a tmospheric 
condi tions prevailing a t their surface. Our interes t lies in 
predi cting the tempera tu re profil e in the snow [or a 
variety of surface-press ure a nd tempera ture sce na rios . On 
the high Anta rc ti c pla teau , surface tempera tures range 
between 193 a nd 263 K , wi th a nnual mean ~n = 228 K 
a nd a m p li t ud e of Ouctua ti o n T * = 35 K , whilst in coasta l 
loca ti o ns th e average te m pera ture ~n = 250 K a nd 
Ouctuates b y T * = 20K (Wi lson, 1968). This suggests a 
tempera ture scaling of the fo rm 

(6. 1) 

where th e r a ti o of flu c tu a tio n amplitude to mean 
tempera tures defines C l = T * /~n, equ a l to 0.1 5 on the 
pla teau a nd 0 .08 a t the coas t. The tilde is used to indi cate 
a non-dimensio nal varia ble . S urface press ures o n the high 
pla tea u h ave a mean valu e Pm = 6.8 X 104 P a (680 
mbar), a nd due to the la rge stab le air m ass vary onl y 
by p* = 103 Pa ( IOmba r) (Sa mson and o th ers, 1990); in 
the m uch lower coas ta l regio ns. the mean pressure is 
co rres pond ing ly higher, Pm = 8 X 1O~ Pa (800 mbar), a nd 
fluctua tes consid erab ly m o re due to storm passages, 
p* = 4 X 103 P a (40 mba r) . Thus, tempera ture fo rcing is 
more ex trem e on the pl a tea u, whereas press ure forcing 
ha: more effec t nea r the coas t. T empera ture a nd press ure 
mea ns, a nd thei r a mplitud es o f vari a ti on , a re of the same 
orde r of m agnitud e in bo th coa ta l and in terio r regions. 

Constant Symbol S. I. value 

Gravity accelera tion 
I ce density 
Ice specific hea t 
Air specifi c h ea t 
Ice therma l conducti vity 
Air therma l conducti vity 
Air gas constan t 
V a pour gas constant 
La tent heat of subli ma ti on 
Snow permeability 
Viscosity of moist air 
Va pour-pressure constant 
Diffusion coeffi cient 

9 
pI 

Cb 
CA ~ (RA / RV)CV 
If! P 

[{A ~ [{v 

RA 
RV 

L iv 

k 

/-l 
p~ 
D 

9.8 1m s 2 

9 18 kg m 3 

2.093 x 103Jkg I K I 

1.01 2 x 103 J kg I K I 

2.2J m I S I K I 

2. 24 x 10 2Jm IS I K I 

2.8 7 x 102Jkg I K I 

4.6 1 x 102Jkg I K I 

3.0 x 106Jkg l 

10 9 m 2 

1.45 x 10 5 kg m I S 

610. 5 P a 
1O- 4 m 2 s I 
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a nd we propose to inves tigate the bala nces for a single 
scena rio which ad opts the maximum amplitudes of 
varia tion for scaling, nam ely the interior tempera ture 
va ri a tions, Tm = 228 K and T * = 35 K , a nd coas tal 
press ure variations, Pm = 680 mbar and p' = 40 mbar. 
In this situation, the air d ensity responds via the ideal gas 
rela tion in Equa tion (5.8) and has a m ean density 

Pm k - 3 Pm = -A-- ~ 1 g m , 
R Till 

(6.2 ) 

and a t the snow surface the humidity is governed b y 
Equa tion (5.9 ), reaching a maximum e* ~ 10- 2 a t the 
highest tempera ture and lowes t pressure. Thus, terms 
involving ev in the ba lances a re small compared to unity. 

In the high pola r latitudes where perpetual daylight 
reigns in summer and perpetual darkness in winter , 
surfa.ce tempera tures change by ord er T * on a seasonal 
time-scale t * ~ 107 s. In lower la titudes, there are also 
diurna l changes of tempera ture with amplitude Td = 7 K 
on a time-scale td = 2 x 104 s, with mean dail y temper­
a ture varying over the season. In addition, very rapid 
va ri a tions in surface pressure caused b y wind blowing 
over surface dunes or ripples, known as wind-pumping 
(Colbeck, 1989), ta ke place in a fraction of a second , bu t 
we note later that such pressure varia tions a re not covered 
by the reduced equa tions developed in section 7. W e use 
the common notation t * for our time-scale, taking either 
the seasonal valu e t S or diurnal value td , with the 
und erstanding th a t T * is replaced by T eI and a n 
appropriate 1;11 is chosen if a diurnal vari a tion is being 
inves tiga ted. The various parameter magnitudes a re not 
cha nged by th e modifica tion ofTm . Thus, we introdu ce a 
non-dimensional time i by 

t = t * i, t* = t S = 107 s , or t * = td = 2 x 104 s. (6.3) 

Once the time-scale t * is selected, a balance between th e 
cond uction [(I f P T / oz2 and the local hea ting ple~oT / ot 
terms in Equa tion (5.7 ), which are the leading-ord er 
contributions, defines a length scale z* on which the non­
dimensional time and leng th deri va tives of temperature 
have equal status. The verti cal coordina te is therefore 
sca led as 

([(It*) ~ 
z = z* Z, where z* = IeI , ~ 3 m or 0.1111, (6.4) 

P p 

respec tively, for t * = t S or t d, and for [(I = 2.2J m- I s- l 
K - l (Glen, 1974; Hobbs, 1974) and C~ = 2.093 X 103 J 
kg- l K - 1 The length scale z* is typicall y shorter than the 
snow d epth h a t which pore sp ace ceases to b e 
interconnected, at a porosity cPg c:::: 0.1 when gas I S 

trapped within the ice. 
Surface pressure is ass umed to change by order p* 111 

time t * but this does not necessaril y imply that the 
pressure will change by the same m agnitude ove r this 
length scale z* ; tha t is, opG / oz may be greater or less tha n 
p* / z* in magnitud e. Consider the terms in the gas­
momentum balance in Equa tion (5.5 ) for comparison 
with p' / z* = 103 or 4 x 104 kg m- 2 s- 2 The gravita tional 
force has magnitud e Pmg cv 10 kg m - 2 s- 2, while the 
D arcy drag J.LcPgva / k with an air viscosity J.L = l.45 x 
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10- 5 kg m - I s-1 (Batchelo r, 1967 ), ice-matrix permeabil­
ity k = 10- 9 m2 (Shimizu , 1970) and cPg 

cv 0.1- 0.5, has a 
magnitud e 5 x 103 va kg m - 2 s-2 when va is given in 
m s- 1. I t is immediately clear tha t p' I z* is m uch greater 
than the gravity term and much greater tha n the drag 
term unless v a 

cv 0.2 or 8 m s- 1 for the res pec tive z*, which 
greatly exceed observed values . We can therefore con­
clude tha t opG / oz is much smaller than p* / z' , which 
sugges ts tha t in the z* , t * scaling determined by the 
thermal ba lance, the gas pressure has a na tura l decom­
position into a time-depend ent part uniform in depth, 
which corresponds to the surface variation P*Ph (i), and a 
depth- (a nd time-) varying part which is governed by the 
momentum balance in Equation (5.5 ) . Thus 

where E2 = p* I Pm ~ 5 X 10- 2. The pressure gradient is 
now of magnitude E3Pm/ z* and can be no larger than the 
gravita tiona l force Pmg. Allowing this m aximum mag­
nitude, and using Equation (6.2 ), shows th a t E3 = 
gz* I (RAT m) cv 4 X 10- 4 or 10- 5 for the respec tive z* . 
The ideal gas relation in Equa tion (5.8) then implies a 
density scaling and separation of the form 

(6.6) 

where the non-dim ension al density fluctuation p = 

pl (1 + El T). The maximum humidity is attained at the 
highes t temperature Tm + T * ~ Te and can change by its 
own ord er of magnitude over the range of temperature 
encountered. The humidity is, therefore, scaled on its 
maximum attainable magnitude 

ev = e*iJ, where 
v 

e* = Pc ~ 10- 2 

Pm 
(6.7) 

IS gIven b y th e th ermod yn a mic ph ase-eq uili brium 
Equa tion (5.9) . The vapour-d ensity concentration , pV, 
has a simila r scaling to the humidity, and from Equa tion 
(5.10) 

(6.8) 

So far , three non-dimen siona l parameters El , E2 and E3 

(T able 3), a nd one non-dimensiona l scaling m agnitud e e* 
(T able 2) have been introduced , of which only E3 is very 
small compared to unity . To leading order in the small 
parameter E3, the air-density gradient is 

E1Pm (1 + E2Ph) oT 
z* (1 + E1T )2 oz ' 

(6.9) 

from which it follo ws tha t decreases in density with height 
are associa ted with oT/oz> 0, and vice versa. In the 
la tter case, opAl oz > 0, the air column is unstably 
stratified, which, if the motion was not constrained to 
the ve rti ca l, could convectively overturn. Palm and 
Tveitereicl (1979) concluded theoretically tha t convec­
tion could onl y take place when extrem e forcing was 
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a pplied to old coa rse-g rained snow. However, Sturm and 
J ohnson (1991 ) ha ve observed a lmost continuous na tural 
convec tion in th e dry sub-Arcti c snow. The conditions 
under which convec tion ac tu a ll y takes pl ace are still a 
to pic for deba te but this one-dim ensional treatment 
ign ores the effec ts of convec ti on. This restricts the 
a pplicability of the model but we believe that the 
ba la nces deseri bed still hold for a wide range of snow 
covers. 

The vapour ve loci ty is scaled to be consistent with th e 
vapour-density concentration-gradi en t term in Equation 
(5 .6), 

D "3 1 where v* = - ~ 3 x 10- v or 10- m s-
v ~ , 

(6 .10) 

a lthough the la tter es timate, for th e diurnal time-scale, 
represents the most ex treme forcing scena ri o. Hence, the 
D a rcy drag terms, in Equations (5.4) and (5.5 ), between 
the ma trix and th e vapour are of ord er (f1 / k)(ev )2vv ~ 
10- 3 kg m- 2 s- 2, which a re sm a ll compared to th e 
grav ita tional bod y forces , of magnitude pIg ~ 104 kg 
m- 2 s- 2 and pAg~ 10kg m-2s-2, respectively. W e as­

sume a n air-velocity sca ling of the fo rm 

(6. 11) 

where the magnitud e v~ has still to be determined. If th e 
a ir D a rcy drag in Equ a tion (5.5 ) has the magnitud e of th e 
g ravity term, th en v~ ~ 2 X 10- 3 m s- I but we must a lso 
seek consistency with the mass balance in Equation (5 .3 ) . 
With Equation (6.1 1) and the density sca ling in Equ a ti on 
(6.6 ), to leading ord er in the modera tely small parameter 
e*, Equation (5 .3) becomes 

CPg 8_ (1 + £2P~1 ) + ( v:t*) 8_ ( cpu 1 + £2P~1 ii") = O. 
8t l + E[T z* 8z l + EI T 

(6. 12) 

~ow , with the a bove v; , v~t' /z' ~ 6 X 103 or 4 X 102 fo r 
the seasonal and diurn a l scaling. , bo th exceeding (eT)- I , 
so Equa tion (6.12 ) th en has a consiste nt lead ing-o rd er 
app rox ima tion 

(6. 13) 

with a solution that is a fun ction of time only. na mely 

(6 .14) 

I n addition , we reC[ uire th a t at som e d epth , i = 0 say b y 
choice of origill, th e pack becomes impermeable a nd 
ij" = O. Applying this boundary condition , wc find tha t 
f(i) == 0, which in turn implies tha t to leading order 
ij" == 0 throughout the whole of th e air column . That is, 
th e D a rcy drag d oes not contribute to the leading-ord er 
ba la nce in Equa tion (5 .5). so the a bove estima te of v~ is 
not valid. 

The velocity magni tud e v; is not then se t by th e 
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momentum balance a t a ll , which must be a pressure­
gradient- g ravity balan ce, but by a bal a n ce between the 
two terms in the leadin g-o rder mass-ba la nce Equa tion 
(6. 12) . 'N e suppose tha t the motion is dri ven by the 
surface conditions and n o t domina ted by the initi a l 
porosity g radients. The n , if surface-press ure forcing 
domina tes, 

(6. 15) 

and , since th e surface-pressure forcing is independent of z, 
the surface velocity is given by 

-" v ~ _ (E2Z* ) r'l. 1 dp~l di = 0 (£2 Z* '~) . 
v:t* la 1 + £2Ph dt v~t * . 

(6 .16) 

Therefore, since for a sn ow depth h = z* h, the scaled 
surface \ 'elocity i? is ord e r unity by construction, surface­
pressure fo rcing induces a velocity magnitude 

* c 2h 8 5 1 V = - ~ 4 x 10- o r 2 x 10- ' 111 s- " 
" t * 

(6. 17) 

for th e ,-especti ve seaso na l a nd diurna l tim e-sca les and a 
snow d epth of 8 m. Alternatively, if thermal effe c ts 
domina te, the major contributions to the mass-ba la nce 
Eq ua tio n (6.12) are 

_ (v~ t* ) 1 _ 8ij" = O. 
z* 1 +E I T8z 

(6 .18) 

The thi rd term is of magn itud e v;' t * / z*, which is Ell 

large r th a n the second term; therefore, th e leading-order 
balance lies between th e third and first terms , implying, if 
we ass um e Td = T*, th e rcspecti\ 'e \'eloc it y magnitudes 

(6 .19) 

Then , for both easona l a nd diurnal tempe ra ture forcing. 
the velocity magnitude v: give n by the expression (6.1 9) 
is a pproxim ately 10- 8 m s- I , which is also that given by 
seasonal pressure forcing, but for diurna l pressure fo rcing 
there is a g rea ter magnitud e v; ~ 2 X 10- 5 m S- I. R eca l­
ling the definition of C2, the es tim a te (6.17) is v~ ~ 
p*h/ (Prnt+) which can be g rea ter ifp* is g reater than th e 
ass umed 4 x 103 Pa and /o r t+ is less than td = 2 x 104 s. 
We see now that for bo th seasonal and diurnal v:' 
estim ates , the Da re), drag in Equati on (5.5 ) is less th a n 
the g ra vity force, so th at the la tter must balance the 
pressure g rad ient. If a pressure forcing inc reases v; so that 
th e drag exceeds the g rav ity force, a nd ba lances th e 
pressure g radient, then o u r thermall y motiva ted scaling is 
inappro pria te. Col beck ( 1989) has inves tiga ted wind­
pumping, which i such a process, with the ass umptions o f 
constant tempera ture a nd porosity. Th e present model 
and ill ustra ti ons apply to a different se t of a ppli ca tions o f 
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equ a l importa nce and co mpl ementa ry to those of 
Colbeck. 

W e now adopt the expression (6.1 9) for v: which 
a llows seasonal and diurnal tempera ture forcing but 
excludes diurnal and more rapid pressure forcing. 

In the ice-momentum ba lance Equa tion (5.4), the 
gravita tional force pIg, of ord er 104 kg m- 2 s-2, is larges t 
in magnitude, and the first term of the Darcy drag 
contribution pGocpgloz is of comparable m agnitude if 
there are signifi cant changes of porosity with depth . The 
ice-press ure gradient must, therefore, ba la nce the grav­
ila tiona l force and , anticipa ting that the surface-bound­
ary condition requires the in trinsic ice press ure to equal 
the a tmospheri c pressure, a scaling of the form 

(6.20) 

is sugges ted , where pG is given by Equation (6.5). Note 
that the leading-order d rag term (/11 k)v: in Equation 
(5.4) is of order 10- 4 kg m - 2 s-2 for the es tima te (6.19) of 
v~ , which is negligible compared to th e gravity term 
pIg ~ 104 kg m - 2 s-2 . 

The ra te of mass supply rniv is scaled by 

(6.21 ) 

where the vapour transport by diffusion in Equa tion (5.2) 
implies a magnitude 

It is worth pointing out th a t the la tent-heat term mivL iv in 
the energy-balance Equation (5.7) does not exceed the 
magnitud e of the assumed leading-ord er ba lance between 
local hea ting and conduction through the ice, on which the 
length scale z' is based in Equation (6.4). The local 
hea ting term is of magnitud e pIC~T' It' rv 7 or 700J m- 3 

S-I, whereas the la tent hea t is m ' L iv ~ 1.5 X 10- 1 or 
150J m - 3 S- I , suggesting th a t la tent hea ts could con­
tribute signifi cantly in a n extreme forcing scenario. 
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T able 2. M agnitudes used in the scaling argument 

QJlantiry 

M ean temperature, ~11 

M ean pressurc, Pm 
M ean density, Pm 
T empera ture flu ctua tion, T ' 
Pressure flu ctuation, p* 
Time-scale, t' 
Leng th scale, z* 
M aximum humidity, e* 
Vap our density, Pv 
V a pour velocity, v~ 
Air velocity, v: 
R a te of mass suppl y, rn' 
Porosity flu ctua tion, cp' 

Units 

K 
mbar 
kg m- 3 

K 
mba r 

m 

kgm 3 
- I m s 
- I m s 

k 3 - I g m s 

Porosity ch anges in time are of order m*t* I pI b y Equation 
(5. 1), and the porosity is d ecomposed into a time­
independent part CPm = CPmCi) a nd a part JCi, i ), 

(6.23) 

where 

m *t* cp' = -)- ~ 5 X 10- 4 or 10- 3 . 
P 

(6.24) 

This suggests tha t diffusion a lone cannot account for 
observations of density doubling in low-density snow­
packs over a single time period 4t*, even in the most 
extreme diurnal temperature gradients, so compaction of 
the matrix or natural convec tion must be responsible for 
such rapid changes in porosity. Note, however, that the 
illustrations in section 10 d emonstrate that porosity 
increases a re compounded every [our time un its , t *, and 
it is possible to obtain density doubling if diurna l forcing 
persists for several days. The magnitudes used to scale 
each of the physical vari ables are summarized in T a ble 2. 
It is wo rth noting that if there is no diffusion within the 
ice matrix , so D = 0, then the vapour and air velocities 
a re equal, VV = va , and the la rges t term on the lefth and 
side of Equation (5.2) is due to changes in humidity with 
time, cpgpAaev 

/ at. This implies a ra te of mass supp ly of 
magnitude 

(6.25) 

a nd the contributions to the la tent hea t a re rn' L iv rv 

3 X 10- 3 or 1.5J m- 3 s-1, which a re negligible compared 
to the es timates of the local heating on seasona l time­
scales, but can make modera te contributions with diurnal 
forcing. In general, smaller-a mplitude flu ctuations with 
order-unity humidity changes through the n on-linear 
tempera ture dependence in Equa tion (5.9), on either of 
the two time-scales, can have a moderate influen ce in the 
energy ba la n ce. However, in mos t situa tions, the no-

Equation 

(6. 2) 

(6.4) 
(6.7 ) 
(6.8) 
(6.10) 
(6. 17) 
(6.22) 
(6.24) 

Seasonal 

238 
680 

35 
40 
107 

3 
10 2 

5 x 10 3 

3 x 10 5 

4 x 10 8 

5 X 10-8 

5 X 10-4 

Diurnal 

266 
680 

7 
40 
2 X 104 

0.1 
10-2 

5 X 10- 3 

10-3 

2 X 10- 5 

5 x 10 5 

10 3 
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diffusion scena rio will produce a temperature distribution 
tha t is to all intents and purposes the same as tha t 
obta ined by Gray a nd Morland ( 1994) . Changes in 
porosity are estima ted to be cp* c::: 10- 5 in the no-diffusion 
case, b y Equation (6.24). 

At this point, the equa tions a re still complete, a nd 
numerical solution of problems no t conforming to the 
sugges ted sca lings would simpl y in volve gradi ents 
exceeding unity in m agni tude. The intention, however, 
is to d erive redu ced cqu a tions which correctly d escribe 
the classes of problem used to motiva te these sca lings . If 
subsequent solutions reveal large g radients, then clearly 
the r ed uction is not applicable and the a bove sys tem must 
be re ta ined or reduced according to the new features . It 
was correctly questioned by a reviewer how the reduction 
to seasonal varia tions, implying ver y small ve locity 
m agnitudes, cou ld take account of the much la rger 
velocity associa ted with diurnal a nd storm-scale events 
commonly arising during the yea r. The prescription of 
season a l forcing a t the surface a uto m atically ign ores 
di urn a l, or other sh ort time-scale, fo rcing, so our la ter 
illustra tions are unrealistic in that sense, but are presented 
to d emonstra te the simplification tha t can be achieved by 
identifying the leading-order ba la nces a ppropria te to a 
given problem. The effects of diurna l fo rcing superposed 
on seasonal forcing can be inves tigated wi th the red uced 
eq uations based on the td time-scale , but to ex tend the 
solu tion over the sam e period of yea rs will require th e 
number of time steps to increase by a fac tor 365 , and the 
number of space steps by a facto r o f 20 to describe the 
same pack depth. The overa ll so lutio n will depend on the 
(varying) amplitud e of the diurn a l va ri a ti on about th e 
seasonal forcing. Our present simpl e illustra ti ons d o no t 
address the more realisti c problem. 

7. DIMENSIONLESS EQUATIONS 

A sys tem of dimensionless equations is now obta ined b y 
substituting the scalings argued in secti on 6 into the 
model eq ua tions of sec tion 5. Th e leading-order ba la nce 
between the domina nt terms in each o f these equ a tio ns is 
of o rde r unity and th e importance of th e remaining te rms 
is m eas ured by the size of the no n-dimensiona l pa ra­
m eters, which are necessa ril y less th a n o rd er unity. Thus, 
it is possible to make a clear assessm en t of which terms 
contribute to the ba la nces and neglec t th ose tha t d o no t 
to obtain a reduced sys tem with a simplified struc ture. 
For n o tational consistency, the non-dimensional pa ra­
m ete rs Cl - C7 , of which Cl - C3 have been introduced 
a lread y, are given the same definition s as those in Gray 
and M orland ( 1994 ) a nd a re summa rized in the first h a lf 
of T a ble 3. 

Substitutin g th e ra te of mass-supply scaling in 
Eq uation (6. 21) a nd the porosity scaling in Equa tion 
(6.23) into the ice mass-balance Equ a tion (5.1 ) , we 
obtain 

a~ _ 
---= = - m. at (7.1 ) 

The vapour mass ba lance (Equ a tion (5.2 )) can be 
considera bl y simplifi ed by first substituting for th e 
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T able 3. Non-dimensional parameters and their mag­

nitudes 

Non-dimensional parameter 

Cl = T * / Trn 
C2 = p * / Prn 
C3 = gz* / (RATm 
C4 = ( fJ- /k)v~/(pl11 g) 
C5 = Pm C~ / (pIC~ ) 
C6 = cIPm/VC~T*) 
C7 = K A/KI 

CS = (z* )2/(t*D) 
c9 = c3Pm / (plgz* ) 
clO = (fJ- /k)v'Q/( /g ) 
Ell = (fJ- / k)D(B*)2/(pl gz* ) 
E12 = (1 - RA / RV)B* 
c13 = (fJ- /k) D(B*)2/(PmgZ*) 
c14 = v~ z* /D 
E15 = e*c5/ cg 
E16 = gZ*CP* /(C~T* ) 
cl7 = e*Pm/(p1Ci,T*cs) 
c l S = ptLiv /(pl C~T*c8 ) 
c 19 = clLiv/(RVTc) 

Nlagnitude 

0 . 15 

0 .059 
4 X 10-4 

6 X 10- 5 

5 X 10-4 

10 4 

10 2 

10 2 

10 4 

10-8 

5 X 10 9 

4 X 10 3 

4 X 10 6 

10 3 

5 X 10 4 

2 X 10 7 

9 X 10 4 

2 X 10 2 

3 .5 

vapour ve loc ity from Equ a ti on (5.6) to decompose the 
transport into the a ir-c n vec tion and d iffusiona l terms 
and , recalling the expression (6.1 9) for v;, it becomes 

(7.2) 

where the non-dimensio na l d ensity in Equ a ti on (6.6) and 
porosity in Equa ti on (6 .23 ) a re not substituted a t thi s 
stage fo r no ta ti onal co mpac tness . The no n-dimensiona l 
pa rameter 

(Z*)2 
c::: 10- 2 , 

ES = t* D ' (7.3) 

for both seasonal and diurna l [a rcing, indicating tha t the 
terms on the first line of Equation (7. 2) , which a re 
associated with th e humidity change du e to local 
tempera ture change a nd air convection , a re less than 
order unity in magnitud e, a nd the domina nt balance lies 
between th e mass transpo rt from vapour diffusion and th e 
rate of m ass supply. Simi la rl y, the air-m ass balance in 
Equa tio n (5.3 ) is 

c11 :i (CPg(l - e*e)(pA / Pm) ) 

+ :z (CPg( l - e*e) (pA/Pm)!Va
) = 0 

(7.4) 

where the first term a ppears to be ord er cl I which is 
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grea ter than unity. However, when the density is 
substituted fro m Equ a tion (6.6) and the chain rul e is 
app lied , the density gradients are a t most of order Cl and 
so the first term is in fac t order unity as required. 
Substituting thc intrinsic ice-pressure scaling in Equa tion 
(6.20) a nd the vapour velocity in Equ a tion (5.6) to 
simplify the Darcy drag term , the ice-mom entum balance 
in Equa tion (5.4) reduces to 

(7. 5) 

wh ere the non-dimensiona l pa rameters 

(7.6) 

imply tha t a ll the terms tha t arise from substituting the 
D arcy interaction drags in Equation (3.9) a re extremely 
small , and to leading o rd er the ice press ure increases 
hydrosta ti cally with depth. Similarly, the composite gas­
momentum balance rela tion in Equa tion (5.5 ) reduces to 

(7.7) 

where 

The las t two terms on the righthand side of Equation 
(7.7) a re the Darcy drags experienced b y the air a nd 
vapour as they pass through the matrix, a nd the non ­
dimensional num bers 

(ILl k)v: 
C4 = , ~ 6 x 10- 5 or 3 x 10- 2 , 

Pmg 
(7.9) 

C13 = 
(1LI k)D8*2 

~ 4 X 10- 6 or 10- 4 

Pmgz* 

indicate tha t the Darcy drag on the vapour is always 
negligible bu t the d rag on th e air can enter the lead-order 
ba lance on diurna l a nd faster surface-pressure forcing 
Lime-scales . I n these non-dimensiona l equa tions, the 
vapour velocity has been substituted th ro ughout, but, 
for completeness, the diffusion relation in Equa tion (5.6) 
redu ces to 

where 

v:z* -3 
C14 = -- ~ 10 

D 

(7.10) 

or 2 x 10- 2 (7.11) 

defines the ra tio of the air velocity to the vapour velocity . 
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Thus, the bulk air velocity is still much less than the 
diffusion velocity even in the la tter case of la rge pressure 
va riations on diurn al time-scales. Th e to ta l energy 
balance in Equ a tion (5.7 ) is 

(7.1 2) 

where the d ominant balance is between the local heating 
in the ice a nd the thermal conduction through it. The 
greater ice d ensi ty ensures tha t 

(7.13) 

a nd , therefore, local heating in the gas d oes not con­
tribute to the balances. R ecalling the veloci ty scalings in 
Equations (6 .1 7) and (6.19 ) for press ure- a nd temper­
a ture-driven scenarios on seasonal and diurnal time­
scales, it is clear that th'e pressure working can reach 

f6 = Pm (v:t* Iz*) = { 10-
4 

or 2 x 10-
5 

(thermal), 

plG~T* 10- 4 or 4 x 10- 3 (pressure) 

(7.14) 

and can be important for pressure forcing on diurnal, or 
faster, time-scales but is no t significant lo r the slow 
pressure cha nges investigated here. Thermal conducti on 
through the a ir is of minor importance in the leading­
order balance since the ratio of thermal conductiviti es 

(7.15) 

The remaining non-dimension a l parameters, wh ich were 
not introduced in Gray and M orland's (1994) theory, are 

8* C5 
Cl5 = - , 

cs 
gz* * 

f16 = O T * cjJ 
p 

()* Pm 
f]7 = - lGl T*' cs P p 

1 PvLiv 
flS = -

fS plO T ' p 

(7.16) 

d emonstra ting tha t the local hea ting due to vapour 
diffusion, a nd the vapour- a nd ice-press ure working, are 
a lways sma ll but tha t the la tent heats can affect the 
energy ba la nce. 

Substituting the temper a ture, press ure a nd density 
rela tions, in Eq ua tions (6.1 ) , (6 .5) and (6.6), r espectively, 
in to the ideal gas relation in Equ a ti on (5.8) , we obtain 
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(7.17) 

The va pour-d e nsi ty concentra ti o n is related to the 
humidity and intrinsic vapo ur d ensity by Equa tion 
(5 .10);· substitu ting the humidity and parti al vapour­
d ensity scalings, in Equa tions (6.7 ) and (6.8 ), and uS1l1g 
Equ a tions (3.4) a nd (6.2 ), 

(7.18) 

Simila rl y, th e ph ase-equilibrium rela ti on 111 Equa tion 
(5 .9) becomes 

(7.1 9) 

where t = (Tc/Tm - 1)/101 a nd th e non-dim ensiona l 
parameter 

(7.20) 

is o rd er unity. N o te, tha t from Equ a tion (7.1 9) 

(7.21 ) 

so the humidity is not sensltl ve to changes in surface 
p ressure and , therefore, contribu ti ons to the ra te o f m ass 
suppl y m, and hence to the la tent hea t due to pressure 
fo rcing are ex tremely small. H owever. therm al fo rcing 
produces order-unity changes . Thus, res ults obtain ed 
with surface-press ure forcing on seasona l time-scales with 
no surface-hea t input a re a lm os t id enti ca l to those 
o bta ined in the simple two-constitu ent theory of Gray 
a nd MOI·land ( 1994·) . The non-dim ensional pa ra meters 
a re summ a ri zed in T a ble 3. 

8. REDUCED M ODEL 

Th e ph ys ical eq ua tions of sec ti o n 5 have been scaled to 
yield the equiva lent o rder-unity dimensionl ess equ ations 
o f sec ti on 7. N o a pproxima ti ons h ave been mad e up to 
this point but it is clear th a t m a n y of the terms with 
sm a ll non-dimensional pa ra me ters can be neglec ted to 
o bta in a n a pproxima te red uced m od el wi th a g rea tl y 
simplified ma thematical struc ture . The reduced model 
fo r tempera ture fo rcing on seasona l and diurna l time­
sca les is now in ves tiga ted. \Ve h ave a lread y d emon­
stra ted tha t, wh e n no diffusion ta kes plaee, D = 0, o r 
wh en th e press ure changes on seasona l time-scales, th a t 
th e model essentiall y reduces to the two-constitu ent 
th eo ry ofCray a nd M orl and ( 1994) . The reduced mod el 
we desc ribe is no t intend ed to a ppl y to th e case of 
pressure forcing on diurna l o r fas ter time-sca les, where 
th e Da rcy drag a nd the press ure working become 
signifi cant. Th e la tter cas ts d o ubt on th e validity or 
ass uming bo th T a nd 1>g a re constant during wind­
pumping (Colbeck, 1989) . 

In order to have a clea r und ersta nding of what we 
mean by small, we d efine the sma ll parameter 0 to be the 

Gray and others: A phase-changing dry snOW/Jack model 

maximum magnitude of th e terms tha t w e consider to b e 
small in the therm a ll y dri ven problem: 

< 10- 3 « 1. (8 .1 ) 

Each va riable w = T, e, p, pV, iia , ii", ~, p, pI is th en 
approxim a ted by the first two terms of a n asymptotic 
expa nsion in 0, 

(8. 2) 

and substituted into th e non-dime nsio na l equ a tions. 
!\la tching zero- a nd first-order powers in 0 yields a 
leading- a nd first-ord e r sys tem of eq ua ti ons, which a rc 
acc ura te to order 02 < 10- 6 . The re m ain ing paramete rs 
10 1. 102 , 107 , cS , 10 12, c l ~, Cl a nd 8* are less th a n unity but a re 
reta in ed , toge ther with 1019, which is o rder unity, as 
possibl e o rd er-unity qu a ntiti es . T o leading order , the 
energy ba lance in Eq ua tion (7. 12) is 

(8 .3) 

No te th a t the pressure-working and convec ti on terms 
in vo lv ing th e ice and gas press ure a nd th e gas velocity d o 
no t enter th e leading-o rd e r balance. so thi s is an equ a tio n 
for To if mo is kn own . Thus. give n To , the humidity 
rela ti o n in Equ ati on (7. 19) to leading o rd er is 

(8 .4) 

a llowing eo to be com p uted. Simila rl y , th e leading-ord e r 
pa rti a l va pour density pe r unit gas \'o lum e in Equa ti o n 
(7.1 8) ca n a lso be computed rrom 

(8.5) 

The leading-o rd er a ir-m ass ba lance in Equ ation (7. 4 ) 
beco mes 

(8.6) 

whi h , given To and eo, is an equa ti o n fo r the leading­
ord er gas velocity iioa . The leading-o rd e r va pour mass 
ba la nce in Equa tion (7. 2) becomes 

(8. 7) 

which d etermin es the ra te of mass suppl y mo . This forms a 
closed se t orfive Equations (8. 3)-(8.7) , fo r the va riabl es To, 
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80 , p~, Vo and mo, tha t completely uncouples from the 
remaining variables. An itera tive approach is used to solve 
this sub-set of the problem. An appropria te guess is made 
for rho to er:able the energy ba la nce in Equa tion (8.3) to be 
solved for To, and then eo, pV, Vo and an upda ted mo are 
computed from the balances . The updated mo is then used 
to re-initialize the problem a nd the process is r epeated until 
some convergence criterion is sa tisfied. Note that the rate of 
ma s supply from the air tra nsport in Equ a tion (8. 7) is of 
order ClC8 rv {j and so could h ave been neglected, although 
it is retained here. If neglec ted , then the air velocity, vg, is 
no longer needed to compute mo and the velocity balance 
in Equ a tion (8.6) does no t enter in to the iteration 
sequence, which reduces to a system of four equations. 

Once the leading-o rd er tempera ture, humidity, 
vapour-density concentra tion , velocity and ra te of mass 
supply have been determined to a sufficient accuracy, the 
remaining varia bles can bc computed from their leading­
order bala nces. The leading-order gas-mom entum bal­
ance in Equa tion (7.7) is a n equ ation for the pressure Po, 

apo _ (1 e- ) (1 + C2Ph) - _ - - - C12 0 -az 1 + cl To 
(8.8) 

which allows the density to be calcula ted from the 
leading-order perfect gas rela tion in Eq ua tion (7.17), 

(8 .9) 

The leading-order ice-mass balance in Eq uation (7. 1) 
keeps track of the change in porosity, 

aJo _ 
- -- = - mo at (8 .10) 

and the leading-order ice-momentum ba lan ce in Equa t­
ion (7.5 ) reduces to 

(8. ll) 

which d etermines the ice pressure p~ . Finally, the vapour 
velocity in Equation (7.10) is d etermined by 

(8 .12) 

All the leading-order varia bles have now been deter­
mined . The first-order equ a tions follow the same pattern 
as the leading-order equa tions but are consid erably more 
complex. The equations for the vari ables Tl , 81, pr, v! 
and ml once again uncouple a nd an itera tive procedure is 
req uired to determine them to a specified accuracy. The 
remaining vari ables can then be computed from the 
balances. The correction from the first-order scheme is of 
order {j ~ 10- 3 and for a ll practical cases the leading­
order Equ a tions (8.3)-(8. 12) a re adequ a te. 
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9. INITIAL VALUES AND BOUNDARY 
CONDITIONS 

The non-dimensional leading-order Equations (8 .3)­
(8.1 2) require fo ur initial conditions and seven boundary 
conditions in ord er to compute a solution. W e shall 
ass ume tha t at the base of the snowpack, which li es a t 
Z = 0, the vapour and air velocities a re identically zero, 

Z= 0: (9 .1) 

a nd to avoid the inconsistency pointed out a t th e end of 
section 5 we shall res trict our a ttention to a zero 
temperature-gradient condition a t this level, 

Z = 0: (9.2) 

The surface of the snowpack is subjected to a tmospheric 
flu ctua tions, determined by the prescribed function Ph in 
th e pressure scaling in Equ a tion (6.5), so the third 
boundary condition requires tha t 

Z = h: Po == 0, =? Po == O. (9.3) 

Simil arly, the intrinsic pressure exerted on the ice 
constituent a t the snow surface equals the intrinsic gas 
pressure, so by Equation (6.20 ) the leading-ord er non­
dimensional ice pressure is also id entically zero , 

Z= h : - I - 0 Po = . (9.4) 

Pressure forcing on seasona l time-scales and the no­
diffusion scena rio have been shown to reduce to the two­
constituent theory of Gray a nd M orland (1994) , a nd we 
therefore examine the thermal p roblem in isola tion . It is 
driven by a sinusoidal temperature gradient a t the snow 
surface, of the form 

Z = h: aTo = a cos (7ri) az 2 
(9.5) 

where the norm alization fac to r a ensures tha t the 
maximum non-dimensiona l temperature is ord er unity 
a nd where the surface pressure is identicall y zero, 

(9.6) 

N ote, that this does not necessarily imply that th ere is no 
net increase in the total energy of the pack. The six 
boundary conditions given by Equa tions (9.1 )-(9 .6) are 
now supplemented by four initia l conditions. W e assume 
tha t the non-dimensional tem pera ture is initially uniform 
at its mean value 

to(O, z) == 0 (9.7) 

and the surface press ure 

(9.8) 

The initial humidity is then d etermined by Equation 
(8.4) but the initial porosity is required to compu te the 
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velocity from Equ a tion (8.5 ) . In these res ults, we assume 
the time-independent 4>m("i;) in Equation (6.23 ) to h ave 
the uniform value 

4>m = 0.5 (9.9) 

a nd the porosity p erturbation 4>0 to be initially ze ro 

4>0 = O. (9.10) 

10. ILLUSTRATIONS 

A numerical m ethod has been d eveloped to solve the 
leading-order sys te m of Equations (8.3 )-(8.12) with the 
a sociated initi a l conditions a nd boundary conditions 
d escribed in sec tion 9 . The a lgorithm has been tested 
agai nst the two-con stituent a nalytic solutions (Gray and 
Morla nd , 1994) and reproduces the sa me results as a n 
independent algori thm in the no-diffusion scen a rio . A 
C)'cLe is defin ed as [our non-dimensiona l time units a nd is 
the time necessar y for the sinusoidal surface-temperature 
g radient to repeat itself. Solu tions are presented for a total 
offour cycles, which corresponds to i = 0-16, to illus tra te 
the evo lution of the bala nces from cycle to cycle, and for a 
snow depth ii = 4 units. 

The computed tempera ture is illustrated in Figure I. 
The beginning of the cosine tempe ra ture-gradi ent cycle 
li es at i = 0, 4,8,12 , 16 when 8To/8z = 1, and th e 
tempera ture lags the gradient by h a lf a time unit at the 
surface. As heat is conducted down , the tempera ture 
a mplitude decays and its flu ctua tion lags behind that a t 
the surface, until at the base o f the snowpack the 
temperature changes onl y slightly fro m the mean . The 
la tent heat, associated with th e cha nge of phase from 
water va pour to ice, causes a slow steady rise in the m ea n 
temperature in th e snow. Ini tia lly, the temperature rises 
ap proxim a tely 2% eve ry cycle but thi s decreases to abo ut 
I % eve ry cycle a ft er 16 time units. The com po und ed 
effect of these sm a ll rises in temperature over each cycle is 
to raise the mean temperature b y a bout 7% . L o nger 
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integrations sugges t that by 32 time units the temperature 
increase per cycle is abo ut 0.5 %, a nd that the mean 
temperature is ra ised b y 10% . We shall explain why later. 

The humidity, a new fea ture, is illustra ted in Figure 2, 
and is , as one would expect, largest in the warmer regio n s 
of th e nowpack. Thus, the maximum humidity is reached 
at the surface of the snowpack and , like the temperature, 
its intensity decreases with increasing depth and it is 
phase-shifted in time. The slow increase in mean tem­
pera ture also leads to a co rresponding rise in the mean 
humidity. The vapour-density concentration has a similar 
behaviour to the humidity and is not illustrated but, to 
leading order in Cl, Equations (8.4) and (8.5 ) imply that 

(10.1) 

Thus, the largest g radi ents of the vapour-density con­
centratio n with temperature occur when the temperature 
is at its lowest value To = - l. 

Th e a ir veloc ity is aga in similar in [or m to the results 
from Gray a nd r'/lorland ( 1994) without humidity effects. 
The dominant ba lan ce in Equation (8 .6 ) lies between the 
velocity divergence a nd the tempora l cha nges in tem ­
pera ture, 

(10.2) 

Integrating wi th res pec t to z and ap plying the boundary 
condition (9.1 ) impli es th a t the air velocity 

(10.3) 

The a ir-\ 'e loc ity cycle, illustrated in Figure 3, has th e 
same features as the temperature cycle but it is phase­
shifted a head in tim e I y half a time unit. Therma l 
expansio n, therefore, ca uses the a ir to be transported 
dow n through the matrix as the snow pack cools a nd is 
pumped back up as the pack warms, which is intuitively 
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Fig. 1. Non-dimensional temperature contours. 
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Fig. 2. Non-dimensional humidity contours. 

correct. At the end of each cycle, app roxima tely the same 
amount of air resid es within the matrix and so, to 
conserve mass, the velocity magnitude of the outgoing air 
when the air is light and hot is 10% greater than that of 
the incoming air when the air is cold a nd dense. The 
vapour velocity is bala n ced by the vapour-d ensity 
concentration gradient in Equation (8.12 ) , 

(10.4) 

by approximation (10.1 ) . Therefore, the vapour velocity 
also behaves like the temperature grad ient but it diffuses 
up through the snow pack as the air moves down and vice 
versa, as illustrated in Figure 4. Intuitively, this is also the 
correct behaviour, as the vapour moves from hotter 
regions, where the vapour-d ensity concentra tion is high­
er, to colder regions, where the vapour-d ensity concen­
u-ation is lower, in an a ttempt to smooth away the 
concentration gradients. The largest vapo ur velocities are 
a ttained during the co lder period when the derivative 
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( 10.1 ) is la rger. Note that, a l though the air- a nd vapo ur­
velocity magnitud es a ppear to be similar in non­
dimensional variables, their physical magnitud es given 
by the scalings in Equations (6. 10) and (6.19 ) a re very 
much different. 

The nex t new feature is the ra te of mass supply shown 
in Figure 5. The dominant balance in Equation (8.7 ) lies 
between the rate of mass supply a nd the vapour-diffusion 
terms, and , by approximation (10.1 ), this behaves like 

2 - -
_ -v a To -v aTo 

mo '" Po a z2 ~ Po of . (10.5) 

H ence, as the temperature is increasing towards its 
max imum, aro/af > 0 and mo is positive, vapour 
condenses in to ice, and then as the temperature passes 
through its maximum and begins to decrease, aro/af < 0 
and ilio is negative, ice is sublim ed into vapour. Away 
from the temperature maximum, the vapour-density 
concentration is so low that h ardly any phase change 
takes place. 
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Fig. 3. Non-dimensional air-velocity contours. 
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Fig. 4. Non-dimensional vaj)our-veLoci£)1 COlltOUTS . 

The porosity increases, illu s tra ted in Fi g urc 6, 
indicate tha t wi th th e parti cul a r tempera ture-g radien t 
bo und ary conditio n (9.5 ), there is a net accretion of ice 
thro ugh phase cha nge over eac h cycle, which dec reases 
th e porosity. Whi le the amoun t o f phase change is not 
eno ugh to double the snow density in one cycle, ten , or 
so , cycles on diurnal time-sca les co uld achieve this. It 
follows tha t over each cycle there is a net rclease oflatent 
hea t into the sys tem, wa rming th e snowpack, which 
could ultima tely ra ise the max imum tempera ture to 
freezing point a nd water would th n be produced. I t 
sho uld be noted , however, th a t th e va pour whi ch 
co nd e nses on to th e ice co m es fr om outsid e th e 
sno wpack, as th e la rge pos itive 1'no corrcla tes exac tl y 
with the diffusive influx of va po ur, a nd it has implicitl y 
been ass umed th a t the a tmosph re an supply th e 
req uired water vapo ur. If' this is no t th e case, ei th er 
Equation (4.8) must be viola ted o r there is a nega ti ve 
feed-back mecha nism requiring diffe rent interface eon­
di ti o ns between the snow and a tmosphere. Th e feed­
back cycle sta rts with an in crea e in mean sn ow 

0 2 3 4 5 6 7 8 

4 I, 

t 
9 

tempe rature, which is associa ted with th e la tent-hea t 
release as wa ter va pour condenses, a ne t wa rming of th e 
a tmos ph ere res ults a nd sublima tion o f th e surface ice 
ma kes up the hortfa ll in a tmosph eri c humidity. Thus, 
the la te nt hea t required by the sublima tion process 
ca nce l. o ut th e la te nt-h eat release o n condensatio n 
wi thin the pack and th e mean tempera ture is stabi ­
li zed. This complex coupling i, beyo nd thc scope of this 
pa per , as it r 'quire ' the trea tment of th e now surface as 
a moving non-materi a l bo undary. 

The leading-ord er no n-dimensiona l p ressure in the gas 
and th e ice have a simple h ydrosta ti c di stribution and a re 
not ill ustra ted. Simila r ly, the air de nsit y behaves in 
exac t ly the sa me fa hi on as desc ribed by Gray a nd 
Morla nd ( 1994) and is no t illustra ted . 

11. CONCLUSIONS 

An interac ting continu a th eo ry provid es a ra tion a l 
fra m ewo rk in which to d esc ribe the mo tion, stresses 
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and thermal effects within a natural dry snowpack. 
Mixture theory lays down m ass, momentum and energy 
balances for each of the three constituen ts: ice, water 
va pour and air, in terms of pa rtial variables, including 
mechanical and thermal interactions be tween constitu­
ents. In addition, 11 constitutive properties and three 
ex tern a l energy suppli es must be prescribed before a 
closed system of equations is obtained . This approach 
highlights the assumptions a nd points to areas where the 
physics is poorly understood . It demonstrates clearl y 
that phase-equilibrium thermodynamics is not consistent 
with a ll plausible basa l-bo undary conditions, for 
exam pie , non-zero tempera ture gradien t a nd zero 
vapour velocity, which suggests that, in general, the 
vapour diffusion or equilibrium humidity relation, or 
bo th , a re not applicable close to an impermeable 
boundary. Except for a very special class of boundary 
condi tions, which are inves tiga ted here, th e eq uilibrium 
density relations used widely by other authors (e.g . 
J o rd an , 1991 ) a re violated , and then non-phase 
eq uilibrium theory must be adop ted. 

:."J'on-dimensional ana lysis is used to draw out the 
domin a nt balances in each of the eq ua tions for seasona l 
and diurnal surface pressure a nd thermal forcing. It is 
ass umed that the snowpack is pre-compac ted so that the 
matrix is stationa ry and there is no contribution to the gas 
velocities from fluid withdrawal due to compaction. Air­
velocity magnitudes are typicall y of order 10- 7 m s- 1 for 
thermal forcing and seasonal pressure forcing but are of 
order 2 X 10- 5 m s-1 for diurnal pressure forcing. Water 
vapou r occupies only abo u t I % of the pore space and 
diffuses easily through the m atrix, reaching velocities of 
3 x 10- 5 or 10- 3 m s- 1 for thermal forcing on seasonal and 
diurnal time-scales, respectively. However , the vapour­
density concentration is independent of pressure, so the 
concentra tion gradients, which would drive the vapour 
relative to the air, are not present and the gas moves en 
masse. Seasonal press ure forcing, therefore, reduces to the 
two-constituent theory of Gray and Morland (1994), whilst 
thermal forcing in the a bsence of diffusion has only a 
moderate influence on the balances. 
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Small parameters in th e non-dimensional equations 
a re exploited to yield a ration a l leading-ord er reduced 
m od el, app licable to thermal forcing and seasonal 
pressure forcing bu t not diurna l pressure forcing. The 
pa rticular surface-tempera ture gradient boundary cond­
ition, considered in the ill ustra tions, implies that water 
vapour is entrained from the atmosphere during warm 
periods and, since the humidity is grea tly reduced when 
the vapour is expell ed, there is a net gain in th e ice­
volume fraction over each cycle. Thus, snow-density 
d oubling in high-porosity snowpacks can be achieved 
over a period of several d ays with thermal forcing on 
di urnal time-scales. The la tent-heat release associated 
with the cond ensation of vapour into ice makes a 
significant contribution to the energy balance, raisi ng 
the temperature at each cycle. Meltwater produc tion wi ll 
r esult if the temperature reach es the fre ezing point. It is 
postulated that either a negative feed-back through 
atmospheric coupling, which transports mass from a 
m oving surface interface into the pack, or viola tion of 
phase-equilibrium thermodynamics, will stabilize the 
mean temperature. Implicit inclusion of the latent heat 
by combining it with the conduction in the energy 
balance, to obtain an effective thermal conduc tivity (e.g. 
Jordan, 1991 ; Bader and W eilenmann, 1992 ), is not 
su pported by the leading-order approximations derived 
h ere. 

Finally, it is important to note that the air is unstab ly 
stratified, as cold dense a ir overli es lighter warmer air 
deep in the snowpack for ha lf of each full cycle, and, if the 
gas motion were not constrained to one-dimension, it 
co uld convect, tra nsporting la rge amo unts of heat and 
m ass up through the pack. 

ACKNOWLEDGEMENTS 

This research has been suppo rted by the U .K . Natural 
Environment R esearch Council. I t has benefited signif­
icantl y from the d etai led comm ents of the reviewers and 
through discussions held with Dr S. Colbeck. 

https://doi.org/10.3189/S002214300001772X Published online by Cambridge University Press

https://doi.org/10.3189/S002214300001772X


REFERENCES 

Adams, E. E. a nd R. L. Brown. 1989. A constitutive th eory for snow as a 
continuous multiphase mixture. lilt. J. Mult iphase Flow, 15(4),553- 572. 

Adams, E. E. a nd R. L. Brown. 1990. A mi xture theory for evaluating 
heat and mass tra nsport processes in nonho mogeneo us snow. 
Conlinuum M echanics and Thermodynamics, 2, 31 63. 

Bader, H . 1962. Theory of densifi ca tion of dry snow on high polar 
glaciers, I I. CRREL Res. Rep. 108. 

Bader, H . P . and P. Weil enmann. 1992. Vl odeling temperature distribution, 
energy a nd mass flow in a (phase-changing) snow pack. I. Model and 
case studi es. Cold Reg. Sci . Technol. , 20(2), 157 181. 

Batchelor, G. K . 1967. All introduction 10 fluid dynamics. Cambridge, e tc., 

Cambridge University Press. 
Col beck , S. C. 1989. Air movement in snow due to wi ndpumping. ]. 

Glacial., 35 ( 120), 209 2 13 . 
Col beck , S. C . 1990. Vapor-pressure dependence o n temperature in 

models of snow metamorphism. J. Glaciol. , 36 ( 124) , 35 1 353 . 
Colbeck, S. C. 1993. Th e va po ur difl·usion coeffi cient for snow. WaleI' 

Resour. Res., 29(1), 109 115. 
Defay, L. a nd R . Prigogine. 1951. T ellsion superficielle el adsorption. Liege, 

Desoer. 
Fukusako , S. 1990. Thermoph ysical properties of ice, snow and sea ice. 

International J ournal of Thermop/~vsics, 11 (2), 353 372. 
Garg, S . K . 197 1. W ave propagation effects in a fluid- sa turated porous 

solid. ]. Geophys. Res., 76 (32), 7947 7962. 
Gill , A. E. 1982. Atmosphere- ocean {(vllalllics. New York, e tc., Academic 

Press . (I nte rn atio nal G eophysics Series, Vo!. 30. ) 
Glen , J. W. 1974. The physics of ice. CRREL M onog". I I-C2a. 
Gra y, J. M . N. T. and L. W. M o rl and. 1994. A dry snow pack mode!. 

Cold Reg. Sci. Tecllllol. , 22 (2 ) , 135 148. 
Gray, J. M. N. T. and L. W. M o rl and. I n press . The compac ti on of 

na tural snowpacks. Cold Reg. Sci . Tee/mol. 

Gray and others: A phase-changing dry snowpack model 

H o bbs, P . V . 1974. Ice physics. Oxford , Clarendon Press. 
J ordan, R . 1991. A one-dimensiona l temperature model for a snow 

cover. CRREL Spec. Rep. 9 1-1 6. 
K ojima, K . 1964. D ensifica ti on of snow in Antarctica. Alllarcl. Res. Sa., 

2, 157- 218. 
M ale, D. H. 1980. The seasonal snowcove r. III Col beck, S. C., ed. Dynamics of 

mow alld ice masses. New York, etc. , Academic Press, 305 395 . 
Melior, M. 1975. A review of basic snow mechan ics. i nlernational 

Association qf Hydrological Sciences Publication 114 (S ymposium at 
Grindelwald 1974 - Snow M echanics ), 251 - 29 1. 

Morland , L. W. 1972. A simple constituti ve theory for a fluid-sa tura ted 
porous solid. J. Geophys. Res., 77 (5 ), 890 900. 

Morland , L. W. 1978. A theory o f slow fluid fl ow thro ug h a po rous 
thermoelasti c matrix. Geophys. J. R . Astroll. Soc., 55, 393 410. 

Morland. L. W. 1992 . Flow of viscous fluids throug h a porous 

d eformable matrix . Surveys ill Geoph),sies, 13 , 209- 268. 
Morland , L. W. , R.J . K ell y and E. :-'1 . Ylo rri s. 1990. A mixture theory for 

a phase-chang ing snowpack. CoLd Reg . Sci. Teclmol., 17 (3 ) , 271 - 285. 
Palm, E. and M . Tveitereid. 1979. On h eat and mass flux through dry 

snow. J. Geophys. Res. , 84 (C2), 745 749. 
Samson, J. 1\., S. C. Barnard , J. S. Obremski , D. C. Riley, J.J. Black and 

A. W. Hogan. 1990. On the sys tematic va ri a tion of the surface aerosol 
concentration at th e South Pole. Almospheric Research, 25, 385- 396. 

Shimizu, H. 1970. Air permea bility of deposited snow. COlltrib. inst. Low 
Temp. Sci., Ser. A 22, 1- 32. 

Stunn , IV!. and J. B. J ohnson. 1991. Natura l convection in the subarctic 
snow cover. J. Geophys . Res., 96 (B7 ) , 11 ,65 7 11 ,671. 

W eas t, R . C. 1988. Handbook rif chemistry alld physics. Cleve la nd , OH, CRC 
Press. 

Wilson, C. 1968. C lim atology of th e co ld regions. Southern H emisphere. 
CRREL M Ollogr. I -A3c. 

Yosida, Z. and othe rs. 1956. Ph ysica l s lLldies on deposited snow. COlllrib. 
IlIsl. Low T emp. Sei. 9. 

MS received 6 May 1993 and in revised form 21 February 1994 

29 

I 
https://doi.org/10.3189/S002214300001772X Published online by Cambridge University Press

https://doi.org/10.3189/S002214300001772X

