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A note on order paracompactness

M.K. Singal and Shashi Prabha Arya

This paper contains some results on order paracompact spaces.

Some of the results offer improvements of some of the results of

McCandless in Canad. J. Math. 21 (1969). Some other results of

McCandless are deduced as corollaries from our results. The

concepts of order closure preserving and order cushioned

collections are introduced and using these, characterizations of

paracompactness in regular spaces are obtained.

McCandless [4] has initiated a study of order paracompact spaces.

This class of spaces contains the class of order totally-paracompact spaces

defined by Fitzpatrick and Ford [2] which is an important class, since the

class of order totally-paracompact metric spaces is the largest known class

of spaces for which the large and small inductive dimensions coincide. The

main result proved by McCandless is that every regular, order paracompact

space is collectionwise normal. With the help of this result and a result

of Tamano [7], he proves that a regular Tj-space is order paracompact if

and only if it is paracompact. We shall prove that this result holds even

without the assumption of the space being T\ • From this will follow as a

corollary the main result of McCandless mentioned above. McCandless has

proved a result concerning direct preservation of order paracompactness

under mappings. We shall show that order paracompactness is inversely

preserved under mappings which are closed, continuous, with point inverses

compact. As a corollary to this result follows another result of

McCandless - namely, the product of an order paracompact space with a

compact space is order paracompact. In the end we introduce some new

concepts and obtain some new characterizations of paracompact spaces.
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DEFINITION 1. A space X is said to be order paraaompaat if every

open covering U of X has an open refinement V which is linearly

ordered and is such that for each V 6 1/ , the family

{V : V < V, V f I/} is locally finite at each point of V .

DEFINITION 2. Call a space X strongly order paraaompaat if every

open covering of X has a linearly locally finite open refinement, where

by a linearly locally finite family is meant a linearly ordered family U

such that for each U d U , W : U' 6 U, U' < U] is locally finite.

DEFINITION 3. Call a space X weakly order paraaompaot if every

open covering of X has an order locally finite open refinement, where by

an order locally finite family is meant a family U which is linearly

ordered and is such that {U' : U' < U) is locally finite at each point

of U for each U £ U .

The definition of order locally finite families is due to Katuta [3].

Obviously, strongly order paracompact implies order paracompact, and

this implies weakly order paracompact.

It is easily seen that every a-locally finite family is linearly

locally finite. Therefore, a space every open covering of which has a

0-locally finite open refinement is strongly order paracompact. In

particular, every Lindelof space is strongly order paracompact.

It has been proved by Vaughan [S] that a regular space is paracompact

iff it is strongly order paracompact. Also, Katuta has shown that in a

regular space weak order paracompactness is equivalent to paracompactness.

It therefore follows that a regular space is paracompact if and only if it

is order paracompact. However, we give here a proof of this fact for the

sake of completeness.

THEOREM 1. For a regular space X , the following are equivalent:

(a) X is paracompaat;

(b) X is strongly order paracompaat;

(a) X is order paracompaat;

(d) X is weakly order paracompact.

Proof. (a) =» (b) => (a) => (d) is obvious. We prove that (d) => (a).
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Let li be any open covering of X . Then there exists an order locally

finite open refinement 1/ of U . For each 7 € 1/ , let

Wy = V <\- U{7' : V < V, V t V} . Let til = {Wy : V i. V) . We shall prove

that W is a locally finite refinement of U . First, let x t X . Then

there exists V t V such that x (. V . Since {/' : 7' < 7} is to be

locally finite at each point of V , therefore x can belong to at most

finitely many members of {V : V < V} , say x i V. : i = 1, 2, ..., n

and V < V < V < ... < 7^ . Then x { V if 71 < 7i and therefore

x •£ W~ . Thus W is a covering of X each member of which is contained

in some member of U . It remains to be proved now that Itl is locally

finite. There exists an open set M such that x i. M and M intersects

finitely many members of {V : V' < V} . Also, V n V* = 0 for all

V* £ 1/ such that V* > V . Hence M n V is a neighbourhood of x which

intersects finitely many members of W . Thus every open covering of X

has a locally finite refinement. Therefore X , being regular, is

paracompact (c/. Michael [5]).

COROLLARY. (McCandless [4], Theorem 3). Every regular order

paraaompaat space is collectioruoise normal.

Proof. Every regular, order paracompact space is paracompact and it

is known that every paracompact, regular space is collectionwise normal

{of. Bing [/]).

THEOREM 2. If f is a closed, continuous mapping of a spaae X

onto a space X such that f~ {y) is compact for each y £ Y } then X

is order paracompact if X is so.

Proof. Let U = {U : a € A} be any open covering of X . Let F

denote the family of all finite subsets y of A . Since f~ {y) is

compact for each y £ X , therefore for each y £ Y , there exists a

finite subset y of A such that f {y) c U U . Let now

V = y ^ fix ^ U Ua . Since / is closed, therefore 7 is open.

Also, y i V and f~X[V ) c U U . Now, 1/ = {7 : y d F} is an open
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covering of I . Since Y is order paracompact, there exists a linearly-

ordered, open refinement W of V such that for each W € W , the family

{W : W 6 HI, W < W} is locally finite at each point of W . Since W

is a refinement of 1/ , for each W i W there exists a yw * F such that

f/cy . Then, /"1(V) c Z " 1 ^ ) c U y . Let

B = </" ((/) n U : W € W, a € y . Obviously, B is an open refinement

of U . Order B as follows: i f W t W' , then

/""""-(fvO n tfa < f~X{W) n Ua, for any a € yy and a' € y^i i f ^ < «'

and /""""(P/) n Ua < /"1(V) n i/^ i f a < a' for any W ,

i/~ (V) n U : a t y^>

B and let a; € /"1(fc') n y

consists of f in i te ly many members . Now, l e t

Then

/ 1(W) n yQ c /"
1(fc/) n UQCf

 1(W) c /"1(P/) . Thus /(«) f V . Since the

family W = {V1 :(/'<(/} is locally finite at each point of J/ ,

therefore there exists an open set M such that fix) € M and M

intersects finitely many W' such that W' < W . Thus x d f (M) and

/ (M) can intersect at most finitely many members of B which precede

/ (W) n U . Hence X is order paracompact.

COROLLARY. (McCandless, [4]). The product of an order paracompact

space with a compact space is order paracompact.

REMARK. Theorem 2 and the corollary above remain true if 'order

paracompact' is replaced by 'strong order paracompact' or 'weak order

paracompact1. The same is true for Theorems h and 5 of McCandless [4].

Motivated by the definition of order locally finite families

introduced by Katuta [3], we introduce the concents of order closure

preserving families and order cushioned refinements. Throughout the

sequel we shall be concerned with well ordered families.

DEFINITIONS. Let U be a family of subsets of a space X well

ordered by '<' . U is said to be order closure preserving if for every
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N i l and every subfamily W of {£/' : U' < U} , we have

Cly[u{y' n U : U' d W}] = UiCl^U' n V) : V I W } .

U is said to be order cushioned in another family \) with cushion map

f : U -*• V if for every !/ f 0 and every sub-family (J1 of

{£/' : £/' < y} , we have

Cly[u{y' n U : y' f U'}] c U{f(U') : V i W} .

THEOREM 3. For a regular space X , the following are equivalent: ,

(a) X is paracompact;

(b) every open covering of X has an order locally finite (relative

to a well order) open refinement;

(c) every open covering of X has an order closure preserving open

refinement;

(d) every open covering of X has an order cushioned open

refinement.

Proof, (a) => (b) is obvious.

(b) =» (c). Let V be any open covering of X and let U be an

order locally finite (with respect to a well order) open refinement of V .

Now, let U' be any subfamily of U such that there exists U Z U such

that U' < U for all U' € U1 . Then W' n U : U' i W } is locally

finite (in U) at each point of U . Since every locally finite family is

closure preserving, we have

Cly[U{y n U' : V i U'}] = U{C1 (tf1 n V) : U' i W} .

Hence U is an order colsure preserving, open refinement of f .

(a) => (d). Let 1/ be any open covering of X . Since X is

regular, there exists another open covering W of f such that the family

of closures of members of W forms a refinement of V . Then if U is an

order closure preserving open refinement of W , then U is order

cushioned in U .

(d) =» (a). Let U be any open covering of X . Let V be an order

cushioned, open refinement of U with cushion map f : V -*• U . For each
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V i 1/ , l e t Wv = V ^ \J{V : V < V} . Let III = {Wy : V € I/} . We s h a l l

show that W is a cushioned refinement of U with cushion map g : III •*• U

defined as g[w ) = f(V) for each W i III . If i U and if V is the

smallest member of 1/ containing x , then x £ W . Let W be any

subfamily of W . I t wi l l be proved that

U{W ~~~W nPl c U{g{W ) : W d W'} . Let y € U{V : (/ € W'} . There

exis t s V 6 1/ such that z/ € 7 . Let G be any other open set

containing y . Then G n V i s an open set containing y . Since

V n W , = P for a l l V' > V , therefore G n V must have non-empty

intersect ion with U{fcr : V' < V, W , € III'} . Therefore if

l»" = {Wv : V < V, Wy, i III'} , then y i U{Wy : Wy, € W"} . Let

V" = {V' i 1/ : f/K, € 0/"} . For a l l V i V" , V < V . Hence

C1K[(U{F' : V < V, V i. I/"}) n V] = ClF[u{Kr n V : V f U"}]

c U{f(V) : V € I/"} = U{g[Wv,) : Wy, € U/"} c Ufe(^ , ) : ^ , € W } .

Since V i s an open s e t , therefore by Lemma 1 of McCandless [4 ] , we have,

Cl [(U{K' : V I I/"}) n V] = U{F' : K' € I/"} n V .

But y 6 U{VF, : Wy, € W"} c U{V : V' t V"} and also j f P . Therefore,

y € Cll<rQu{Fl : V 6 U"}j n K] c U ^ ^ , ) : ^ , 6 W1} . Hence

U{WV : ^ € W1} ,c U{^(V , ] : V , f W1} . This proves t h a t W i s a

cushioned ref inement of U and hence X i s paracompact in view of

Michael [ 6 , Theorem 1 . 1 ] .

This completes t h e proof of the theorem.
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