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The additive groups of
subdirectly irreducible rings

Shalom Feigelstock

An abelian group G 1is said to be subdirectly irreducible if
there exists a subdirectly irreducible ring R with additive

group G . If G is subdirectly irreducible, and if every ring

R with additive group G , and R2 # 0 , is subdirectly
irreducible, then G is said to be strongly subdirectly
irreducible. The torsion, and torsion free, subdirectly
irreducible and strongly subdirectly irreducible groups are
classified completely. Results are also obtained concerning
mixed subdirectly irreducible and strongly subdirectly

irreducible groups.

1.

All groups considered here are abelian, with addition the group
operation. Although the rings under discussion are not necessarily
associative, many of the results remain true for associative rings. The
additive group of a ring R will be denoted by R+ . The torsion part of

a group G will be denoted by G

e All other notation and terminology

will follow [I13, [Z2].

2.

DEFINITION. A group G is said to be subdirectly irreducible if

there exists a subdirectly irreducible ring R , with R+ =G . If every
+
ring R with R =G , and R2 # 0 is subdirectly irreducible, and & is
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not nil, or if G 1is nil and the zeroring with additive group G is
subdirectly irreducible then & is said to be strongly subdirectly

irreducible.

LEMMA 2.1. Let G be a subdirectly irreducible group. Then G, is
p-primary for some prime p .

Proof. 1If Gp = 0 for every prime p , then Gt = 0 . Otherwise let
p be a prime for which Gp £ 0. Let AR bYe a subdirectly irreducible

ring. For every g #p , G n Gq =0 . Since Gp and Gq are ideals in

p

THEOREM 2.2. Let G be a torsion group. G 1is subdirectly
irreducible if and only if G 1is a bounded p-primary group, or if G is

a p-primary group with first Ulm subgroup G' = Z(pk) , 1sksw,

Proof. ©Suppose that G 1is subdirectly irreducible. By Lemma 2.1, G

is p-primary for some prime p . Let R be a subdirectly irreducible

ring with R+ = (¢ . Suppose that G' =0 . Then 0 pnG = 0 . However
n<w

pnG is an ideal in R for every positive integer »n , and so pnG =0

for some n < w ; that is, & 1is bounded.

Suppose that G' # O . Let H be a subgroup of G' . Clearly
RH = HR =0 . Hence H is an ideal in R . Therefore, if G' =H® K ,

then H and X are ideals in R with trivial intersection; that is, G’
is indecomposable. Hence G' =~ Z(pk) , 1sk=w [], Corollary 27.4].

Let (G be a bounded p-primary group with basis {ai l 7 € I} R

7

Iail =p ", kiik for all % € I . Choose 7:0 € I such that
k. =k . For <, j € I define
1
0
k-k.
p ‘ea for 1 =45,
a.-a, = 0
tJ
0 for 1 # 4 .

This composition induces a ring structure R on G [Z, Theorem 120.1].
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Let x €R, x#0 . Then z = na; +...+ma. ij distinct
1 r
k.
1.
elements of I , and nj an integer with p Jjnj for =1, ..., r . Now
k-k .
he!
x ai = nlp . ai . Therefore every nonzero ideal in R contains
1 0
k-1 X . . .
P ai , and so R is subdirectly irreducible.
0

Let G be a p-primary group, with G' ~ Z(pk) , 1 =2k =o . Then

¢’ possesses a unique minimal subgroup generated by some ao €G,
|ao| =p . For every positive integer Kk , choose a € G such that
k . . . .
pa = aO . Let B %be a basic subgroup of G with basis {bi | 1 € I} .
ki
.l =p for all 7 €I . For %, J € I define

0 for 1 # 5 .
This composition induces a ring structure R on G [2, Theorem 120.1].

mtaER,a¢0,|d=ﬁ. WvB=@l%,ﬁm %m@Zbﬁ,
n<w an

an a cardinal number, and Bn a direct summand of G for all n < w .

Let r Dbe the smallest positive integer such that under the projection

T, G>B ﬂr(a) #0 . Let n be a positive integer, n = j+r .

Since

[
1]

® B, ® B +p%,
1=i=n n+l<i<w ¢

a = mlbil + +m bls + g , with it distinct elements of I , m, an
. u
integer, £t =1, ..., 8 , ki =r , m =pv, u,V integers,
1
r r-U-
u<r, (p,v)=1,and g €p G . Now a'p lbi = va, . Therefore

1
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every nonzero ideal of R contains ao .
OBSERVATION 2.3. Let G Ve a mixed subdirectly irreducible group.

Then G, is a p-primary group possessing nonzero elements of infinite

t
height.
Proof. Gt is p-primary by Lemma 2.1. Let KA be a subdirectly
irreducible ring, with R+ = G . For every positive integer n , pnGt is

an ideal in R . If N pnGt # 0 , then G possesses nonzero elements
n<w

of infinite . Otherwise, pnGt = 0 for some positive integer n .

In the latter case (G, and pnG are nonzero ideals in AR satisfying

t
Gt n pnG =0 , a contradiction.
THEOREM 2.4. Let G be a torsion free group. G is subdirectly
if and only if G 18 not reduced.

Proof. Suppose that G is subdirectly irreducible. Let R be a
subdirectly irreducible ring with B+ = G . The ath Ulm subgroup Gg of

G 1is an ideal in R for every ordinal o . Let o Dbe the smallest
ordinal for which Ga = Ga+l . If a 1is a limit ordinal, then

Ga =N GB is the intersection of nonzero ideals in R , and so Ga #0 .
B<a

If o is an isolated ordinal, say o =B +1 , then G* = N nG® 1is the
n<w

B of R, and so & # 0 . Therefore

intersection of nonzero ideals nG
fexd is a nonzero, divisible subgroup of G .

Suppose that G is not reduced. Then G =D ®H, D a divisible
group, H a reduced group, D # 0 . Let {ei | © € I} be a maximal

independent set for D , and let {aj l J € J} be a maximal independent

set for H . Choose io € I . Define
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0 for i, €I, i #4,

e.a.=a‘je.=0 for 7 €I, J €dJ,

d 7
and
e. for 1,4 €d, 1 =g,
‘o
a.a. =
rd
0 for 2, J €J , 1 #37 .
This composition defines a ring structure R on G . Every nonzero ideal

in R contains e; and so R is subdirectly irreducible.
0

3.

LEMMA 3.1. Let G be a strongly subdirectly irreducible group,
G=H®K, H#0,ard K+ 0. Then H and K are both nil.

Proof., Suppose that H is not nil. Let S be a ring with s¥ =g s

2

5°2#0, and let T be a ring with T' = K . The ring direct sum

R=S®7T has additive group G , R2 # 0 , and R has nonzero ideals

S, T with S nT =0, a contradiction.

THEOREM 3.2. Let G be a torsion free group. G 1is strongly
subdirectly irreducible if and only if G ~@Q .

Proof. By Theorem 2.4k, G~ Q@ @®H . Hence G o~ @ by Lemma 3.1. The

converse is obvious.
THEOREM 3.3. Let G be a mized strongly subdirectly irreducible
group. Then G o Z(pm) @®H, H arank one, torsion free nil group.

Proof. By [!, Corollary 27.3], G =~ Z(pk) @®H, 1=<k=o., Hence
by Lemma 3.1 and [2, Theorem 120.3], k

© , and H 1is a nil torsion free

group.

Suppose that »(H) =a >1 . Then r(H®H) = > [1, Exercise 8,
p. 261]. Let D be the divisible hull of H®H . Then D =@ ®K,

Ql ~8 , K#0 . Let x € Ql s, X # 0 . There exists a positive integer
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k ©
m such that mx € H®H . Now m=pn, (p,n)=1. Let a €2Z(p) ,

la| > pk . There exists a nonzero homomorphism ¢ : @ - Z(pm) such that

o{x) =a . Now o¢(mx) =mp(x) #0 . Let T be the projection of D onto

Ql and put ¢ = ¢ém . Then wH the restriction of ¢y to H®H 1is a

o
nonzero homomorphism. Let g, =a, + bi > a; € Z(p ) , bi €H,

i =1, 2. Define g, * g, = wH(bl €>b2] . Then R = (G, %) is a ring

with R' =G, and R°#0 . Let h €H be such that
hWh®h € (H®H) nK . Let L be the subgroup of H generated by h .
Then Z(pm) and I are ideals in R , with Z(pm) NnNL=0.

THEOREM 3.4. rLet G be a torsion group. G <is strongly subdirectly
irreducible if and only if G~i2(p5) , 1sk=w.
Proof. Suppose that G 1is strongly subdirectly irreducible. By [7,

Corollary 27.3], G ~ Z(pk) @H, 1=k=sew . If k<o, then H=0 by
Lemma 3.1. If k = then H is nil by Lemma 3.1, and hence divisible
[Z, Theorem 120.3]. G is nil. Z(pm) and H are ideals in the zeroring
with additive group G , and Z(pm) nH =0 . Therefore H =0 .

The converse is obvious.
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