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Let G be a non-discrete LCA group with dual group T. Denote by M(G)
the usual convolution algebra of bounded Borel measures on G and Ma(G)
those n e M(G) which are absolutely continuous with respect to mG—the Haar
measure on G.

The Fourier-Stieltjes transform fi of a measure \i e M(G) is denned by

Ky)= f (-x,y)dtix) (yer).

A closed subset 0? of T is called a Riesz (or small) set if whenever supp fi
then"/* e Ma(G). In this paper we pursue a line of research originated by R. Doss
in (3)^and subsequently explicated by him in (5).

Suppose p(x) = £«„(—x, yn) is a trigonometric polynomial on G with
n

ll/>llcor^ 1- We shall concern ourselves with calculating the "limit" of
E anfi(fn) °ff t n e Riesz set 52. We need to make our idea for taking such a limit
n

precise:
For^any subset Sf<=T denote by P& the set of all trigonometric polynomials

on\G of the form p(x) = £ an(-x, yn) with \\p\\m ^ 1 and yn $ Sf. Define
n

II ii II* = sup I Z anKyn)l
P &Pcf n

Then by the limit of £an£(yn) off 9> we mean
n

lim || ^ ||yuK = inf || ^ \\yuK (K compact in T).
K-»oo K

For ^?, a Riesz set, put
lim || fi \\gi = inf || /i | | a .

Note that in this general setting the methods of (5) are not available. Our
main'result now follows; the proof is pleasantly simple.

Theorem 1. Let neM(G) and let \i = na+ns be the canonical Lebesgue
decomposition of fi with \ia e Ma(G) and ns singular with respect to mG. Then

lim || n We, = lim || ^ \\muK = j| fis ||.
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Proof. Let 0t be any Riesz set. Then

D A < I I « £ 1 / i . l l + I I P . I U
and since lim || \ia \m = 0 (this is easy to check), we gather

lim || AU^ II 0.11- (1)

To prove the opposite inequality we obtain via Proposition 2 and the Main
Theorem of (4) a measure X& e M(G) such that

(2)
and

II A« || ^ || ii |U. (3)
Observe that the identity

when combined with (2) yields the inequality

II A*, II = g II ^ II-
By (3) we must have || ^s || ^ || n \m. Thus

II Ii. II S II A* ||« for all Riesz sets # . (4)
Hence (1) and (4) give

lim || / . I L H I J I J I .

Finally, let K be any compact subset of T. We claim that MvK is a Riesz
set. For suppose supp i»<=̂ ?uJST, v eM(G). Then there is an /e£ 1 (G) such
that f(K) = 1. Since v - / * v e ¥ , ( C ) , this implies veAfo(G). We conclude
therefore, by (4), that

II Hs II S II A* | | « u *
Since lim || /ia |UuK = 0, it follows that lim || n \\mKjK = || (is || and the

K-»oo K-»co

theorem is proved.

Corollary 1. A measure [i e M(G) is absolutely continuous if and only if

lim II H \\auK = 0.
K-»oo

Corollary 2. A measure fi e M(G) is singular if and only if

Next we give an extension of a Theorem of I. Glicksberg (6, p. 419):

Theorem 2. Let Sf be any closed subset ofT such that ̂ >r\{y — £/>) has finite
Haar measure for a dense subset of ye T and let nt e M(G) ie{l, 2}. Suppose

lim || ^ | |^uK = 0.
K-»oo
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Then fii*H2 is absolutely continuous with respect to mG.

Proof. Given e>0, there correspond compact Ku such that for all trigono-
metric polynomials of the form p(x) = £ cn(—x, yn) with \\p\\a, ^ 1 and

n

yn $ SfvKie the inequality
|Ze»A(y»)l<e (5)

obtains.
Now (5), Proposition 2 and the Main Theorem of (4) give a measure

Hit e M(G) such that
/*, = /!,. off^uXi, (6)

and
il Vu II ^ e- (7)

Recall that there exist/, eL^G) such that/;(#,,,) = 1. Observe that

supp {(/i, - /xie) -/i*(//; - ^,e)}
 A <= &

which implies by Glicksberg's Theorem that

Thus
Gii-PiX^-feJeM^G). (8)

Let e-+0 in (8). From (7) we infer that Hi*n2 e Ma(G). This completes the
proof.

Remarks. (1) Theorem 1 and proof (with obvious modification) holds
true for compact groups (i.e. not necessarily abelian).

(2) To obtain Doss' results in (3) and (5), it suffices to take 3k compact in
Theorem 1.

(3) For some interesting examples of Riesz sets when G = T the reader is
referred to (1) and (7).

(4) Using the same technique as in Theorem 2, one can give the following
extension of a Theorem of Doss (2, p. 81):

Suppose G is a locally compact abelian group whose dual F is ordered,
H e M(G) and lim || n || g>uK = 0 where 3P is the positive cone of F. Then

K-»oo

p.s is of analytic type and /2s(0) = 0.
(5) Let — N be the negative integers and S any set of integers {nk} where

lim (nk+p—nk) = 0. Suppose
t-»oo

lim | | / / | | -JVU S UJI = 0 -
JC-»oo

Then it can be shown that the p+1 convolution power ^p + 1 e Ma(T) (see (8)).
The author takes pleasure in thanking Sadahiro Saeki for helpful conver-

sations.
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