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RELATIONS BETWEEN BOUNDARY VALUE
FUNCTIONS FOR A NONLINEAR
DIFFERENTIAL EQUATION AND
ITS VARIATIONAL EQUATIONS*

BY
JAMES D. SPENCER

We consider here the nonlinear differential equation

1.1 y(”) =f(x, .. ',y(n_l))

where x € I=[a, o). We will make the following assumptions:

(A) fis continuous on [a, c0) X R",

(B) solutions of initial value problems (I.V.P.’s) are unique and extend throughout
[a, o).

y(n—l)) = af(x’ Y, }", “ ey y(”—l))

(C) fk(x’ Y, y,’ s ay(lc)

k=0,1,2,...,n—1is continuous on [a, o)X R".

We could take I=[a, b) where b< o, but for simplicity of statements, we take
I=[a, ). Before we define the boundary value functions that we will be interested
in we make the preliminary definition.

DerFINITION 1.1. We say that y € C*[a, o0) has an (iy, ..., i})-distribution of
zeros, 0<i,<n, 2’,‘,,=1 i,=n, on [c,d]<[a, ©) provided there are points
c<t,<t, <+ - -<t,<d such that y(x) has a zero of order at least i, at #,,, m=
1,2,...,k

DeriNITION 1.2. Let R={r>t: there are distinct solutions u(x) and v(x) of
(1.1) such that u(x)—wv(x) has an (i, ..., i)-distribution of zeros, 0<i,<n,
Ef,,,l i,=n, on [t,r]}. If R# &, then set ril...,.m(t)=infR, and if R=g, set
riy--q,(8)=00.

These boundary value functions were studied by the author in [7]. Note that if
1<, <t,< <1 <ry, .. .im(t)g oo, then solutions of (1.1) satisfying the boundary
conditions

(1.2) Yt = Ay,
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where Am},, is a constant, j=1,2,...,m; m;=0,1,...,i;—1, when they exist
are unique. This is unlike the linear case where one also gets the existence of solu-
tions of (1.1), (1.2). Also we will use the following definition.

DeriniTION 1.3. The first conjugate point #,(¢) for the nonlinear equation (1.1)
is defined by,

7y(f) = min r;,...; (0),
where the minimum is taken over all boundary value functions r; ...; (¢) where
i h=n.
DErFINITION 1.4. If yy(x) is a solution of (1.1), then the linear differential equation

n—1

(13) 2™ = 3 £l yo(x)s -« 5 yor V()2
%=0
is called the equation of variation of (1.1) along y,(x).

DermniioN 1.5. We willlet 7, ;, ..., (¢; 7o(x)) denote the boundary value function
defined in Definition 1.2 for equation (1.3). Similarly 5,(¢; yo(x)) is the first con-
jugate point of x=t¢ for the linear differential equation (1.3).

Our main interest is in discovering relations which exist between boundary value
functions for equation (1.1) and the various variational equations (1.3). We also
discuss the relationship of the first conjugate point function #,(¢) for (1.1) and the
first conjugate point function #,(¢; y,(x)) for the various variational equations

(1.3).

DEerINITION 1.6. By y(x; %o, Yo)=y(x; Xo, yﬁ, yﬁ, ..., o) we mean the solution
of equation (1.1) satisfying the initial conditions

Yx) =i,  i=0,1,...,n—1.

n—1

DerINITION 1.7. Let {u;(x; Xo, yo(X))}j—o be the fundamental set of solutions of
equation (1.3) which satisfy the initial conditions at x=ux,,

“g'i)(on Xos Yo(X)) = d;;,
i,j=0,1,...,n—1,and J,;is the Kronecker delta. Sometimes it will be convenient
to write u;(x; Xy, yo) or u;(x; xo,yﬁ, .5 00), j=0,1,...,n—1, to denote the
solution u;(x; xg, yo(x)) of (1.3) where y,(x) is the solution of (1.1) with
y{f’”(xo)=yf,, i=1,2,...,n
We will frequently make use of the next lemma which follows from the proof of
Theorem 5.3.1 of [2].

LemMmMA 1.8. The solution y(x; xo, yo) has continuous partial derivatives with
respect to its n+2 variables and in particular

0y(x; Xo, Yo)

2y = ;. 1(X; Xo, Vo)
0
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where

X3 Xo, Vo, oo, VeF+h, ., YD—y(x; X,
“k-—1(x§xo,}’o)=}.imo W 0, Vo, ,J’o+}: , Yo)—)( 05 .VO)’

k=1,...,n, converges uniformly on compact subintervals of [a, ©). Also
us(x; %o, Yo)» k=1,...,n, is @ continuous function of its n+2 variables for
i=0,1,...,n—1.

Next we state and prove a theorem proved by Erbe [1] although the proof we
give is a somewhat shorter proof than Erbe’s.

THEOREM 1.9. If t>a,
Tp1(t) 2> inf "n—l 1(t; yo(x))

vo(z)
and

r1a1(0) 2inf ry (5 yo(x))

vol®)

where yo(x) is a solution of (1.1).

Proof. We will prove only the first statement, the proof of the other statement
being similar. Suppose that r,_, () <inf, (,) Fn_1,1(¢; Yo(x))=c. Then there exist
two distinct solutions y;(x) and y.(x) of (1.1) having an (r—1, 1)-distribution of
zeros in [¢, ¢) at the points 1< x; <x,<c. Suppose y”‘ ’(x1)=yi, 1<i<n, and let

_y(n—l)(x ) y(n 1)(x1) then

$1(X) = 03 X0 Y1, - < 5 YD)
and

n—1

7)) =y X0, 015 -+ Y1 y14P)
and since both solutions are equal at x, we have
O = y(xa; X1, Vi, - - -, YT+ D) =YX X1, Y1y - - -, VD)

_0p(xa; X1, Y1, - - -, YEHAD)
=pr oy
i

where 0<A<1. Hence by Lemma 1.8, u,_;(x;; x;, y2(x))=0, where y,(x) is the
solution of (1.1) satisfying the initial conditions yy "(x)=yi, 1<i<n—1,
""1)(x1) =Jp. This contradicts r,_;,,(¢; y,(x)) >c.

ExaMmpLE 1.10. Consider

(1.4 y™ = f(x, y)

where f satisfies (A) and (B), f,(x, y) is continuous on [a, ) X R, and f,(x, y) >0.
It is well known that for the differential equation

2 —f,(x, yo(x))z = 0
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that r,,_; 1(a; yo(x))=+ oo for any solution y,(x) of (1.1). Hence by Theorem 1.9
we have for equation (1.4) that r,_; ,(a)=co.
In analogy to a definition made by Peterson [5] we make the following definition.

DerINITION 1.11. If r;;(f)=0 for i=k, k+1,...,n—1, then set p,(t)=o0,
k=1,...,n—1. Otherwise set p,(t)=min{r, ;1(t), rn_s,2(), ..., Mensx(®}, k=
1,2,...,n—1. Similarly p,(¢; y,(x)) is defined for equation (1.3).

For linear equations it is well known that #,(t)=r,...,(¢)=p,(¢). For the non-
linear case (1.1) it is known that 7, ()= p,(¢) for n=2, 3 [4], and with an additional
condition for n=4 [6]. Also for the nonlinear case (1.1) it is known [3] that
N(t)=ry.. 1(?). Peterson [5] has shown that p(t)=ry1;..4(0), k=1,2,...,n=2,
in the linear case if p,(¢) <ry, (7).

TrEoREM 1.12. If pylt; o(0) <1 n_(t; yox), then
T < pi(ts Yo(X))s
where y,(x) is a solution of (1.1).

Proof. Let ¢>0 be given. Since p,(7; (X)) <rp,n_i(t; yo(x)) by Theorem 4,
[5], there is an x, € [¢, pi(¢; yo(x)) and a solution w(x; y,(x)) of the variational
equation (1.3) corresponding to the solution yy(x) of (1.1) having a zero of order
exactly k at x,, n—k—1 simple zeros in (x,, px(#; yo(x))) and an odd order zero
in [p(2; yo(x)), pr(t; yo(x))+¢). Now w(x; yo(x)) can be written as

W(X; Yo X)) = Ai(X; Xo, Yo(X))+* -+ Ayl _1(X; Xo, Yo(X))
and we know that the quotient

y(X; X0, y(lb M y7(§+1+hAk’ M) ys+hAn—1)—,V(x; X0, y(1)9 LR J”S)

h
— y(x; x(]’ y(1)> ] y§+l+hAlc9 M yg"'hAn—l)
h
Y03 X0, Yor - 5 V6T Vo P A, - - -, YiHRA, )
h
V(X5 X0 Yo - -5 Yo 5 Vot hA, ) —y(x; Xo, Yoy - - -5 V3)

+...+
h

= Akuk(x; Xo5 y(]ﬁ L] y§+1+§k5 y,(§+2+hAk+1’ L) y3+hAn—l)
+' : '+An—1un—1(x; Xo0s y(ll, cse yg—l’ yﬁ+§‘n—l)

where £; is between 0 and A4;h, j=k, ..., n—1. Hence

y(X; Xos .V(l)a DRI y’(‘):+1+hAk’ L) yg_l—hAnvl)_y(x; Xos y(l)’ R yg)
h
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converges uniformly to w(x; yo(x)) as A—0 on [z, pi(¢; yo(x))+¢]. Thus for A
sufficiently small the difference

y(x; Xos y(%’ ey yl(§+1+hAk’ ceey yg"'hAn—l)—y(x; Xos y:(l)a LIS .Vg)

has a (k,1,1,...,1)-distribution of zeros on [t, p,(¢; yo(x))+¢). Hence
.- 1(0)<pp(t; yo(x))+e. Since £>0 is arbitrary ryy; ..., ()< pp(#; Yo(X)).

REMARK 1.13. Note that we could have stated Theorem 1.12 differently, namely,

i ppia(f, Yo(X)) <rpm_p(t; yo(x)), then ryy...1(0)<ppia(t; yo(x)). The proof of
Theorem 1.12 is valid for this last statement for k=0.

COROLLARY 1.14. #,(£)<n,(2; yo(x)) where yo(x) is any solution of (1.1).

Proof. The inequality is trivially satisfied if #;(¢; yo(x))=co. Hence we can
assume 7);(¢; yo(x))<co. From Remark 1.13 since #,(¢; yo(x))=p:(t; yo(x))<
Fon(t)=00, we have that ry..., (1)< pi(2; yo(x)). Since ,(t)=r;....(¢) the proof is
complete.

COROLLARY 1.15. For n=2 and 3,

(1) = infy(t; yo(x)).

yo(z)

Proof. By Theorem 1.9

() = riy(t) 2> inf ryy(8; yo(x)) = infn,(t; yo(x)),

volx) volx)

and by Corollary 1.14, #,(#) <inf, (,) 7:(¢; yo(x)) and so #,(£)=inf, ) 7:(¢; yo(x))
for n=2.
In the case n=3, Jackson [4] showed that

7,(t) = min{ry,(t), r (1)},
and so by Theorem 1.9,

m) > min{ nf ria(ts yo(0)),inf ryg(t; yo(x»}
volz) yolx)
> infn,(t; yo(x)).
volx)

Hence again by Corollary 1.14 we have equality.

The first result in the next theorem follows from the work of Erbe [1]. The
second result in the next theorem with ¢ replaced by ¢+ follows from work of
Erbe [1] also. It is easy to see how to extend Erbe’s result to the case given here.

THEOREM 1.16. If r, 1 ,1(¢; yo(X)) <7n_2,5(t; yo(X)) for each y,(x) a solution of
(1.1), then

Fu1a(D) = infr,,_y 1(t5 yo(x)).
vo(ax)
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Also if ry, 1 (t; yo(%)) <ra,n_o(t; ¥o(x)) for each yo(x) a solution of (1.1), then

ra-a() =inf ry oo (85 yo(x))-

vo(a)

Proof. We will prove only the second result in this theorem. We do this by
contradiction, so suppose there is a solution y,(x) of (1.1) such that ry,,_;(#; yo(x)) <
r1.n—1(t). Since we are assuming that ry,,_;(¢; yo(x))<rg,n_a(t; yo(x)) it follows
[5] that ry,,,_1(¢; yo(x)) is a strictly increasing continuous real valued function in a
right hand neighborhood of ¢. Hence there is an x,>1, close to ¢, such that if we
let 7=ry,,_1(x0; Yo(%)), then 7 € (ry,n_1(2; Yo(%))s r2,n_a(t; yo(x))) and 7<ry, 51 ().
It follows that u,_;(xo; 7, yo(x))=0. Since 7, ,_»(¢; yo(x)) > this zero is a simple

Zero.
Now
Y57, Yor - e s Y6 Yot W) —y(X3 7, Y5, - - -, YD)
h
converges uniformly on [t,r;,, ()] to u,_;(x; 7, yo(x)) as h—0, and so for

n-1

h>0 sufficiently small we have that y(x; 'r,y(l,, ces Yo s Yo+h)—y(x; -r,yé, cees Vo)
has a zero in (¢, 7) as well as a zero at 7 of order n—1. But this is a contradic-
tion and the proof is complete.

ExampLE 1.17. Consider the nonlinear differential equation

Y™ =1, )
where f satisfies (A), (B), (C), and f,(x, y)<0. It is well known that for the dif-
ferential equation
2 —£,(x; yo(x))z = 0
that r,_s,(a; yo(x))=00. Hence if r, ;,.1(¢; yo(x))< o, t>a, for all solutions
Yo(x) of (1.1), then we have by Theorem 1.16 that
Tn11(t) = iI}f)rn—l,l(t; Yo(X)).
volx
Also it is well known that if # is even, then r, ,,_o(#; yo(x))=c0. Hence if r,,,_,(¢;
Yo(x))< 00, t>a, for all solutions y,(x) of (1.1), then

(D) =infry (25 yo(x).
yolx)

The example given by Erbe [1] to show in the statement that if ry , ,(t+;

Vo)) <ran_a(t+; yo(x)), then ry, y(t+)=inf, ) r1,n1(t+; yo(x)) you cannot
remove the hypothesis, gives us the corresponding example for the second result
in Theorem 1.16.

ExampLE 1.18. For the differential equations for which solutions extend to
[a, o) of the form

y"'+4y"+p(x)y* =0
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where s>1 is the quotient of odd integers, p € C[a, o), p(x)>0 on [a, ), a>0,
one can show that

= 115(a) > inf r15(a; yo(x)) = r15(a; 0)

yo(x)
= ry(a; 0) = mf "21(‘1 Yo(x)) = ry(a)
=n(a) = a+7.

The following theorem generalizes Lemma 2.1, [1].

THEOREM 1.19. (Local Uniqueness Theorem). If p,(t; yo(x))>b, where y,(x) is a
solution of (1.1), x, € [t, b), and yf,z 1)(xo)—yo, i=1,2,...,n, then there exist
positive numbers py, i=1,...,n—k, such that if 0L|p,|<p.,i=1,2,...,n—k,
with Sy | p;| #0, the difference

.5 V(X3 X0, Yoy« + 5 Vo Ve D1y o+ o5 Yo+ Proi)— Yo%)

does not have n zeros on [x,, b].

Proof. Assume the conclusion is false, then there is a sequence {(py;,...,
Prieni)}iels z:‘,,’;"l pf,,j;éO, of points in n—k space such that lim,_ ., p,;=0,
m=1,...,n—k, and Y(X; Xo, Vor - - + » Vor Vo FP1js + + + » Vo +Puso)—Yo(¥) has
at least n zeros on [x,, b] for each j>1. Let tj=(2f,;'°1 pfn,-)” 2 then {(pailtys - -+ »
Pr—t.ilt;)}i1 are points on the unit sphere in #—k space and so there is a subse-
quence, which for convenience we label the same as above, which converges to a
point (4,, ..., 4,_;) which is on the unit sphere, so that not all the 4,’s are zero.

Rewrite (1.5) as

[y(x; xo: ,V(}, v ey yg’ yg+l+pli 90 ey yg+pn—k.i)
— V(X3 X0y Yo+ + > Yo V6 Pags + « + 5 Yo+ Prci. )]

b [0 X0 Yo - - o5 Yo Yot P, )= V(X5 X0, Yo - -+ 5 YOI
= Prth(X; Xo» Yi(¥)+* * *+ P, Un1(X; Xo» Yp-1(x)) Where y,,(x),
m=k,...,n—1 is the solutlon of (1.1) with y("”(xo)=y§, i=1,...,m;
y(ﬂ:n)(xo)_y +pm—k+1.a"ym (xo)—y0+Pz—k+1.J’ l_m+2’ BERPR ( Where p'm—k+1.:i
is between 0 and p,, ;,1,;; m=k,...,n—1. Hence it follows that if we divide
(1.5) by ¢, then this goes to

(1.6) Ayui(x; Xgy Yo(X)) 4+ -+ Apghn1(X; Xo5 Yo(X))

uniformly on [x,, b] as j—oco. Therefore equation (1.6) gives us a nontrivial
solution of the variational equation (1.3) with n zeros on [x,, b]. Since (Theorem 1,
5D, riy- i (85 Yo(x)) 2 pi(t; yo(x) for i, >k this is a contradiction.

It is easy to see from the proof of Theorem 1.19 that the following more general
result is true.
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THEOREM 1.20. If py(2; yo(x))>b where yo(x) is a solution of (1.1), x, € [¢, b),
and yf,"l)(xo)=y3, i=1,2,...,n, then there exist positive numbers p;, i=1,2, . . .,
n—k, such that if 0<|p;—q|<pio» i=1,2,...,n—k, with 31F|p;i—q:|#0 the

difference

y(xs xo: y:)" L J’g, y’(§+l+P1’ e yg+pn—k)

— Y05 X0, Yo+ 5 Vo Vo s -+ -5 Vot )
does not have n zeros on [x,, b].

Questions that remain open involve comparison theorems for boundary value

functions of (1.1) and its variational equation (1.3). In particular is the following
true.

CONIECTURE 1.21. If 1y n_s1(t)=00 then
1.7n Fiyrein(t) 2 ir(lf)Pk(t; Yo(x))
Yolx
foriy >k, k=1,2,...,n—1.
Probably Theorem 1.19 could be used to prove this result.

RemMArk 1.22. If this conjecture were true, then by Theorem 1.12 if
P15 Yo(X) <rp,n_z(t; yo(x)) for all yy(x) a solution of (1.1), then

(1.8) Fra-a(t) =1nf 1.0 (85 yo(x))
)

Yol
k=1,2,...,n—1. In particular it would follow from (1.7) with k=1 and Corol-
lary 1.14 that in general

(1) = infn,(t; yo(x)).

yo(z)
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