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Abstract

We study the differentiability of the limiting distribution function associated to the normalized Euler
function defined on the shifted primes.
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1. Introduction

In 1968, Kátai [3] gave general conditions under which additive and multiplicative
functions, taken over the set of shifted primes, have a continuous limiting distribution
function. Moreover, this distribution function F is purely singular: this was proved by
Erdős [1] for the distribution over all integers, and extensions to shifted primes can be
found in Tenenbaum’s book [4, Exercise 256, p. 423].

The nature of the support of the limiting distribution is not known, even in the
case of the distribution over the integers. The question of the local behaviour of
this limiting distribution, say G, seems to have been first addressed by Tjan [5] and
the precise order of magnitude for the modulus of continuity of G (the quantity
Q(h) = supx(G(x + h) −G(x)) is also called the concentration by some authors) has
been given by Erdős [2]. For more recent information on the local behaviour of
G, we refer the reader to the recent paper by Toulmonde [6] and the references
therein.
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In this note, we consider the distribution of the numbers (ϕ(p − 1)/(p − 1)) as an
example, where ϕ is Euler’s function and p runs over prime numbers. We show that
the limiting distribution function, defined by

F(x) = lim
N→∞

1
π(N)

Card
{

p ≤ N :
ϕ(p − 1)

p − 1
≤ x

}
,

is differentiable at no point ϕ(m)/m, where m is an even integer. Besides an appeal
to the Bombieri–Vinogradov theorem, which could be replaced by the Siegel–Walfisz
theorem, the proof is completely elementary, namely a mere moment computation.
More precisely, we show the following result.

T 1.1. Assume that m is any positive even integer and denote xm = ϕ(m)/m.
Then for all A > 0 and δ > 0 there exists y ∈ [xm − δ, xm) such that

F(xm) − F(y) ≥ A(xm − y).

Hence, F is not differentiable from the left at the point xm.

Throughout the paper we shall abbreviate p ≡ 1 modulo m as p ≡ 1[m].

2. On Kátai’s three-series theorem

The method used by Kátai [3] immediately leads to the following result.

P 2.1. Assume that g is a positive-valued multiplicative number-theoretic
function such that the three series∑

|log g(p)|≤1

log g(p)
p

,
∑

|log g(p)|≤1

log2 g(p)
p

and
∑

|log g(p)|>1

1
p

converge. Then for every m ≥ 1 there exists a distribution function Gm such that at all
points y of continuity of Gm,

lim
N→∞

1
π(N; m, 1)

∑
p≤N

p≡1[m]
g(p−1)≤y

1 = Gm(y).

Moreover, Gm is continuous if and only if the series∑
p≡1[m]
g(p),1

1
p

diverges.

We apply Kátai’s extended proposition to the function g defined by g(n) = ϕ(n)/n.
It is easily seen that g satisfies all the conditions of Proposition 2.1 and thus, for any
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positive integer m, which we further assume to be even, and any y ∈ R,

lim
N→∞

1
π(N; m, 1)

∑
p≤N

p≡1 [m]
g(p−1)≤y

1 = Gm(y), (2.1)

where Gm is a continuous distribution function.
Relation (2.1) indeed means that the sequence (in N) of the empirical measures

νN,m =
1

π(N; m, 1)

∑
p≤N

p≡1 [m]

δ(g(p−1)), (2.2)

where δ(a) denotes the Dirac measure at positive a, weakly converges to the Lebesgue–
Stieltjes measure with density dG/dx. For p ≡ 1 [m],

0 ≤ g(p − 1) =
∏
q|p−1

(
1 −

1
q

)
=
ϕ(m)

m

∏
q|p−1
q-m

(
1 −

1
q

)
≤
ϕ(m)

m
.

Thus, the support of the measure dGm is indeed in [0, xm] with xm = ϕ(m)/m.
We consider the continuous function t 7→ tk, with support in the compact set [0, xm].

Then for all k ≥ 1,

lim
N→∞

∫ xm

0
tk dνN,m =

∫ xm

0
tk dGm(t). (2.3)

3. Moments analysis

In this section, we compute the left-hand side of (2.3) by number-theoretic methods
and obtain a lower bound for the right-hand side; more precisely, we show that the
following is valid for all positive even integers m, and k ≥ 2:

cm,k :=
∫ xm

0
tk dGm(t)�m

xk
m

log k
. (3.1)

By the definition (2.2) of the measure νN,m,∫ xm

0
tk dνN,m =

1
π(N; m, 1)

∑
p≤N

p≡1 [m]

(
ϕ(p − 1)

p − 1

)k

.

In order to compute the sum, we introduce the multiplicative function hm,k defined for
` prime and α ≥ 1 by

hm,k(`α) =

1 − (1 − 1/`)k if ` - m and α = 1,

0 if ` | m or α ≥ 2.
(3.2)
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By using the Möbius inversion formula, the function fm,k defined by

fm,k(n) =
∑
d|n

µ(d)hm,k(d)

is multiplicative. Obviously, for any prime ` and α ≥ 1,

fm,k(`α) = 1 − hm,k(`) =

(ϕ(`)/`)k if ` - m,

1 if ` | m.

Thus ∑
p≤N

p≡1[m]

(
ϕ(p − 1)

p − 1

)k

=

(
ϕ(m)

m

)k ∑
p≤N

p≡1[m]

fm,k(p − 1)

= xk
m

∑
p≤N

p≡1 [m]

∑
d|p−1

(d,m)=1

µ(d)hm,k(d)

= xk
m

∑
d≤N−1
(d,m)=1

µ(d)hm,k(d)
∑
p≤N

p≡1 [d]
p≡1 [m]

1

= xk
m

∑
d≤N−1
(d,m)=1

µ(d)hm,k(d)π(N; md, 1).

When d is large, say d ≥ D = bN1/3c, we use the trivial upper bound N/(md) for
π(N; md, 1), as well as the upper bound k/` for hm,k(`). We get∑

d≥D
(d,m)=1

|µ(d)hm,k(d)|
N

md
≤ N

∑
d≥D

kω(d)

d2
�m,k N5/6.

We now consider small d, that is to say, d < D = bN1/3c. We write

π(N; md, 1) =
π(N)

ϕ(m)ϕ(d)
+ E(N; md, 1).

The Bombieri–Vinogradov theorem implies that∑
d≤D

(d,m)=1

|E(N; md, 1)| = Om

(
π(N)
log N

)
.

This relation, combined with the trivial upper bound |hm,k(d)| ≤ 1, leads to∑
d≤D

(d,m)=1

|µ(d)hm,k(d)E(N; md, 1)| = Om

(
π(N)
log N

)
.
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We are left with the main contribution

π(N)
ϕ(m)

∑
d≤D

(d,m)=1

µ(d)hm,k(d)
ϕ(d)

=
π(N)
ϕ(m)

∞∑
d=1

(d,m)=1

µ(d)hm,k(d)
ϕ(d)

+ om(π(N)),

since, as above, the upper bound k/` for |hm,k(`)| implies the absolute convergence of
the series. By the definition of hm,k,

∞∑
d=1

(d,m)=1

µ(d)hm,k(d)
ϕ(d)

=
∏
`-m

(
1 −

1 − (1 − 1/`)k

` − 1

)
≥

∏
`≥3

(
1 −

1 − (1 − 1/`)k

` − 1

)
.

For 3 ≤ ` ≤ k2, we use the lower bound

1 −
1 − (1 − 1/`)k

` − 1
≥ 1 −

1
` − 1

=

(
1 −

1
`

)(
1 −

1
(` − 1)2

)
,

and for ` > k2, we use

1 −
1 − (1 − 1/`)k

` − 1
≥ 1 −

k
`(` − 1)

≥ 1 −
1

`1/2(` − 1)
.

Thus∏
`≥3

(
1 −

1 − (1 − 1/`)k

` − 1

)
≥

∏
3≤`<k2

(
1 −

1
`

) ∏
`>3

(
1 −

1
(` − 1)2

) ∏
`>3

(
1 −

1
`1/2(` − 1)

)

�
1

log k
,

where the last inequality comes from Mertens’ theorem and the absolute convergence
of the two infinite products. This proves (3.1).

4. Completing the proof of Theorem 1.1

In this section, we assume that Theorem 1.1 does not hold and we deduce an upper
bound for

∫ xm

0
tk dGm(t) that contradicts (3.1), thus proving Theorem 1.1. The negation

of Theorem 1.1 is

∃A > 0, ∃δ > 0, ∀y ∈ [xm − δ, xm), F(xm) − F(y) < A(xm − y).

Thus, by the definition of F, for all y ∈ [xm − δ, xm),

lim
N→∞

1
π(N)

Card
{

p ≤ N :
ϕ(p − 1)

p − 1
∈ [y, xm)

}
< A(xm − y).
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This implies that, in the same range for y,

lim sup
N→∞

1
π(N)

Card
{

p ≤ N : p ≡ 1[m],
ϕ(p − 1)

p − 1
∈ [y, xm)

}
< A(xm − y).

By the definition of Gm, the left-hand side of this inequality is (Gm(xm) −Gm(y))ϕ(m).
Thus, for all y ∈ [xm − δ, xm],

Gm(xm) −Gm(y) ≤ Am(xm − y),

where Am = A/ϕ(m). Integrating by parts the integral expression of cm,k,

cm,k =

∫ xm

0
tk dGm(t)

= [tk(Gm(t) −Gm(xm))]xm
0 −

∫ xm

0
ktk−1(Gm(t) −Gm(xm)) dt

≤

∫ xm−δ

0
ktk−1 dt + Am

∫ xm

xm−δ

ktk−1(xm − t) dt

= (xm − δ)k + Am[tk(xm − t)]xm
xm−δ

+ Am

∫ xm

xm−δ

tk dt

= Am
xk

m

k + 1
+ om

( xk
m

k

)
= Om

( xk
m

k

)
,

which contradicts the inequality (3.1). Thus, Theorem 1.1 is proved, as well as the
nondifferentiability of F from the left at any point xm = ϕ(m)/m, where m is an even
integer.
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[1] P. Erdős, ‘Some remarks about additive and multiplicative functions’, Bull. Amer. Math. Soc. 52
(1946), 527–537.
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