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In [13] Mazet proved the following result.

If U is an open subset of a locally convex space E then there exists a complete locally
convex space 9(U) and a holomorphic mapping &, : U— 9(U) such that for any complete
locally convex space F and any f € #(U; F), the space of holomorphic mappings from U
to F, there exists a unique linear mapping T : §(U)— F such that the following diagram
commutes;

u-sF

6ul /T['

4(U)

The space 4(U) is unique up to a linear topological isomorphism. Previously, similar
but less general constructions, have been considered by Ryan [16] and Schottenioher [17].

Recently Mujica and Nachbin [15] obtained a new proof of Mazet’s result and gave
.several consequences. They also constructed a dense subspace %,(U) of 4(U) in the
following manner; if M is a finite dimensional subspace of E and i,, is the canonical
embedding of UNM in U, then dy°ip e H(UNM; %)) and hence there exists a
unique linear mapping I1,, such that the following diagram commutes.

unm 22 Gy

"uan /’"M

G(UNM)

The same construction yields a canonical method of identifying 4(U N M) with a sub-
space of 4(U N N) for M and N finite dimensional subspaces of E with M c N and hence
U, (%(U N M)) is a subspace of 9(U). Mujica and Nachbin called this subspace 4,(U)
M

and obtained a number of results connecting linear properties of 4,(U) and holomorphic
properties of U. In the process they posed two problems (see Example 10) which we show
to have negative answers. Our method is to restrict ourselves to the study of holomorphic
functions on fully nuclear spaces with a basis and to use the known structure of such
spaces (see [4,5,9,11, 12] and [10, Chapters 5 and 6]). In this way we obtain a positive
result in the spirit of Mujica and Nachbin [15] but with a strictly weaker hypothesis on
more specialized spaces and this immediately leads to the desired counterexamples.
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We refer to Dineen [10] for basic results in infinite dimensional holomorphy and to
Horvath [12] for the theory of locally convex spaces. A recent comprehensive study of
barrelled spaces can be found in [6] and Chapter 12 of this book discusses the various
holomorphic properties we study in Section 2.

In Section 1 we give the required background information and prove some results
about holomorphic functions that may be of independent interest. In Section 2 we prove
our main results.

1. Let U denote an open subset of a locally convex space £ over the complex
numbers C, and let #(U) denote the space of C-valued holomorphic functions on U. A
subset & of #(U) is said to be locally bounded if for each point x in U there exists a
neighbourhood V, of x, V, c U, such that

sup lIfllv, <= (Il =sup £ (») ).
fe#F veV,

If ¥ =(V,);;~, is an increasing open cover of U we let
K (U)y={feZWU):|flly, < for all n}

and we endow J,-(U) with the topology generated by the semi-norms ||. ||,,. Each %, (U)
is a Fréchet space and, since holomorphic functions are locally bounded, we have

#(U) =) %),

We denote by 1, the inductive limit topology on #(U) generated by 7, (U) as ¥ ranges
over all possible increasing countable open covers of U. Hence

(H(U). 7,) = lim %, (V).

Since each locally bounded subset of #(U) is contained and bounded in some %, (U) it
follows that the locally bounded subsets of #(U) are t,-bounded. The t,-bounded
subsets of #(U) are locally bounded if U is an open subset of a Fréchet space, a 2FM
space, a strict inductive limit of Fréchet—-Montel spaces which admits a continuous norm
or an open compact surjective limit of 2% spaces [1, 5,7, 8,9, 10, 14]. The converse is
not true in general, ([1,5, 8, 14]). The following proposition gives necessary and sufficient
conditions for this to be the case.

ProrosiTiON 1. The following are equivalent:
(a) the t, bounded subsets of #(U}) are locally bounded,
(b) lim ,-(U) is a regular inductive limit,

7

(c) there exists a Hausdorff locally convex topology t on F(U) such that the
1-bounded subsets of #(U) are precisely the locally bounded sets.

Proof. Clearly by the definitions of the t, topology and regular inductive limit we
have (a)©(b) and (a)=(c). Thus to complete the proof it suffices to show (c)=> (a).
Suppose (c) is satisfied. Let 7, denote the bornological topology associated with 7. By our
hypothesis the t, bounded subsets of #(U) are locally bounded and hence 7, = 7,. If ¥'is
an increasing countable open cover of U then the bounded subsets of %,.(U) are locally
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bounded and, since #,-(U) is a Fréchet space, the natural inclusion #,-(U)— (#(U), t,,)
is continuous. By the definition of the inductive limit topology it follows that the identity
mapping (#(U), 1,)— (¥(U), 1,,) is continuous. Hence 1, =1, and thus 7, = ,. Hence
(a) is satisfied and this completes the proof.

DeriniTION 2 [4]. A locally convex space E is fully nuclear if E and its strong dual E;
are both complete infrabarrelled nuclear spaces.

ProrosiTion 3 [11}. If E is a fully nuclear space with basis then the monomials
{z"},.eno form an unconditional equicontinuous basis for (¥#(E), t,).

ProposiTioN 4. If E is a fully nuclear space with basis and the t, bounded subsets of
FH(E) are locally bounded, then (¥#(E), 1,) is a Montel space.

Proof. As (¥(E), t,) is infrabarrelled it is necessary only to show that a locally
bounded set of holomorphic functions on E is 1, relatively compact. Let (f,).er denote a
locally bounded net of holomorphic functions on E. By Montel’s theorem (f, ), r contains
a subnet, which we may suppose is the original set, and which converges uniformly on
compact subsets of E to a Gateaux holomorphic function f. By locally boundedness it
follows that f € #(E). By [10, Lemma 3.28] and the definition of the t,, topology it
suffices to show that f, — f as & — o uniformly on a neighbourhood of the origin.

Choose V an open polydisc neighbourhood of the origin such that sup, |[f,|ly <=.
By [10, Lemma 5.18] there exists an open polydisc neighbourhood W of the origin and a

%

1
sequence of positive real numbers 6 =(94,),, 6,>1, ¥ 5—<oc such that W < V. Let
i

n

)= 2 anz” and f(z)= X a,2"
meNN meNMN
By the above ||a%z"||lw = M /8™ for all « and all m e N™. Since f, — f as @ — x it follows
that a$,— a,, as o — « for each m in N™ and so ||a,,z" ||w = M/8" for all m in N™,
Let € > 0 be arbitrary. Choose J, a finite subset of N™_ such that

2M Y i<e

NNy §”

m

and then choose «, such that ||a5,z" —a,,z
we have -

Mo =fllw = 3 llasz” = anz"llw + > lanz”llw+ 3 llanz"lw

mel meNNIy meNINy

|lw=¢€/lJ| formeJ and o = «,. For @ 2 «,

=U=+2 S M/ =<2e

VI meNmny
This completes the proof.

LemMma 5. If E is a fully nuclear space with basis and B = { x . a,‘)’,z’"} is a locally
bounded set of elements of #(E), then meN el

B = { z bmzm; |bm| =sup |a21|}

meNMN @

is also locally bounded.
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Proof. Let K denote an arbitrary compact polydisc in E. Let W denote an open
subset of E such that K < W and sup Ifllw =M(W) <o, By [10, Lemma 5.18] there
fe

exists an open polydisc neighbourhood V of 0 in E and a sequence of positive real numbers

=1
6=(5,),. 6,>1 and 25—<oo, such that 6(K + V)< W. Hence, for all @ €eI" and all
m e N®™ ' On

M(W)
“af:’lzm“K-FVS 6m .

Therefore, if |b,,| =sup |ag,|, we have
o

> bz ke =MW). 3

6[”
meN™N meNtN

Since K was arbitrary this implies that the elements of B are elements of ¥#(E) and
moreover are locally bounded. This completes the proof.

ProroSITION 6. Let E denote a fully nuclear space with basis and suppose the T,
bounded subsets of #(E) are locally bounded. Then (#(E), t,); has an absolute basis and
is a bornological Montel space.

Proof. By Proposition 4, (#(E),ts); is a Montel space. If feH(E), f=
Y a,z", weletw”(f)=a,, for allme N™. If T € (¥(E), t,)' then, by Proposition 3,

meNN

we have

T(f)= 2 w"(ATE") = 2 TE")w"(f)

meNN meNWN

and {w"™},,env is a weak basis for (¥#(E), 75)'. If B ={ ¥ . af,',z’"} is a 7, bounded
subset of #(E) and meN® wer

B ={ 2 b,z"; by <sup |a}| for m e N(N’}
meNMN o

then, by Lemma 5, B is also 7, bounded and B < B. Hence, if T € (¥(E), t,)', then

ITlls=IT|5=sup

feB

= 2 ITE) w5

meNN

%, T W)

meNMN

This implies that
T = z T(Zln)wm

meNmN

is in (H(E), ts); and that, moreover, semi-norms of the form

2 AT W™ |5

meNMN
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generate the topology of (H(E),7;)s. Hence {w"},.nm is an absolute basis for
(#(E), t5)p. To complete the proof it suffices, since (#(E), 7,); is infrabarrelled, to
show that any mapping T:(#(E), t5)s— C, which is bounded on bounded sets, is
continuous. Since (#(E), t5)p is quasicomplete and has an absolute basis it follow that if

2 buw" e (H(E), ),

meNN

then ¥ e“b,w™ also belongs to (¥(E), 75); for any choice of real scalars {8, },,cnm.

meNMN

Hence % |b,, T(w™)| < for any Z( )b,,,w’" € (¥(E), T5)p. Let
m meNWN

eNN)
v={ 5 bwre@tE. w3 b ToMI=1]
meNN meNN

By the above V is absorbing and it is clearly convex and balanced. Since the mappings

z bm w'— bm

meN®N

are continuous it follows that V is also closed. Since a Montel space is barrelled it follows
that V is a neighbourhood of zero in (#(E), 75); and so the semi-norm

p(( S baw)i= S 16, T
meNN meNN
is continuous on (¥#(E), 7,)s. Since
7( 3 bawm)|=p( 3, baw)
meN®N meNWN

it follows that T is continuous and this completes the proof.

We now recall some properties of 4(U) from Mujica and Nachbin [15]. By definition
G(U)={¢ € H(U)' : ¢ is 1, continuous on the locally bounded subsets of (U)}.

Hence (#(U), 1)’ « 9(U). If ¥ is an increasing countable open cover of U then the
bounded subsets of 3,-(U) are locally bounded and, moreover, by Montel’s theorem are
1y-relatively compact. Hence, if ¢ € 9(U), then ¢ is bounded on the bounded subsets of
#,-(U) and hence is continuous when restricted to ,(U). By the definition of the
inductive limit topology it follows that ¢ is 7, continuous and so

(#(U), 7)) = 4(U) = (#(V), 15)".

%(U) is endowed with the topology 7, of uniform convergence on the locally bounded
subsets of #(U). If we let i denote the inductive dual topology (see [3]), then the
mapping

feX(U)— T e 4U)
in Mazet’s theorem gives the following topological isomorphism.

ProrosiTioNn 7 [15]. (H(U), 15) =9 U); and locally bounded subsets of F#(U)
correspond to the equicontinuous subsets of both §(U)" and 4(U)’.
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2. Main results.

THEOREM 8. Let E be a fully nuclear space with basis. The following are equivalent.
(1) The t5 bounded subsets of #(E) are locally bounded.

(2) Y(E) is bornological.

(3) Y(E) is barrelled.

(4) %\(E) is bornological.

(5) %(E) is infrabarrelled.

Proof. If any of the conditions (2), (3), (4) or (5) are satisfied for E an arbitrary
locally convex space then, by Proposition 7 and the definition of infrabarrelledness, the
locally bounded subsets of #(E) are the bounded subsets of a locally convex topology on
#(E). By Proposition 1 this implies that (1) is satisfied.

Since ¥%(E) is complete we always have (2)=>(3) and (4)=> (5)=> (3). To complete
the proof we show (1)=(2) and (1) = (4).

Now suppose (1) is satisfied. By Proposition 4, (¥(FE), 7,) is a Montel space and
hence the closed locally bounded sets are 1,-compact. Since t, = 7|, it follows that the 7,
and 1, topologies agree on the locally bounded subsets of #(E). Hence %(E)=
(#(E), 1,) and 1, is the topology of uniform convergence on the 1, bounded subsets of
#(E). Hence (9(E), 1;) = (#(E), 1, )5. By Proposition 6, (¥#(E), t,)s is bornological and
s0 (1) (2).

If meN®™, then the linear functional w™ on %(E) is supported by a finite
dimensional compact subset of E and hence belongs to %,(E). Hence {w"},,.n is an

. (
absolute basis for (%(E), ;). If B =1 D) b;‘,,w’"} is a bounded subset of 4(E), let

meNN rel

B= { > ebiwmi || <o, JcN™N A€T, 0, € R}.

mel

Then B is a bounded subset of 4(E) and B < B“5). Moreover, if f= L a,z"¢€

H(E)=(%Y(E), 1)), then men e
flla=sup| > bha,|=<sup > |bhl.la,l
A€l |,meNM el meNN)
=|fllz (*)

and so (9(E). 1))p = (%/(E), 1;);. Since Y(E) is barrelled, Proposition 7 now implies that
%(E) is infrabarrelled. Let T:%,(E)— C denote a linear functional which is bounded on

bounded sets. If B ={ ¥ bﬁ,w"'} is a bounded subset of ¢(E), then

meNMN rel

ITlz=sup 2 [bAIIT(W™) <.

€l pyeN™

Hence Y |b,||T(w")|<w for all Y b,w" e€%E) and so T extends to a linear

meNN meNN
functional on 9(E). Since ||T||z =||T|| 5 the extended mapping T is bounded on bounded
subsets of 9(E). Since 4(E) is bornological it follows that T is continuous. Hence 4,(E) is
bornological and (1) = (4). This completes the proof.
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EXAMPLE 9. Let E = ﬁ E,, where each E, is a Q%N space with basis. The space E

n=1
is a fully nuclear space with basis and by [10, Proposition 6.27]) the z,., and hence the T,
bounded subsets of #(E) are locally bounded. Hence the conditions in Theorem 8 are all
satisfied. Two particular cases are of interest.
(a) E,=C"™, E;=C fori=2; then E=C™xC",
(b) E;=s', where s is the space of rapidly decreasing sequences; then £ =2’ (the
space of distributions on R").

ExampLE 10. An open subset U of a locally convex space E is said to be
holomorphically infrabarrelled if the 7, bounded subsets of #(U) are locally bounded.
The set U is said to be holomorphically bornological if for any locally convex space F and
f:U—F, Gateaux holomorphic and bounded on compact sets the function f is
holomorphic ([1]). If U is holomorphically bornological, then U is holomorphically
infrabarrelled and Mujica and Nachbin [15] show that

U holomorphically infrabarrelled = %,(U) is infrabarrelied
and

U holomorphically bornological = %,(U) is bornological.

They ask if the converses are true. If E=C"™ x CN then Theorem 8 implies that G,(E) is
bornological. By [8, Proposition 3.2] the t,, and the 7, bounded subsets of #(E) do not
coincide. Hence E is not holomorphically infrabarrelled and a fortiori not holomorphi-
cally bornological. Thus the space C™ X C" provides negative answers to both questions
mentioned above. Note that the space %' is holomorphically infrabarrelled by [5,
Corollary 8].

REMARK 11. The space %(E), with E a fully nuclear space with a basis, will not in
general be barrelled even if %,(E) is bornological. If this were the case then Theorem 4.4
of [15] would imply that E is holomorphically barrelled and, in particular, the 7, bounded
subsets of #(E) would be locally bounded. By the previous example we see that
%) (C™ x CN) is bornological but not barrelled.
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