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MARKOV PROCESSES
ASSOCIATED WITH POSITIVITY PRESERVING
COERCIVE FORMS

ZHI-MING MA AND MICHAEL ROCKNER

ABSTRACT. Coercive closed forms on L?-spaces are studied whose associated L2-
semigroups are positivity preserving. Earlier work by other authors is extended by
further developing the potential theory of such forms and completed by proving an
analytic characterization of those of these forms which have a probabilistic counterpart,
i.e., are associated with (special standard) Markov processes. Examples with finite and
infinite dimensional state spaces are discussed.

0. Introduction. Inpreviouswork (cf. e.g. [MR 92],[AMR 93a]) we studied Dirich-
let forms (‘E, D(f)) on measure spaces, i.e., coercive closed (positive definite bilinear)
forms on L*(E; m) whose associated L2-semigroups (7))o as well as its adjoint (7))o

are sub-Markovian (ie., 0 <u <1=0 S(fl r u < 1,¢> 0). Here E is equipped with
a g-algebra B and m is a (o-finite) positive measure on (E, B). In case E is a Hausdorff
topological space, extending fundamental results of M. Fukushima, M. L. Silverstein,
S. Carrillo Menendez, and Y. Le Jan (cf. [F71, 80], [Si 74], [Ca-Me 75], [Le 77]) we
proved an analytic characterization of all Dirichlet forms (£, D('E)) which are associated
with a pair of nice (i.e., special standard) Markov processes (M, M), i.e., the transition
probabilities of M, M are given as (“quasi-continuous”) m-versions of (7)o resp.
(T})r>0. We called such Dirichlet forms quasi-regular-

The present paper is devoted to coercive closed forms (Z, D(‘E)) on L*(E; m) whose
associated L2-semigroups (7;);>o (and hence (7})>0) are merely positivity preserving
(i.e,u>0= Tu > 0,t > 0). We call such forms also positivity preserving. They
have been studied intensively already many years ago by several authors as J. Bliedt-
ner [Bl 71], A. Ancona [An72a, b, 75], C. Preston [Pr 74] and even earlier by A. Beurling
and J. Deny [BeDe 58] (see also [ReS 78, Theorem XIII 50]). The intention of this paper
is to extend and complete the work of these authors by developing the corresponding
probabilistic counterpart. To our knowledge this has not been done so far for coercive
closed forms which are merely positivity preserving and not necessarily Dirichlet forms.
Our main result (Theorem 5.2) states that also in this more general case (a slight modi-
fication of) quasi-regularity characterizes all positivity preserving coercive forms which
are associated (in a certain sense) with a nice (i.e, special standard) Markov process on E,
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provided E is a Hausdorff topological space. In particular, this yields a probabilistic in-
terpretation and representation for both corresponding L?-semigroups (7;),>o and (7})ro.
The technique we use to achieve this is well-known in potential theory, the so-called
h-transformation, by which we can reduce this situation to the case of a semi-Dirichlet
form for which the said characterization has been proved recently in [MOR 93] (which
extends the “Dirichlet form case” in [MR 92], [AMR 93a]). On the way we have to fur-
ther develop the potential theory of positivity preserving coercive forms (beyond what
has been done in [BeDe 58], [Bl 71], [An 72a, b, 75], [Pr 74]). However, much of the
potential theory for (semi-) Dirichlet forms in [MR 92] and [MOR 93] extends almost
word for word to this more general case. We only describe the necessary modifications.
We also would like to draw the reader’s attention to Theorem 1.7 which is an extension
of the first Beurling-Deny criterion to the non-symmetric case without even requiring
the (weak) sector condition (¢f. [MR 92, 1. (2.5)]).

As in [MR 92], [AMR 93a], [MOR 93] also in this paper we strictly distinguish the
parts of the theory that can be developed in a purely measure theoretic framework from
those for which a topology on the state space E is needed. In the latter case again we keep
our topological assumptions as minimal as possible. We only assume E to be a Hausdorff
topological space and (for simplicity) that its Borel o-algebra B := B(F) is generated by
the continuous functions on E. In particular, we do not need local compactness.

The idea of using the A-transformation as indicated above is, of course, quite straight-
forward. Its implementation, however, in this general framework in order to obtain our
main result, Theorem 5.2, bears some surprising complications. (One has to identify the
precise role which the constant function 1 plays for semi-Dirichlet forms.)

Another central point of this work is to present further examples which are now
covered by this more general case. The results can roughly be summarized as follows:
any perturbation of a Dirichlet form which is still coercive and closable is a positivity
preserving coercive form. This holds for example both with finite and infinite dimensional
state spaces E. In case E is an open subset of R? we can even allow the (symmetric)
diffusion part, to be degenerate (cf. Subsection 2.1 below). The quasi-regularity is trivial
here. In infinite dimensions we consider the cases where E is a separable Banach space
and where E := M;(S) is the space of probability measures on a Polish space S. One
generic difference of these two cases is that in the latter case the “gradient-type” coercive
forms are defined in terms of a “tangent bundle” (in a loose sense) over the “manifold”
E = M;(S) where the tangent space changes from point to point (¢f. Subsection 2.3
below for details). In contrast to this in the first case the “tangent space” to the Banach
space E at each point z is given by a fixed Hilbert space where only its inner product
depends on z € E (cf Subsection 2.2 below). Nevertheless, arguments similar to the
finite dimensional case show that they are positivity preserving coercive forms. We also
show that they are quasi-regular (¢/- Example 5.4), hence by Theorem 5.2 that they give
rise to associated infinite dimensional Markov processes (which are in fact diffusions, cf-
[MR 92, V. Section 1] and [AMR 93b]). For more details about the resulting measure-
valued diffusions in the last example in Subsection 2.3 we refer to [ORS 93].
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We also would like to mention recent work by B. Schmuland [S 93] where the local
property of positivity preserving forms is studied. As in the case of (semi-) Dirichlet
forms this property is related to the continuity of the sample paths of the associated
special standard Markov process.

Finally, we give a brief overview of the organization of this paper. In Section 1 we
describe our framework and give the necessary definitions. Section 2 is devoted to the
above mentioned examples. Section 3 is on the A-transformation and the potential theory
of positivity preserving coercive forms. In Section 4 we introduce and study the notion of
quasi-regularity. In Section 5 we prove our main characterization theorem and describe
applications.

1. Positivity preserving coercive forms and positivity preserving semigroups.
Let (E,B,m) be a measure space. The inner product and the norm of L*(E;m) :=
L?*(E, B,m) are denoted by (-,-) and || - || respectively. For a real valued function u
on E, we write u* ;= uV 0, u” := (—u) V0. Let L2(E;m) := {u € LX(E;m) | u >0
m-a.e.}. The domain of a linear operator T on L2(E; m) is always denoted by D(T). We
recall that a bilinear form £ with dense domain D(E) C L*(E;m) is called a coercive
closed form on L*(E; m) if conditions (i) and (ii) below hold.

(i) (i:, D(Z)) is positive definite and closed on L2(E; m).

(i) (Weak sector condition). For one (hence all) @ € ]0, oo[ there exists a constant
Ko > 0 such that |Eq(u, v)| < KoEaltt, u)'/? E(v,v)'/? for all u,v € D(E). Ky is
called continuity constant).

For a coercive closed form ('E, D(‘E)) on L2(E; m), we always denote the correspond-
ing semigroup, resolvent and generator by (7});>0, (Ga)a>0, and L respectively. More
precisely, if L is the generator of (7}),>0, then D(L) C D(E) and

(1.1) E(u,v) = (—Lu,v) forallu € D(L), v € D(E).

It is known that there is a one-to-one correspondence between (£, D(‘E)) »(T)>0,(Ga)a>0
and L. For a detailed discussion of the correspondences among (z, D(f)), (T)e>0,
(Ga)a>0, and L we refer to [MR 92, Chapter I]. We set E(u, v) := %(f(u, v) + E(v, u)),
u,v € D(E)and £y = E+ a(, ) for a > 0.

DEFINITION 1.1. A coercive closed form (f, D(Z)) on L*(E; m) is called a positivity
preserving coercive form, if

(1.2) u€D(E)=>u" €D(E) and E(u,u’)>0.
The following will be useful in applications. It gives us a “smoothed version” of (1.2).

PROPOSITION 1.2. Let (‘E, D(‘E)) be a coercive closed form on L*(E; m).
(i) Letu € D(E), then the property: u* € D(E) with E(u,u*) > 0, is equivalent to the
Jollowing condition:
(S) for every € > 0 there exists p.:R — [—¢,00[ such that o (t) = t for all
t € [0,00, 0 < pe(ld) —welt)) S b —t1if ) < b, peou € D(E),
SUpP,~o E(pe 0 u, e 0 u) < 00, and limsup, _ E(u, ¢, o u) > 0.

https://doi.org/10.4153/CJM-1995-042-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-042-6

820 Z.-M. MA AND M. ROCKNER

(ii) Let D be a subset of D(E), dense w.r.t. %11/ % such that for everye > 0, u € D,
(S) holds and, in addition, E(pe © u, p o u) < ¢ E(u,u) for some ¢ € ]0,00[
independent of € and u. Then (Z, D(Z)) is positivity preserving.

PROOF. (i) Assume that (S) holds. Since clearly ¢, o u —|o u* in L(E;m), it
follows by (S) and [MR 92, I. 2.12] that ., © 4 —.c 4" weakly in (D(E),E;) for

some sequence €, | 0 for which also limsup,_,, Za(u, @E(u)) = lim, 00 ‘Ea(u, Pe, (u)).
Hence by (S)

E(u,u") = lim E(u, p,, o u) = limsup E(u, p. ou) > 0.
n—00 e—0

Conversely, assume that u* € D(E) with E(u,u") > 0. Then (S) clearly follows by
taking ¢ () =tV 0,t € R, foralle > 0.

(i) Letu € D. Because of the weak convergence of (¢, © #),en to u™ in (D(‘E), ‘il)
proved in part (i), it follows by assumption that

Ew',ut) < cE(u,u).

Therefore, if u € D(E) and u, € D,n € N, such that u, —, ,, # W.I.L. Z!/2_ then
U} —p 0o u* in L*(E; m) and hence by [MR 92, I. 2.12] 4} —, .00 4™ € D(E) weakly in
(D(‘E), E ) Hence E(u, u") = limy—,00 E(un, 4;) > 0 by assumption (S) and part (i). =

PROPOSITION 1.3. (i) Let (f, D(‘E)) be a coercive closed form. Then (1.2) is equiva-
lent to any of the statements (1.3), (1.4) below.

(1.3) u€D(E)=>u', u” €D(E) and Eu',u")<0,

(1.4) u € D(E)= |u| € D(E) and E(u,|u|) < E(u,u).

(ii) Let (‘E, D(‘E)) be a positivity preserving coercive form, then
(1.5) u€D(E)= |u| € D(E) and E(|u|,|u]) < E(u,u).

(iii) Let (f, D(f)) be a symmetric closed form (cf. [MR 92, 1.2.3] for the definition).
Then all the above statements (1.2)—(1.5) are equivalent.

REMARK 1.4. (i) From (1.3) we see that if (f, D(E)) is a positivity preserving
coercive form and E(u, v) := E(v, u) for u,v € D(E), then (]‘S, D(‘E)) and (i, D('}_:)) are
also positivity preserving coercive forms.

(ii) In the literature statement (1.5) is rephrased as “the modulus contraction operates
on (f, D(Z)) ”, which was proved to be equivalent to that (z, D( Z)) satisfies the “infimum

envelope principle”, and also equivalent to that (f, D(f)) satisfies the “reduit principle”.
See P. A. Ancona [A 75], [BI 71].

(i) We recall that a coercive closed form (‘E, D(Z)) is called a semi-Dirichlet form
(¢f- [MOR 93)) if

uED(E)=>u* N1 €D(E) and Ew+u" Al,u—u" A1)>0.
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(£, D(%)) is called a Dirichlet form (cf: [MR 92]) if
ueEDE)=>u" N1 €D(E) and Eutu Al,uFu A1)>0.
By [MR 92, 1. 4.4] (‘E, D(Z)) is a semi-Dirichlet form if and only if
u€EDE), a>0=>uANa€D(E) and £(u/\.a,u——u/\a)20.

Since in this case —u* = (—u) A 0 € D(E) and

E', u) = E(—u', —u)

‘E((—u) A0, (—u) — ((—u) A 0)) +E((—u) A0, (—u) A0) >0,

it follows by (i) that (Z, D(E)) is positivity preserving.

PROOF OF PROPOSITION 1.3. First note that (1.2) is equivalent to
(a) Eu,u") <0, forallu € D(E).

(1.2) = (1.3): For u € D(E) and o > 0 we set uy := ut — au™. Applying (a) we
obtain that aE(uq, u™) = E(uq, uy) < 0, which implies that

Ew',u") < aEW ,u").

Since o > 0 was arbitrary, we obtain (1.3).

13)=(1.2): Ew,u ) =Ewu ', u™)— Ew ,u") <0.

(1.2) & (1.4): E(u, |u|) = E(u,u) + 2E(u,u). Hence E(u, |u|) < E(u,u) if and only
if Eu,u™) <0.

(1.3) = (1.5): For any u € D(E) we have

(b) E(lul, [ul) = E(u,u) + 2Eu",u™) + 2E((—u)", (—u)").
Hence (1.3) implies (1.5). If £ is symmetric, then (1.5) and (b) implies (1.3), proving
Proposition 1.3(iii). [

The following theorem shows the importance of property (1.2). Recall that a bounded
linear operator T on L*(E; m) is said to be positivity preserving if u € L2(E;m) = Tu €
L2(E; m).

THEOREM 1.5. Let (f, D(‘E)) be a coercive closed form on L*(E; m). Then (f, D(f))
is a positivity preserving closed form if and only if its associated semigroup (T;);>0 is
positivity preserving (i.e., T, is positivity preserving for all t > Q).

REMARK 1.6. Theorem 1.5 extends the first Beurling-Deny criterion which says that
if (T;)r>0 is the associated semigroup of a symmetric closed form, then (7)o is positivity
preserving if and only if (‘E, D(’E)) satisfies (1.5). See e.g. [ReS 78, XII1.50].
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We mention that the positivity preserving property is of importance in the study of
semigroups. For the proof of Theorem 1.5 we need Theorem 1.7 below which holds for
any strongly continuous contraction semigroup that is not necessarily associated with a
coercive closed form (i.e., is not necessarily the restriction of a holomorphic contraction
semigroup, ¢/ [MR 92,1.2.21]).

THEOREM 1.7. Let(T;)>0 be a strongly continuous contraction semigroup on LX(E; m)
with resolvent (Gy)o>0 and generator L. Then the following statements (1.6)—(1.9) are

equivalent.

(1.6) (T))r>0 is positivity preserving,
an (Ga)a>0 is positivity preserving,
(1.8) Lu,u’) <0 forallu € D(L),
(1.9 (Lu,u) < (Lu, |u|) forallu € D(L).

PROOF. (1.6) = (1.7): The assertion follows from
= —os 2(F-
Gou /Om e “Tyuds, forallu e [(E;m),a>0

(see e.g. [MR 92, 1.1 .4]).
(1.7) = (1.6): Lett > 0. If u € D(L), then (see e.g. [MR 92, 1.1.12])

o0 1
Tau= lim e ") (l(x—)—(aGa)”u.
a—00 = n!
Since L2-convergence implies m-a.e.-convergence of a subsequence, we obtain that
u € D(L)NL2(E;m) = Tu € LX(E; m).
The general assertion follows from the fact that u = limg_,., 3Ggu in L*(E; m) for all
u € LXE; m).
(1.7) = (1.8): If (1.7) holds, then for all u € L*(E; m), we have
© B((1 = BGow~,u") = =B [ w*(Gou™)dm <0.
On the other hand for all u € L?(E; m) we have
() B((1 — BGyu,u) = B(||ull* — (8Gpu, u)) > 0.
(c) and (d) imply
@  B((1—BGeu,u*) =p((1 - BGe)u*,u*) — B((1 — BGp)u,u*) > 0.

If u € D(L) then
(L) = lim —B((1 — BGgu,u’) < 0.
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(1.8) = (1.7): For f € L2(E; m) we set u := aG,f. By (1.8) we have that

0> (L(—u), (—u)*) = ((« — Ly, u”) — o, u™) = off — u,u”)
a/fu' dm+ a|lu|)%.

1]

Since fu~ > 0 m-a.e. it follows that u~ = 0, i.e., Gof € L2(E;m).
(1.8) & (1.9): The assertion follows by the argument that proved (1.2) < (1.4). =

PROOF OF THEOREM 1.5. Since (by (1.1)) (1.2) = (1.8) and Theorem 1.7 has already
been proved, we only need to show that (1.7) = (1.3). To this end let

£0,v) = B((1 — BGpu,v) forallu,v € LA(E;m).
By (c) we have
® 0w ,u") <0.
Hence for ffﬁ) =28 +(,),
Dt u) = £, u)+ EOw,uh)
< ED(w,ut) < K+ DE@w,0) PED W, ut)'?

where the last step follows by [MR 92, 1.2.11(iii)] and K is the continuity constant
specified by [MR 92, 1.(2.3)]. Consequently,

sup £, ut) < o
>0

and thus by [MR 92, 1.2.13(i)] «* € D(E). Hence u~ € D(E) and (1.3) now follows from
(f) and [MR 92, 1.2.13(iii)]. m

REMARK 1.8. (i) For the analogues of Theorems 1.5, 1.7 in the case (Z, D('E)) isa
semi-Dirichlet form we refer to [MR 92, 1. 4.3 and 1. 4.4].

(ii) Suppose that (T,);o is a strongly continuous semigroup on L2(E;m) such that
there exists a constant 3 > 0 satisfying

(1.10) ITA < ¥|Ifll forallf € LAE;m), ¢t > 0.

Then (1.6) and (1.7) are still equivalent, and they are equivalent to any of the conditions
(1.6"), (1.7") below.

(1.6) Lu,u™) < a|lu’|)* forallu € D(L).
1.7 (Lu,u) < (Lu, |u]) +28||u"||> forallu € D(L).

FINAL REMARK 1.9. All results above are more generally true in the case where
L?(E; m) is replaced by a Riesz space H with Hilbert structure satisfying (1.11), (1.12)

below.
(1.1D @', vy >0 forallu,veH.
(1.12) @', u ) )y=0 forallu € H.
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2. Examples.

2.1. The finite dimensional case. The following is an extension of [RS 93, Section 1]
to the case of positivity preserving coercive forms. For the convenience of the reader we
repeat the set-up. For the terminology we refer to [MR 92, Chapters I, II].

Let U be an open (not necessarily bounded) set in R?, d > 3, with Borel o-algebra
B(U).

Let 0,p € Ll (U;dx), o,p > 0 dx-a.e. where dx denotes Lebesgue measure. The
following symmetric form will serve as a “reference form”. Set for u,v € C°(U) (:= all
infinitely differentiable functions with compact support in U)

4 rdu dv
.1 Ep(u,v) = g‘:l a;ia—xjpdx.
Assume that
(2.2) (5, C3(U)) is closable on L*(U; o dx).

REMARK 2.1. A sufficient condition for (2.2) to hold is that p, o satisfy Hamzas
condition (see [MR 92, Chapter II, Subsection 2a)]). We recall that a B(U)-measurable
function f:R? — [0, 00) satisfies Hamza's condition if for dx-a.e. x € U, f(x) > 0
implies that for some € > 0

23) /{y:uy—xug}(f(y))_l dy < oo,

where we set § := +00 and || - || denotes Euclidean distance in R?. In particular, o, p may
have zeros, and (2.2) holds if, for example, o, p are lower semi-continuous. However,
there is also a generalized version, a kind of “Hamza condition on rays”, which, if it is
fulfilled for o, p, also implies (2.2) (¢f [AR 90, (5.7)] and [AR 91, Theorem 2.4]). In
particular, if o, p are weakly differentiable then (2.2) holds.

Now let a;, b;, d;, ¢ € Ll (U;dx), 1 <i,j < d, and define for u,v € CP (V)

d. roudv d rou
24 2= [ L2 gax+S [ Lvbid
24 (u,v) i,jz=1 ax“,’xja,j x ;/anv ; dx

d v
+’Z=;/ua—xid,‘dx+/uvcdx.

Then ('E, Cg"(U)) is a densely defined bilinear form on L2(U; o dx). Set a; = %(a,-j +a;),
a; = %(aij — a;), b == (by,...,by), and d = (dy, ..., dy). We define F to be the set of
all functions g € LI‘OC(U; dx) such that the distributional derivatives g;l.-’ 1 <i<d,are
in L}, (U; dx) with ||Vg||(go)~'/? € L®(U;dx) or || Vg|[P(g"*'o?/9)'/% € L4U;, dx) for
some p,q € [1,00] with xli + % =1, p < co. We say that a B(U)-measurable function f
has property (4,,) if f = fi + f, where f1, f; are B(U)-measurable functions such that

filpa) 1% € L®(U; dx)
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and
L@ o?ly 12 € LYU; dx)

for some p, g € [1, 00] with})+ ‘17 =1,p<oo,andp € F.
Note that if p, o are constant and U is bounded, " has property (4,,) if and only if
[ =t with f; € L®(U;dx) and f; € LP(U;dx) for some p > d.

THEOREM 2.2. Suppose that

d
(2.5) €112 = Y ay&i&; > pllé| dx-ae. forall §=(&,,...,¢&) € RL

iyj=1

(2.6 a;p~' € L™(U; dx).
2.7 \b—d|| has property (4,,,) and 1||b+d||, 1xc'/? have property
' (A,0) for all compact K C U.
b=bV+b® andd = dV +d?, |89, 1d|| € Li(U;dx),
i = 1,2, such that bV, dV satisfy (4,,) and (c + ago)dx —
2.8) "*

ap® ad? .
¥4, 3 = 0and (c+ apo)dx — ¥4, 5o = 0 (in the sense of

Schwarz-distributions) for some o € 10, oo[.

Then there exists a € [0, oo[ such that (Ea, Cg"(U)) is closable on L*(U; o dx) and its
closure (‘Ea, D(Zu)) is a positivity preserving coercive form on L*(U; o dx).

REMARK 2.3. (1) For examples where p, o are not necessarily constants we refer to
[RS 93, 1.4].

(ii) One ingredient in the proof of Theorem 2.2 is the classical Sobolev Lemma (cf.
e.g. [Da89,1.7.1)), ie.,if X := (72_(‘27—;,%, then
(2.9) lully < A IVull|, forallu € CR),
where £ + Y =1andforp > 1,|| ||, denotes the usual norm in I7(U; dx).

(iii) We stress that in the situation of Theorem 2.2 we can replace U by a Riemannian

manifold M as long as condition (2.9) or more generally the following inequality holds
for some o > 0

}|u||% < const [|[(—A+ )|, forallu € CP(M),

where A is the Laplacian on M. We refer e.g. to [VSC 92] for examples.

The proof of Theorem 2.2 is close to that of [RS 93, 1.2]. We only describe the
modifications needed. We shall give, however, a full proof of the fact that (fa, D(iEa))
is positivity preserving. We need two lemmas.

LEMMA 2.4. Letf be a B(U)-measurable function having property (A, ). Then there
exists §,1 € 10, 00|, with & arbitrarily small, such that for all u € C3°(U),

/fzp_lu2 dx 55/]|Vu||2pdx+n/u20rdx.
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PROOF. Realizing that if the assertion holds for f and f then it hold for f + f, one
deduces the assertion from [RS 93, 1.5]. n

LEMMA 2.5. Consider the situation of Theorem 2.2. Then for any £ € 0, 1] there
exists a € [oy, oo such that for all u € CP(U)

/(l(Vu,l_)(l))l +|(Vu, d)Dudx < e(fa(u, u) — /(Vu,b_(l))u dx — /(Vu,d‘”)udx)

(where { , ) denotes the Euclidean inner product on R%).

PROOF. WEe first note that for all u € C3°(U)

‘an(u,u)—/(Vu,Q(l))udx—/(Vu,c_l(l))udx

1
(2.10) = [IVuldx+ 5 [[(Vi, 5+ d) + 2(c + agop] d
> [1|VullZ dx.

Furthermore, by (2.8) and Lemma 2.4 for all 6,6’ € 10, 1[ and u € CP(U), if 3 := bV or
B=d, )

L orrgy 2, Lyon 1o

SV Buldx < 2 [ (8ol Vul + 2181264 dx
1 ! Y 2 n 2
< 5(0'+5) [IVuld+ o5 [wods,

for some 1 € ]0, 0o[. Now the assertion follows by (2.10). =

PROOF OF THEOREM 2.2. Lete, o be as in Lemma 2.5. Since € < 1 the positive defi-
niteness of (fa, C‘5°(U)) is obvious by Lemma 2.5. To prove closability of (ZO,, C'8°(U))
on L%(U; odx) first note that by Lemma 2.5, for all u € W)

Q1) (4o Eaww) < Falty ) — [(Vu,bV)udx — [(Vui,d"udx

< (1= &)  Ealu, ).

Hence it suffices to consider the case bV = dV) = 0. Now the proof of closability is
exactly the same as that in the proof of [RS 93, 1.2]. The same holds for the weak sector
condition. We now prove that (fa, D(T:u)) is positivity preserving using Proposition 1.2.
Let e > 0 and let p.: R — [—¢, 00[ such that ¢, € C®(R), ¢.(¢) = ¢ for all ¢ € [0, oo,
0 < ¢! < 1,and ¢.(f) = —¢ for t € ] — 00, —2¢]. To show that there exists ¢ € ]0, oo[
such that

(2-12) Sup Eo(pe 0 u, e 0 u) < ¢ Eolu,u) forallu € C(V),

>0

by (2.11) we may assume that 5" = 4 = 0. But in this case (%, D(%)) is a Dirichlet
form by [RS 93, 1.2]. Furthermore, each ¢, ou is a normal contraction of u. Hence (2.12)
holds by [MR 92, I. 4.11]. Fix u € Cy°. To prove that

(2.13) limsup Eo(u, 9 ou) >0
e—0
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we have to consider the general case b = bV +p@ g = gV + 4@ Realizing that
@e() =10 Lsopuand pL(u) —; o 14,50y We conclude by the chain rule and Lebesgue’s
dominated convergence theorem that, if €, := %, n € N,and 4 = (a;),, then

lim sup Eo(u, pe o u) > / l{uzo}((AVu, Vu)+ (b+d, Vuu+uP(c+ a)) dx
e—0

lim (/(goén(u))z(AVu, Vu)dx

n—o0

+ [ @l e, (b +d, Vi) dx+ [ o, WP +@)dx)
lim E, (e, o u, e, ou) > 0. =

REMARK 2.6. If in (2.8) " = 0 resp. b) = 0, then (Eq, D(%)) resp. (£a, D(%x))
is a semi-Dirichlet form. Finally, if 4" = 0 = b, then (%, D(%)) is a Dirichlet
form. Both statements were proved in [RS 93, 1.2]. We just mention, however, that for
both statements one has to show (2.12). This is clear in the latter case since [MR 92, L.
Condition (4.7)] is easy to check (cf. [MR 92, II. p. 49]) and this implies (2.12) (¢f proof
of [MR 92, I. 4.7]). In the first case the argument to prove (2.12) is the same as in the
proof of Theorem 2.2 above.

2.2. Positivity preserving coercive forms of gradient type on Banach space. Let E be a
(real) separable Banach space with dual £’ and p a finite positive measure on its Borel
o-algebra B(E) which charges every weakly open set. Define a linear space of functions
on E by

FCP ={f(l1,...,lm) |mEN, f € CCR™),1i,...,I, €E'}.

By the Hahn-Banach theorem FC3° separates the points of E. The support condition
on ;1 means that we can regard FCY° as a subspace of L*(E; 1), and a monotone class
argument then shows that it is dense in L?(E; u1). Define foru € ¥ CPandk € E

ou d
—_— [T + - .
ak(z) : dsu(z sk)|s=0, z€E
Let us assume that there is a separable real Hilbert space (H, (, )x) densely and con-

tinuously embedded into E. Fix z € E. Then k — 3—2—(2), k € H, is a continuous linear
functional on (H, (, )#), hence we can define Vu(z) € H by

(Vul(z),k)g = g—l—t(z), ke H.
Define a bilinear form by

(2.14) (U, v) = / (Vu(z), VvE@))mudz); u,v € FCL.

ASSUMPTION 2.7. We assume that the form (Z,, FC3°) in (2.14) is closable on
LX(E; p).
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For conditions and examples where Assumption 2.7 holds we refer to [AR 90] and
[MR 92, III. Subsections 3a)-d)].

Let L.(H) denote the set of all bounded linear operators on H with operator norm
Il llco- Suppose z +— A(z), z € E, is a map from E to Lo,(H) such that z — (A(z)h;, k) u
is B(E)-measurable for all 4, h, € H. Furthermore, assume that

(2.15) there exists Y € ]0, 0o such that (4(z)h,h)y > Y||h||% forall h € H,z € E,

and that ||4||o, € L'(E; p) and ||4]|s € L¥(E; p), where 4 := 24 + 4), 4 = 1(4 — 4)
and A(z) denotes the adjoint of A(z), z € E. Let ¢ € L™(E; p) and b, d € L®(E — H; ).
Foru,v € FC° let

2.16) Ei(w,v) = [(A@)Vu), V(@) uidz),

and
Q17 Eu,v) = E4(u,v) +/(Q, Vu)yvdu +/u(4, Vv)gdu+ /uvc du.
LEMMA 2.8. (i) Let 3 := b ord and c := sup,c ||3(2)|| . Then for all u,v € FC°

1 N2 1 ) \1/2
1(8, Vv)uv| < (E(AVu, Vu)y +2cqu ) <5§(AVV, Vv)H+200v2) .

(ii) There exist a, k € 10, 00[ such that
E*IZAJ(u, u) < Eo(u,u) < KEq1(u,u) forallu € FCP.
PROOF. (i) We have foru,v € FC°

18, Vuyuv] < ||BllullVul|alv|
< lAvv +2 21/ZIAVV +2 2\'/?
_<§;( u, Vu)y Cou) (5&( v, Vv)y cov) .

(ii) is an immediate consequence of (i). n

By [MR 92, IL. 3.9] (%4, FC°) is closable on L*(E; p) hence so is (Zq, FC°) by
Lemma 2.8(ii). Lemma 2.8(ii) also implies that the closure (‘Ea, D('Ea)) is positive defi-
nite. The sector condition follows immediately from Lemma 2.8(i). Hence (Za, D(Ea))
is a coercive closed from on L?(E; i1). The fact that it is positivity preserving is proved
in exactly the same way as in the previous subsection.

REMARK 2.9. As in the previous subsection (’EQ,D(’EQ)) is a Dirichlet form if, in
addition, forall u € FC°, u > 0,

/((Q, Vu)y +(c+ a)u) dp >0 and /((4, Vu)y+(c+ a)u) dp >0

and (‘ia, D(TQ)) resp. (fa, D(T,(,)) are semi-Dirichlet forms if the first resp. the second
inequality holds (¢/ [MR 92, 1. Subsection 3¢)].
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2.3. Positivity preserving coercive forms having a space of measures as state space.
For the following framework we refer to [ORS 93]. Let E := 24 (S) be the space of
probability measures on a Polish space S with its Borel o-algebra B(S). We equip E with
the weak topology and its Borel o-algebra B(E). Note that E is then also a Polish space.
If f, g are bounded B(S)-measurable functions on S and p € E, we define

w) = [fdp,
f,8)u = [fedn— [fdu [gdu=cov(f,g),

and -

WA= \/<f’f>u
Similarly, as in the previous subsection the set FCp° of finitely based smooth functions
on E is defined by

u(p) = @(uh) - - ),
UETCT & LN fie ) 1 <i <k o € CORY),

Let m be a finite (positive) measure on (E, ’B(E)), where B(E) is the Borel o-algebra of
E. We suppose that supp[m] = E. Finally, let

Q('v ')7 4(’ )S xE—R
be measurable functions such that

(2.18) sup |[b()|| s, sup [|d(p)]] < o0,
HEE HEE

where
b(p)(x) = b(x, p).
Let ¢ € L*(E;m). Foru,v € FC;° let

(2.19) B, v) = [((Vul), Vo) + (b, V() uv(as)
+u(u)(d(), V() + u(u)v(pe(w)) midp)

where

(220) Vu) = (Vau) o= (52 )

and

d k
Vau(p) = gg(u) =+ selo = 3 gﬁ(ﬂ(fl )y - s 1R Vi),

u(p) = @(u(fl ) NP u(fk)), &, = Dirac measure at x.

Here we consider the natural extension of u € FC3° to all finite positive measures on

(S, B(S)).
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REMARK 2.10. (i) Apart from concrete examples the motivation to study forms of
type (2.19) is that they fit into the following “geometrical set-up”. One should consider
E as “the manifold” and L*(S; 1) as the “tangent space” at ;. € E. The “Riemannian
structure” is given by (, ),, p € E. In this spirit Vu is then “the gradient vector field”
of the smooth function u on E. In these terms in the previous subsection the “manifold”
was the Banach space £ and the “tangent space” the Hilbert space H with inner product
(A-, ). But in contrast to the present case the “tangent space” H did not vary with the
points in E.

(ii) Below, for two functions b;,b,:S X E — R we denote the function p +—
(by(1), ba(k)), (if this is defined) by (b, by).

ASSUMPTION 2.11. Assume that
Eu,v) = [(Vul), Vv(w)um(@p);, u,v € FCF

is closable on L2(E; m).

Assumption 2.11 has e.g. been verified for m equal to the stationary reversible measure
of the Fleming-Viot process in [ORS 93, Subsection 5.1] on the basis of results in
[EK 93]. If Assumption 2.11 holds an analogue of Lemma 2.8 can be proved in exactly the
same way as in the previous section which then implies that for some o > 0 (%, FC}°) is
closable and positive definite, and that its closure (Ea, D(‘E,,)) is a coercive closed form
on L2(E; m). The fact that (‘Z},, D(Ea)) is positivity preserving can be shown in exactly
the same way as in Subsection 2.1. For a detailed study of (‘Ea, D(‘E(,)) and applications
in case it is a semi-Dirichlet form we refer to [ORS 93].

3. h-transform of a positivity preserving coercive form. The analytic potential
theory of positivity preserving coercive forms can be developed along the lines of
[MR 92] and [MOR 93] almost word for word. Below we shall clearly indicate where
modifications are necessary and otherwise refer to [MR 92], [MOR 93]. We shall also use
the “h-transformation”, by which any positivity preserving coercive form (f, D(Tj)) on
L*(E; m) is isomorphic to a semi-Dirichlet form on a weighted Hilbert space L2(E; h? - m),
provided m is o-finite on E. Therefore, all known results for the potential theory of semi-
Dirichlet forms can be transfered to the case of positivity preserving coercive forms.
We mention that the h-transformation (or its spirit) has been used by many authors
in different contexts. See e.g. [D 84, X], [DM 88, 1X.25.¢], [BlHa 86, II 7.9], [Sh 88,
(62.2)], [AMR 92].

DEFINITION 3.1. Let (‘E, D(ﬁ)) be a coercive closed form on L?(E;m) and h €
L*(E;m), h > 0 m-a.e. Define

(3.1 D(E") = {u € L*(E; h* - m) | uh € D(E)},
(3.2 E"(u,v) = E(uh,vh) foru,v € D(E").

(E", D(£")) is called the h-transform of (£, D(E)).

https://doi.org/10.4153/CJM-1995-042-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-042-6

POSITIVITY PRESERVING COERCIVE FORMS 831

REMARK 3.2. The following facts are easy to check.

(i) Define i: L*(E; h* - m) — L*(E; m) by i(u) = uh m-a.e. Then i is an isometry from
L*(E; h* - m) onto L?*(E; m), and the restriction of i to D(E") is an isometry from the
Hilbert space (D(Z"), /') onto the Hilbert space (D(E), £ ).

(ii) (‘E" ,D(E! )) is a coercive closed form on L2(E; h? - m). (E", D(E" )) is a positivity
preserving coercive form if and only if so is (Z, D(E)). (2", D(Z")) is symmetric if and
only if so is (£, D(E)).

(iii) Let (T)r>0, (Ga)a>0, L be the associated semigroup, resolvent resp. generator
of (Z,D(%)), and (T})>0, (G)aso, L" be the corresponding objects associated with
(Z", D(£")). Then

(3.3) T'f =h7'T(fh) K -m-ae. forallf € [*(E;h* - m).
(3.4) Glf =h7'Go(fh) K -m-ae. forallf € [X(E;h* - m).
(3.5) D(L"y={f € LXE;* -m) | fh € D(L)} and

L' = n'L(fh) forallf € D(L").

In what follows we assume that (‘Z, D(f)) is a positivity preserving coercive form on
L*(E;m) and m is o-finite on E.

DEFINITION 3.3. Letf € L*(E;m) and « > 0. f is called a-excessive if f > 0 m-a.e.
and

3.6) e “Tf <f m-ae.forallt>0.

REMARK 3.4. (i) Following the argument of [MR 92, II1.1.2], one can check that
if « > 0, then the condition f > 0 m-a.e. is implied by (3.6). Moreover, if f €
D(E) N L3(E; m), then (3.6) is equivalent with any of (3.7), (3.8) below.

(3.7) BGpiof <f m-ae. forallg >0

(3.8) Eo(f,8) > 0 forall g € D(E) N LA(E; m).

(ii) Since u A h = h — (h — u)*, D(E) is always inf-stable, i.e., u,h € D(E) implies
uAh € D(E) (which implies also uV h € D(E), |u| € D(E)). Following the arguments of
[MOR 93, 2.6] we can extend this inf-stability to the case where 4 is a-excessive and is
not necessarily in D(E). More precisely, let & € L2(E; m) be a-excessive and u € D(E).
Then
3.9 uNheD(E) and Eq(uAh,uAh) < E(u A h,u).

It is easy to see that if / is a-excessive and & > 0 m-a.e., then (e~ ¥T") is sub-
Markovian where T? is defined by (3.3). Thus the following theorem follows e.g. from
[MR 92, 1.4.3 and 4.4].

THEOREM 3.5. Let h be a-excessive and h > 0 m-a.e. Let (f" ,D(E" )) be defined by
(3.1), (3.2). Then (L, D(E")) is a semi-Dirichlet form on L*(E; h* - m).
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The following lemma guarantees the existence of many strictly positive a-excessive
functions A.

LEMMA 3.6. Let p € L*(E;m), ¢ > 0 m-a.e. and a > 0. Define
(3.10) h = Gup.
Then h is a-excessive and h > 0 m-a.e.

PROOF. It is clear that 4 is a-excessive. Let (Ga)a>0 be the co-associated resolvent
of (£,D(%)). If 4 € B with 0 < m(4) < 0o, then Gol4 € LA(E;m) and ||Galall # 0,
thus [ hdm = (p, Galy) > 0. Since m is o-finite and 4 € B with 0 < m(4) < oo was
arbitrary, # > 0 m-a.e. .

4. Quasi-regularity. In this section we assume that E is a Hausdorff topological
space and B := B(E) is the Borel o-algebra of E. As before m is a o-finite measure on
(E ;B) and (E, D(f)) is a positivity preserving coercive form on L*(E; m).

For a closed set F C E we set

4.1 D(E)r ={u € D(E) | u=0m-ae.onE\ F}.

DEFINITION 4.1 (c¢f. [MR 92, I1I. 2.1]). (i) An increasing sequence (F);en of closed
subsets of E is called an E-nest if Uy> D(E)F, is i: /?_dense in D(E).

(i) A subset N C E is called E-exceptional if N C (>(E \ F) for some E-nest
(Fi)ren- We say that a property of points in E holds E-quasi-everywhere (abbreviated
E-g.e.), if the property holds outside some Z-exceptional set.

PROPOSITION 4.2. Let h € L*(E;m), h > 0 m-a.e., and let (f",D(‘E")) be the h-
transform defined by (3.1), (3.2). Then (Fi)en is an E-nest if and only if it is an E"-nest.
A subset N C E is E-exceptional if and only if N is E"-exceptional. In this case m(N) = 0.

PROOF. The assertion follows from Remark 3.2(i). .

Given an E-nest (Fy )ren We define

42 CHF}) = {f:A —R | U Fx C 4 CE, f]F, is continuous for each k € N}.
k>
DEFINITION 4.3. An E-q.e. defined function f on E is called E-quasi-continuous if

there exists an E-nest (F; )xen such that f € C({Fy}).

Let & € D(E). For an open set U C E, we denote by Ay the a-reduced function of s
on U. That is,

4.3)

hy is the smallest a-excessive function u in D(E) such that u > h m-a.e. on U.

For the existence and properties of Ay we refer to [MOR 93, 2.8] or [MR 92, I1I. 1.5,
I1L. 1.6].
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Let 4 be a strictly positive m-version of an a-excessive function in D(E) and ¢ €
L*(E;m), ¢ > 0 m-a.e. We define for an open set U C E

(44) (a_) Caph,(p((]) = (hU7 LP) = Ea(hU7 Ga‘P) = Tu(hU9gU)7

where (Gﬁ)ﬂ>0 is the co-resolvent associated with (f, D(f)) and gy is the a-co-reduced
function of g := G, on U. For an arbitrary 4 C E we define

4.5) (a—)Cap,, ,(4) := inf{Cap, ,(U) | 4 C U, U open}.

One can check that Cap, , is a Choquet capacity enjoying countable sub-additivity and
Cap,, ,(4) = 0 implies m(4) = 0 for 4 € B(E). Concerning the proof of both statements
we refer to [MR 92, II1. 2.8] whose proof extends word for word to this more “general
case”.

The following theorem improves [MR 92, I1I. 2.11] and [MOR 93, 2.14] because we
do not require that & = G, for some ) € L*(E; m). Below we set A° := E\ A forA C E.

THEOREM 4.4. Leth, ¢ be as above. An increasing sequence (F; k)keN of closed subsets
of E is an E-nest if and only if lim Cap, ,(F}) = 0.

PROOF. If (F))ien 1s an E-nest, then hpi 1 Om-a.e. (cf. [MOR 93, 2.10(i)]). Therefore,

Capy,(F}) = [ hry o dm —co 0.

To prove the converse, suppose that Cap,, ,(F}) —%—co 0 and that u € D(Z) such that
Far1(w,u) = 0 forallw € Uy D(E)F,. Since ‘i‘lﬁ is equivalent with '~£1] / 2, by the theorems
of Hahn-Banach and Lax-Milgram it suffices to show that # = 0.

Let g < h, g € D(E). Then by [MR 92, III. 1.6(iii)] gv < hy for every open set
U C E and consequently

(4.6) 0 < (gr, 9) < (hry, 9)-
Hence by assumption, since (gpk)keN is decreasing by [MR 92, III. 1.5(iv)], gr — 0
in L2(E;m) as k — oo. But sup, For1(8Fs, 8F) < 00 (by [MR 92, III. 1.5(iv)]); hence

[MR 92, I. 2.12] implies that g~ — 0 weakly in (D(Z)7 ﬁm)- Now we specify g as
Ga+1(14h) where 4 € B(E). Since h is a-excessive, we have that g < 4 and that

0= Fari(g — gr,u) — faﬂ(g,u):/;hudm.

Because A € B(E) was arbitrary and & > 0 m-a.e., it follows that u = 0. [

COROLLARY 4.5. (i) Let S be a countable family of E-quasi-continuous functions on
E. Then there exists an E-nest (Fy)ien such that S C C({Fy}).

(ii) Let f be an E-quasi-continuous function such that f > 0 m-a.e. on an open set
U.Thenf >0 E-q.e.on U.
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PROOF. (i) One uses Theorem 4.4 and follows the argument of [F 80, Theo-
rem 3.1.2(1)] (see also [MR 92, III. 3.3]).
(ii) One uses Theorem 4.4 and follows the argument of [BH 91, Proposition 8.1.6]. m

We introduce the following assumption for the discussion below.

ASSUMPTION 4.6. There exists an m-a.e. strictly positive m-version s of an «-
excessive function in D(Z) and an E-quasi-continuous function g such that # < g
m-a.e.

REMARK. Assumption 4.6 is trivially fulfilled if / is bounded or 4 itself is E-quasi-
continuous. In particular, any semi-Dirichlet form satisfies Assumption 4.6 with e.g.
h = G where ¢ € L*(E;m), 0 < ¢ <1 m-ae.andg = 1.

LEMMA 4.7. Let ¢ € L*(E;m), ¢ > 0 m-a.e. Assume that h and g are specified as in
Assumption 4.6. Let u € D(E) such that it has an E-quasi-continuous m-version ii. Then
forall A >0

K2 .
@7 Capy,,({la] > Ag}) < 52 Falt, )" * £ Gatp, Ga).

PROOF. Let (Fi)en be an E-nest such that 1,g € C({Fy}). For A > 0 we set
Ui = {la| > Ag} UF; and u; := A '|u| + kg, k € N. Then Uy is open, u, € D(E)
and u; > h m-a.e. on U;. Now (4.7) is verified by the same argument as in the proof of
[MR 92, I1I. 3.4]. n

The following is crucial for our further discussion.

PROPOSITION 4.8. Suppose that Assumption 4.6 is fulfilled. Let u,, € D(E) which have
E-quasi-continuous m-version ii,, n € N, such that u, —, 0o u € D(E) w.r.t. ‘ill 12
norm. Then there exists a subsequence (u, )ken and an E-quasi-continuous m-version
it of u such that (ii,, )ken converges E-q.e. to ii. If there exists an E-nest consisting of
compact sets then (iin, Jren converges E-quasi-uniformly to .

PROOF. Let / and g be specified as in Assumption 4.6. Without loss of generality we
may assume that g > 1 (otherwise we may use g V 1 in place of g). By (4.7) we may
choose a subsequence (u,,);en such that

Capy, , {lin.g ' —ding '] >27} <27 forallie N.

Let Ay = Uisa{|tn., &' — tng™"| > 27}, k € N. Let (F{)ren be an E-nest such that
g, ity € C({F,}) for all n € N. We define

Fy 3=F20A2, ke N.

Then by Theorem 4.4 (F})ien is an E-nest and (i, g~ ') converges uniformly on each F.
Set
f(Z) = llm,_..oo ljln‘.(Z)g——l(Z) if z S UkZl Fk
0 else .
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Then 1 is continuous on each Fy. Let & := fg. Then i is E-quasi-continuous and (i, )ien
converges to # E-q.e. Since ‘ill / 2-convergence implies the m-a.e. convergence of a
subsequence and m((;> F}) = 0 by Theorem 4.4, it is an m-version of u. If an E-nest
consisting of compact sets exists, we can choose F,, k € N, above compact. Hence each
F is compact and g is bounded on each Fy. Hence i1,, —i_ & E-quasi-uniformly. m

DEFINITION 4.9 (¢f [MR 92,1V.3.1]). A positivity preserving coercive form
(‘E, D(Z)) on L*(E; m) is called quasi-regular if:

(i) There exists an E-nest (Ej)yen consisting of compact sets.

(ii) There exists an @:11 /2_dense subset of D(E) whose elements have E-quasi-
continuous m-versions.

(iii) There existu, € D(E), n € N, having E-quasi-continuous m-versions it,, n € N,
and an E-exceptional set N C E such that {ﬂ,, |ne N} separates the point of £ \ N.

(iv) There exists an E-q.e. strictly positive E-quasi-continuous m-version s of an
a-excessive function in D(‘E) for some o € 10, oo].

REMARK 4.10. If (Z, D(E)) is a semi-Dirichlet form, then condition (iv) in Defini-
tion 4.9 is a consequence of Definition 4.9(i)—(iii). See [MOR 93, 2.18] or [MR 92, IIL.
3.6,1V.3.3].

Now we give an alternative description of condition (iv) in Definition 4.9.

PROPOSITION 4.11. Let (E, D(‘E)) be a positivity preserving coercive form on L*(E; m)
satisfying Definition 4.9(i)—(iii). Then ('E, D(f)) is quasi-regular if and only if Assump-
tion 4.6 is fulfilled and

one can choose (u,)nen and N C E in Definition 4.9(iii) such that

(E\N) - Unzl{ﬁn 760}

PROOF. The “only if”-part is clear. The “if”-part is a consequence of the following
lemma which also is of its own interest. m

4.8)

LEMMA 4.12. Let (’E, D(‘E)) be a positivity preserving coercive form.

@) If (f, D(Z)) satisfies Definition 4.9(ii) and Assumption 4.6, then every u € D(E)
has an E-quasi-continuous m-version il.

(ii) If (‘E, D(f)) satisfies Definition 4.9(ii), Assumption 4.6, and (4.8), then for any
o > 0 we can find a function h satisfying Definition 4.9(iv).

PROOF. (i) follows from Proposition 4.8. We now prove (ii). Let u,, i, be as specified
in (4.8). We set

S =27 (B u) P +1) ul, neN,
i=1
Jo =27 (B u) 1) il meN.

i=1
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Clearly, f, € D(E) and f, is an E-quasi-continuous m-version of f,. Moreover, (f,)sen
converges to some f € D(E) w.r.t. ‘ill /2 _norm. (fi)nen is increasing pointwise on E.
Therefore, f, T f = Y% 2 /(€1 (w;, u;)'/* + 1)~'|i;| pointwise. On the other hand, by
Proposition 4.8 there exists a subsequence (f, )xen such that (f,, ken E-q.€.-converges to
an E-quasi-continuous m-version of f. Therefore, f is an E-quasi-continuous m-version
of f. Clearly, f > 0 on E \ N where N is an E-exceptional set as specified in (4.8). Let
g = Gof. Then g € D(E) and g is a-excessive. Since fGgraf —p00 f W.I.LL ’E: / 2, by
Proposition 4.8 there exists a sequence (3,),en such that for g, = 3,Gg +of, n € N, the
corresponding E-quasi-continuous m-versions g, converge E-q.e. to . By the resolvent
equation Gof > Gg+of m-a.e. and hence by Corollary 4.5(ii)

h=g>p."'8, Eqe.
Consequently # > 0 £-q.e. and hence 4 satisfies Definition 4.9(iv). =

The following proposition shows that for a given quasi-regular positivity preserving
coercive form there are many different choices of functions 4 satisfying Definition 4.9(iv).

PROPOSITION 4.13. Let (‘E, D(f)) be a positivity preserving coercive form such that
there exists h satisfying Definition 4.9(iv). Then for any a-excessive function g in D(E),
g > 0 m-a.e., which has an E-quasi-continuous m-version g, it follows that g > 0 E-q.e.

PROOF. Let (Fj)en be an E-nest such that h,g € C({F;}). For k € N we set
U ={g< %h} U Fy. Then Uy is open. Without loss of generality we may assume that g
is strictly positive pointwise. Let g; = %h +gpe where gpx is the (o + 1)-reduced function
of g on F}, specified by (4.3). Then g, > g m-a.e. on Uy and gy is an (c + 1)-excessive
function in D(E). Therefore, by (4.3) g, > gy, m-a.e. and by (4.4) and Theorem 4.4 for
@ € LX(E;m), ¢ > 0 m-a.e.,

1
Capy,,(U) = (guys ) < 7, ) + Capy o (F}) — 0 ask — oo.

(Note that here Cap, , = ( + 1)-Cap, ,; cf. (4.4), (4.5)). Set F; := E\ Uy, k € N. It
follows from Theorem 4.4 that (F} )ken is an E-nest. Obviously, we have that g > %h >0
on F;. Therefore, g > 0 £-q.e. .

The following theorem is now an easy consequence, but will be important below.

THEOREM 4.14. A positivity preserving coercive form (‘E, D(‘E)) on L*(E; m) is quasi-
regular if and only if for one (hence every) m-a.e. strictly positive function h € D(E),
which is a-excessive for some o > 0, there exists an E-q.e. strictly positive ‘E-quasi-
continuous m-version h and the corresponding h-transform (f" , D(E" )) is quasi-regular.

PROOF. The assertion follows from the definition of quasi-regularity, Proposition4.13
and Proposition 4.2. n
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5. h-associated processes and examples. For the concept of an (m-tight) special
standard process occurring in Definition 5.1 below we refer e.g. to [MR 92, IV. 1.13].
We assume from now on that B(E) is generated by the continuous functions on E.

DEFINITION 5.1. Let (‘E, D(f)) be a positivity preserving coercive form on L2(E; m)
and let 4 be a strictly positive and finite valued m-version of an a-excessive function in
D(E) (for some o > 0). (f, D(z)) is called h-associated with a special standard process
M = (Q’ ¥, (%)1209 (X;)IZ(N (PZ)ZEEA) ifforallt> 0

(5.1) he™E.[(fh~")(X,)] is an m-version of Tf for any m-version f of f € L*(E; m).
(i, D('E)) is called properly h-associated with M if, in addition, for all t > 0
(5.2)  RE.[(fh~")(X))] is E-quasi-continuous for any m-version f of f € L2(E; m).

Here E, denotes the expectation w.r.t. P,,z € E.

Recall that according to [MR 92, Chapter IV] f(A) := 0 for f: E — R, where A is the
cemetery. We can now prove the main result of this paper.

THEOREM 5.2. Let (‘E, D(T,)) be a positivity preserving coercive form on L*(E;m).
Then a necessary and sufficient condition for (‘E, D(f)) to be properly h-associated with
an m-tight special standard process for some strictly positive and finite valued m-version
h of some (hence every) m-a.e. strictly positive a-excessive function h € D(E), is that
(Z, D(E)) is quasi-regular. In this case h is E-quasi-continuous and may be replaced by
any other ‘E-quasi-continuous m-version of h.

PROOF. Suppose that (f, D(fE)) is quasi-regular. Then by Theorem 4.14 for any
o > 0 and any m-a.e. strictly positive a-excessive function # € D(E) we can find a
strictly positive and finite valued E-quasi-continuous m-version 4. By Theorems 3.5
and 4.14 (fg,D(E")) is a quasi-regular semi-Dirichlet form, hence by [MOR 93, 3.8]
there exists an m-tight special standard process M := (Q, F(F)ez0, X0, (Pz)zeEA)
properly associated with (Ef,’,, D(Z")). By (3.3) M satisfies (5.1) and also (5.2). Hence
(Z, D(f)) is properly A-associated with M. Conversely, assume that for some strictly
positive and finite valued m-version # of an m-a.e. strictly positive a-excessive function
inD(E), (f, D(QE)) is properly 4-associated with an m-tight special standard process M :=
(Q, F, ()20, X0, (P:)z¢E, ) - Then by [MOR 93, 3.9] (£, D(£")) is a quasi-regular
semi-Dirichlet form on L?(E; h* - m) and M is properly associated with (£}, D(E" )), that
is,
3 E [f(X,)] is an E¢-quasi-continuous h” - m-version of e~*T}f for any
(W - m)-version f of f € L*(E; h* - m).

Therefore, if we can prove that 4 is E-quasi-continuous, then by Theorem 4.14 (Z, D(Z))
is quasi-regular. To this end we set t, := 1, f, = hE.[hh™'(X,,)] = hE.[1(X,,)], and
gn = E.[1g(X,,)]. Then by (5.2), (5.3) and Proposition 4.2, f,, g,, n € N are all £-quasi-
continuous. By Corollary 4.5 (i) we may take an E-nest (Fy )yen such thatf,, g, € C{Fi})
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for all n € N. We claim now that 2 € C({F}). To show this, fix k and let z € F be
arbitrary. Since E,[15(Xp)] = 1, by the right continuity of M we can find ¢, such that
gn(2) = E,[1£(X,)] > € > 0. Thus, by continuity there is an open neighbourhood U of
z such that g, > 5 on UN F}. Consequently, the restriction of 4 to UM F} is continuous
because h|ynr, = fng, '|unr,. Since z € Fy was arbitrary, A is continuous on Fy, which
completes the proof. [

REMARK 5.3. The same methods that led to the proof of Theorem 5.2 allow a detailed
study of the process h-associated with a quasi-regular positivity preserving coercive form
using the results in [MR 92] (¢f. in particular also [AMR 93b]).

EXAMPLES 5.4. (i) Consider the example discussed in Subsection 2.1. We want to
show that (%,D(fa)), specified in Theorem 2.2, is quasi-regular. Taking £, C U, E;
compact such that £, is contained in the interior of Ej;, for every £ € N and such
that | Ey = U, we see that Definition 4.9(i) is satisfied. Definition 4.9(ii), (iii) hold since
CrWW)is i;/ ?_dense in D(Ey) resp. C3°(U) is separable and separates the points of U. To
show Definition 4.9(iv) by Lemma 4.12 we only have to check whether Assumption 4.6
holds since (4.8) is obvious since C3°(U) C D(Eq). Solet h € D(Ey), h (cc+1)-excessive
and strictly positive m-a.e. It suffices to show that 4 has an E,-quasi-continuous dx-
version A. Consider the Dirichlet form (£1 ,D(E! )) on L?(U; odx) defined by

' w,v) 1= Faw,v) — [(Vat, 5O)y +u(Vv,d D)) dx;
u,v € D(E') := D(E,)

(cf- Remark 2.9). By the same arguments as above and Remark 4.10 (T,' ,D(E! )) is quasi-
regular. In particular, & € D(,) = D(E') has an E!-quasi-continuous dx-version /. But
(2.11) implies that % is also E,-quasi-continuous. Therefore, (ﬂ,, D( fa)) is quasi-regular
and Theorem 5.2 applies.

(i) Consider the example in Subsection 2.2. We first note that the closure (fA , D(E4 ))
of (4, FC°)) on L2(E; ) is by [MR 92, IV. 4.3] a quasi-regular Dirichlet form. Hence
Lemma 2.8(i1) implies that (%,D(ﬁ,)), specified in Subsection 2.2, has the properties
in Definition 4.9(i)—(iii) and (4.8) (since clearly D(E,) = D(E,)). Consequently, to show
Definition 4.9(iv) it remains to check Assumption 4.6. But again since D(Ey) = D(‘E,4)
and by Lemma 2.8(ii) every a-excessive, m-a.e. strictly positive & € D(E,) has an E4-,
hence an E,-quasi-continuous dx-version 4. Therefore, (fEa, D(‘Ea)) is quasi-regular and
Theorem 5.2 applies.

(iii) Consider the example in Subsection 2.3 and let (EO,D(‘EO)) and ('E(,,D(f,,))
be as specified there. By [RS 93, Subsection 4(c)] the Dirichlet form (fO,D(fo)) is
quasi-regular. Since we have an analogue of Lemma 2.8 in this case, exactly the same
arguments as in (ii) above show that (fa,D('Eu)) is quasi-regular and Theorem 5.2
applies.
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