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The Invariant Subspace Problem for
Non-Archimedean Banach Spaces

Wiesław Śliwa

Abstract. It is proved that every infinite-dimensional non-archimedean Banach space of countable

type admits a linear continuous operator without a non-trivial closed invariant subspace. This solves

a problem stated by A. C. M. van Rooij and W. H. Schikhof in 1992.

1 Introduction

Let K be a field with a non-trivial complete non-archimedean valuation | · | : K →
[0,∞). Every infinite-dimensional (id) Banach space E of countable type over K is

isomorphic to the Banach space c0(K) of all sequences in K converging to 0 (with the

sup-norm), [8, Theorem 3.16(ii)]. Any closed subspace F of E is (1 + ǫ)-complemen-

ted in E for every ε > 0, i.e., for every ε > 0 there exists a linear continuous projec-

tion Pε from E onto F with ‖Pε‖ ≤ 1 + ε [8, Theorem 3.16(v)]. If the valuation of K

is discrete, then any closed subspace of c0(K) is 1-complemented [8, Corollaries 2.4,

4.7].

Note that for complex Banach spaces, any closed subspace of a complex Banach

space E is complemented in E if and only if E is isomorphic to a complex Hilbert

space [3].

Let T be a linear operator on a linear space E. A linear subspace M of E is a

non-trivial invariant subspace of T if {0} 6= M 6= E and T(M) ⊂ M. One of

the most famous problems of the operator theory is the invariant subspace problem

for complex Hilbert spaces. It asks whether every linear continuous operator on an

infinite-dimensional separable complex Hilbert space has a non-trivial closed invari-

ant subspace. This problem is still open. There exists a vast literature dedicated to the

invariant subspace problem for various important classes of complex Banach spaces

and linear continuous operators.

P. Enflo [2] and C. J. Read [5–7] negatively solved the invariant subspace problem

for complex Banach spaces. Read obtained a linear continuous operator on the com-

plex Banach space l1 without a non-trivial closed invariant subspace. This l1-example

was simplified by A. M. Davie and can be found in Beauzamy’s book [1, Ch. XIV].

Developing this example, we shall construct a linear continuous operator T on

some infinite-dimensional Banach space E of countable type over K with no non-

trivial closed invariant subspace. Clearly, E is isomorphic to the Banach space c0(K).

In particular, we solve the problem stated by A. C. M. van Rooij and W. H. Schikhof
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in [9]: if K is algebraically closed and spherically complete, does every linear contin-

uous operator T on a Banach space E over K have a non-trivial closed subspace?

Note that the Banach space E of countable type is reflexive if K is not spherically

complete [8, Corollary 4.18]. Meanwhile, for reflexive complex Banach spaces, it is

not known if there exists a linear continuous operator without a non-trivial closed

invariant subspace on an infinite-dimensional reflexive complex Banach space.

If K is algebraically closed, then it is easy to see, as in the complex case, that every

linear operator T on a finite-dimensional Banach space with dim E > 1 has a non-

trivial invariant subspace.

If K is not algebraically closed (for example if K = Qp), we can take an element

a ∈ (K̃ \ K), where K̃ is the algebraic closure of K. Clearly, E = K(a) is a finite-

dimensional linear space over K with dim E > 1 and the linear operator T : E →
E, Ty = ay, has no non-trivial invariant subspace [9].

If K is not spherically complete (for example if K = Cp), then (see [8, Theo-

rem 4.49]) there exists a spherically complete valued field K̂ that is an immediate

extension of K, i.e., K is a subfield of K̂ and no non-zero element of K̂ is orthog-

onal to K. We can take an element b ∈ (K̂ \ K). Clearly, the closed linear span

of the set B = {bk : k ≥ 0} in K̂ is a Banach algebra E of countable type over K

with dim E > 1 (we consider K̂ as a Banach algebra over K). In fact E is a subfield

of K̂: any non-zero element y ∈ E is not orthogonal to K, so there exists z ∈ K

with ‖y − z‖ < max{‖y‖, ‖z‖}. Then ‖y‖ = ‖z‖ and ‖1 − yz−1‖ < 1. Thus

zy−1
=

∑∞
n=0(1 − yz−1)n ∈ E, so y−1 ∈ E. The linear continuous operator

T : E → E, Ty = by has no non-trivial closed invariant subspace. Indeed, let M

be a closed invariant subspace of T. Then V = {y ∈ E : yM ⊂ M} is a closed linear

subspace of E and B ⊂ E; so V = E. Thus M is an ideal of E. Hence M = {0} or

M = E [9].

2 Preliminaries

Let K be a field. A function | · | : K → [0,∞) is a valuation if:

(i) ∀α ∈ K : |α| = 0 ⇔ α = 0;

(ii) ∀α, β ∈ K : |αβ| = |α||β|;
(iii) ∀α, β ∈ K : |α + β| ≤ |α| + |β|.

A valuation | · | on K is

• non-trivial if |α| > 1 for some α ∈ K ;
• complete if metric d : K × K → [0,∞), d(x, y) = |x − y| is complete on K ;
• archimedean if the sequence |1|, |1 + 1|, |1 + 1 + 1|, . . . is unbounded in [0,∞);
• non-archimedean if it is not archimedean;
• discrete if the set |K| = {|α| : α ∈

(

K \ {0}
)

} is discrete in (0,∞).

Any field with a complete archimedean valuation is topologically isomorphic to

(R, | · |) or (C, | · |) [8, p. 4]. A valuation | · | on K is non-archimedean if and only if

∀α, β ∈ K : |α + β| ≤ max{|α|, |β|} [8, Theorem 1.1].

A field K with a non-trivial complete non-archimedean valuation | · | is called

non-archimedean. The field Qp of p-adic numbers is non-archimedean for any
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prime number p.

Let K be a non-archimedean field. We say that K is spherically complete if any

decreasing sequence of closed balls in K has non-empty intersection. An element

y ∈ K is orthogonal to a subfield L if |y − z| = max{|y|, |z|} for any z ∈ L.
By a norm on a linear space E over K we mean a function ‖ · ‖ : E → [0,∞) such

that

(i) ∀y ∈ E : ‖y‖ = 0 ⇔ y = 0;

(ii) ∀α ∈ K, x ∈ E : ‖αx‖ = |α‖x‖;

(iii) ∀x, y ∈ E : ‖x + y‖ ≤ max{‖x‖, ‖y‖}.
If ‖ · ‖ is a norm on a linear space E over K and x, y ∈ E with ‖x‖ 6= ‖y‖, then

‖x + y‖ = max{‖x‖, ‖y‖}.

For fundamentals of non-archimedean normed spaces we refer to [4, 8, 10].

A normed space E = (E, ‖ · ‖) is of countable type if E contains a linearly dense

countable set. We say that the normed spaces E and F over K are isomorphic if there

is a linear bijective map T : E → F such that the maps T and T−1 are continuous.

A Banach space is a complete normed space. A series
∑∞

n=1 xn in a Banach space

is convergent if and only if lim xn = 0. Every n-dimensional normed space E over K

is isomorphic to the Banach space Kn (with the sup-norm) and any linear operator

on E is continuous.

The closed graph theorem, the open mapping theorem and the Banach–Steinhaus

theorem [4, Theorems 2.49, 2.73, 3.37] hold for continuous linear operators between

such Banach spaces.

Let E = (E, ‖ · ‖) be a normed space. A sequence (yn)∞n=0 in E is a Schauder basis in

E if each y ∈ E can be written uniquely as y =

∑∞
n=0 αn yn with (αn)∞n=0 ⊂ K and the

coefficient functionals gn : E → K, y → αn(n ∈ N0) are continuous; N0 = N ∪ {0}.

A linearly dense sequence (yn)∞n=0 in E is an orthonormal basis in E if

∥

∥

∥

n
∑

i=0

ci yi

∥

∥

∥
= max

0≤i≤n
|ci |

for all n ∈ N and c1, . . . , cn ∈ K.

Any orthonormal basis in E is a Schauder basis in E and every Banach space with

an orthonormal basis (yn)∞n=0 is isometrically isomorphic to c0(K) [8, p. 171].

We denote by lin A the linear span of a subset A of a linear space E.

3 Results

Put d0 = 2. Let α ∈ K with |α| ≥ 8 and (dn) ⊂ N with dn ≥ |α|2dn−1 for n ∈ N.

It is easy to see that dn−1 ≥ 2n and dn ≥ |α|2ndn−1 ≥ 4n2|α|dn−1 for n ∈ N. Hence

we have dn ≥ 23n+1, n ∈ N; so dn ≥ |α|2dn−1 ≥ |α|2n+2, n ∈ N. Since the function

f (x) = x8/
√

x is decreasing in the interval (e2,∞), we get d
8/
√

dn
n ≤ |α|16(n+1)/|α|n+1

<

|α|1/(n+1) for n ∈ N. Thus d2n+2
n < |α|

√
dn/4 < dn+1 for n ∈ N.

Put v0 = 0, an = d2n−1, bn = d2n and vn = (n − 1)(an + bn) for n ∈ N. Then

4n < |α|4n ≤ an, a4n
n < |α|

√
an/4 < bn, and b4n

n < |α|
√

bn/4 < an+1 for every
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n ∈ N. Hence we get 8nan < bn, 8nbn < an+1, 4(vn−1 + 1) < an, |α|a2
n < |α|

√
an/4,

|α|b2
n < |α|

√
bn/4, and n2a2

n < bn for every n ∈ N.
For a, b ∈ Z we denote the set {k ∈ Z : a < k ≤ b} by (a, b]; similarly we define

[a, b), [a, b] and (a, b). For nonempty sets A, B ⊂ N we write A < B if 1 + max A =

min B.

For n, r ∈ N with n > r we put:

Jn,r = ((r − 1)an + vn−r, ran), In,r = [ran, ran + vn−r−1],

Ln,r = ((n − 1)an + (r − 1)bn, r(an + bn)), Kn,r = [r(an + bn), (n − 1)an + rbn].

These sets are non-empty and Jn,r < In,r < Jn,r+1, Ln,r < Kn,r < Ln,r+1 for n, r ∈ N

with n > r + 1 and Jn,n−1 < In,n−1 , Ln,n−1 < Kn,n−1 for n ≥ 2. Moreover Xn :=
⋃n−1

r=1 ( Jn,r ∪ In,r) = (vn−1, (n − 1)an], Yn :=
⋃n−1

r=1 (Ln,r ∪ Kn,r) = ((n − 1)an, vn] for

n ∈ N with n ≥ 2; so Xn < Yn < Xn+1 for n ≥ 2 and
⋃∞

n=2(Xn ∪ Yn) = N.
Let (αn), (βn) ⊂ K with |αn| ∈ (an|α|−1, an] and |βn| ∈ (bn|α|−1, bn] for n ∈ N.

Clearly 1 < |αn| < |βn| < |αn+1| for n ∈ N.

Let 〈a〉 = k if k ≤ a < k + 1 and k ∈ Z. It is easy to see that 〈a〉−〈b〉 ≤ 〈a−b〉+ 1

for a, b ∈ R.

Let F = K[x] and Fn = { f ∈ F : deg( f ) ≤ n} for n ∈ N0. Then F is a linear

algebra over K and Fn is a linear subspace of F for every n ∈ N0, where N0 = N∪{0}.

Put

fi =































xi if i = 0,

α〈[(2r−1)an−2i]/
√

4an〉xi if i ∈ Jn,r and n, r ∈ N with n > r,

αn−r(xi − xi−an ) if i ∈ In,r and n, r ∈ N with n > r,

α〈[(2r−1)bn−2i]/
√

4bn〉xi if i ∈ Ln,r and n, r ∈ N with n > r,

xi − βnxi−bn if i ∈ Kn,r and n, r ∈ N with n > r.

Obviously, lin{ fi : 0 ≤ i ≤ n} = Fn for n ∈ N0. Thus ( fi)
∞
i=0 is a linear base in F.

For f ∈ F of the form f =

∑m
i=0 ci fi, we put ‖ f ‖ = max0≤i≤m |ci |; ‖ · ‖ is a norm on

F. Clearly, ( fi)
∞
i=0 is an orthonormal basis in (F, ‖ · ‖).

Put Am = |α|
√

am and Bm = |α|
√

am+
√

bm for m ∈ N. We have the following.

Lemma 1 (i) Let m ∈ N with m ≥ 2. Then max0≤i≤(m−1)am
‖xi‖ ≤ Am and

max0≤i≤vm
‖xi‖ ≤ Bm.

(ii) Let n, r ∈ N with n > r. Then ‖xi − xi−ran‖ ≤ |α−1
n−r| for i ∈ In,r and

‖xi − βr
nxi−rbn‖ ≤ |βn|r−1 for i ∈ Kn,r .

Proof For m ∈ N we have [0, mam+1] = [0, vm] ∪ ⋃m
r=1( Jm+1,r ∪ Im+1,r) and

[0, vm+1] = [0, mam+1] ∪ ⋃m
r=1(Lm+1,r ∪ Km+1,r).

Clearly ‖x0‖ = 1. Let n, r ∈ N with n > r. It is easy to check that ‖xi‖ < |α|
√

an

for i ∈ Jn,r and ‖xi‖ < |α|
√

bn for i ∈ Ln,r .

Let i ∈ In,r . For j ∈ [0, r) we have i − jan ∈ In,r− j , so

α−1
n−r+ j fi− jan

= xi− jan − xi−( j+1)an .
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Hence
∑r−1

j=0 α−1
n−r+ j fi− jan

= xi − xi−ran , so

‖xi − xi−ran‖ ≤ max
0≤ j<r

|α−1
n−r+ j| = |α−1

n−r| < 1.

Then ‖xi‖ ≤ max{1, ‖xi−ran‖} and i − ran ∈ [0, vn−2].

Let i ∈ Kn,r. For j ∈ [0, r) we have i − jbn ∈ Kn,r− j, so

xi− jbn
= fi− jbn

+ βnxi−( j+1)bn .

Hence xi
=

∑r−1
j=0 β

j
n fi− jbn

+ βr
nxi−rbn , so ‖xi − βr

nxi−rbn‖ ≤ max0≤ j<r |β j
n| = |βr−1

n |.
Then ‖xi‖ ≤ max{|βr−1

n |, |βr
n|‖xi−rbn‖} ≤ |α|

√
bn max{1, ‖xi−rbn‖} and i − rbn ∈

[an, (n − 1)an]. Hence, by induction, we get max0≤i≤(m−1)am
‖xi‖ ≤ |α|

√
am and

max0≤i≤vm
‖xi‖ ≤ |α|

√
am+

√
bm for m ∈ N with m ≥ 2.

Denote by E = (E, ‖ · ‖) the completion of the normed space (F, ‖ · ‖). Then E is

an infinite-dimensional Banach space of countable type and ( fi)
∞
i=0 is an orthonor-

mal basis in E; so E is linearly isometric to c0(K).

Lemma 2 The linear operator T : (F, ‖ · ‖) → (F, ‖ · ‖), T f = x f is continuous and

‖T‖ ≤ |α|.

Proof It is enough to show that ‖T fi‖ ≤ |α| for any i ∈ N0. Since 1 ∈ J2,1 we have

f1 = α〈[a2−2]/
√

4a2〉x. Thus T f0 = x = α−〈[a2−2]/
√

4a2〉 f1; hence ‖T f0‖ ≤ 1.

Let i ∈ N. For some n, r ∈ N with n > r we have i ∈ Jn,r ∪ In,r ∪ Ln,r ∪ Kn,r.

Consider four cases (and many subcases).

Case 1: i ∈ Jn,r . Then fi = α〈[(2r−1)an−2i]/
√

4an〉xi .

1.1 i < ran −1. Then i +1 ∈ Jn,r, so fi+1 = α〈[(2r−1)an−2(i+1)]/
√

4an〉xi+1. Thus T fi =

α〈[(2r−1)an−2i]/
√

4an〉−〈[(2r−1)an−2(i+1)]/
√

4an〉 fi+1. Hence ‖T fi‖ ≤ |α|〈2/
√

4an〉+1
=

|α|.
1.2 i = ran − 1. Then T fi = α〈[2−an]/

√
4an〉xran . By Lemma 1 we have ‖xran − x0‖ ≤

|α−1
n−r| ≤ 1. Thus ‖xran‖ ≤ max{‖xran − x0‖, ‖x0‖} = 1. Hence ‖T fi‖ ≤

|α|−
√

an/4 ≤ a−1
n < 1.

Case 2: i ∈ In,r . Then fi = αn−r(xi − xi−an ) and T fi = αn−r(xi+1 − xi+1−an ).

2.1 i < ran + vn−r−1. Then i + 1 ∈ In,r, so fi+1 = αn−r(xi+1 − xi+1−an ). Thus

‖T fi‖ = ‖ fi+1‖ = 1.

2.2 i = ran + vn−r−1. Then 4(i + 1) < (4r + 1)an < bn. Put j = i − an + 1.
If r < n − 1, then i + 1 ∈ Jn,r+1; so fi+1 = α〈[(2r+1)an−2(i+1)]/

√
4an〉xi+1. Hence

‖xi+1‖ = |α|−〈[(2r+1)an−2(i+1)]/
√

4an〉 ≤ |α|−〈√an/4〉.

If r = n − 1, then i + 1 ∈ Ln,1; so fi+1 = α〈[bn−2(i+1)]/
√

4bn〉xi+1. Hence

‖xi+1‖ = |α|−〈[bn−2(i+1)]/
√

4bn〉 ≤ |α|−〈
√

bn/4〉.

If r = 1 and n = 2, then j = 1 ∈ J2,1 and ‖x j‖ = |α|−〈[a2−2]/
√

4a2〉‖ f j‖ ≤
|α|−〈√a2/4〉.
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If r = 1 and n > 2, then j ∈ Jn−1,1; so f j = α〈[an−1−2 j]/
√

4an−1〉x j . Hence

‖x j‖ = |α|−〈[an−1−2(vn−2+1)]/
√

4an−1〉 ≤ |α|−〈√an−1/4〉.
If 1 < r < n−1, then j ∈ In,r−1 and using Lemma 1 we get ‖x j−xvn−r−1+1‖ ≤

|α−1
n−r+1|. Moreover we have fvn−r−1+1 = α〈[an−r−2(vn−r−1+1)]/

√
4an−r〉xvn−r−1+1,

because vn−r−1 + 1 ∈ Jn−r,1. Hence

‖xvn−r−1+1‖ = |α|−〈[an−r−2(vn−r−1+1)]/
√

4an−r〉 ≤ |α|−〈√an−r/4〉.

Thus ‖x j‖ ≤ max{‖x j − xvn−r−1+1‖, ‖xvn−r−1+1‖} ≤ |α|−〈√an−r/4〉.

If r = n − 1, then j ∈ Jn,n−1; so f j = α〈[(2n−3)an−2 j]/
√

4an〉x j . Hence ‖x j‖ =

|α|−〈[an−2]/
√

4an〉 ≤ |α|−〈√an/4〉.
It follows that ‖T fi‖ ≤ |αn−r|max{‖xi+1‖, ‖x j‖} ≤ |αn−r||α|−〈√an−r/4〉 ≤

a−1
n−r.

Case 3: i ∈ Ln,r . Then fi = α〈[(2r−1)bn−2i]/
√

4bn〉xi .

3.1 i < r(an +bn)−1. Then i +1 ∈ Ln,r, so fi+1 = α〈[(2r−1)bn−2(i+1)]/
√

4bn〉xi+1. Thus

T fi = α〈[(2r−1)bn−2i]/
√

4bn〉−〈[(2r−1)bn−2(i+1)]/
√

4bn〉 fi+1. Hence ‖T fi‖ ≤ |α|.
3.2 i = r(an + bn)− 1. Then T fi = α〈[−bn−2ran+2]/

√
4bn〉xr(an+bn). Put j = r(an + bn).

By Lemma 1 we have ‖x j − βr
nx j−rbn‖ ≤ |βn|r−1. In Case 1 we have shown

that ‖xran‖ ≤ 1. Hence ‖x j‖ ≤ max{‖x j − βr
nxran‖, |βr

n|‖xran‖} ≤ bn−1
n . Thus

‖T fi‖ ≤ |α|〈[−bn−2ran+2]/
√

4bn〉bn−1
n ≤ |α|−

√
bn/4bn−1

n ≤ b−1
n .

Case 4: i ∈ Kn,r. Then fi = xi − βnxi−bn and T fi = xi+1 − βnxi+1−bn .

4.1 i < (n− 1)an + rbn. Then i + 1 ∈ Kn,r, so fi+1 = xi+1 −βnxi+1−bn
= T fi. Hence

‖T fi‖ = 1.
4.2 i = (n − 1)an + rbn. Put j = i + 1 − bn. Then j ∈ Ln,r, so

f j = α〈[(2r−1)bn−2 j]/
√

4bn〉x j .

Hence ‖x j‖ = |α|−〈[(2r+1)bn−2(i+1)]/
√

4bn〉 ≤ |α|−〈
√

bn/4〉.

If r < n − 1, then i + 1 ∈ Ln,r+1; so fi+1 = α〈[(2r+1)bn−2(i+1)]/
√

4bn〉xi+1. Hence

‖xi+1‖ = ‖x j‖ ≤ |α|−〈
√

bn/4〉.

If r = n − 1, then i + 1 ∈ Jn+1,1; so fi+1 = α〈[an+1−2(i+1)]/
√

4an+1〉xi+1. Hence

‖xi+1‖ = |α|−〈[an+1−2(i+1)]/
√

4an+1〉 ≤ |α|−〈√an+1/4〉 ≤ |α|−〈
√

bn/4〉. Thus we have

‖T fi‖ ≤ max{‖xi+1‖, |βn|‖x j‖} ≤ |βn||α|−〈
√

bn/4〉 ≤ |α|.

From now on, by T we will denote the linear continuous operator on E such that

T f = x f for all f ∈ F; clearly ‖T‖ ≤ |α|.
By the proof of Lemma 2 we get the following.

Remark 3. If n, r ∈ N with n > r, then ‖T fran−1‖ ≤ a−1
n , ‖T fran+vn−r−1

‖ ≤ a−1
n−r , and

‖T fr(an+bn)−1‖ ≤ b−1
n .

Let m ∈ N with m > 2. Put Sm =

⋃∞
n=m+1 In,n−m. Let Qm : F → F(m−1)am

be a
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linear operator such that

Qm fi =











fi if i ∈ [0, (m − 1)am],

−αmxi−(n−m)an if i ∈ In.n−m and n > m,

0 if i ∈ (N \ Sm) with i > (m − 1)am.

Clearly, ‖Qm fi‖ = 1 for 0 ≤ i ≤ (m − 1)am, and ‖Qm fi‖ = |αm‖|xi−(n−m)an‖ ≤
amBm−1 <

√
Am for i ∈ In,n−m, n > m. Thus supi∈N0

‖Qm fi‖ <
√

Am; so the linear

operator Qm : (F, ‖ · ‖) → (F, ‖ · ‖) is continuous and ‖Qm‖ <
√

Am. From now on,

by Qm we will denote its continuous extension on (E, ‖ · ‖).

We have the following lemma.

Lemma 4 Let m ∈ N with m > 2 and let s ∈ Km,1. Then ‖Ts − TsQm‖ ≤ |α|.

Proof It is enough to show that ‖Ts fi − TsQm fi‖ ≤ |α| for every i ∈ N0. If i ∈
[0, (m − 1)am], then Ts fi − TsQm fi = 0. Let i > (m − 1)am. For some n, r ∈ N with

n > r we have i ∈ Jn,r ∪ In,r ∪ Ln,r ∪ Kn,r. If i ∈ Jn,r ∪ Ln,r ∪ Kn,r , then i 6∈ Sm; so

Qm fi = 0 and Ts fi − TsQm fi = Ts fi. Consider four cases.

Case 1: i ∈ Jn,r . Then Ts fi = α〈[(2r−1)an−2i]/
√

4an〉xi+s. We have m < n, since

(m − 1)am < i < (n − 1)an. Thus s < 2bm <
√

an.

1.1 i < ran − s. Then i + s ∈ Jn,r , so fi+s = α〈[(2r−1)an−2(i+s)]/
√

4an〉xi+s. Hence

Ts fi = α〈[(2r−1)an−2i]/
√

4an〉−〈[(2r−1)an−2(i+s)]/
√

4an〉 fi+s. Thus ‖Ts fi‖ ≤ |α|.
1.2 i ≥ ran − s. Then T i+s−ran+1 fran−1 = α〈[(2r−1)an−2(ran−1)]/

√
4an〉xi+s, since

ran − 1 ∈ Jn,r . Thus

‖Ts fi‖ = |α|〈[(2r−1)an−2i]/
√

4an〉−〈[−an+2]/
√

4an〉‖T i+s−ran+1 fran−1‖

≤ |α|‖T‖i+s−ran‖T fran−1‖.

By Remark 3 we have ‖T fran−1‖ ≤ a−1
n . It follows that

‖Ts fi‖ ≤ |α|1+i+s−rana−1
n ≤ |α|sa−1

n ≤ |α|2bm a−1
m+1 ≤ 1.

Case 2: i ∈ In,r . Then fi = αn−r(xi−xi−an ), so Ts fi = αn−r(xi+s−xi+s−an). We have

n > m, since (m− 1)am < i ≤ ran + vn−r−1 ≤ (n− 1)an. Thus 4(i + s) < (4r + 1)an.

2.1 r = n − m. Then i = ran + l for some l ∈ [0, vm−1] and TsQm fi = −αmxl+s.

We have i + s ∈ Jn,r+1, so fi+s = α〈[(2r+1)an−2(i+s)]/
√

4an〉xi+s. Hence ‖xi+s‖ =

|α|−〈[(2r+1)an−2(i+s)]/
√

4an〉 ≤ |α|−〈√an/4〉 ≤ |α−1
n |. Using Lemma 1 we get

‖x(r−1)an+l+s − xl+s‖ ≤ |α−1
n−r+1| = |α−1

m+1|.

Thus ‖Ts fi − TsQm fi‖ = |αm‖|xi+s − (xi−an+s − xl+s)‖ < 1.
2.2 r 6= n − m. Then i 6∈ Sm, so Qm fi = 0 and Ts fi − TsQm fi = Ts fi.
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2.2a r > n − m. Then for j = i + s we have j − an ∈ Jn,r , so f j−an
=

α〈[(2r−1)an−2( j−an)]/
√

4an〉x j−an . Thus ‖x j−an‖ = |α|−〈[(2r+1)an−2 j]/
√

4an〉 ≤
|α|−〈√an/4〉.

If r + 1 < n, then j ∈ Jn,r+1; so f j = α〈[(2r+1)an−2 j]/
√

4an〉x j . Hence

‖x j‖ = ‖x j−an‖ ≤ |α|−〈√an/4〉.

If r + 1 = n, then j ∈ Ln,1; so f j = α〈[bn−2 j]/
√

4bn〉x j . Hence ‖x j‖ =

|α|−〈[bn−2 j]/
√

4bn〉 ≤ |α|−〈
√

bn/4〉.
It follows that

‖Ts fi‖ ≤ |αn−r|max{‖x j‖, ‖x j−an‖} ≤ |αn‖α|−〈√an/4〉 < 1.

2.2b r < n − m. Then i = ran + l for some l ∈ [0, vn−r−1].
If l+ s ≤ vn−r−1, then i + s ∈ In,r ; so fi+s = αn−r(xi+s−xi+s−an) = Ts fi.

Thus ‖Ts fi‖ = 1.
If l + s > vn−r−1, then we have

Ts fi = αn−r(xi+s − xi+s−an ) = Ts+l−vn−r−1[αn−r(xran+vn−r−1 − x(r−1)an+vn−r−1 )]

= Ts+l−vn−r−1−1T fran+vn−r−1
.

By Remark 3 we obtain ‖T fran+vn−r−1
‖ ≤ a−1

n−r. Thus we get ‖Ts fi‖ ≤
‖T‖s+l−vn−r−1−1a−1

n−r ≤ |α|sa−1
n−r ≤ |α|2bm a−1

m+1 ≤ 1.

Case 3: i ∈ Ln,r . Then Ts fi = α〈[(2r−1)bn−2i]/
√

4bn〉xi+s. Put j = i + s. We have

n ≥ m, since vm−1 < am < i < r(an + bn) ≤ vn. Thus 4 j < an+1.

3.1 n = m and j > vn. Then j ∈ Jn+1,1; so f j = α〈[an+1−2 j]/
√

4an+1〉x j and

‖x j‖ = |α|−〈[an+1−2 j]/
√

4an+1〉 ≤ |α|−〈√an+1/4〉. Thus ‖Ts fi‖ ≤ |α|〈
√

bn/2〉‖x j‖ ≤
|α|〈

√
bn/2〉−〈√an+1/4〉 ≤ 1.

3.2 n = m and j ≤ vn. Then j > nan + rbn and r < n − 1.

3.2a If j < (r + 1)(an + bn), then j ∈ Ln,r+1; so f j = α〈[(2r+1)bn−2 j]/
√

4bn〉x j .

Thus ‖Ts fi‖ = |α|〈[(2r−1)bn−2i]/
√

4bn〉−〈[(2r+1)bn−2 j]/
√

4bn〉 ≤ |α|, since

s − bn <
√

bn.
3.2b If (r + 1)(an + bn) ≤ j ≤ (n − 1)an + (r + 1)bn, then using Lemma 1 we

get ‖x j − βr+1
n x j−(r+1)bn‖ ≤ |βr

n| ≤ br
n and ‖x j−(r+1)bn‖ ≤ An < b4

n. Thus

‖x j‖ ≤ max{br
n, br+5

n } ≤ b4n
n < |α|

√
bn/4. Moreover, we have

‖Ts fi‖ = |α|〈[(2r−1)bn−2i]/
√

4bn〉‖x j‖ ≤ |α|〈−
√

bn/4〉‖x j‖,

since i = j − s ≥ [r − (1/4)]bn. It follows that ‖Ts fi‖ ≤ 1.
3.2c If j > (n − 1)an + (r + 1)bn, then r < n − 2 and j ∈ Ln,r+2; so f j =

α〈[(2r+3)bn−2 j]/
√

4bn〉x j . Thus

‖Ts fi‖ = |α|〈[(2r−1)bn−2i]/
√

4bn〉−〈[(2r+3)bn−2 j]/
√

4bn〉 ≤ 1.

3.3 n > m and j < r(an + bn). Then j ∈ Ln,r , so f j = α〈[(2r−1)bn−2 j]/
√

4bn〉x j . Thus

‖Ts fi‖ = |α|〈[(2r−1)bn−2i]/
√

4bn〉−〈[(2r−1)bn−2 j]/
√

4bn〉 ≤ |α|, since s < 2bm <√
bn.
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3.4 n > m and j ≥ r(an + bn). Put k = r(an + bn). Clearly k − 1 ∈ Ln,r , so fk−1 =

α〈[(2r−1)bn−2(k−1)]/
√

4bn〉xk−1. Hence T j−kT fk−1 = α〈[(2r−1)bn−2(k−1)]/
√

4bn〉x j .

Thus ‖x j‖ ≤ |α|−〈[(2r−1)bn−2(k−1)]/
√

4bn〉‖T‖s−1‖T fk−1‖. Using Remark 3 we

obtain ‖T fk−1‖ ≤ b−1
n . Thus

‖Ts fi‖ ≤ |α|〈[(2r−1)bn−2i]/
√

4bn〉−〈[(2r−1)bn−2(k−1)]/
√

4bn〉|α|s−1b−1
n

≤ |α|sb−1
n < |α|2bm b−1

m+1 < 1,

since k − i − 1 < s < 2bm <
√

bn.

Case 4: i ∈ Kn,r . Then fi = xi − βnxi−bn and Ts fi = xi+s − βnxi+s−bn . We have

n ≥ m, since (m − 1)am < i ≤ (n − 1)an + rbn ≤ vn. Put j = i + s.

4.1 n = m and j ≤ (n−1)an + (r + 1)bn. Then j ≥ (r + 1)(an + bn), so r + 1 ≤ n−1

and j ∈ Kn,r+1. Thus f j = x j − βnx j−bn
= Ts fi , so ‖Ts fi‖ = 1.

4.2 n = m and j > (n − 1)an + (r + 1)bn. Then 4 j < (4r + 5)bn < an+1.

If r < n − 2, then j ∈ Ln,r+2 and f j = α〈[(2r+3)bn−2 j]/
√

4bn〉x j ; so ‖x j‖ =

|α|−〈[(2r+3)bn−2 j]/
√

4bn〉 ≤ 1.

If r ≥ n − 2, then j ∈ Jn+1,1 and f j = α〈[an+1−2 j]/
√

4an+1〉x j ; so ‖x j‖ =

|α|−〈[an+1−2 j]/
√

4an+1〉 ≤ 1.

If r < n − 1, then j − bn ∈ Ln,r+1 and f j−bn
= α〈[(2r+1)bn−2( j−bn)]/

√
4bn〉x j−bn ;

so ‖x j−bn‖ = |α|−〈[(2r+3)bn−2 j]/
√

4bn〉 ≤ |α|−〈
√

bn/4〉 ≤ |β−1
n |.

If r = n− 1, then j − bn ∈ Jn+1,1 and f j−bn
= α〈[an+1−2( j−bn)]/

√
4an+1〉x j−bn ; so

‖x j−bn‖ = |α|−〈[an+1−2( j−bn)]/
√

4an+1〉 ≤ |α|−〈√an+1/4〉 ≤ |α−1
n+1|.

It follows that ‖Ts fi‖ ≤ max{‖x j‖, |βn‖|x j−bn‖} ≤ 1.
4.3 n > m and j ≤ (n − 1)an + rbn. Then j ∈ Kn,r and f j = x j − βnx j−bn

= Ts fi;

so ‖Ts fi‖ = 1.
4.4 n > m and j > (n − 1)an + rbn. Then 4 j < (4r + 1)bn < an+1.

If r < n − 1, then j ∈ Ln,r+1 and f j = α〈[(2r+1)bn−2 j]/
√

4bn〉x j ; so ‖x j‖ =

|α|−〈[(2r+1)bn−2 j]/
√

4bn〉 ≤ 1.

If r = n − 1, then j ∈ Jn+1,1 and f j = α〈[an+1−2 j]/
√

4an+1〉x j ; so ‖x j‖ =

|α|−〈[an+1−2 j]/
√

4an+1〉 ≤ 1.

Moreover we have j − bn ∈ Ln,r and f j−bn
= α〈[(2r−1)bn−2( j−bn)]/

√
4bn〉x j−bn ;

so ‖x j−bn‖ = |α|−〈[(2r+1)bn−2 j]/
√

4bn〉 ≤ |α|−〈
√

bn/4〉 ≤ |β−1
n |. It follows that

‖Ts fi‖ ≤ max{‖x j‖, |βn‖|x j−bn‖} ≤ 1.

For f ∈ F of the form f =

∑m
i=0 cix

i we put | f | = max0≤i≤m |ci|. The functional

| · | : F → [0,∞), f → | f | is a multiplicative norm on F [8, p. 7].

It is easy to check that for m ∈ N with m > 2 and y ∈ F(m−1)am
we have ‖y‖ ≤

Am|y| and |y| ≤ max0≤i≤(m−1)am
| fi|‖y‖ ≤

√
Am‖y‖.

For n ∈ N0 we denote by Pn the linear projection from F onto Fn such that

Pn(xi) = 0 for i > n. We have x(Pnv) = Pn+1(xv) for n ∈ N and v ∈ F.
We need two more lemmas to prove our theorem.

Lemma 5 Let e ∈ E with e 6= 0 and k ∈ N with k > 2. Then there exists m ∈ N with

m > k such that |P(m−k)am
(Qme)| ≥ a−1

m .
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Proof Suppose by contradiction that for every m ∈ N with m > k we have

(3.1) |P(m−k)am
(Qme)| < a−1

m .

For some (e j) ∈ c0(K) we have e =

∑∞
j=0 e j f j . Then ‖e‖ = max j∈N0

|e j | > 0. Put

cn = (n − 1)an for n ∈ N. For n ∈ N we have
∑cn

j=0 e j f j =

∑cn

j=0 yn, jx
j for some

(yn, j)
cn

j=0 ⊂ K. For n ∈ N with n > 2 we obtain Qn(
∑∞

j=cn+1 e j f j) =

∑vn−1

i=0 zn,ix
i ,

where

(3.2) zn,i = −αn

∞
∑

m=n+1

ei+(m−n)am
.

So we get

(3.3) Qne =

cn
∑

j=0

yn, jx
j +

vn−1
∑

j=0

zn, jx
j .

From (3.1) and (3.3) we obtain for m ∈ N with m > k

(3.4) max
j∈(vm−1 ,(m−k)am]

|ym, j | < a−1
m .

Let m > n > k and Mm,n = ((m − n)am + vn−2, (m − n)am + vn−1]. Clearly, Mm,n ⊂
[am, cm] =

⋃m−1
s=1 Im,s ∪

⋃m−1
s=2 Jm,s and fi = αm−s(xi − xi−am ) for i ∈ Im,s, s ∈ [1, m)

and fi = α〈[(2s−1)am−2i]/
√

4am〉xi for i ∈ Jm,s, s ∈ [1, m). If j ∈ Mm,n, then j ∈ Im,m−n;

if i ∈ [am, cm] and i−am ∈ Mm,n, then i ∈ Jm,m−n+2. Thus ym, j = αne j for j ∈ Mm,n.

Clearly, Mm,n ⊂ (vm−1, (m − k)am]. Using (3.2) and (3.4) we obtain for n > k

(3.5)

max
vn−2< j≤vn−1

|zn, j | ≤ max
m>n

max
vn−2< j≤vn−1

|αn‖e j+(m−n)am
| = max

m>n
max

j∈Mm,n

|ym, j | ≤ a−1
n+1.

From (3.3) and (3.1) we get for n > k

(3.6) max
j∈[0,vn−1]

|yn, j + zn, j| ≤ |Pan
(Qne)| < a−1

n .

Hence, by (3.5), we have for n > k

(3.7) max
j∈(vn−2,vn−1]

|yn, j | < a−1
n .

Let n > k. Put Mn =

∑cn

j=vn−1+1 e j f j −
∑cn

j=vn−1+1 yn, jx
j . Clearly, (vn−1, cn] =

⋃n−1
s=1 ( Jn,s ∪ In,s). If i ∈ ⋃n−1

s=1 Jn,s ∪
⋃n−1

s=2 In,s, then Pvn−1
fi = 0; if i ∈ In,1, then

Pvn−1
( fi) ∈ Fvn−2

. Thus Pvn−1
(Mn) ∈ Fvn−2

; but Mn =

∑vn−1

j=0 yn, j x
j −

∑vn−1

j=0 e j f j ∈
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Fvn−1
, so Mn ∈ Fvn−2

. Hence
∑vn−1

j=vn−2+1 e j f j −
∑vn−1

j=vn−2+1 yn, jx
j

=

∑vn−2

j=0 tn, j f j for

some (tn, j)
vn−2

j=0 ⊂ K. By (3.7) and Lemma 1 we get

max
j∈(vn−2,vn−1]

|e j | ≤
∥

∥

∥

vn−1
∑

j=vn−2+1

e j f j −
vn−2
∑

j=0

tn, j f j

∥

∥

∥
≤ max

j∈(vn−2,vn−1]
|yn, j |‖x j‖

≤ Bn−1

an
<

1

a
1/2
n

.

Hence for m ≥ k we have max j∈(vm−1,cm] |e j | ≤ max j∈(vm−1,vm] |e j | < a
−1/2
m+1 < a−1

m .

Using (3.2) we get for n ≥ k:

max
j∈[0,vn−1]

|zn, j | ≤ |αn|max
m>n

max
j∈[0,vn−1]

|e j+(m−n)am
| ≤ |αn|max

m>n
max

j∈(vm−1,vm]
|e j |

≤ |αn|max
m>n

a
−1/2
m+1 = |αn|a−1/2

n+2 ≤ a−1
n+1.

Let n ∈ N with n > k. Applying (3.6) we obtain

∣

∣

∣
Pvn−1

(

cn
∑

j=0

e j f j

)
∣

∣

∣
=

∣

∣

∣
Pvn−1

(

cn
∑

j=0

yn, jx
j
)

∣

∣

∣
= max

j∈[0,vn−1]
|yn, j | < a−1

n .

Moreover we have

∣

∣

∣
Pvn−1

(

cn
∑

j=vn−1+1

e j f j

)∣

∣

∣
≤ max

j∈(vn−1,cn]
|e j| max

j∈(vn−1,cn]
|Pvn−1

( f j)| ≤ a−1
n an−1.

Thus |∑vn−1

j=0 e j f j| = |Pvn−1
(
∑cn

j=0 e j f j) − Pvn−1
(
∑cn

j=vn−1+1 e j f j)| < a−1
n an−1. For

some (sn, j )
vn−1

j=0 ⊂ K we have
∑vn−1

j=0 e j f j =

∑vn−1

j=0 sn, jx
j . Hence

max
j∈[0,vn−1]

|e j | =

∥

∥

∥

vn−1
∑

j=0

sn, jx
j
∥

∥

∥
≤ max

j∈[0,vn−1]
|sn, j‖|x j‖ ≤

∣

∣

∣

vn−1
∑

j=0

sn, j x
j
∣

∣

∣
Bn−1

≤ a−1
n an−1Bn−1 < a−1

n−1

for every n > k. It follows that max j∈N0
|e j | = 0, so e = 0, which is a contradiction.

Lemma 6 Let 0 < ε < 1 and 1 < M < ε−1. Let n ∈ N and m ∈ [0, n]. Assume that

y ∈ Fn with |y| ≤ M and |Pm(y)| ≥ Mε. Then there exists q ∈ Fn with |q| ≤ ε−(n+2)!

such that |Pn(qy) − xm| < ε.

Proof Clearly, y =

∑n
i=0 yix

i for some (yi)
n
i=0 ⊂ K. By assumptions we have

max0≤i≤n |yi | ≤ M and max0≤i≤m |yi | ≥ Mε.
If n = 1 and m = 0, then q = y−1

0 x0 − y−2
0 y1x1 satisfies our claim.
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If n = 1 and m = 1, then we can take q = y−1
1 x0 if |y0| < ε2M, and q = y−1

0 x1 if

|y0| ≥ ε2M.
Suppose that our claim is true for n = k ≥ 1. We shall prove that it is true for

n = k + 1.
Let m = 0. Then we put q0 = y−1

0 and qi+1 = −y−1
0

∑i+1
j=1 y jqi+1− j for 0 ≤ i ≤ k

and q =

∑k+1
i=0 qix

i . It is easy to see that Pk+1(qy) − x0
= 0 and

|q| = max
0≤i≤k+1

|qi | ≤ max
0≤i≤k+1

ε−i(Mε)−1
= ε−k−2M−1 ≤ ε−(k+3)!.

Let 1 ≤ m ≤ k + 1. Consider two cases.

Case 1: |y0| < ε(k+2)!+1. Then max1≤i≤k+1 |yi | ≤ M and max1≤i≤m |yi | ≥ Mε.

By the inductive assumption for y =

∑k+1
i=1 yix

i−1, there exists q =

∑k
i=0 qix

i with

|q| ≤ ε−(k+2)! and |Pk(qy) − xm−1| < ε. Then we have

|Pk+1(qy) − xm| = |Pk+1(q(xy + y0x0)) − xxm−1| = |x(Pk(qy) − xm−1) + y0q| < ε.

Case 2: |y0| ≥ ε(k+2)!+1. Then we put qi = 0 for 0 ≤ i < m, qm = y−1
0 , and

qm+ j = −y−1
0

∑ j
i=1 yiqm+ j−i for 1 ≤ j ≤ k + 1 − m. For q =

∑k+1
i=0 qix

i it is easy to

check that Pk+1(qy) − xm
= 0 and

|q| = max
0≤ j≤k+1−m

|qm+ j | ≤ max
0≤ j≤k+1−m

ε−(k+2)!−1(Mε−(k+2)!−1) j ≤ ε−(k+3)!.

Now we are ready to show our main result.

Theorem 7 Assume that d1 ≥ |α|4 and dn+1 ≥ |α|(ndn)! for every n ∈ N. Then the

linear continuous operator T on E has no non-trivial closed invariant subspace.

Proof Let M be a closed subspace of E with M 6= {0} such that T(M) ⊂ M. Then

g(T)(M) ⊂ M for every g ∈ F. Let e ∈ M with 0 < ‖e‖ ≤ 1. We shall prove that

for every δ > 0 there exists f ∈ F such that ‖ f (T)e − x0‖ < δ. Let δ > 0. Let k > 2

with ak−1 > |α|δ−1. By Lemma 5 we have |P(m−k)am
(Qme)| ≥ a−1

m for some m > k.

For Rm = (amAm)[(m−2)am+2]! we have |α|amAmRm < bm, since amAm < |α|am and

|α|(mam)! < bm. Put y = Qme. Then |y| ≤
√

Am‖Qm‖‖e‖ ≤ Am. By Lemma 6 and its

proof there exists q ∈ F(m−2)am
with |q| ≤ Rm such that

(3.8) |P(m−2)am
(qy) − x(m−k)am | < (amAm)−1.

(S1) Put f = β−1
m xam+bm q and S = Km,1. Then f =

∑

s∈S tsx
s for some (ts)s∈S⊂ K.

Let z = f y. Using Lemma 4 we get

‖ f (T)e − z‖ = ‖
∑

s∈S

ts(Ts − TsQm)e‖ ≤ max
s∈S

|ts‖α| = | f ‖α|

= |q‖α‖βm|−1 < Rm|α‖βm|−1 < a−1
m .
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(S2) Let a = (m − 1)am + bm and b = 2(m − 1)am + bm. Clearly z ∈ Fb;

so z =

∑b
j=0 s jx

j for some (s j)
b
j=0 ⊂ K. Then ‖z − Paz‖ = ‖∑b

j=a+1 s j x
j‖ ≤

maxa< j≤b |s j |maxa< j≤b ‖x j‖ ≤ |z|, since

‖x j‖ = |α|−〈[3bm−2 j]/
√

4bm〉 ≤ |α|−〈[bm−4(m−1)am]/
√

4bm〉 ≤ 1

for j ∈ (a, b] ⊂ Lm,2. We have |z| = | f ‖y| = |β−1
m ‖q‖y| ≤ |β−1

m |RmAm < a−1
m . Thus

‖z − Paz‖ < a−1
m .

(S3) Let t = xam qy and c = (m − 1)am. Clearly t ∈ F2c; so t =

∑2c
j=am

γ jx
j for

some (γ j)
2c
j=am

⊂ K. For j ∈ [am, c] we have j + bm ∈ Km,1. Thus ‖β−1
m x j+bm − x j‖ =

|β−1
m ‖| f j+bm

‖ = |β−1
m |. Hence we get

‖Paz − Pct‖ = ‖Pa(β−1
m xbmt) − Pct‖ =

∥

∥

∥
Pa

(

2c
∑

j=am

γ jβ
−1
m x j+bm

)

− Pc

(

2c
∑

j=am

γ jx
j
)∥

∥

∥

=

∥

∥

∥

c
∑

j=am

γ jβ
−1
m x j+bm −

c
∑

j=am

γ jx
j
∥

∥

∥
≤ max

am≤ j≤c
|γ j |‖β−1

m x j+bm − x j‖

≤ |t||β−1
m |.

Thus ‖Paz − Pct‖ ≤ |β−1
m |RmAm < a−1

m , since |t| = |q||y| ≤ RmAm.
(S4) Using (3.8) we get

|Pct − x(m−k+1)am | = |xam (Pc−am
(qy) − x(m−k)am )|

= |P(m−2)am
(qy) − x(m−k)am | < (amAm)−1.

Hence ‖Pct − x(m−k+1)am‖ ≤ a−1
m .

(S5) By Lemma 1 we have ‖x(m−k+1)am − x0‖ < |α|a−1
k−1. Since

f (T)e−x0
= ( f (T)e−z)+(z−Paz)+(Paz−Pct)+(Pct−x(m−k+1)am)+(x(m−k+1)am−x0),

we obtain ‖ f (T)e − x0‖ ≤ |α|a−1
k−1 < δ.

We have shown that for every δ > 0 there exists f ∈ F such that ‖ f (T)e−x0‖ < δ.

It follows that x0 ∈ M. Hence xn
= Tnx0 ∈ M for all n ∈ N. Thus F ⊂ M, so

M = E.
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