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The Invariant Subspace Problem for
Non-Archimedean Banach Spaces

Wiestaw Sliwa

Abstract. 1t is proved that every infinite-dimensional non-archimedean Banach space of countable
type admits a linear continuous operator without a non-trivial closed invariant subspace. This solves
a problem stated by A. C. M. van Rooij and W. H. Schikhof in 1992.

1 Introduction

Let K be a field with a non-trivial complete non-archimedean valuation |- |: K —
[0, 00). Every infinite-dimensional (id) Banach space E of countable type over K is
isomorphic to the Banach space ¢y (IK) of all sequences in K converging to 0 (with the
sup-norm), [8, Theorem 3.16(ii)]. Any closed subspace F of E is (1 + €)-complemen-
ted in E for every € > 0, i.e., for every € > 0 there exists a linear continuous projec-
tion P, from E onto F with ||P.|| < 1 + & [8, Theorem 3.16(v)]. If the valuation of K
is discrete, then any closed subspace of ¢y(IK) is 1-complemented [8, Corollaries 2.4,
4.7).

Note that for complex Banach spaces, any closed subspace of a complex Banach
space E is complemented in E if and only if E is isomorphic to a complex Hilbert
space [3].

Let T be a linear operator on a linear space E. A linear subspace M of E is a
non-trivial invariant subspace of T if {0} # M # E and T(M) C M. One of
the most famous problems of the operator theory is the invariant subspace problem
for complex Hilbert spaces. It asks whether every linear continuous operator on an
infinite-dimensional separable complex Hilbert space has a non-trivial closed invari-
ant subspace. This problem is still open. There exists a vast literature dedicated to the
invariant subspace problem for various important classes of complex Banach spaces
and linear continuous operators.

P. Enflo [2] and C. J. Read [5-7] negatively solved the invariant subspace problem
for complex Banach spaces. Read obtained a linear continuous operator on the com-
plex Banach space [; without a non-trivial closed invariant subspace. This /;-example
was simplified by A. M. Davie and can be found in Beauzamy’s book [1, Ch. XIV].

Developing this example, we shall construct a linear continuous operator T on
some infinite-dimensional Banach space E of countable type over K with no non-
trivial closed invariant subspace. Clearly, E is isomorphic to the Banach space ¢y ().
In particular, we solve the problem stated by A.C. M. van Rooij and W. H. Schikhof

Received by the editors March 14, 2006.

AMS subject classification: Primary: 47510; secondary: 46510, 47A15.
Keywords: invariant subspaces, non-archimedean Banach spaces.
(©Canadian Mathematical Society 2008.

604

https://doi.org/10.4153/CMB-2008-060-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2008-060-9

The Invariant Subspace Problem for Non-archimedean Banach Spaces 605

in [9]: if K is algebraically closed and spherically complete, does every linear contin-
uous operator T on a Banach space E over K have a non-trivial closed subspace?

Note that the Banach space E of countable type is reflexive if K is not spherically
complete [8, Corollary 4.18]. Meanwhile, for reflexive complex Banach spaces, it is
not known if there exists a linear continuous operator without a non-trivial closed
invariant subspace on an infinite-dimensional reflexive complex Banach space.

If K is algebraically closed, then it is easy to see, as in the complex case, that every
linear operator T on a finite-dimensional Banach space with dim E > 1 has a non-
trivial invariant subspace.

If K is not algebraically closed (for example if K = @),), we can take an element
a € (K\ K), where K is the algebraic closure of K. Clearly, E = K(a) is a finite-
dimensional linear space over K with dimE > 1 and the linear operator T: E —
E, Ty = ay, has no non-trivial invariant subspace [9].

If K is not spherically complete (for example if K = C,), then (see [8, Theo-
rem 4.49]) there exists a spherically complete valued field K that is an immediate
extension of K, i.e., K is a subfield of K and no non-zero element of K is orthog-
onal to K. We can take an element b € (K \ K). Clearly, the closed linear span
of the set B = {b* : k > 0} in K is a Banach algebra E of countable type over K
with dim E > 1 (we consider KK as a Banach algebra over K). In fact E is a subfield
of K: any non-zero element y € E is not orthogonal to K, so there exists z € KK
with ||y — z|| < max{]|y[|, [lzI|}. Then |ly| = |lzl| and |1 — yz~!|| < 1. Thus
zy=! = 32, (1 —yz )" € E, so y~' € E. The linear continuous operator
T: E — E, Ty = by has no non-trivial closed invariant subspace. Indeed, let M
be a closed invariant subspace of T. Then V = {y € E: yM C M} is a closed linear
subspace of E and B C E; so V. = E. Thus M is an ideal of E. Hence M = {0} or
M =E[9].

2 Preliminaries

Let K be a field. A function |- |: K — [0, 00) is a valuation if:
(i) YVaeK:|la|=0<a=0;

(i) Vo,B€K:|ap|=|alB];
(iii) Yo, € K:|la+ 0| < |al+ |8

A valuation | - | on K is

e non-trivial if || > 1 for some a € K;

o complete if metric d: K X K — [0, 00),d(x, y) = |x — y| is complete on K;

e archimedean if the sequence |1],|1 + 1|,|1 + 1+ 1],... is unbounded in [0, c0);
e non-archimedean if it is not archimedean;

o discrete if the set |[K| = {|a| : @ € (K \ {0}) } is discrete in (0, 00).

Any field with a complete archimedean valuation is topologically isomorphic to
(R, |-|) or (C,|-]) [8, p- 4]. A valuation |- | on K is non-archimedean if and only if
Vo, € K : |a+ (| < max{|al,|5|} [8, Theorem 1.1].

A field K with a non-trivial complete non-archimedean valuation | -| is called
non-archimedean. The field @, of p-adic numbers is non-archimedean for any
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prime number p.

Let K be a non-archimedean field. We say that K is spherically complete if any
decreasing sequence of closed balls in K has non-empty intersection. An element
y € Kis orthogonal to a subfield L if |y — z| = max{|y|, |z|} forany z € L.

By a norm on a linear space E over K we mean a function || - ||: E — [0, 00) such
that
(i) VyeE:|y|=0sy=0;

(ii) VaeK,x € E: |ax|| = |a|x|;
(iif) Vo, y € E: [lx + y|| < max{]lx]], [|y[/}-

If || - || is @ norm on a linear space E over K and x,y € E with ||x|| # ||y, then
[+ yll = max{lx], |y}

For fundamentals of non-archimedean normed spaces we refer to [4, 8, 10].

A normed space E = (E, || -||) is of countable type if E contains a linearly dense
countable set. We say that the normed spaces E and F over K are isomorphic if there
is a linear bijective map T: E — F such that the maps T and T~! are continuous.

A Banach space is a complete normed space. A series >~ X, in a Banach space
is convergent if and only if lim x, = 0. Every n-dimensional normed space E over K
is isomorphic to the Banach space K" (with the sup-norm) and any linear operator
on E is continuous.

The closed graph theorem, the open mapping theorem and the Banach—Steinhaus
theorem [4, Theorems 2.49, 2.73, 3.37] hold for continuous linear operators between
such Banach spaces.

Let E = (E, || - ||) be a normed space. A sequence (y,)5°, in E is a Schauder basis in
Eifeach y € E can be written uniquely as y = Zsio anyn with ()52, C Kand the
coefficient functionals g,: E — K, y — a,(n € Np) are continuous; No = N U {0}.

A linearly dense sequence (y,)2, in E is an orthonormal basis in E if

n
IS
i=0

= max |¢|
0<i<n

forallm € Nand ¢y, ...,c, € K.

Any orthonormal basis in E is a Schauder basis in E and every Banach space with
an orthonormal basis (y,):2, is isometrically isomorphic to ¢(IK) [8, p. 171].

We denote by lin A the linear span of a subset A of a linear space E.

3 Results

Putdy = 2. Let o € K with |a| > 8 and (d,) C N with d, > |a**— forn € N.
It is easy to see that d,_; > 2nand d, > |a|*"d,_, > 4n*|al|d,—, for n € N. Hence
we have d, > 2% n € N;so d, > |a**—1 > |af*"*2,n € N. Since the function
£(x) = 2%V is decreasing in the interval (¢, 00), we get d5/ V% < |a|160+D/lal"" <
la| /0D for n € N. Thus d>*2 < |a|V4/* < d,y, forn € N.

Putvy = 0,a, = doy_1,b, = dry, and v, = (n — 1)(a, + b,) for n € N. Then

4n < |of* < ay, a¥" < |a|V@/* < b, and b < |a|VP/* < a,y, for every

— n
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n € N. Hence we get 8na, < by, 8nb, < a1, 4(v,—1 + 1) < ap, |aa® < |a|\/“_"/4,
la|b? < |a|V?/4, and n*a? < b, for every n € N.

For a,b € 7Z we denote the set {k € Z : a < k < b} by (a, b]; similarly we define
la,b), [a,b] and (a, b). For nonempty sets A, B C N we write A < Bif 1 + maxA =
min B.

For n,r € Nwith n > r we put:

]n,r = ((T - l)an + Vy—r, 1’[1,,), In,r = [rana ra, + Vn—r—l]a

Ln,r = ((Tl - l)an + (T - 1)bn7 1’([1,, + bn))u Kn,r = [r(an + bn)u (Tl - l)an + Tbn]-

These sets are non-empty and J,,, < I, < Jur1> Lur < Kyy < Ly 1 forn,r € N
withn > r+1and J,,—1 < Lip—1, Luy—1 < Ky u—y for n > 2. Moreover X, :=
U:;ll(]n,r U In,r) = (Vu—1, (n — Da,l, Y, := U:;ll(Ln,r U Kn,r) = ((n — Day, v,] for
ne€Nwithn > 2550 X, <Y, < Xy41 forn>2and |J,2,(X, UY,) =N.

Let (o), (B,) C Kwith |a,| € (aq]al™!, a,] and |B,] € (ba]a| ™, b,] for n € N.
Clearly 1 < |ay,| < |Ba] < |atys1] forn € N.

Let (a) = kifk < a < k+1andk € Z. Itis easy to see that (a) — (b) < (a—b)+1
fora,b € R.

Let F = K[x] and F, = {f € F : deg(f) < n} for n € Ny. Then F is a linear
algebra over K and F,, is a linear subspace of F for every n € Ny, where Ny = NU{0}.

Put
x ifi =0,
ACr=Da=21/\Aa) i ifj ¢ J, and n,r € Nwithn > r,
fi = < ap_r(x — xi—%) ifi € I,, and n,r € Nwithn > r,
Q{lCr=Db,=2il/Vabu) i if i ¢ L,,and n,r € Nwithn > r,
X — Bt ifti € K,,and n,r € Nwithn > r.

Obviously, lin{f; : 0 < i < n} = F, for n € Ny. Thus (f;)$2, is a linear base in F.
For f € Fofthe form f = Y"1 ¢ f;, we put || f|| = maxo<j<m|cif; || - || is a norm on
F. Clearly, (f;)$2, is an orthonormal basis in (F, || - ||).

Put A,, = |a|V® and B,, = |a|V®*V for m € N. We have the following.

Lemma 1 (i) Letm € Nwithm > 2. Then maXo<i<(m—1)a, ||X'|| < An and
maxo<i<y, [|X'[| < B o
(ii) Let n,r € Nwithn > r. Then ||x' — x| < |a,!,| fori € I,, and

llx' — Brad || <[B! fori € K.

Proof For m € N we have [0, ma,,.1] = [0,v,] U U:n:1(]m+1,r U Lys1,) and
[07 Vm+l] = [07 mam-H] U U:nzl(Lm-H,r U Km+1,r)-

Clearly ||x°|| = 1. Let n,r € N with n > r. It is easy to check that ||x’|| < |a|V®
fori € J,,and ||¥'|| < |a|V¥ fori € L,,.

Leti € I,,. For j € [0,r) we havei — ja, € I,,_;, so

—1 L yi—jay _ i—(jt+1)a,
an—r+]’f’*1”n =X x .

https://doi.org/10.4153/CMB-2008-060-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2008-060-9

608 W. Sliwa

Hence E] Oan r+]f jan = i xifm,,, SO
[ < max o, - Ll =l < 1

Then ||x'|| < max{1, ||x ™|} and i — ra, € [0, v,—1].
Leti € K. For j € [0,r) we have i — jb, € K,,,_j, so

i (41
XTI = fi g 4 Baxt U

Hence x' = E;;é B fic i, + B 50 [|x — Bpxd =0 || < maxo< j<, |Gh] = |87
Then ||x'[| < max{|5;"],|8;[x" ||} < |o¥* max{1, |x""""||} and i — 1b, €
[an, (n — 1)a,]. Hence, by induction, we get maxXo<i<(m—1)a, ||X'|| < |a|V® and
x| < ||V for m € N with m > 2. n

maxp<i<y,

Denote by E = (E, || - ||) the completion of the normed space (F, || - ||). Then E is
an infinite-dimensional Banach space of countable type and (f;){°, is an orthonor-
mal basis in E; so E is linearly isometric to ¢y (K).

Lemma 2 The linear operator T: (F,||-||) — (|| -||), Tf = xf is continuous and
1Tl < la-

Proof It is enough to show that | Tf;|| < |a| for any i € Ny. Since 1 € J,; we have
fi = alle=2/Vas)y Thus Tfy = x = a~{[@~2/V3®) £ hence || Tf|| < 1.

Leti € N. For some n,r € Nwithn > rwehavei € J,, UL, UL,, UK,,.
Consider four cases (and many subcases).

Case1: i € J,,. Then f; = a{l@r=Da=2il/Vian) yi,

1.1 i<ra,—1.Theni+1 € J,,,50 fiy; = a{[@r=Da—20+D]/Via) yi+l Thys T'f;
a([(zr—l)a,,—zi]/\/ﬁ>—<[(2r—1)a,,—2(i+1)]/\/@)fiﬂ_ Hence ||Tf,|| < |a|(2/\/ﬁ)+l —
.

1.2 i= ra, — 1. Then T f; = o{2=@l/v4a) xran By Lemma 1 we have [|x™ — x°|| <
o, | < 1. Thus [l < max{la™ — |, <[]} = 1. Hence ||Tfi[| <
la| =Vt < gt < 1.

Case2: i€ I,,. Then f; = (' — ¥ ") and Tf; = a,_,(x'*! — x'+1=).
21 i < ray+vy,—1. Theni+ 1 € I,,, 50 fiy1 = qu_,(x"*! — x'*1=%). Thus

ITfill = |l finall = L.
22 i=ray+vy—r—1. Then4(i+1) < (4r+1)a, < b,.Putj=1i—a, +1.
Ifr <n—1,theni+1€ J, 41550 fiy; = all@+Da—2+DI/VAa) xi+1 Hence
||xi+1|| _ |a|7([(2r+1)a,,72(i+1)]/\/4m> < |a|7<\/ﬂ/4)'

Ifr=n—1,theni+1 € Lyy; s0 fiy1 = ([ =2G+D1/VAba) yi+1 - Hence
[+ = ||~ Won 20D/ VEB) < ||~ (VPu/4)

Ifr=1landn =2 ,then j = 1 € J,; and ||[x/|| = |a|~{==2/Vi2)|| ;|| <
|oo| ~(V@/4)
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Ifr =1andn > 2,thenj € J,_1 ;50 fj = allan=1=201/\/4an—1) i Hence
[ |a|_<[an71_2(1’n—2+1)]/\/‘m> < oW/,

If1 <r<n—1,thenj € I,,_; and using Lemma 1 we get ||x/ —x"——1*1|| <
|, ! ||. Moreover we have f, .1 = (Lo = 20— DV A ) 141
because v,_,_; + 1 € J,_;. Hence

[Jocn=r=1+1]| = |oé|7([an7r72(vnfr7l+1)]/\/4anfr> < |a|7<\/m/4>'

Thus [l < max{[|x/ — x|, [} < Jaf = Vamr®),
Ifr =n—1,then j € J,,_1;s0 f; = a(@r=a=2l/vAa) j Hence ||x|| =
|o|~({lan—21/VAan) < |y = {V/an/4)
It follows that || Tf| < |a,_,| max{||x™|, ||%/]|} < |an_||e|~ Va4
—
Case3: i€ Ly,. Then f; = o/{[@r=Dba=2i1/V/4b) i,
31 i<r(ay+b,)—1. Theni+1 € L,,,s0 fiy; = ollZr=Dbi=20+D1/Vabi) i+l Thys
Tf = a([(zr—l)bn—zil/\/rbn—([(2r—1>bn—2(i+1)1/\/m>fiﬂ‘ Hence ||Tfi|| < |a.
3.2 i=r(ay+b,)— 1. Then Tf; = qfl=bi=2rawt2l/Vibi) xr(awtb) pyt j = r(a, +b,).
By Lemma 1 we have ||x/ — 3x/~""|| < |3,/""". In Case 1 we have shown

that [|x™ || < 1. Hence [|x/[| < max{|[x’ — Bjx™ |, |3;||lx" ||} < b2~'. Thus
ITAI < |af [Zbnm2ran2l/Vib) =t < |q|=VEn/4pi=t < prot,

IN

a

Case4: i€ K,,. Then f; = x' — B,x' b and Tf; = x'*! — B! -bn,
41 i< (n—1)a,+rb,. Theni+1 € K,,,s0 fiy; = x'*' — B,x"170 = Tf. Hence

ITfill = 1.
42 i=(n-1a,+rb, Putj=i+1—-"b, Thenje€L,,,so

£ = allCr=Db=2j1/Vab)

Hence ||x]|| _ |a|—([(2r+1)bn—2(i+1)]/\/m> < |a|_<\/E/4>.

Ifr <n—1,theni+1 € Ly,1550 fiyy = afl@rDb=20+DI/Vab) xi+1 Hence
) = o] < [ = VB0,

Ifr=n—1,theni+1 € Jy11;50 fisg = allam—20+D)/ Vi) i+l Hence
]| = |oo| (T =2001/VAaa) < ||~ (Va/4) < ||~ (VP/%) | Thus we have
ITll < max{ |||, |Bal 17|} < Balla] =V < al. u

From now on, by T we will denote the linear continuous operator on E such that
Tf =xfforall f € F;clearly | T|| < |a].

By the proof of Lemma 2 we get the following.
Remark 3. 1fn,r € Nwithn > r, then || T fro, 1 || < a7 L | T frapiv,_, || < a,,, and
IT frtab—all < by

Let m € N with m > 2. Put§,, = |J

[e'S)
n=m+1

Lin—m- Let Qu: F — Fu_1)a, be a
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linear operator such that

fi ifi € [0, (m — 1)a,],
Qufi=1< —apx=t=ma ific ], ., andn > m,
0 ifi € (N\ Sp) withi > (m — 1)ay.

Clearly, |Qufill = 1for 0 < i < (m — 1)a, and |Quufi|| = |am|||x—"—ma || <
amBm—1 < /Ay fori € L ,—m,n > m. Thus sup;cy, [|Qufill < v/Au; so the linear
operator Q,: (F, || -]|) — (E || - ||) is continuous and ||Q,,|| < v/A,,. From now on,
by Q,, we will denote its continuous extension on (E, || - ||).

We have the following lemma.

Lemma 4 Letm € Nwithm > 2 and lets € Ky1. Then | T° — T°Qul| < |a.

Proof It is enough to show that ||T°f; — T°Q,.fi|| < |« for everyi € Ny. Ifi €
[0, (m — 1)ay], then T° f; — T°Q, f; = 0. Leti > (m — 1)a,,. For some n,r € N with
n>rwehavei € J,, UL, ,UL,, UK,,. Ifi € J,, UL,, UK,,, theni & S,; so
Qufi=0and T*f; — T°Qu f; = T* f;. Consider four cases.

Casel: i € J,,. Then T°f; = a{l@r=1a,=2il/\/4au) yi+s  \We have m < n, since

(m—Day, <i< (n—1a, Thuss < 2b,, < /a,.

1.1 i <ra,—s Theni+s € J,,, 50 fiy, = allZr=Da—20+91/Vaa) xits Hence
Tsﬁ — a([(erl)a,,fﬁ]/\/m)f([(erl)a,,72(i+s)]/\/m)fi+s_ Thus ||T5f,|| < |a|.

12 i > ra, —s. Then THs—atlf | = o{@r=Da—20a—Dl/Vaa) xi+s  gince
ra, —1 € J,,. Thus

HTSﬁH _ |a|<[(2r—1)a,,—21]/\/m)—([—a,,+2]/\/m> HTiJrs—m,,Jrlfr ’

a —1”
< I TN\ T fra,l-

By Remark 3 we have || T f,,—1]| < a;,'. It follows that
IT Al < la]™ et < |afar" < af"a,, <1.

Case2: i € I,,. Then f; = a,_,(x' —x' =), 50 T f; = ctp_,(x'™ —x'*5=%). We have

n>m,since (m—1)a, <i<ra,+v,_,_1 < (n—1)a,. Thus4(i+s) < (4r+ 1)a,.

21 r=mn—m Theni = ra, + [ for somel € [0,v,,_1] and T°Q,.f; = —aux**.
We havei +5 € ]n.”b SO fi+s — a([(2r+1)a,,—2(z+s)]/\/@)xz+s_ Hence sz+s” —
||~ ([@reDa—2+1/vAa) < |o|~(Va@/4) < |a;!|. Using Lemma 1 we get

1

[l Dkt s < ot | = ek

Thus | T* f; — TSQufi|| = |cum]| |6 — (X —* — xH9)|| < 1.
22 r#n—m. Theni & S,,s0 Qpfi =0and T*f; — T°Q.fi = T°f;.
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22a r > n—m. Thenfor j = i +swehave j —a, € Ju,, 50 fj_4, =
ol l@r=1ay—2(j—an)]/v3an) yj=an_Thus ||xj—an|| — |a|—([(2r+l)an—2j]/\/4an> <

oo~ (Va4
Ifr+1 < n,then j € Jy1550 fj = al@rtDa—=2j1/v4a) i Hence
]| = flo =] < | =V,

Ifr+1=n,then j € L, ;50 fj = allb=2/Vaixi, Hence ||x/|| =
||~ {1 =271/V/Ab) < ||~ {VBu/4)

It follows that

IT°fill < feva—r| max{[27]], £~} < fewaler] =V < 1.

22b r<n—m. Theni=ra, +1lforsomel € [0,v,_,_1].
Ifl4+s < vy ,_1,theni+s € I, 50 fius = iy (™ —x1T57%) = T5f,.
Thus || T f;]| = 1.
Ifl+s > v,_,_1, then we have

Ts]:i — oz,,,,(xm _ xi+sfa,,) _ Ts+lfv,,,,,1[anir(xm,ﬁv,,,,,l _ x(rfl)a,,+v,,,,,1)]
= et T fratva_r_,-

By Remark 3 we obtain || T fyg+v,_, || < a,,. Thus we get || Tf;|| <
IT| == a, L, < Jaba, 2, < JaPva,;, < 1.

Case3: i € L,,. Then T*f; = o{[@r=Db=20/Vah)yits Pyt j = i + 5. We have
n > m,since viy—1 < ay < i < r(a, +b,) <v,. Thus4j < a,4;.
31 n = mand j > v,. Then j € Ju11; 50 fj = allamni=2jl/VAaw) xj and
]| = [ ~{ama =200/ V) < o = (VAT Thus || T* | < [a] V52 ||x]| <
|a|(\/E/2>—<\/m/4> <1.
32 n=mand j <v, Thenj > na,+rb,andr <n— 1.
32a Ifj < (r+1)(ay+by,), thenj € L, 11550 f; = a{l@reDbi—=2j1/V/abs) y.j.
Thus || T5fi|| = |o|(12r=Dbu=2il/Vab) —([2r+Dbi=2j1/VAbi) < |y, since
s— by, < /by,

32b If(r+1)(a,+b,) < j<(n—1)a,+ (r+ 1)b,, then using Lemma 1 we
get ||x/ — Bl =0t Dba|| < |37 < b7 and ||xI =D < A, < bE. Thus
/|| < max{b}, b} < b4 < |a|VP/*. Moreover, we have

Tl = {1828 ) < o (Vo ]

sincei = j —s > [r — (1/4)]b,. It follows that || T*fi|| < 1.
32¢ Ifj > (n—1a, + (r+ by, thenr < n—2and j € Ly,42; 50 fj =
{[Cr3)b,=2j1/V/) xi Thus

T | = |a|<[(2r71)b,172i]/\/W>*([(2r+3)bn*2jl/\/W> <1.

33 n>mandj <r(a,+b,). Then j € L,,,s0 f; = a{l@r=0b:=2j1/V/4bs) i Thys
ITSfil| = |a|{(@r—Db—2i]/Vab) ~([@r=Db=2j)/Vib) < |a), since s < 2b, <

ne
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34 n>mandj>r(a,+0b,). Putk =r(a, +b,). Clearlyk— 1€ L,,,s0 fr_1 =
a{[@r=1b,—2(k=1)]/v4bu) yk—1  Hence ijkak_l — @r=1b—2(k=1)]/V4by) y.j

Thus [|x/]| < |a] = (1@=D0=2G=DI/V4) || 7|1 T fi_y||. Using Remark 3 we
obtain | T fi_:|| < b, . Thus

ITSf|| < |a|([(erl)eri]/\/‘Tbn)7([(2r71)bn72(k71)]/x/47n)

a|571b;1

< o', <ol b,;, <1,
sincek —i—1<s<2b, <+b,.
Case4: i € K,,. Then f; = x' — B,x' "% and T°f; = x'™ — B,x"* b, We have
n > m,since (m — 1)ay, <i < (n—1)a, +rb, < v, Putj=i+s.
41 n=mandj< (n—1)a,+(r+1)b,. Thenj > (r+1)(a,+by),sor+1 <n—1
and j € K, p41. Thus fj = x/ — B,x/ =0 = Tf;, 50 | T*fi|| = 1.
42 n=mandj> (n—1)a,+ (r+1)b,. Then4j < (4r+5)b, < ay+1-
Ifr < n—2 then j € L, and f; = o{Gr90=21/Vab) yjs 50 ||xi|| =
|a|7([(2r+3)bn—2j]/\/m> <1.
Ifr > n—2 thenj € Juy and f; = allam=2/Vaanyis o ||x/|| =
|a|f([an+172j]/\/m> <1.
Ifr <n—1,then j — b, € Ly, and fj_p, = afl@rr0b—20=001/Vab0) xj=bn;
s0 [|xi b = |a|—<[(2r+3)bn—2j]/\/m> < |a|—<\/E/4> <1871
Ifr=n—1,then j— b, € Jy1,1 and fj_p, = alam=20=01/ Vi) xj=bi; 5o
ij*bn — |a|*<[ﬂn+1*Z(j*bn)]/\/‘lann) < |a|7(\/a,,+1/4> < |O‘n_+11|'
It follows that || T*f;|| < max{||x/[|, |B,[|[x/~t ||} < 1.
43 n>mandj<(n—1)a,+rb, Then j € K,,and f; = x/ — 6,1x1’b" =Tf;
so ||IT*fil| = 1.
44 n>mandj> (n— 1)a,+rb, Then4j < (4 + 1)b, < aus1.
Ifr < n—1,then j € Ly, and f; = a{l@rD0=2j1/V3) yi; g0 ||xi|| =
|a| = ((@rDb=2/1/VAb) < 1,
Ifr = n— ]_) thenj c ]n+l,l and f] — a([an+1—2j]/v4an+l>xj; o) ||x]|| —
|a|*<[ﬂn+1*2j]/\/4ﬂn+l> S 1_
Moreover we have j — b, € L,, and f;_, = a{Gr=Db=20=b1/Vabi) xi=bu,
50 [Jxi || = || B2V < ||~ (VBN < |51, Tt follows that
1T fill < max{ [l ]|, | Ball [/} < 1. u

For f € Fofthe form f = Y"1 c;ix' we put | f| = maxo<j< |ci|. The functional
|-|: F— [0,00), f — |f] is a multiplicative norm on F [8, p. 7].

It is easy to check that for m € N with m > 2 and y € F(y—1a, we have ||y|| <
Aulyland |y] < maxocicnna, [lI¥1 < VARl

For n € Ny we denote by P, the linear projection from F onto F, such that
P,(x') = 0fori > n. We have x(P,v) = P, (xv) forn € Nandv € F.

We need two more lemmas to prove our theorem.

Lemma 5 Lete € Ewithe # 0andk € Nwith k > 2. Then there exists m € N with
m > k such that |P(u—pa, (Qme)| > a,,".
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Proof Suppose by contradiction that for every m € N with m > k we have

(3.1) |P(m—k)am(Qme)| < anjl

For some (e;) € ¢y(K) we have e = Z;ﬁo ejfj. Then |le|| = maxen, ej| > 0. Put
= (n— 1)a, for n € N. For n € N we have Z;'":o eifi = Z;'":o yn,jx! for some
(y,”)] o C K. Forn € Nwith n > 2 we obtain Qu(3277, ,, ¢if}) = 1% znix’,

where
o0
(3.2) Zni = —Qp Z Cit(m—n)a,-
m=n+1
So we get
Cn Vn—1
(3.3) Que = Z J’n,ij + Z Zﬂ,jxj'
j=0 j=0

From (3.1) and (3.3) we obtain for m € N with m > k

(3.4) max Gl <at
JEWn_1,(m—k)an] sl <

Let m > n > kand M,,, = ((m — n)a,, +v,—s, (m — n)a,, +v,_]. Clearly, M,, , C
[y 6n] = UM Lus UM Ts and f; = @i s(xf — X1~ for i € Lys,s € [1,m)
and f; = o{l&=Dan=20/Vaan) i for i ¢ J, s € [1,m). If j € My, then j € Lym_n;
ifi € [ap, cm] andi—a, € My, theni € Jiym—ni2. Thus y,, j = aej for j € My, .
Clearly, M,, , C (Viy—1, (m — k)a,,]. Using (3.2) and (3.4) we obtain for n > k

(3.5)

max |z,;| <max max |olleji(m—nna,| = max max [y, ;| < a,,
Vn—2<j<Vu_1 m>n v, _,<j<v,_; m>n jEMy,

From (3.3) and (3.1) we get for n > k

(3.6) max |ynj +2uj| < |Pa,(Que)| < a,
JE0, V1]

Hence, by (3.5), we have for n > k

(3.7) max |y, < a,!

JEWn—2,vu—1]

Let n > k. Put M, = Z] o 6ifi — E 1+1ynjxj' Clearly, (vy—1,¢,] =

U Uns ULy, i € U Jus UUS s thenP fi = 0;if i € I,), then
P, _(f) €F,_,. ThusP, (M,) € FV,H, butM Z; o Ynjx! — ZV" o eifi €
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Vn—1 Vn—1 _ Vn—2 £
Fv,, 12 MY M € FV 2 Hence Ej:v,,,2+1 e]f] - E] Vp—o+1 y” J'x - Zj:o t"va] fOI'

some (t, ])1;” . C K. By (3.7) and Lemma 1 we get

Vn—1 Vn—2
cmax el < || 3T efi= Y nf| < max i
JEWn—2,Vu—1] . - JEWn—2,vu—1]
J=Va—2t1 j=0
B 1
= e
Hence for m > k we have maxje(y,_, ¢, |¢j| < maxjeq,_, v lej] < a;i{z < a,!

Using (3.2) we get for n > k:

max |zn]|<|an|max max |ejs(m—ma,| < || max max |ej

JEL0,va—1] m>n j€[0,v,—1] m>n jE(Vy—1,Vm]
—1/2 —1/2 1
S |an| ?rllgnxam+l - |an|an+2 < an+1

Let n € N with n > k. Applying (3.6) we obtain

‘PVn—l(Ze]f‘])‘ = ‘owl(zyn,]'xj)‘ = er[lo]?X ]lyn]| <a,
j=0 !

=0
Moreover we have
Cn

Pvnfl( Z ejfj)’ < max |ej E(max ]|Pv”71(fj)| <a la,.

JE(anlvcn] J1€EWn—1,Cn

Thus | 3275 eifil = [Py, (g eif) — Pr_ I(Z] o eif)l < ay'a,_. For

some (s, ;)" C Kwehave 77" e fi = 37" 5, jx/. Hence

Vn—1

Vn—1
max |ej| = HZS"ij‘ < max s, ill[«/]| < ’an_jxj‘Bn,l
j€0,vn—1] pary ' JEL0,vu—1] ) i—0 )

—1 —1
<a, a,1B,_1 <a,_,

for every n > k. It follows that max ey, |ej| = 0, so e = 0, which is a contradiction.
|

Lemma 6 Let0<e<landl <M < e~ '. Letn € Nand m € [0,n]. Assume that
y € F, with |y| < M and |P,,(y)| > Me. Then there exists q € F, with |q| < e~ ("+2)
such that |P,(qy) — x"| < e.

Proof Clearly, y = Y_"  yix' for some (y;)!., C K. By assumptions we have
maxXo<i<n |)/,| S M and maxo<i<m |y,| Z Me.
Ifn=1and m = 0, then g = y; 'x" — y, 2 y1x" satisfies our claim.
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Ifn = 1and m = 1, then we can take g = y; 'x* if |yo| < €M, and q = y, 'x" if

lyo| > €*M.
Suppose that our claim is true for n = k > 1. We shall prove that it is true for
n=k+1.

Let m = 0. Then we put qo = y, ' and gix1 = —y; ' Zi;;ll yigiv1—jfor0 <i <k
and g = Zf:é gix'. Tt is easy to see that Pr,1(qy) — x° = 0 and

lgl = max |qi| < max e '(Me) ! = e kM < gm R
0<i<k+1 0<i<k+1

Let 1 < m < k+ 1. Consider two cases.

Case 11 |yo| < gkl

. Then max;<;<ks1 |yi| < M and maxi<j<u |yi| > Me.
By the inductive assumption for 7 = S5 yx~1, there exists ¢ = Y.+, gix’ with
lq| < e~ ® 2 and |Pr(q7) — x| < €. Then we have

ml —

|Prs1(qy) — x |Prs1 (q(x7 + y0x”)) — xx™ 1| = |x(Pr(q7) — x™ 1) + yoq| < e.

Case2: |yo| > e®2"1 Then we putq; = 0for0 < i < m, g, = y; ', and

m+j = -y " S yigmej—ifor1 < j<k+1—m. Forq= Zf:é gix' it is easy to
check that P;1(qy) — x™ = 0 and

|q| — max |Qm+]’| < max 87(k+2)171(M87(k+2)!71)1 < 87(k+3)l'
0<j<k+1—m 0<j<k+1—m

Now we are ready to show our main result.

Theorem 7 Assume that di > |a|* and d,.1 > |a|"™) for every n € N. Then the

linear continuous operator T on E has no non-trivial closed invariant subspace.

Proof Let M be a closed subspace of E with M # {0} such that T(M) C M. Then
g(T)(M) C M foreveryg € F. Lete € M with 0 < ||e|| < 1. We shall prove that
for every § > 0 there exists f € F such that || f(T)e — x°|| < 6. Let 6 > 0. Let k > 2
with a;_; > |a|d~!. By Lemma 5 we have |P(,,—y),, (Que)| > a,,' for some m > k.
For R, = (anAn,) "= we have |a|a, ARy < by, since a, A, < |al* and
||t < b, Put y = Qpe. Then |y| < v/A,||Qulllle]l < Apm. By Lemma 6 and its
proof there exists g € F(,,;—2)a, with |q| < R,, such that

(38) |P(m—2)am(qy) - x(m—k)a,,,' < (amAm)_l-

(S1) Put f = B, x*ngand S = K,,,;. Then f = 3
Let z = fy. Using Lemma 4 we get

ses tsx° for some (£5)sesC K.

If(T)e =zl = | t(T* = T*Quel| < max [ts[la] = | flle]

ses

= lalll| Bl ™" < Rl Bl ™ < @y,
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(S2) Let a = (m — l)ay + by, and b = 2(m — 1)ay, + by,. Clearly z € Fy;
50z = E’;:o sjx! for some (sp)f_p C K. Then [z — Pez| = || Z’;:aﬂ sixl|| <
max,« j<p |sj| max,< j<p [|x/|| < |z], since

||xj|| _ |a|—<[3bm—21]/\/W) < |a|—([bm—4(m—1)am]/\/m> <1

for j € (a,b] C Lyo. Wehave |z| = | flly| = |8:," llly] < 18, |[RmAm < a;,". Thus
llz — Paz|| < a,,".

(S3) Lett = x"mqy and ¢ = (m — 1)a,. Clearlyt € Fy;s0t = Z?;a 7]’"{' for
some (7]')§C:um C K. For j € [a,, c] we have j+b,, € K,,,;. Thus Hﬁ;lxﬁbm —xi|| =
1B 1 fivbn | = 18, |- Hence we get

2c 2¢
1Paz — Pet|| = ||Pa(B3,,'x""t) — Pet|| = HP( > fo’rilxj+b”) - Pﬂ(z %'xj) H

j:an1 j:am

¢ c
= H Z 7jﬁ;lxﬂbm _ Z ,ijj‘ < max |’Yj||\ﬁ,;1xj+b"’ _xjH

an<j<c
j=am j=am

<[l

Thus ||P,z — Pet|| < |8, {RmAm < a,,", since [t| = |q]|y| < RuAm.
(S4) Using (3.8) we get
|Pct — x(m7k+1)um| = [x"(Pc—q,(qy) — x(mik)amﬂ

m—k)an

< (amAm)_l.

= |P(n—2)a, (qy) — &'

Hence ||P.t — x(" =k Dan|| < g1,
(S5) By Lemma 1 we have [[x" %D — x0|| < |ala,!,. Since
F(Te—x" = (f(T)e—z)+(z—Poz)+(Poz—Pet )+ (Pt —x M=k Damy  (y(m=ktDan _, 0y

we obtain || f(T)e — x°|| < |ala !, < 6.
We have shown that for every § > 0 there exists f € Fsuch that || f(T)e—x°|| < 4.
It follows that xX° € M. Hence x" = T"x® € M foralln € N. Thus F C M, so

M =E. |
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