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Abstract

We consider growing random recursive trees in random environments, in which at each
step a new vertex is attached (by an edge of random length) to an existing tree vertex
according to a probability distribution that assigns the tree vertices masses proportional to
their random weights. The main aim of the paper is to study the asymptotic behaviour of
the distance from the newly inserted vertex to the tree’s root and that of the mean numbers
of outgoing vertices as the number of steps tends to co. Most of the results are obtained
under the assumption that the random weights have a product form with independent,
identically distributed factors.
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1. Introduction

We consider the following random recursive tree model. A recursive tree is constructed
incrementally, by attaching a new vertex to a randomly chosen existing tree vertex at each step.
Initially, the tree consists of a single vertex, v(0), that has weight w(0) = 1 and label 0. At the
first step, a new vertex, v(1), is added to the tree as a child of the initial vertex. It is labelled 1,
and a random weight, w(1) > 0, and a random length, Y (1) > 0, are respectively assigned
to v(1) and to the edge connecting the vertices v(0) and v(1). It is assumed that the edge is
directed from v(0) to v(1). Atstep j > 1, given all the weights w(0), w(1), ..., w(j — 1),
first anode v(j*) is chosen at random from the nodes v(0), v(1), ..., v(j — 1) according to the
distribution with probabilities proportional to the nodes’ weights, and then a new vertex v(j)
is added to the tree as a child of the node v(j*). The new vertex has label j, and a random
weight w(j) > 0 and a random length Y (j) > 0 are respectively assigned to it and to the edge
connecting the vertices v(j*) and v(j). As at the initial step (where, for consistency, we will
put 1* = 0), the edge is directed from v(j*) to its child vertex v(j). We assume that {Y (j)};>1
is a sequence of independent random variables (RVs) which is independent of the sequence of
the (generally speaking random) weights {w(j)};>o0. Interpreting the sequence of weights as a
‘random environment’ in which our recursive tree is growing, and appealing to an analogy with
random walks and branching processes in random environments, it is not unnatural to refer to
such a model as a random recursive tree in a random environment.
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Let
Dy :=0, Dy =Dy« +Yn), n=1,

be the distance from the vertex v(n) to the root (i.e. the sum of the lengths of the edges connecting
v(n) with v(0)). Our main aim in this paper is to study, as n — oo, the asymptotic behaviour
of D, under various assumptions on the random weights w(j) and lengths Y (), and also that
of the mean values of the outgoing degrees

n
NaG) = Y Lpan=uiiy.  J <1, )
k=j+1

where 14 is the indicator of the event A.

Observe that if w(j) = Y (j) = 1 for all j, then we obtain the standard random recursive
tree ([11]; see also [15]). If w(j) = a’, j > 0,wherea > Oisaconstantand Y (j), j > 1, are
RVs whose distributions satisfy certain mild conditions, we obtain the recursive tree considered
in [10] (in fact, the model of [10] assumed that at each step a fixed number, k > 1, of children
are attached to one of the existing tree vertices, and also that the Y () are vector valued).

Here we should also mention other, related models where the weights of the vertices can
change at each step. Thus, if, after the completion of the kth step of the tree construction, the
weight of the vertex v(j), j < k,is w(j) = w(j, k) = 1 + BNk (j), where B > 0 is constant
and Y (j) = 1, we obtain the linear recursive tree studied in [16] and [5] (see the bibliographies
therein for further references). The case where w(j) = w(j, k) = 1 + Ni(j) was considered
in [3]; the power-tail limiting behaviour of the degree distribution for this model that had been
guessed in [3] was established in [8].

Ifw(j)=ai---aj, j = 1 (whereay, ..., a; are independent, identically distributed (i.i.d.)
RVs), and Y (j) = 1, we obtain a version of a weighted recursive tree. It is this last model and
its generalizations that will be of the most interest to us in the present paper.

From now on we assume that the weight, w(j), of the vertex v(j) is, generally speaking,
random and, once assigned, remains unchanged forever.

Section 2 of the paper is devoted to studying the asymptotic behaviour of the distribution
of D,. Theorems 1 and 2 present general convergence results for the conditional distribution
of D, in the cases where the random weights w(j) tend to ‘prescribe’ new attachments to
vertices close to the root of the tree and, respectively, where the new attachments are ‘more
dispersed’ across the tree. Corollary 2 covers the special case where w(j) = 1. The results
of Section 2 also show that, for any « € (0, 1], we can construct a random recursive tree such
that D, behaves like n® as n — oo. Theorem 3 implies that, in the case of the ‘product-
form’ weights w(j) = a; ---aj, j > 1, with a; being nondegenerate i.i.d. RVs satisfying the
moment conditions Elna; = 0andE |Ing; |10 < oo for some § > 0, the limiting distribution
of D, /+/n coincides with the law of the maximum of the Brownian motion process on a finite
time interval.

Section 3 deals with the expectations of the numbers of outgoing degrees in the case of
product-form weights, under the assumption that the random walk generated by the i.i.d.
sequence {Ina;} satisfies Spitzer’s condition. Theorem 4 gives the asymptotic behaviour of
the unconditional expectations E N, (k) as n — oo when either k = j or k = n — j for a
fixed value j > 0 (in both cases it is given by a regularly varying function of n). Theorem 5
complements it by covering the case where min{j, n — j} — oco. Here the answer has the form
of a product of regularly varying functions of j and n — j, respectively; in particular, in the
case when In a; has zero mean and finite variance, we obtain E N, (j) ~ 27 (n — j)l/zj_l/z.
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Theorem 6 describes, for a range of j-values, the asymptotic behaviour of the distribution of
the conditional expectation E,, N,,(j) given the sequence of weights w(1), w(2), ....

2. The distribution of D,,

2.1. The basic properties of D,
Let
w(/)
w,’

n
Wn;:Zw(j), () = i=0,1,...,n.
j=0

Set fo(t) := 1 and f;(t) := Eel’Y), j > 1, and let

po) =1,  @u(t) :=EyePr .= B[P | w(l),..., win —1)], n=>1,
W, (1) := Eg,(t) = Eel’Pr, n>1
(here and in what follows, E,, and P, respectively denote the conditional expectation and

probability given the sequence of weights {w(j)}).
It is easy to see that

Oni1 (1) =Y pu(D () fur1(6)

Jj=0

n—1

W, .

= LS a1 (D@0 fus1 (0 + Pu)@u(0) fus1 (1)
n =0

W,

fn+1(t)
Sn(®)

1+ (fu@®) — Dpa(m)]

= (1 = pa(n))

On () + pn(M)@u (1) frr1(2)

fn-H([)
Sn(®)

@n (1)

S [T+ (0 = Dpj (). )

j=1

Remark 1. Observe that (2) in fact means that, given the environment, the RV D, | admits a
representation of the form of a sum of independent RVs, as follows:

Do = hY() +-- -+ L,Y() +Y(n +1). A3)

Here {I;} is a sequence of random indicators that are independent of each other and also of
{Y(j)}, withP(I; = 1) = p;(j), j = 1. In the special case where Y (j) = w(j) = 1, this
representation is equivalent to the correspondence between the quantity D,, and the numbers of
records in an i.i.d. sequence that was used in [11] (see also Section 3.6 of [17], for a discussion
of a somewhat more general situation where the representation (3) with Y (j) = 1 holds). Note,
however, that in [11] a probabilistic argument that works only in that special case was used to
derive representation (3), which is actually the main tool for studying D,,, whereas our approach
leads directly to (3) and is much more general.
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From the recursive relation (2), we can derive a number of interesting results on the limiting
behaviour of D,,. Note that (2) was first derived in the case where w(j) = a’, j >0, Y(j) €
R4, in [10] (one can easily see that this recursive formula and the statements of Theorems 1
and 2 below remain true in the multivariate case as well). In particular, relation (2) immediately
implies the following assertion, describing the limiting behaviour of the conditional distribution
of D, (given the weights) when the weight sequence {w(j)} ‘suggests’ new children to attach
not too far from the tree’s root.

Theorem 1. If

o
ij(j) < oo almost surely (a.s.)
j=1

and the distribution of Y (n) has a weak limit as n — oo, i.e. for a characteristic function f(t),
lim f,(t) = f (1),
n—od

then there exists the limit

Tim_@u(0) = oo(0) = £ [T+ (£50) = Dp; (] as

j=1

This result, in turn, implies that D,, 2 Do as n — 00, where Dy is a proper RV with the
characteristic function E ¢ ().

The next assertion applies in situations where the attachment preferences are spread ‘more
uniformly’ across the tree.

Theorem 2. Let the sequence of RVs {Y (j)}j>1 be uniformly integrable, and let there exist
both a sequence {h,} such that h,, — 0o as n — 00 and an RV ¢ such that the following
convergence in distribution occurs as n — oQ:

1 n b
&= ) PiDEY() = ¢ )
n j=1

Then, for any t,

Remark 2. We can easily see that if, instead of (4), we have ¢, — ¢ a.s. for some RV ¢, then
: ! it
lim g,| — ) =e a.s.,
n—00 hy
uniformly in 7 from any compact set.

Proof of Theorem 2. 1t is not difficult to see that, due to the uniform integrability condition,
asn — 0o,

- 1
fj%) 1 =Eexp{”h(” } — 1= GEY () +o(1)

n n
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uniformly in j > 1 and in ¢ from any compact set. Hence, as p;(j) < 1, by (2) we have

(i) =1 G (o) 1))

j=1

=(1+ 8n(t))exp{;l—t ZPj(j)EY(j)},
n ]:1

where &, (t) = op(1) as n — oo. This clearly implies the assertion of the theorem.

Corollary 1. Under the conditions of Theorem 2,

¢ .
lim \I/n<—) = Eel't,
n—00 hy

soDn/hngg“asn% 0.

From Theorem 2 we can also easily deduce the following result obtained in [10] (note that,
in the special case where Y (j) = 1, the result was originally established in [11]).

Corollary 2. If w(j) =1, j = 0,1,2,..., the family of RVs {Y (j)};>1 is uniformly inte-
grable, and

1 n
—ZEY(j)—)ueR asn — oo,
n

j=1

then D,/ Inn N WU

Proof. In this case clearly p;(j) = 1/(j + 1) and, as was shown in Lemma 1(i) of [10],
under the above conditions,

The assertion of the corollary thus follows from Theorem 2.

We also obtain the same asymptotics for D, when the weights are random but remain the
same ‘on average’.

Corollary 3. If Y(j) = 1, j > 1, and the sequence of random weights {w(j)} satisfies the
strong law of large numbers, i.e. as n — 00,

1 n
—Zw(j) —a>0 as.,
nj:1

then D,/ Inn 51

Proof. 1t again suffices to apply (a slightly modified version of) Lemma 1(i) of [10] (this
time to the sequences {y, := anW,~ Y and {x, := w(n)/a}) and use our Theorem 2.
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Remark 3. To obtain a faster-than-logarithmic growth rate for D,, (assuming that Y (j) = 1),
the weights w(j) should grow faster than any power function. Indeed, if, say,

w(j) =j%l(),  «€eR,

is a regularly varying function, then clearly

o
ij(j) <oo ifa<—1
j=1

(meaning that in this case Theorem 1 is applicable), and, by Karamata’s theorem, W, ~
(@ + D~'n**I(n) if @ > —1, meaning that p;(j) ~ 1/(« + 1)j and, hence,

Zn: Gy~ mn s
, EA +1 '
j=1
Thus, in the latter case, D,/ Inn N 1/(a +1).

On the other hand, for, say,

w(j) =aj* e, ae (1],

n

. o
we obtain W,, ~ € and, hence,

n
> piG) ~n®.
j=1

This example thus shows that, for any « € (0, 1], we can construct a random recursive tree
. P
with D, /n% — 1 asn — oo.

2.2. The case of product-form random weights

In this subsection we will construct and study recursive trees with random vertex weights
of the form w(j) = ay ---aj, j > 1 (where the a; are i.i.d. RVs), and unit edge lengths. As
will be clearly seen from the proofs below, the main results will also hold in the case of random
i.i.d. edge lengths with finite mean (Remark 4). Thus, restricting our attention to the case of
unit edge lengths leads to no loss of generality, but makes the exposition more compact and
transparent.

Denote by 7;,, n = 0, 1,2, ..., the set of all rooted recursive trees having n nonrooted
vertices and unit edge lengths (that is, 7;, consists of the rooted trees whose roots are labelled 0
and whose nonrooted vertices are labelled by numbers 1, 2, ..., n in such a way that, for any
nonrooted vertex labelled, say, j, the shortest path leading from it to the root traverses only the
vertices labelled by numbers less than j). For a tree , € 77, let #,(j) € T,,+1 be the recursive
tree which is obtained from 7, by adding a vertex labelled n + 1 as a child of the vertex with
the label j € {0, 1, ..., n}.

We can describe the construction of our random recursive tree as follows. First, we run a
random walk

So =0, Si=01+---+06;, j=1,

where the 6; 2 0, j=1,2,...,n, are iid. RVs. Second, given S;, j = 0,1,...,n, we
construct a (conditional) Markov chain Ty, T, ..., T,, with T, € T, k =0, 1, ..., n, by as-
signing the weight w(j) :=e~5i to the vertex labelled j > 0 (so w(j) = aj - - caj, j =1,
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in the notation of Section 1, with the a; := e being i.i.d. RVs), so that now we have, for

r=0,1,...,n,
r r
W= wig) =) e, )
q=0 q=0
. e e .
pr(j) = = = j=0,1,...,rn 6)

Wr Zq:() e—Sq )

and then letting, for any ¢, € 77,

Pu(Trp1=t:(N 1T, =1) =P(Tr1 =6:()) | T, =13 w(0), w(l), ..., w(r)) = pr(j),

j=0,1,...,r
The main result of this subsection is the following theorem.
Theorem 3. If
EO=0, o2:=E06>>0, E|0" <00 forsomes >0, @)
then, as n — 00,
n
o= 2o pi ) B o g B, o= [ <o,

j=1

where {B(u)},>0 is the standard Brownian motion process and the measure m is specified in
the proof (see (11)).

Together with Corollary 1, the above assertion immediately yields the following result.

Corollary 4. Under the conditions of Theorem 3,

D, »
— 0, max B(u) asn — oo.

ﬁ O<u<l

In other words, for any x > 0,
P(D, > op/nx) — 2(1 — ®(x)),

where ® is the standard normal distribution function.

Remark 4. It is obvious that the assertion of Corollary 4 remains true in the case of i.i.d.
random edge lengths, Y (j) > 0, with finite, positive mean, the only difference being that o,
should be replaced by o, E Y (1) in its formulation.

Proof of Theorem 3. Let

L, := min S.
0<k<n

Using the proof of Theorem 4.1 of [2], we will show that

1 < * m(d
ij(j) — [0 Q <00 as. )
j=1

|Lnl
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Since, by the invariance principle,

|Lnl o

NG omax asn — 09, &)

the assertion of the theorem will then immediately follow.
First, denote by

70 :=0, Yji+1:=min{n > y;: Sy < Sy}, j =0,

the strict descending ladder epochs of the random walk {S;},>0. All the RVs introduced are
finite a.s., as, in view of (7), {S,},>0 is recurrent.
Let {X,}n>0 be a Markov chain defined, forn = 1,2, ..., by

X, =e" X, + 1.

When Xf)‘ = x > 01is a fixed value, we will use the notation {X}},>¢. Clearly,

n
Xy = x4 Y IS =S — L4 W), (10)
q=1
Set y := y1. Under our assumptions in (7), the expectation ES, < 0 is finite (see,

e.g. Corollary 10, Section 17, of [9]), and the Markov chain {X,, },>1 with transition kernel
My, (x,) = P(X;ﬁ €), x >0,

has a unique invariant probability measure, m,,, satisfying (see, e.g. Lemma 5.49 of [13] and
page 481 of [2]):

my (A) =/0 m,y, (dx)M, (x, A).

Moreover, the measure m defined by

m(f) = E[ 5] [Z f(Xk)]my(dX) (1)

is an invariant measure for the Markov chain {X,,},>0 (see [2]).
Now note that, by virtue of (6) and (10),

\/ﬁjzlpjj _\/ZJZIX}
Let P(;(V be the distribution of the two-dimensional random walk

Zy =X, &),  n>0

(on the group of transformations x +— ax + b of the real line with the composition law
(b1, a1)(ba, az) = (b1 +a1by, araz)), when Xo = y. It was shown in the proof of Theorem 4.1
of [2] that if f € L'(m) then

—/0 fym(dy)  Pp,-as., 12)

m
n—00 |Ln| -
J
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where ~
Py, = / Ps,my (dy)
0

1055

is the law of the two-dimensional random walk {Z},>1 when the distribution of X is m,,.

For N =1,2,... andx > 0, let

1

1
gn(x) = = Liy-1opony < — =0 g(X).
X X

Clearly, for all x > 0,
gn(x) /" g(x) asN — oo,

and gy (x) € L'(m) foreach N = 1,2, .... Therefore, by (12),

lim _ZgN(X )—/ gn(y)m(dy)  Pp,-as.

n—o00 |L |
On the other hand, for each N > 1 and any x > 0,

1 n
X* X% =
|Ln|j§gN( e |Zg< ) =

n e=Si

x—l—i—Wj

n J:l

- n /x—1+Wj dy B 1 x—14+W, dy
Ly il x—1+Wj— Y [Lyl x—14+Wy Y
1
= [Inx =14+ W,) —Inx] <
| Ll ! | Ll
< —

1
In nellnl 4+ —Inx|=1+
[“" el 10 Ll

—>1 asn — 00,

|Lnl

by the invariance principle (see, e.g. [6, Section 2.10]).
Combining (14) with (15) shows that

o0
Sup/ gn(y)m(dy) <1,
N>1J0

which, together with (13), yields

/0 g(y)m(dy) < 1.

Therefore, by (12),

*d
lim —Zg( ,)—/0 g(y)m(dy)=f0 ) p s,

y

[In(x + ne'L"‘) —

13)

(14)

(15)

To see that this convergence holds for all starting points x > 0, it suffices to observe that g(z)

is monotone in z > 0 and that X*' > X2, j > 1, for x; and x, with x| > x> > 0.

This, in view of (8) and (9), completes the proof of Theorem 3.
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3. The expectations of the outdegrees of vertices

Let N,(j) be the outdegree of the vertex v(j), j = 0, 1,...,n, in 75, i.e. the number of
edges coming out of v(j) in a tree having n nonrooted vertices. Clearly, the RV N, (j) admits
the representation (1) and, therefore,

Ey Nu(j) = EIN,(j) | w(), ..., win — DI = Y By L=

k=j+1
n n—1
= > ma=eS Yy w! (16)
k=j+1 k=j
and
n—1
EN,(j) = ZEe_Sf w . (17)
k=j

Our aim in this section is to investigate the asymptotic behaviour (as n — 00) of the
expectations E N, (j) and that of the distributions of the RVs E,, N, (j) in different ranges of
the parameter j.

3.1. The asymptotic behaviour of E N, (j)

In this section we impose weaker restrictions (compared to conditions (7), used in Section 2)
on the random walk S, = 61 + --- + 6,, n > 1, where 0; Z ¢ are i.i.d. RVs. Namely, we
assume only that Spitzer’s condition holds:

There exists a p € (0, 1) such that

1 n
=Y PS> 0) > p asn— oo (18)
n k=1
It is known [12] that this condition is equivalent to Doney’s condition,
P(S, >0)— p asn—> o©

(for a further discussion of condition (18), see, e.g. Section 8.9 of [7]).
We will need a number of auxiliary results concerning the random walk {S,,},>0. Let

Iy :=0, Ljpr:=inf{n >T;: 8§ > Sr;}, j=0,
be the strict ascending ladder epochs of the random walk {S,},>0. Recall that the y;, 0 =

Yo < Y1 < y2 < ---, denote the strict descending ladder epochs of the walk. Introduce the
two renewal functions

o0
Ux):=14» P(Sr; <x), x>0, U©O=1, Ux=0, x<0,
j=1

oo
V) =Y P(S, = —x), x>0, V@O =1 V@x)=0 x=<0
j=0
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and set

M, := max S, M, := max Sg.
0<k<n 1<k<n

It is known (see, e.g. Lemma 1 of [14] and Lemma 1 of [19]) that, under condition (18),

EU(-0)1{_g=0y = ¢ %, EUMx —0) 1550y =U(x), x>0, (19)
where
21
¢:=) —P(S;=0)<o0
—
j_
and
EV(x+06)=V(x), x>0. (20)

By means of V (x) and U (x) we can specify two sequences of probability measures, {P}, },>1 and
{P;l“}nzl, on the o-algebras {¥, := o(S1, ..., Syu)}n>1, with the corresponding expectations
{E;, }u>1 and {E; },>1, by setting

E;[Wn(sly s Sl = e¢ E[Yn(S1, ..., Sn)U(=Sp) I{M,,<0}]’ (21)
E [Yn(S1, -, Sl = E[Yu(S1, ..., S)V(Sy) 1{1,>0)] (22)
for each bounded, measurable function v, (x1, ..., x,). It is easy to verify that (19) and (20)

imply that each of the sequences {P,jf},,z 1 is consistent, and that by Kolmogorov’s extension
theorem there therefore exist measures P~ and P™ on the o-algebra o (Sy, Sy, ...) such that
their restrictions, P* |s,, to X, coincide with P,jf, n=12,....

It is known (see Lemma 2.7 of [1]) that, under condition (18),

o0 o0
ni = Zesk <oo P -as, m = Ze_s" <oo Pt-as. (23)
k=1 k=0

Finally, it is not difficult to deduce from Lemma 3 of [19] that, if we let

H7 (x) := P<Z eSk < x

k=1

n
M, < 0), Hf(x):= P(Z e S < x

k=0

L, =0)

and
H™ (x):=P (g < x), HT(x) :=PT(m < x),

then, under condition (18),
+ +
H; (x) = H-(x) asn — oo, (24)

where the symbol ‘=’ denotes convergence at all continuity points of the limiting function.
In what follows we will often use the following result (see, e.g. Lemma 2.1 of [1], Theo-
rem 8.9.12 of [7], and Lemma 2 of [19]). Let

An(x) :=P(L, > —x), fin(x) :=P(M, <x),  x>0.
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Lemma 1. Under Spitzer’s condition, (18), there exist functions 11 (n) and l,(n), related by
Li(n)l(n) ~ 7~ sinmp, n — oo, that are slowly varying at infinity and such that

P(L, >0) ~n""'li(n) and PM, <0)~n"Plh(n), asn — oo. (25)
Moreover, there exist absolute constants C1 > 0 and Cy > 0 such that, foralln > 1 and x > 0,

I(x) < C1V(x)P(L, > 0), fin(x) < C2U (x) P(M, < 0). (26)
In (25) and in the rest of the paper, by a,, ~ b, we mean that a, /b, — 1 asn — 0.
Let {S, }»>0 and {S,T},,Zo be two independent copies of {S,},>0, and let

L} := min S}, M, := max S;.
0<r=<n 1<i<n

Introduce the probability distributions
P_, =P xPT, P, :=PxPT, P_.:=P xP

on the sample space R® x R of the pair ({S,, }1>0, {S;" }4>0), where P is the distribution of
the original sequence {S, },>0 and the measures P* are specified by (21) and (22), and letE_ ,
E. 1, and E_ . be the expectation operators under the respective measures.

We will call an array of RVs {G; ,: [, r € N} adapted if, for any pair of indices /, r € N, the
RV G, is measurable with respect to the o-algebra o (S}, ..., ;) ® o(S+, el Sr+). The
following result is contained in Lemma 3 of [19].

Lemma 2. Let Spitzer’s condition, (18), hold, and let {G; ,: I, r € N} be an adapted array of
uniformly bounded RVs. If the limit

lim G;, =G P_4-as.

l,r—>o00

exists then
lim E[G,, | M; <0, L] >0]=E_,G.

l,r—00

The next statement is a slight modification of Lemma 2.5 of [1] and can be proved using the
same arguments used there.

Lemma 3. Let Spitzer’s condition, (18), hold, and let {G, ,: I, r € N} be an adapted array of
uniformly bounded RVs. If the limit

: —.ct1 -
rlggo Gy, 1{M1_<0} =: G, 1{M1_<0} P. + -a.s.

exists, then
lim E[Grr - ) | Lf 201 =E. 1 G 155- ).
and if the limit
11_1)1‘210 Grrliio0, =G, 1450 P-.-as

exists, then ~
ll_i)rgoE[Gl,, I{L:rzo} | M <0]=E_.G, I{L;rzo} .

https://doi.org/10.1017/50001867800001440 Published online by Cambridge University Press


https://doi.org/10.1017/S0001867800001440

Random recursive trees in random environments 1059

The following result was proved in Lemma 2.2 of [1]. Denote by
t(n) :=minf{k > 0: S < §;, [ € [0, n]}
the left-most point at which the random walk {S,} attains its minimum value on the time
interval [0, n].

Lemma 4. Let Spitzer’s condition, (18), hold, and let u(x) > 0, x > 0, be a nonincreasing
function such that fooo u(x)dx < oo. Then, for every ¢ > 0, there exists an integer J such that,

foralln > J,
n
> Elu(=S,): ©(p) = pIP(Ly—p = 0) < e P(L, > 0).
p=J
Introduce the RVs

-st -
e Ny e A
I e + 1y
_ et
G, (j) = e i 1jary +e~ i 1)
r T _ _qt ’
n + =o€ 5
where 1, and n; are defined as in (23), but for the random walks {S, },>0 and {Sn+ }n>0,
respectively. Note that 0 < G,jE <1 and, in view of (23), that G:r(j) and G, (j) are a.s.
positive under the measures P.  and P_ ., respectively. Set

G (j) =

L} = 121[)13” st (27)
and let
00 i oo
cj = ZE.,+ G () 11 <o dj == Z ZE_,. Gy (@) Vjrgy- (28)
=0 q=1r=0
We can easily verify that ¢; and d; are finite forany j =0, 1, .... Thus,

00 o
) ST, . S -
cj<j+1+ Y E jeir I{Mf<0}—f+1+ZEepl{Mp<0}
I=j+1 p=1

p=1
< o0

(see D2, Section 17, of [18]).
Now we are ready to formulate and prove the following statement.

Theorem 4. Let Spitzer’s condition, (18), hold. Then, for any fixed j > 0,

n—oonP(L,>0) p
EN,(n— j
fim SN =0 _ dj. (30)

n—o0 P(M, < 0)
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Remark 5. In view of (25), the relations (29) and (30) can be rewritten as follows:
EN,(j) ~ cj,o_lnpll(n) and EN,(n—j)~djn""l(n), asn— oo.

Proof of Theorem 4. To prove the theorem, we have to evaluate the sum, (17), of expectations
of the form

k
Ee Siw: ' =Y Ee W, Liray=y - (31)
=0
The key idea both in this proof and in that of Theorem 5 is quite similar to that of the Laplace
method: the main contribution to the expectation (31) comes from the event where j is close
to 7(k) (for other values of j < k, the quantity e~/ will typically be quite small compared
with Wp).

First, we will show that, for each fixed ¢ > 0, there exists a J = J(¢) such that, forall j > 0

andallk > J + j,
Ee W Lpwzs+j) < e P(Li—j 2 0). (32)

Indeed, as W;, > e~ 5t we have

Ee I W L@zs4j) < EeO75 1rgozs45)
k=
= E &%+ ™5 1z y=p+j)
J

>~ 3
~.

=

g

E e’ 1z (- j)=p)

T
~

—j
Ele*” 1z (p)=p) | P(Lk—j—p = 0),
J

p

and to obtain the result required it remains to apply Lemma 4 with u(x) = e™*.
The next step is to demonstrate that, for any fixed j > O and [ > 1,

i BT ey

=E+G (N1 _g-
k—oo  P(Lg > 0) + G D Ly <oy (33)

However, this is an easy consequence of Lemma 3. Indeed, assume first that j > [. Then, for
the RVs Gy ,(j) defined for r > j — [ by

e “i-l
l S k=1 st
Zp:l e’r + Zq:O e "

(forr < j —1 wecanset G;,(j) = 1), we have

Grr(j) = <1, k>j

St —S;

EeSiw '"1,00on=E —— —
. Leao=n T -
E [J:O esr(k) Sp

Lz =1

=EG—i(j) 1{M,‘<0, L0}

= E[Gri—1() Ly~ —oy | Li_y = 01P(Li— = 0)
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(here the second relation follows from the duality principle: we use the ‘time-reversed random
walk’ on [0, []).
It is evident that, as k — 00,

Gix—1(j) 1{,‘;,[—<0} - G/ () Ly <oy Pos-as
and, therefore, by Lemma 3, that
. . + o + . _
klilgo E[Gl,kfl (]) 1{/&1[* <0} | Lk—l >0]= E~,+ G[ (]) I{Mf <0} * (34)

On the other hand, in view of (25), for each fixed [ we have

P(Li—1=0)

im (35)
k—oo P(Lp > 0)

Combining this with (34) gives (33). The case where j < [ can be treated in a similar way.
Now everything is ready to complete the proof of the first part of the theorem. It follows
from (31), (32), and (33) that, for each fixed j > 0,

Ee Siw ' ~¢;P(Ly >0) ask— oo. (36)

Therefore, for a fixed ¢ > 0 there exists a K (¢) < oo such that, for all K > K(¢) andn > K,

n—1

K n—1
(I—e)c; > P(Ly=0)<EN,(j)= Y EBe ¥w;'+ > EeSiw!

k=K+1 k=j+1 k=K+1
n—1

<(K—j+U+ee; Y PLy=0). (37
k=K+1

By (25) and Karamata’s theorem (see, e.g. Section 1.6 of [7]),

n—1
3 P(Liz0)~2P(L,20) asn— co.
k=K+1 p

This together with (37) completes the proof of (29).
Now we will prove (30). Let {S;},>0 2 {—=Su}n>0 be the ‘reflected’ random walk. By the
duality principle, for each fixed g < j,

FeSiw—l —p_ g o
(& - = =
n—q Z’;;‘(]) e—Snqup Z’;;‘(]) eSnfq_S)l*q*p
£3
e i —S ek =1
= g o = Be W) &
p=0
(with an obvious definition for W*_ q).
Next we set
L* := min S, M* := max S¥
mT g<k<n K " I<k<n X
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and observe that, as n — o0,

P(L; > 0) = P(M, < 0) ~ ¢’ P(M, < 0). (39)
Indeed, by setting

x = inf{k > 1: S > 0}, X :=inf{k > 1: S > 0},
we find from the factorization identities that, for |z| < 1,
~ o " o 7"
1—EZX:exp{Z'—P(Sn>0)}, l—szzexp{Z—P(SnzO)}
n=0 n n=0 n

(see, e.g. Corollary 4, Section 16, of [9]). Dividing both sides of these identities by 1 — z =
eln1-2) yields

00 _ EZX
Y 'P(M, <0) = Zz P(x > n) =
n=0 n=0
o0 Zn o0 z"
= exp{—Z—P(Sn > 0) +Z—}
n=1 n n=1 n
S 7"
= exp{z —P(S, < 0)}
n=1
and, similarly,
[e'e) ~ 00 o "
Zzn P(M, <0) = ZZ” P(x >n) = exp{z zP(Sn < 0)}.
n=0 n=0 n=1
Therefore,
00 00 00 o
ZE)z”P(Mn <0) =ef®@ Z()z"P(Mn <0, @ := 21 —P(S, =
n= n= n=

To prove (39), it remains to use (25) and Karamata’s Tauberian theorem (see, e.g. Corollary 1.7.3
of [7]), noting that ¢ (z) — ¢ asz 1.
Now, from (36) and (39) we find that, as n — oo,
Ee—Sjlq(W;;_q)*‘ ~ct P, = 0)~ct e’ P(M, <0),

where, with a natural definition of E* , and with ij as defined in (27), from definitions (21)
and (22), we have

o0 o0
4+, —
iy =Y B GG~ ) gy = D E-. G (U~ @) Lr gy
=0 r=0
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Therefore, from (17) and (38), as n — co we have

n—1 J
ENy(n—j)= Y Ee 5w = Be Siawr )
k=n—j g=1

J Jj 0o
ST SEPRIITEII 3) SN TR
g=1 g=1r=0

~d; P(M, <0),
as desired. Theorem 4 is thus proved.

The next theorem describes the asymptotic behaviour of the expectation E N,,(j) as
min{j,n — j} — oo.
Theorem 5. Let Spitzer’s condition, (18), be satisfied. Then

EN,(j 1
lim EN.() _—— (40)
jn—j—00 (n — j) P(Mj < 0) P(Ln—j > 0) P

Remark 6. In view of (25), the assertion of the theorem can be rewritten as follows:
EN,(j) ~ p~ i L()(n— ))’Li(n—j) asjn—j— o

It follows that, for any fixed ¢ € (0, %), we have, fort € [g, 1 — ¢],

sinp (1 —1\”
EN,(|nt]) ~ - asn — 00,
T

where | x| denotes the integer part of x. It is interesting to compare this with the corresponding
(obvious) asymptotics for the case w(j) = 1, where E N,(|nt]) ~ —Int (of course, the
functions of 7 on the right-hand sides of the respective relations are densities on (0, 1)).

In the case where EO = 0 and E#2 < oo, we do not even need to bound the value j/n away
from O and 1: in that case, from the asymptotic behaviour of the denominators in (40) (see, e.g.
page 94 of [9]), we have

n—j

) 1/2
EN,,(j)N;( ) as j,n— j — oo.

Note also that assertions (29) and (30) (Theorem 4) can be viewed as the ‘boundary cases’
of (40): there is a ‘smooth transition’ between these asymptotics. To make the meaning of the
last statement more precise, we also have to show that ¢; ~ P(M j <0)as j — oo, which is
a separate, nontrivial problem that is somewhat beyond the scope of the present paper. This
claim, however, is more than plausible, as can be seen from the following simple (but not quite
rigorous) argument. When j is large, the main contribution to the sum in ¢; in (28) comes from
terms with [ close to j. Indeed, for/ — j > 1, the /th term in that sum is

eSi-J

-

E. +[—
) l —

21 eSr +ny

e l-i .
—+i| P(Ml < 0), 41
N +n,

M < 0} P(M] <0) ~ E_,J{
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where the equivalence is due to the following interpretation: using P~ corresponds to condi-
tioning our random walk to stay negative; see, e.g. [4]. This interpretation also implies that
the contribution of all such terms to the sum c; will be relatively small, as, for large [ — j, the
sums Sl . typically assume fairly large negative values, given that the walk stays negative. A
similar assertlon holds when j — 1 > 1. On the other hand, for the terms with indices / that
are ‘close’ to j (assume, say, that |/ — j| < K for an arbitrarily large, fixed K), we could use
the fact that P(M < 0) ~ P(M] < 0)as j — ooand//j — 1 (due to regular variation),
and then observe that the sum of the conditional expectations that appear on the left-hand side
of (41) will be close to 1. This is because there we are basically conditioning on the random
walk {S, } staying negative, and, under E_ , for large K and j > K we have

—st S .
e i yjzn +e i Njay [Z =S s }
y St 3]

I
lI-jl<K Zp:l e ‘1‘773r U +’72 -0

We split the proof of the theorem into several steps. As said above, the main contribution to
the expectation Ee ™/ W~ ! from the sum (17) comes from the event where j is close to (k).
So first we will show that the contribution from the complementary event is negligibly small.

Lemma 5. Under Spitzer’s condition, (18), for any ¢ > 0 there exists a J = J(g) < 00 such
that, forall j > Jandk — j > J,

E[e50 ™5 |t(k) — j| > J1 < eP(M; < 0)P(Ly—; > 0). (42)
Proof. FixaJ > Qandchoosea j > Jandak > j+ J. We have
E[e®*®~5i; |t(k) — j| = J]1 = R + R,

where
j=J k
R = ZE[eS,(k)—S_,'; (k) = 1], Ry = Z E[eSr(k)_Sj; t(k) =t].
t=0 [=j+]

First consider R,. For t > j, we obtain

E[esf(")_sf; t(k) =1t] = E[es’_sf; min S, > S;, min S, > S,]
0<p<t—1 t<p<k

E[eSI*Sf; min S, >S,]P(Lk . > 0)
0<p=<t—1

= E[es’—f max S, < 0] P(Lg— > 0),

l<p<t
by the duality principle. Defining for each / > 0 the shifted random walk
(83 1= Step = Si}p=0,
from (26) we obtain

EI:eS[_j, max Sp <0] [St /P( max S(l 7) < Sl‘ j ‘ St,]), max S <O:|
l<p=t l<p<j l<p=<t—j

= E[e% [i;(=8-)); My—j <0l
< C,P(Mj < 0)E[e5~U(=S,—}); M,—; < 0].
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Hence,
k
Ry < CaP(Mj <0) Y E[e%TU(=S); Mi—j < 01P(Li—; > 0)
t=j+J
k—j
= CyP(M; <0) Y E[e?U(=S,); M < 0]P(Li—j—p > 0).
p=J

Since U (x) is arenewal function, we have U (x) = O(x), x — oo. Thus, there exists a constant
C3 such that e *U (x) < u(x) := Cze~*/2 for all x > 0. Since fooo u(x)dx < oo, it follows
from Lemma 4 and the duality principle that, for every ¢ > 0, there exists a J| = Ji(¢) < 00
such that, forall k — j > Jj,

k—j

Z E[e*U(=S,); M, < O01P(Lg—j—p > 0) < ;EP(LH > 0).

p=J

Thus, fork — j > J > Jp,
Ry < %P(Mj < 0)P(Li_; > 0). 43)
Now we will evaluate R;. Fort < j, we obtain
Ele%®™S); 1) = 1] =E[e55; min S, > 5; min S, > 51

0<p=<t-1 p=<k

- E[eS’_Sf; min S, > S,] P(M, < 0)

t<p<k
- E[e—sﬁ; min S, > 0] P(M, < 0),
0<p=<k—t

where to obtain the second relation we have again used the duality principle. Arguing as before,
we see that

E[e_sf*’; min S,,zO]
0<p=<k—t

=E[e™Sp( min s = -5,
O=<p=<k—j

Sji):  min_ S, = 0]

O0<p=<j-t
=E[e™ %~ Ak_j(Sj—): Lj— > 0]
< CP(Li—j = 0)E[e S~ V(S;_1); Lj—; > Ol.
Hence,
j—J

Ry < CiP(Li—j = 0) Y Ele™ ¥~V (S;_); Lj— > 0]P(M; < 0)
=0

J
= C1P(Li—j 2 0) Y E[e PV (Sp); L, > 0]P(M;_, <0).
p=J
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From this bound we can deduce, using Lemma 4 and the same argument as that employed to
evaluate Rj, that for every ¢ > 0 there exists a Jo(e) < oo such that, forall j > J > Jp,

R < gp(Mj < 0)P(Li_j > 0). (44)
Combining (43) with (44) and setting J := max{J, J} completes the proof of Lemma 5.

Next we evaluate the contributions to the expectations of interest from the events where 7 (k)
is equal to a fixed number close to j.

Lemma 6. Under Spitzer’s condition, (18), for any fixedr € Z,
Ble Wi c® =i+ _ o ¥ Loyt 1y

_ ) , (45)
Ny +ny

lim ~
jk=j—oo0 P(M; < 0)P(Lg—; = 0)

wheren| and n;' are independent RVs defined as in (23), but for the independent random walks
{S, }n=0 and {S;l"}nzo, respectively.
Proof. ForO <r <k — j,let

eSr

Sih e+ e

Gj—i—r,k—j—r =

Then
Ele Siw, b k) = j+r]

eSi+r=S;
=E| —; min S,>Si2,; min S,>S;
[fo:o eSitr=Sp 0pzjtr—1 P T I jepa 7P = "H}
=E[Gjri—j-r: Mj_+r <0, Ll_:—j—r > 0]
=EIGtrk—jr | My, <0,L ;> 01P(Mjy, < 0)P(Li_—, > 0).
Clearly, 0 < Gy k—j—r < 1and
eSr
lim Gjyrp—jor = —— P_ 4-as.
Jjk—j—00 JnE=IT m + }7;—

Hence, by applying Lemma 2 and recalling (25) and the properties of regularly varying functions
(cf. (35)), we obtain (45) for r > 0. The proof of (45) for r < 0 is almost identical. Lemma 6
is thus proved.

Proof of Theorem 5. For a fixed ¢ > 0, let J = J(¢) be such that (42) holds. For j > J
andn — j > J + 1, from (17) we have

EN,(j) = R3 + R4 + Rs,

where
j+J—1 n—1
Ry:= Y Ee W', Ry:= Y EBle™SIW. s [tk — jl < JI,
k=j k=j+J
n—1
Rs:= Y Ele 5w ' |t(h)—j| = JI.
k=j+J
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We evaluate the quantities R;, i = 3,4, 5, separately. First observe that, in view of (30) (with
n replaced by k), there exists a constant C3 such that, for all sufficiently large j,

Ry < C3JP(M; < 0).
Thus, since
(n—DP(Ln-j =20)~ (n— j)’li(n—j)—>o00 asn—j— o0,
it follows that
Ry =o((n— j))P(M; <0)P(L,_; >0)) asn— j— o0.
Furthermore, using the obvious inequality Wy > e~5® and the bound (42) together with (25)

and Karamata’s theorem, for j > J and some constant C5 > O we have

n—1
Rs <eP(Mj <0) Y P(Li;>0)
k=j+J
n—j—1
=¢P(M; <0) Z P(L, > 0)
p=J
<eCs(n — j)P(Mj < 0)P(L,—; > 0)
and, therefore,
Rs
(n— j)P(M; < 0)P(Li—; > 0)

< ¢eCs.

Finally, set

14+ Y77 @S +e5)
EJ = E_’J’_ — ¥ .
N +n,
Using Lemma 6, (25), and the properties of regularly varying functions, we see that, as
min{j,n — j} — oo,
n—1
Ry~ EjP(M; <0) Z P(Lg—j > 0)
k=j+J
n—j—1
~E;P(Mj <0) > P(L,>0)
p=J
~EjP(M; <0)p~'(n = HP(Ly—j = 0).

Since limj_, o, Ej = 1 by the dominated convergence theorem, the assertion of Theorem 5
immediately follows from the above relation for R4 and the bounds for R3 and Rj5.

3.2. The asymptotic behaviour of the distribution of E,, N, (j)

Unfortunately, our description of the asymptotic behaviour of E,, N, () will be less detailed
than that for E N,,(j). We will be able to describe the distribution of the RV E,, N,,(j) only for
values of j located either to the right or in a small left-hand vicinity of the random epoch 7 (n).
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Theorem 6. Let Spitzer’s condition, (18), be satisfied and let j = j(n) be an arbitrary
(random) sequence with the property that (t(n) — j)+ = o(n) in probability as n — oo.

Then
eSi=Stm) 1
P(—. Eu Na(j) < x) = P,+(_—+ < x), (46)
n—j n +n,

where 0| and n;' are RVs defined as in (23), but for the independent random walks {S,; },>0
and {S;}}n=0, respectively.

Proof. Since the RVs W, (see (5)) are increasing in n, from (16) we have the following
lower bound:
(n — jesee ™

- n N
Zk:()e T(n) ~ Ok

Now we will derive an upper bound for E,, N,,(j). To this end observe that, according
to (23), for any fixed ¢ > 0 and § > O there exists a J/ < oo such that

p* (Z e > a) <e. @47
k=J

Ey Nu(j) > (n — jle Siw,!

Clearly, for any j € [t(n),n — 1],

Eu Nu(j) < €507 Siwm) + 7 = j)y +e 5= pWL

t(n)+J —1
=% [(r(n) I =)yt (- j)< > esrw—sk) ]

k=0

Hence, we obtain

n -1 8-S
eSi =Sz
(Z es“'“sk) < R NG
k=0 n=J
. t(m)+J -1
< M +< Z esr(n)_sk) ) (48)
n= k=0

Evidently, for y > 0,

n n n
P(Z eS,(,,)fSk < y> — ZP<Z eSr(n)*Sk <Yy, T(l’l) = p)
k=0

p=0 k=0
n p n—p
- _g+ ~
= ZP(ZeSI +Y e <y M, <0, L}, 20). (49)
p=0 =1 r=0

Furthermore, from (23) and (24) note that, as min{p, n — p} — oo,

P n—p
P(Zesl + X:efsr+ <y ' M, <0, L5 ,> 0) =P_ (] +nf <. (50)
=1 r=0
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If condition (18) is met, then the generalized arcsine law holds (see, e.g. Theorems 8.9.9

and 8.9.5 of [7]):
. t(n) sinmp (¥, _
Iim P — <x | = P71 —1)~Pdr, x € [0, 1]. @28
n—oo n T 0
Thus, for any €1 > 0, there exists a §; € (0, %) such that
P(z(n) ¢ (ndy, n(1 —4y))) < ey, (52)
which, combined with (49) and (50), shows that, as n — o0,
n
P(Z eStn =Sk < y) =P_. (0 +nf <. (53)
k=0

A similar argument combined with (47) shows that

T(n)+J
P< Z eStm =Sk y) =P_ (o +ny <) (54
k=0

as first n — oo and then J — oco. On the other hand, again using (51), we conclude that, for
jelt@m),n—1],

€I =P T
n—j = Hr(m)+J>j} n—j {t(n)>n—./n}
J
+ Lemy+7> ) N Lt () <n—/m)
J
< J Yzmyzn—ym) +ﬁ (55)
50 (56)

as first n — oo and then J — oo.

Using (53) on the left-hand side of (48), and (54) and (56) on the right-hand side of (48),
proves (46) for j € [t(n),n — 1].

For t(n) — j > 0, we can use similar arguments. The only difference is that, in this case,

t)+J =Pyr=tm)+J -,

and for j < 7(n) (varying with n in such a way that (t(n) — j)+ = o(n)) the conclusion (56)
still holds, by (52). Theorem 6 is thus proved.
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