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FOURIER TRANSFORMS OF UNBOUNDED MEASURES

JAMES STEWART

1. Introduction. One of the basic objects of study in harmonic analysis is
the Fourier transform (or Fourier-Stieltjes transform) u of a bounded (com-
plex) measure u on the real line R:

a0 =) .

—

More generally, if u is a bounded measure on a locally compact abelian group
G, then its Fourier transform is the function

12) 2@ = [ FAd) o

where G is the dual group of G and [x, £] = £(x). One answer to the question
“Which functions can be represented as Fourier transforms of bounded
measures?’’ was given by the following criterion due to Schoenberg [11] for
the real line and Eberlein [5] in general: f is a Fourier transform of a bounded
measure if and only if there is a constant M such that

(1.3) } f e

for all ¢ € L'(G), where $(£) = [4x, £]¢ (x)dx.

The integrals (1.1) and (1.2) do not exist if u is unbounded, and so the
question arises as to the existence of a meaningful notion of Fourier transform
in the case of unbounded measures. One could, of course, interpret (1.1) or
(1.2) as holding in a summability sense, and this has sometimes been done.
(See [4], [12], and [7, 8].) But Argabright and Gil de Lamadrid [1] have
recently proposed a very general definition of a Fourier transform. They
defined a measure u to be transformable if there exists a measure 4 on G such
that, for every ¢ € C.(G) (the continuous functions with compact support),
é € L*(a) and

< M sup [$(2)]
TEG

W [ e - (=) "da(s),
where ¢ (x) = ¢(—x) and * denotes convolution. If u is transformable, then

the measure 4 occurring on the right side of (1.4) is called the Fourier transform
of u.
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This definition of Fourier transform is easily seen to be a generalization of
both the Fourier-Stieltjes transform (1.2) and the classical Fourier transform
of L? functions, 1 < p < 2. It also encompasses the representation of un-
bounded positive definite functions as Fourier transforms of positive un-
bounded measures [4], [12].

Argabright and Gil de Lamadrid showed that any Fourier transform p must
be translation-bounded in the sense that

(1.5)  supseqla| (£ 4 C) < o0

for every compact set C in G. They also established extended versions of the
Poisson Summation Formula and the Inversion Theorem for Fourier trans-
forms.

The present paper has two main purposes. The first is to describe a class of
measures which are transformable in the sense of (1.4). If ) a[|u/(K.)]” < o0,
where 1 £ 7 £ 2 and the K,'s are certain subsets of the group G related to its
structure as described in § 3, then w will be shown to be transformable. The
second purpose is to generalize the Schoenberg-Eberlein criterion (1.3) to
unbounded measures. If 2 £ ¢ < 0 and there is a constant M such that

[ s

for every ¢ € C.(G), then it will be shown that f is a Fourier transform.

Some of the main theorems of this paper are generalizations of results of
Finbarr Holland [7, 8] to the context of groups. Therefore we devote §2 to a
short exposition of his work on amalgams of L7 and /% In § 3 we show how to
extend some of his definitions and results to groups. Then in §4 we apply
these to prove the results stated in the above paragraph.

1/q
(1.6) < M[ > sup |q§(32)|q]
a ZEK,

2. Amalgams of L7 and /? on thereal line. If f is a measurable function on
Rand 1 £ p,q < o, define

1l = [_i; “ :H lf<x>|ﬂdx]””]”“

o

Wl = | £ sup_150]”

—o nErsnt

and let
P01 = {fi [ fllpe <0}, (Co, 1) = CoM (L%, 19).

These spaces were introduced and studied systematically by Holland [7],
although certain special cases had been used earlier by Wiener [13] (p = 2,
g=o), (14], (p =00, g=1and p =1, g = ) and Cooper [4] (p = 2,
g = 1), and certain related spaces had been used by Pitt [9] and Benedek and
Panzone [2].
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We list here some of Holland's results.

TuroreEM A. (L7, 1) is @ Banach space and for 1 < p, ¢ < 0 its dual space
1s 1sometrically isomorphic to (L*', "), where p~* 4+ (p')~! = L.

TueoreM B. If T is a continuous linear functional on (Co, 19), where
1 < q = o0, then there exists « measure p € M, such that

) = | oin (s¢ 1)

where M, = {complex measures w; D 2o l|ul((n, n + 1])]" < o }.

TuroreM C. Lei 1 < p,q < 2. If f € (L7, 17), then f‘fNe—”’f(x)dx converges
to an element f € (LY, IP") as N — . There is a constant M, , such that

17 e S Mool fllog (F € (L2, 19)).
TrHEOREM D. If 1 £ ¢ £ 2and p € M, then

3) = | )

—oo

exists in the sense of Cesdaro summability.

3. Amalgams on groups. Let G be a locally compact abelian group. The
structure theorem for such groups [6, Theorem 24.30] allows us to write
G = R® X G, where a is a nonnegative integer and G, is a group which con-
tains a compact open subgroup H. (If G; is compact, we take H = G;. If G, is
discrete and infinite, we take H = {0}. Otherwise H is arbitrary but fixed.
If the relationship between H and G needs to be made explicit, then we write
H = H(G).) We normalize the Haar measure m on G so that m(H) = 1.

The dual group of G can then be written as G = R* X G,. If 4 is the
annihilator of H, 4 = {§ € Gy; [s,§] = 1 for all s € H}, then 4 is a compact
open subgroup of G;. (Since H is open, Gy/H is discrete, and so 4, being its
dual group, is compact. Since H is compact, its dual G;/4 is discrete, and
thus 4 is open.) We can therefore make the choice 4 = H(G). This is consis-
tent with the conventions in the above paragraph and with the inversion
theorems for Fourier transforms.

Define K = [0,1]* X H and L = [0,1)* X H. We can then write G as a
disjoint union

G = UaEJLa

where L, = g + L and each g, is of the form (ny,...,n,t) with n; € Z,
t € Gy, (the collection of t's being a transversal of H in G;). It will sometimes
be convenient to use the (nondisjoint) decomposition G = U,esK,, where
Ka = Lo + K.

https://doi.org/10.4153/CJM-1979-106-4 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1979-106-4

1284 JAMES STEWART

Definition. If f € L?(C) for any compact subset C of Gand 1 £ p, ¢ £ ©,

define
HSfllp.e = LEZJ: [fKa ‘f|p]4/p]1/q
e = LZ et ff(x)pq]”q
and let a

L2190 = {f5 NSl <ol (Co, 19 = CoM (L7, 17)
where C, denotes the continuous functions on G which vanish at infinity.

This definition clearly reduces to Holland’s when G = R. Other reasons for
choosing to define (L?,[?) via the particular decomposition G = UK, will
be seen in the proofs of Theorems 3.1, 3.3, and 4.3.

We begin our study of the amalgams (7, /) by listing some relations
between them.

(3.1) (L7 10) C (L7,17) if g1 < g
(3.2) (L1 C (L2, 1) if py < po
(3.3) (Lr, Py = L7

(34) (L 19) CL'N L ifqg<p.

I\

The last relation follows from the first two relations which are consequences
of the following inequalities.

(3.5) I f ”P,(IZ = ”f ”ﬂ,ql if 1 q2
B.6)  Nfllore = [[f lpoe if £1 S o

The inequality (3.5) follows from Jensen's inequality while (3.6) is easily
proved using Holder’s inequality, remembering that the Haar measure of K,
is 1.

lIA

THEOREM 3.1. Let C be a compact subset of G, and let 1 < p, g < 0. Then
there is a function ¢ € C.(G) suchthat g = 1 on Cand 3 € (L7, 19).

Proof. Write C C C; X C, where C; is compact in R* and C, is compact in
Gi. Then C, is covered by a finite number of cosets of H:

C, C\Vi_ys;,+ H = F, say.

Let gs = xr, the characteristic function of F. Then g, € C,(G;). Since
g2(s) = Z'Ll xu(s — s;), we have

§2(§) = 1=21 [s1, 818 (8) = xa(8)
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Since the support of g, is 4, we have §, € (L?,19)(G)). Let g, be a function
which is equal to 1 on Cj, has compact support, and is an a-fold product of
functions which are m times differentiable functions of a real variable (where
m is to be chosen). Then §; is an a-fold product of continuous functions which
are 0(x™) as x — 4 0. Such functions are in (L?, %) (R) for sufficiently
large m. (Specifically, m > (p + q)p~2 if p,g < 0 or m > ¢ L if p = 0.)
Therefore g, € (L7, 1) (R%). If g is defined on G by g(s, t) = g1(s)g2(t), then ¢
and ¢ possess the desired properties.

THEOREM 3.2. (L2, 1?) 1s a Banach space and for 1 < p, ¢ < o0 1ts dual space
s 1sometrically isomorphic to (L*', 1),

The proof of this theorem is virtually identical with the proof of Theorem A
given in [7].

THEOREM 3.3. Translation is o bounded operator on (L%, 1'). Specifically, if
filx) = flx —t) and f € (L=, 1'), then

[fillon = 201 f Nl
Proof.

”szoo,l = ZaEJ SUDxEKa‘f(x - B = Za Sup£€,+Ka|f(x)|

where K, = g, + K and K = [0, 1]* X H.
If t =g, for some «, then clearly || fillw.1 = || f [lo.1. Otherwise ¢ + K,
intersects the interiors of at most 2* K4's and so we can write

[l = Daes SUPeerray () = 2% D seys supsexy| f(x)]
= 2| f [l

THEOREM 3.4. Suppose f € L'(G) and supp (f) C C, where C is compact
and 1 = v = 2. Then

[P Ml = MIF Il
where M is a constant depending only on C and r.

Proof. By Theorem 3.1 there exists a real function g € C.(G) with g = 1 on
Cand g € (L™, I"). Then

f@) = f @), £l = f S @)@, £ldx = f el — odi

by the Parseval formula. So Holder’s inequality yields

@I = f SO 2@ - 2)lde- [ f NG Idf]w

/T
di[fA 2 di]
G

- oriz@a- e

-J o -y
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Thus
e = 22 sup |F@)]
a reKa
Zsupf o}
a TEK,
=f@ O 182l londi - (18117 < 2|18

by Theorem 3.3. Therefore the inequality holds with

M= 2""11811¥4) g
THEOREM 3.5. If f € (L7, I') where 1 £ p < 2, then | € (L*, I”"). There is
a constant A, such that

”f‘\ooz) = l[fl!pl f€ Lp ll))

Proof. erte f = ucsfu where supp (f.) C K. This series converges in
L' and so f = f is uniformly convergent. Applying Theorem 3.4 to f, with
C = K,, we obtain

H]APaHoo.z;’ é Ap”fa {1”

(Note that 4, is independent of a because each K, is a translate of K =

[0, 1]* X H. The corresponding functions g = g, in the proof of Theorem 3.4

can be chosen to be translates of each other, and so |2,/ is independent of a.)
The Hausdorff-Young inequality [6, (31.21)] then gives

”]A[a”oo.p’ = AT)H faHzr

A

gi@)dt - |[g]l""

7

|IT/T

g

l/r

Thus
Zf!”fa“m,f)' = Ap”f Hp,l'

Since (L, I'") is a Banach space, this shows that

Je @ ryand ||F o, £ 4, f i

4. Unbounded measures. The word ‘“measure’” will mean a set function
p which is locally a complex measure, i.e., for each compact subset C of G,
pe(E) = u(E£M C) is a complex measure (in the usual sense of the word
(10, Ch. 6]) on the Borel subsets of G. This is consistent with the point of view
taken by Argabright and Gil de Lamadrid in discussing transformable measures
[1] which is the continuous functional point of view of Bourbaki [3]. (The
functional wu(f) = f(;fdu = fcfdpc, where C = supp (f), is a continuous
linear functional on C,(G) topologized as the inductive limit of the spaces
C(G,A) = {f€ CG);supp (f) C 4}, A compact in G, i.e., for each com-
pact 4 there is a constant M, such that |u(f)| < M| fl|le for every
f€ C(G, A4). Indeed M, = |p|(4).)
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Before exhibiting a class of unbounded measures that are transformable,
we state, for ease of reference, a Parseval formula for transforms of bounded
measures.

Lemva 4.1. (Extended Parseval Formula) Suppose that w is « bounded
complex measure on G and let ¢ denote the inverse Fourier tramsform of
¢ € LUG): d(x) = [slv, £]¢(£)dt, x € G. Then

an [ &G = [ s@acue

holds whenever ¢ € L'(G) and

(4.2) fG ¢ (x)dp(x) =fg,~ ¢ (£)a(L)de
holds whenever ¢ € L'(G), ¢ € L'(G), and ¢ is continuous.

Proof. (4.1) is a straightforward consequence of Fubini's Theorem and (4.2)
follows from (4.1) and the Inversion Theorem.

Definition. Let M, = M,(G) be the set of all measures u on G such that

Nillarr = [ Doacslln] (K] < 0.

THEOREM 4.2. Let w € M,, 1 <r < 2. Then
(i) w s transformable (in the sense of (1.4)),
(if) f s a function, p € (L™, 1), and there is a constant A, such that

”ﬁ”T,,oo .S_ ArHNHMT (# € ﬂ/{,).

Proof. Let ¥ = {Vaia € I} be the set of all finite unions of the sets K,
B € J. For each a € I, define a finite measure u, on G by

wa(E) = w(E N Vo) (E a Borel set in G)

and let

43)  Tu(9) =fa ¢@aa(@)dt (¢ € (L, 1)(G)).

The integral in (4.3) exists since o € L=(G) and (L7, 1') C L'(G). Theorem
3.2 gives ||Twl = ||fiall; o Using (4.1) we also have

44 Tu(¢) = f W) (s € LGN
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and so
|Ta(¢) — Ts(¢)| = ,f; fK |6 (x)|d|pa — ugl(x)

< Dosup |¢@)] - |ia — usl (Ky)

TE€EKn

[Z sup "Z’(x)rl]w ' [Z (Jua — ﬂﬁI(Kn))r:l

Z€Kn

1/r

A

1/r

= ||$||m,r'[ 2 (e — uaI(Kn))’] " =< Ar”¢l|m[ 2 (Jua— uﬂl(Kn))’]

using Theorem 3.5. Thus
To = Ta] = [ 20 (s — wsl (K,)) 1"

If Vo D Vs, then (ue — ug) (K,) = p(K,) if K, C Va\Vs and is 0 otherwise.
Therefore

”Ta - Tﬂ” = Ar[ ZKnCVa\V3(|”|(Kn))T]1/T

which can be made arbitrarily small since u € M,. Hence ||ga — @5l = 0
along 7.
Let 4 = limafq in (L7, [”). Then the above gives

e S AL ([ ()T = A,

To prove (i) we must show that

2]

| v ()dul) = [ | B=D)0ds (€ C.6)),

or, equivalently,

(4.5) fcd>*¢3(x)du(X)= fa B@OFa@AE (€ C6)).

First let us check that the integral on the right side of (4.5) exists. Since
p € (L7, 1%) it will exist if |2 € (L', 1'). Now ¢ € C.(G) C (I», 17 for all
p,q = 1. We claim that ¢ € (L, I?"). To prove this, write ¢ = D ¢, as in the

proof of Theorem 3.5. Then

[$allerr = lGallws = Aplldall,
and so
Palldalle = Apllgllpa < 0.

Since (L%, [’") is a Banach space, this shows that ¢ = > ¢, € (L%, *"). In par-
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ticular ¢ € (L?", [?) and so

S| o] - ][ sore] <.

a «

ie., @2 € (L7, ).
To prove (4.5) we apply (4.2) to the bounded measure p.. This gives

¢ @) (R)d% (¢ € Co(G)).

(4.6) f | $rB()dua(x) = f :

It is clear from the definition of ue, and the fact that ¢ * ¢ has compact support,
that the left side of (4.6) converges to the left side of (4.5). The same is true
of the right sides because |¢|> € (L7, ') and ||pa — &|l;. — 0. Therefore p is
transformable with Fourier transform f.

Remark. It follows from (i) of Theorem 4.2 and a result of Argabright and
Gil de Lamadrid [1] that if u € M, then £ is translation-bounded (see (1.5)).
But an easier way of seeing this is to note that g € (L”,[%) C (L', 7). It is
not hard to see that the class of translation-bounded functions is precisely
(LY 1) = { [ supag,| f | < 0.

THEOREM 4.3. If ® is a continuous linear functional on (C,, %), then there
exists @ measure u € M, such that

(u>¢m=ﬁmtuu@m»

Proof. Let C, = C(K,), the continuous functions on K, with the usual
topology, and let f, = f| K.. Now (C,, 19) is isometrically isomorphic to a
closed subspace S of (I1.C,, 1) via f — { fu}, where { fo} € S if and only if
fo = fson K, M Kg. If &, is a continuous linear functional on C,, then the
Riesz Representation Theorem gives a finite measure p, on K, such that

¥, (g) =fK gdp. whenever g€ (..

If & ¢ (Cy,10* = (S, 19)*, extend ® by the Hahn-Banach Theorem to a
functional ® in (II,C,, 19)* = (11,C.*, 17). There exist ®, € C,* such that

(I:‘(f) = az CI)Ot(foz) = A:_: fK fad,u'a (fe (COy lq))
Define u by
IJ'(E) = Zal»"a (E N Ka)v

the domain of u consisting of those Borel sets in G for which the series con-
verges. Clearly p¢(E) = u(E M C) is a complex measure whenever C is a
compact subset of G.
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We give a detailed proof of (4.7) for the case ¢« = 2. For general « the proof
is similar but there are 2% groups of terms in the corresponding sums. For
a=2 we index « € J as a = (m, n, 8) where m, n € Zand g ¢ I If
{ts; B € I} is a transversal of H in Gy, we can write
Ko=Kpps={(,3,)ym=x=m+1,n=y=<n+11t€t+ H
La:LnlnB: {(xvyrt);m§x<m+1yn§y<n+lvtetB+H}
Ving = {(m, 3, 0);n =y <n+1,t € ts + H}
Hyg = {(x,m,t);m S x <m + 1, € tg + Hj
Pong = {(m,n, t);t € tg + H}

so that
Kmnﬂ = Lmnﬂ U I"m+1,n,6 U Hm.n+l,l3 U Pm+1.n+1,l3

is a disjoint union.

Now suppose that £ C L, is a Borel set. Since u(E) = > pu.(E N K,)
and the cosets {5 + H are disjoint, we have

#(E) = “mnﬂ(E) + F‘m—l.n,ﬁ(E N Km—l,n,ﬁ) + I"m.n—l,ﬁ(E N Km,n—l,ﬁ)
+ #m—l,n—l,B(E N Km—lyn—l,B)

Il

Il

or

(48) “(b) = anﬁ(fl:) + /-‘rn—l,n,B(E A I"rmnﬁ) + #m,n—l,ﬁ(ﬁ: N Hmnﬁ)

+ Mm—1,n—1,8 (E M 'Pmnﬂ)
whenever E C Ly,s. Therefore

B(f) = D Fonnt Abtns = D {f

mn,B Y Kmng Lmng

)

Hmin+*1,8

= Zf fmnﬁdﬂmﬂﬂ _'_ Zf fm—l,n,ﬂd#m—l,n,ﬁ

Lmng Vinng

fmﬂﬂd/-‘mnﬂ +f fmnﬁdﬂmnﬂ

Vimt1lin,g

fmnﬁd#mnﬁ + f fmnﬁdﬂmnﬁ ]

Pm+1,n+1,8

+ Z ﬁ{ frn,n—l,ﬁdﬂ)n,n—l,ﬁ + Zf fm—l,n—l,Bd/-‘m—l,n—l,ﬁ

mng Pmn g

Lmn3

fmnﬁd/»lnmﬁ + f fmnﬂd.um—l,n 8
Vmn B

+f fmnﬁdﬂm,n—l,ﬂ +f fmnﬁd/-‘nl~1,n—l,ﬂJ

Hmng Pmng

(since fo = fg on Ko M Kp)

=2 Frnsdp (by 4.8)

Linng

= f fdp.
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THEOREM 4.4. Let 1 < r < 2, and suppose there is a constant M such that

J so

whenever ¢ C C,. Then f is a Fourier transform, i.e., there exists u € M (6G)
such that f = f.

(4.9) < M||8]],r

Proof. The inequality (4.9) shows that the linear functional

T(9) = f L

is continuous on the subspace {¢ € (Co,""); ¢ € C.} of (Co,!""). Use the
Hahn-Banach Theorem to extend 7" to a continuous linear functional on
(Co, I""). Then Theorem 4.3 yields a measure p € M, such that

(410) fgfd) = fG Mﬂ (¢' E CC(G)y $ E (COy lr'))'

Combining Theorem 3.5 with inequality (4.9) we get a constant B, such that

S s

This shows that the linear functional F(¢) = ff¢ is continuous on a dense
subspace of (L7, I') and sof € (L', [”). Consequently (4.10) is valid whenever
9 € (L 1), v

Given y € C, we know that |[¢|? € (L7, ') as in the proof of Theorem 4.2.
Applying (4.10) with ¢(x) = |¢(x)|*> we obtain

< B¢l (9 € Cey d€ (Co, 1)),

f LI @d(@) = f OO
and this is, by definition, the statement that f = §.
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