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Abstract. In this paper we construct upper bounds for the solutions uðx; tÞ and
its gradient jruj of a class of parabolic initial-boundary value problems in terms of
the solution  ðxÞ of the St-Venant problem. These bounds are sharp in the sense that
they coincide with the exact values of u and jruj for appropriate geometry and
appropriate initial conditions.
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1. Introduction and main results. The goal of this paper is to construct sharp
upper bounds for the solution uðx; tÞ of the following parabolic initial-boundary
value problem

�ðu�Þ � ut ¼ 0; x :¼ ðx1; . . . ; xNÞ 2 �; t > 0; ð1:1Þ

uðx; tÞ ¼ 0; x 2 @�; t > 0; ð1:2Þ

uðx; 0Þ ¼ gðxÞ > 0; x 2 �: ð1:3Þ

In (1.1), � ¼ const: � 1 and � is a bounded domain in RN, N � 2, with smooth
boundary @�. In (1.3), g(x) is a given nonnegative C1-function with gðxÞ ¼ 0,
x 2 @�. In the linear case (� ¼ 1Þ uðx; tÞ may be interpreted as the temperature of a
homogeneous body � at time t with initial temperature gðxÞ and with zero tem-
perature on the lateral surface. If � > 1, problem (1.1), (1.2), (1.3) is a model in
reaction diffusion theory. Throughout the paper we assume that (1.1), (1.2), (1.3)
has a classical solution. In the linear case L. E. Payne drew our attention to the
following result valid for a convex domain �

uðx; tÞ 	 k cos
�

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

 ðxÞ

 max

s !
exp �

�2

4 max
t

� �
; x 2 �; t > 0; ð1:4Þ
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jruðx; tÞj 	 k
�

4 max
exp �

�2

4 max
t

� �
jr ðxÞj; x 2 @�; t > 0: ð1:5Þ

In (1.4), (1.5),  ðxÞ is the solution of the St-Venant problem

� ¼ �2; x 2 �; ð1:6Þ

 ¼ 0; x 2 @�: ð1:7Þ

Moreover  max :¼ max�  ðxÞ, and k is a positive constant to be chosen such that
(1.4) holds initially, i.e. such that

gðxÞ 	 k cos
�

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

 ðxÞ

 max

s !
; x 2 �: ð1:8Þ

The upper bounds (1.4), (1.5) are sharp in the sense that we have equality when �
degenerates to an infinite slab, i.e. when � is located between two parallel hyper-

planes, and if gðxÞ ¼ k cos �
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�  ðxÞ

 max

q� 	
.

In the second section of this paper we construct other upper bounds for
uðx; tÞ; x 2 � and for jruj; x 2 @�, valid again in the linear case � ¼ 1, but without
the assumption that � is convex. More precisely we have the following result:

Theorem 1. The solution uðx; tÞ of (1.1), (1.2), (1.3) with � ¼ 1 and its gradient
ru satisfy the following inequalities

uðx; tÞ 	 k wðxÞexp �
4j2

N2�20
t


 �
; x 2 �; t > 0; ð1:9Þ

jruðx; tÞj 	 kjrwðxÞjexp �
4j2

N2�20
t


 �
; x 2 @�; t > 0; ð1:10Þ

with

wðxÞ :¼ 1�
4 ðxÞ

N�20

� �2�N
4

JN�2
2

j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

4 ðxÞ

N�20

s !
: ð1:11Þ

In (1.11) J	ðxÞ stands for the Bessel function of order 	 and jð> 0Þ is its first zero:
J	ðjÞ ¼ 0;  ðxÞ is the stress function defined by (1.6), (1.7), and �0 is the maximal
stress defined as

�0 :¼ max
�

jr j: ð1:12Þ

In (1.9), (1.10), k is a positive constant to be selected such that (1.9) holds initially,
i.e., such that

gðxÞ 	 kwðxÞ; x 2 �: ð1:13Þ
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We note that the upper bound for uðx; tÞ in (1.9) is constructed in such a way that it
coincides to the exact value of uðx; tÞ when � is an N-ball of radius R with the initial
data

gðxÞ :¼
jxj

R

� �2�N
2

JN�2
2

j
jxj

R

� �
; x 2 �: ð1:14Þ

In this case we have indeed

uðx; tÞ ¼
jxj

R

� �2�N
2

JN�2
2

j
jxj

R

� �
exp �

j2

R2
t


 �
; x 2 �; t > 0: ð1:15Þ

Moreover we may compute jxj=R and R in terms of the stress function  and �0. We
have

 ðxÞ ¼
1

N
ðR2 � jxj2Þ; x 2 �; ð1:16Þ

jr j ¼
2

N
jxj; ð1:17Þ

from which we obtain

�0 :¼ max
�

jr j ¼
2R

N
; ð1:18Þ

jxj

R
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

N 

R2

r
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

4 

N�20

s
: ð1:19Þ

We are then lead to

uðx; tÞ ¼ 1�
4 

N�20

� �2�N
4

JN�2
2

j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

4 

N�20

s !
exp �

4j2

N2�20
t


 �
: ð1:20Þ

This shows that both inequalities (1.9), (1.10) are sharp in the sense that we have
equalities if � is an N-ball and if the initial data satisfy (1.13) with equality sign. The
remainder of Section 2 deals with the case where (1.1) is replaced by the equation

�u� ut ¼ �fðuÞ; x 2 �; t > 0; ð1:21Þ

under some data restrictions. Section 3 addresses the following conjecture:

Conjecture. Let uðx; tÞ be the solution of (1.1), (1.2), (1.3) in a convex domain
� with � > 1. We then have

uðx; tÞ 	 yð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
 max �  ðxÞ

p
Þ k� ð1� �Þ�2t
� � 1

1��; x 2 �; t > 0; ð1:22Þ
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jruðx; tÞj 	 jryj k� ð1� �Þ�2t
� � 1

1��; x 2 @�; t > 0: ð1:23Þ

In (1.22), (1.23), yðxÞ is the positive solution of the one-dimensional auxiliary problem

ðy�Þxx þ �
2y ¼ 0; x 2 ð0;

ffiffiffiffiffiffiffiffiffiffi
 max

p
Þ; ð1:24Þ

yxð0Þ ¼ 0; yð0Þ ¼ 1; ð1:25Þ

where the parameter � is selected such that

yð
ffiffiffiffiffiffiffiffiffiffi
 max

p
Þ ¼ 0:

Moreover k is a positive constant to be chosen such that (1.22) holds initially, i.e. such
that

gðxÞ 	 k
1

1�� yð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
 max �  ðxÞ

p
Þ; x 2 �: ð1:26Þ

This conjecture is supported by the fact that we have equality in (1.22) in the one-
dimensional case N ¼ 1, if the initial data gðxÞ satisfies (1.26) with equality sign. The
proof will be established in the particular case � ¼ 2. The upper bounds for uðx; tÞ
given by (1.9) and (1.22) are constructed in analogy to earlier results established by
L. E. Payne, G. A. Philippin, and J. R. L. Webb in [3, 4, 6] for solutions of elliptic
boundary value problems. The proof of (1.9) (and hopefully of (1.22)) follows the
same pattern as in [4]. We first show that the comparison function

�ðx; tÞ :¼ wðxÞ exp �
4j2

N2�20
t


 �
ð1:27Þ

satisfies the parabolic differential inequality

����t 	 0; x 2 �; t > 0: ð1:28Þ

The inequality (1.9) will then follow by a standard comparison theorem, cf. e.g. [7].
For the proof of (1.28) we need the following lemma established by Weinberger in
[8]:

Lemma 1. The quantity

�ðxÞ :¼ jr j2 þ
4

N
 ; x 2 �; ð1:29Þ

where  ðxÞ is the stress function defined in (1.6), (1.7) takes its maximum value on
the boundary @� of �, i.e. we have

4

N
 ðxÞ 	 �20 � jr j2; x 2 �; ð1:30Þ

with equality if and only if � is an N-ball.
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For the proof of (1.22), we hope to make use of the following lemma established
by Payne in [2]:

Lemma 2. If � is convex, the quantity

 :¼ jr j2 þ 4 ; x 2 �; ð1:31Þ

takes its maximum value at the critical point of  , i.e., we have

jr j2 	 4ð max �  Þ; x 2 �; ð1:32Þ

with equality if and only if � is an infinite slab.

2. The proof of Theorem 1. We have to check the differential inequality

����t 	 0; x 2 �; t > 0; ð2:1Þ

with

�ðx; tÞ :¼ wðxÞexp �
4j 2

N2�20
t


 �
; ð2:2Þ

wðxÞ :¼ vðxÞ½ �
2�N
2 JN�2

2
jvðxÞð Þ; ð2:3Þ

vðxÞ :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1�

4 ðxÞ

N�20

s
; ð2:4Þ

that will be satisfied if the following inequality holds

�wþ
4j2

N2�20
w 	 0; x 2 �: ð2:5Þ

To check (2.5) we shall make use of the following well known identities for J	ðxÞ:

xJ 0
	ðxÞ ¼ 	J	ðxÞ � xJ	þ1ðxÞ; ð2:6Þ

xJ	þ1ðxÞ ¼ 2	J	ðxÞ � xJ	�1ðxÞ: ð2:7Þ

Differentiating wðxÞ defined in (2.3), we obtain in view of (2.6)

w;k ¼
2�N

2
v�

N
2JN�2

2
þ jv

2�N
2 J 0

N�2
2


 �
v;k ¼ �jv

2�N
2 JN

2
v;k : ð2:8Þ

In (2.8) and in the remainder of this computation we omit the argument of the Bessel
functions which is always jvðxÞ. Differentiating again and making use of (2.6), (2.7),
we obtain
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�w ¼
N� 2

2
v�

N
2 jJN

2
jrvj2 � j2v

2�N
2 J 0

N
2
jrvj2 � jv

2�N
2 JN

2
�v

¼ �jv�
N
2JN

2
jrvj2 þ v�v
� �

þ j2v
2�N
2 jrvj2JNþ2

2

¼ jv�
N
2JN

2
ðN� 1Þjrvj2 � v�v
� �

� j2v
2�N
2 jrvj2JN�2

2
: ð2:9Þ

Next we compute from (2.4)

v;k ¼ �
2 ;k
N�20v

; ð2:10Þ

jrvj2 ¼
4jr j2

N2�40v
2

; ð2:11Þ

�v ¼
4

N�20v
3
v2 �

jr j2

N�20

� �
: ð2:12Þ

Inserting (2.4), (2.11), (2.12) into (2.9) and making again use of (2.7), we obtain

�wþ
4j2

N2�20
w ¼

4jv�
N
2

N2�20
NJN

2
� jvJN�2

2

n o jr j2

v2�20
� 1


 �

¼
4j2v�

Nþ2
2

N3�30
JNþ2

2
4 �N½�20 � jr j2�
� �

	 0; x 2 �; ð2:13Þ

where the last inequality follows from Lemma 1. This achieves the proof of (1.9).
The proof of (1.10) follows from (1.9) since we have equality in (1.9) for x 2 @�.

It is worthwhile to mention that the inequalities (1.4), (1.5), (1.9) and (1.10) are
easily modified when uðx; tÞ solves (1.1)–(1.3) with (1.1) replaced by

�u� ut ¼ �fðuÞ; x 2 �; t > 0; ð2:14Þ

where fðsÞ is a differentiable function assumed to satisfy the conditions

fð0Þ ¼ 0; ð2:15Þ

sf 0ðsÞ � fðsÞ � 0; s > 0: ð2:16Þ

Clearly (2.16) implies that the quantity fðsÞ=s is a nondecreasing function of s. We
want of course the solution uðx; tÞ of (2.14), (1.2), (1.3) to exist for all time. This will
be the case if some further restrictions on f and g are imposed. Such restrictions are
stated in either one of the following two Lemmas derived in [5].

Lemma 3. Let �1ðxÞ and �1 be the first eigenfunction and the first eigenvalue of the
clamped vibrating membrane in �:

��1 þ �1�1 ¼ 0; x 2 �; �1 > 0; x 2 �; �1 ¼ 0; x 2 @�; ð2:17Þ

where �1 is normalized by the condition max� �1ðxÞ ¼ 1: Assume that the initial data
gðxÞ in (1.3) is sufficiently small in the following sense
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fð�1Þ

�1
< �1; ð2:18Þ

with �1 :¼ max�
gðxÞ
�1ðxÞ

. We then conclude that uðx; tÞ solving (2.14), (1.2), (1.3) exists
for all time. Moreover we have the following inequality

max
�

fðuðx; tÞÞ

uðx; tÞ
	

fð�1Þ

�1
; 0 < t <1: ð2:19Þ

Lemma 4. Let � be convex and let d be the inradius of �. Suppose that the initial
data gðxÞ in (1.3) is sufficiently small in the following sense

fð�2Þ

�2
<
�2

4d2
; ð2:20Þ

with �2 :¼ max� g2 þ 4d 2

�2
jrgj2

n o1=2
. Then we can again conclude that uðx; tÞ exists for

all time. Moreover we have the following inequality

max
�

fðuðx; tÞÞ

uðx; tÞ
	

fð�2Þ

�2
; 0 < t <1: ð2:21Þ

Lemma 3 or 4 may be used to derive the following inequality for uðx; tÞ

�u� ut ¼ �fðuÞ ¼ �
fðuÞ

u
u � ��u; ð2:22Þ

with

� :¼
fð�1Þ

�1
or

fð�2Þ

�2
: ð2:23Þ

Let now Uðx; tÞ be the solution of

�U�Ut þ�U ¼ 0; x 2 �; t > 0; ð2:24Þ

Uðx; tÞ ¼ 0; x 2 @�; t > 0; ð2:25Þ

Uðx; 0Þ ¼ gðxÞ > 0; x 2 �: ð2:26Þ

Clearly we have uðx; tÞ 	 Uðx; tÞ; x 2 �; t > 0. Moreover the techniques already
used to obtain (1.4), (1.9) may be used again to derive upper bounds for Uðx; tÞ. This
leads to the following results:

Theorem 2. Let uðx; tÞ be the solution of (2.14), (1.2), (1.3) where f satisfies the
conditions (2.15) and (2.16), and g satisfies the assumptions in Lemma 3 or 4. We
then conclude that the inequalities (1.4), (1.5) remain valid if the exponential factor

exp � �2

4 max
t

n o
is replaced by exp �� �2

4 max

� 	
t

n o
, where � is given by (2.23). Moreover
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the inequalities (1.9), (1.10) remain valid if the exponential factor exp �
4j 2

N2�2
0

t
n o

is

replaced by exp ��
4j 2

N2�2
0

� 	
t

n o
, where � is given by (2.23).

3. The conjecture. This section addresses the conjectured inequalities (1.22) and
(1.23) with � � 1. These inequalities will be fully established for � ¼ 1 and for � ¼ 2
only. The upper bound in (1.22) is constructed in such a way that it coincides to the
exact solution �ðx; tÞ of the one-dimensional problem

ð��Þxx � �t ¼ 0; x 2 ð0;
ffiffiffiffiffiffiffiffiffiffi
 max

p
Þ; t > 0; ð3:1Þ

�xð0; tÞ ¼ �ð
ffiffiffiffiffiffiffiffiffiffi
 max

p
; tÞ ¼ 0; t > 0; ð3:2Þ

�ðx; 0Þ ¼ �ðxÞ > 0; x 2 ð0;
ffiffiffiffiffiffiffiffiffiffi
 max

p
Þ; ð3:3Þ

with appropriate initial data �ðxÞ. The auxiliary problem (3.1), (3.2), (3.3) may be
solved by separating the variables. To do this we write

�ðx; tÞ ¼ yðxÞ �ðtÞ: ð3:4Þ

The auxiliary functions yðxÞ and �ðtÞ then satisfy

ðy�Þ00

y
¼

_��

��
¼ ��2 ¼ const:; ð3:5Þ

i.e., we have

ðy�Þ00 þ �2y ¼ 0; x 2 ð0;
ffiffiffiffiffiffiffiffiffiffi
 max

p
Þ; ð3:6Þ

with

y0ð0Þ ¼ 0: ð3:7Þ

For convenience yðxÞ will be normalized such that

yð0Þ ¼ 1: ð3:8Þ

The parameter � is then selected such that

yð
ffiffiffiffiffiffiffiffiffiffi
 max

p
Þ ¼ 0: ð3:9Þ

Moreover �ðtÞ satisfies the differential equation

_�� þ �2�� ¼ 0; t > 0: ð3:10Þ

Let now

 :¼  max � x2; x 2 ð0;
ffiffiffiffiffiffiffiffiffiffi
 max

p
Þ; ð3:11Þ
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be the stress function of the one-dimensional St-Venant problem. Solving (3.11) for
x, we obtain

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
 max �  ðxÞ

p
: ð3:12Þ

We then construct a comparison function zðx; tÞ as follows:

zðx; tÞ :¼ yð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
 max �  ðxÞ

p
Þ�ðtÞ; x 2 �; t > 0; ð3:13Þ

where  ðxÞ in (3.13) is the stress function of � defined in (1.6), (1.7). We want to
show that zðx; tÞ satisfies the parabolic inequality

�ðz�Þ � zt 	 0; x 2 �; t > 0: ð3:14Þ

To this end we define

�ðxÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
 max �  ðxÞ

p
; x 2 �; ð3:15Þ

and we compute

�ðz�Þ � zt ¼ ��f�ðy�ð�ÞÞ þ �2yð�Þg; ð3:16Þ

�ðy�ð�ðxÞÞÞ ¼ ðy�Þ00jr�j2 þ ðy�Þ0�� ¼ ��2yjr�j2 þ ðy�Þ0��; ð3:17Þ

with

�;k ¼ �
 ;k
2�

; ð3:18Þ

jr�j2 ¼
jr j2

4�2
; ð3:19Þ

�� ¼ �
1

2

� 

�
�
 ;k �;k
�2

� �
¼

1

�
1�

jr j2

4�2

� �
: ð3:20Þ

We then obtain

�ðy�ð�ÞÞ þ �2yð�Þ ¼
1

4�2
½4ð max �  ðxÞÞ � jr j2�f�2yð�Þ þ

1

�
ðy�ð�ÞÞ0g: ð3:21Þ

Since we have by Lemma 2

4½ max �  ðxÞ� � jr j2 	 0; x 2 �; ð3:22Þ

we conclude from (3.16), (3.21) that (3.14) will be satisfied if we have

�2yð�Þ þ
1

�
ðy�ð�ÞÞ0 � 0; ð3:23Þ
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or equivalently if the inequality

�ðyðxÞÞ��2y0ðxÞ þ �2x 	 0; x 2 ð0;
ffiffiffiffiffiffiffiffiffiffi
 max

p
Þ ð3:24Þ

is satisfied. The success of our method depends therefore on the possibility to check
(3.24). This can easily be done in the linear case since we have

yðxÞ ¼ cos �x; ð3:25Þ

�ðtÞ ¼ e��
2t; ð3:26Þ

in the case � ¼ 1 with � ¼ �

2
ffiffiffiffiffiffiffi
 max

p , so that (3.24) takes the form

y0

y
þ �2x ¼ �� tanð�xÞ þ �2x 	 0; ð3:27Þ

which is clearly satisfied. This establishes Payne’s result (1.4), (1.5).
The situation is more complicated when � > 1 because yðxÞ cannot be expressed

in terms of elementary functions. For this reason we represent yðxÞ in a Taylor series
of the form

yðxÞ ¼ 1þ
X1
k¼1

a2kx
2k: ð3:28Þ

Clearly this series contains only even powers of x. Let us consider the case � ¼ 2
which is simple. In this case we have

y2ðxÞ ¼ 1þ
X1
k¼1

c2kx
2k; ð3:29Þ

with

c2k ¼
Xk
j¼0

a2ðk�jÞa2j: ð3:30Þ

Inserting (3.28), (3.29) into (3.6), we obtain

2c2 þ �
2 þ

X1
k¼2

½2kð2kþ 1Þc2k þ �
2a2k�2�x

2k�2 ¼ 0; ð3:31Þ

i.e. we have

c2k ¼ �
�2

2kð2k� 1Þ
a2k�2 ¼

Xk
j¼0

a2ðk�jÞa2j; k ¼ 1; 2; 3; � � � ð3:32Þ

The values of a2k may be recursively computed from (3.32). We obtain

a2 ¼ �
�2

4
; a4 ¼ �

�4

48
; a6 ¼ �

7

30 � 48
�6; a8 ¼ �

�8

15 � 48
; . . . ð3:33Þ
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i.e. we have

yðxÞ ¼ 1�
ð�xÞ2

4
�
ð�xÞ4

48
�

7

30 � 48
ð�xÞ6 �

1

15 � 48
ð�xÞ8 � . . . ð3:34Þ

where � is such that yð
ffiffiffiffiffiffiffiffiffiffi
 max

p
Þ ¼ 0: Now we want to check inequality (3.24) with

� ¼ 2 that takes the form

2y0 þ �2x ¼
X1
k¼2

2ka2kx
2k�1 	 0; x 2 ð0;

ffiffiffiffiffiffiffiffiffiffi
 max

p
Þ: ð3:35Þ

Clearly (3.35) will be satisfied if we can show that a2k 	 0; 8k ¼ 2; 3; 4; . . . This step
will be established by induction. Let us assume that a2; a4; . . . ; a2ðk�1Þ are all nega-
tive. Then from (3.32) we obtain

�
�2

2kð2k� 1Þ
a2k�2 ¼

Xk
j¼0

a2ðk�jÞa2j > 2a2k þ 2a2a2k�2; ð3:36Þ

i.e.

a2k < �a2k�2 2a2 þ
�2

2kð2k� 1Þ

� �
¼
�2

2
a2k�2 1�

1

kð2k� 1Þ

� �
< 0; ð3:37Þ

which completes the proof. To conclude this example we compute �ðtÞ from (3.10)

�ðtÞ ¼
1

�2tþ k
; t > 0; ð3:38Þ

and we select the constant k > 0 such that

kgðxÞ 	 yð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
 max �  ðxÞ

p
Þ; x 2 �: ð3:39Þ

It then follows from a standard comparison theorem [7] that the solution uðx; tÞ of
(1.1), (1.2), (1.3) satisfies the inequality

uðx; tÞ 	
yð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
 max �  ðxÞ

p
Þ

�2tþ k
; x 2 �; t > 0; ð3:40Þ

when � ¼ 2. Finally we note that any truncation of the series (3.34) yields an upper
bound in (3.40). To conclude this paper we consider the general case � > 1. Clearly we
have again (3.31) where a2k and c2k are the Taylor coefficients of yðxÞ and of y�ðxÞ:

yðxÞ ¼ 1þ
X1
k¼1

a2kx
2k; ð3:41Þ

y�ðxÞ ¼ 1þ
X1
k¼1

c2kx
2k; ð3:42Þ
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Moreover, J. P. C. Miller has established in [1] that the Taylor coefficients a2k and
c2k in (3.41), (3.42) are related as follows

c2k ¼
1

k

Xk�1

j¼0

½�ðk� jÞ � j�c2ja2ðk�jÞ; k ¼ 1; 2; 3; . . . ð3:43Þ

Combining (3.43) with

c2k ¼ �
�2

2kð2k� 1Þ
a2k�2; ð3:44Þ

and solving for a2k, we obtain

a2k ¼
�2

k�

Xk
j¼1

�ðk� jÞ � j

2jð2j� 1Þ
a2j�2a2ðk�jÞ; k ¼ 1; 2; 3; . . . ; ð3:45Þ

from which we compute recursively

a2 ¼ �
�2

2�
;

a4 ¼
�4

4!�2
½1� 3ð�� 1Þ�;

a6 ¼ �
�6

6!�3
½1� 3ð�� 1Þ þ 30ð�� 1Þ2�;

a8 ¼
�8

8!�4
½1� 66ð�� 1Þ � 201ð�� 1Þ2 � 630ð�� 1Þ3�;

etc:

ð3:46Þ

Now we want to check inequality (3.24) that can be rewritten as

�

�� 1
ðy��1Þ

0
þ �2x 	 0; x 2 ð0;

ffiffiffiffiffiffiffiffiffiffi
 max

p
Þ: ð3:47Þ

To this end we write

y��1ðxÞ ¼ 1þ
X1
k¼1

d2kx
2k; ð3:48Þ

where the coefficients d2k are related to a2k according to Miller’s formula

d2k ¼
1

k

Xk�1

j¼0

½ð�� 1Þðk� jÞ � j�d2ja2ðk�jÞ; k ¼ 1; 2; 3; . . . : ð3:49Þ

Using (3.49) and the values a2; a4; a6; a8 already computed we obtain
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d2 ¼ �
�2ð�� 1Þ

2�
;

d4 ¼ �
�4ð�� 1Þ

2 � 3!�2
;

d6 ¼ �
2�6ð�� 1Þð�þ 1

3Þ

5!�3
;

d8 ¼ �
4�8ð�� 1Þð3�þ 1Þð15�þ 2Þ

8!�4
;

etc.

ð3:50Þ

The condition (3.47) then takes the form

�

�� 1
ðy��1Þ

0
þ �2x ¼

�

�� 1
f4d4x

3 þ 6d6x
5 þ 8d8x

7 þ � � �g 	 0; ð3:51Þ

and will be satisfied for istance if d4; d6; d8; ::: are all nonpositive. This seems to be
the case from (3.50), but remains open.

Acknowledgements. We are indebted to L. E. Payne who communicated to
us the inequalities (1.4), (1.5).
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