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The Asymptotic Expansions of the Spherical Harmonics
By Dr T. M. MacRoBERT.
(Read 8th December 1922. Received 24th July 1923.)

§ 1. Associated Legendre Functions as Integrals involving Bessel
Punctions. Let

JEI ML, ANF-T) A" Ld),
[

where C denotes a contour which begins at — o on the real axis,
passes positively round the origin, and returns to — o, ampA= —7
initially, and R(z)>0, z being finite and +1. [If K (z)>0 and
z is finite, then R(z+ ~2*—1)>0.] Then if I_, (A~2*-1) be
expanded in ascending powers of A, and if the resulting
expression be integrated term by term, it is found that

2’"2"”'”(22—1)‘im (_m_n l-m-n l-m 1 1
II(m +n) II ( —m) 2 2 o zﬂ)

J=2m

L Pt
T T(m+ )
From the equation

T

](m (z) = {I—m(z) - Im (z) }

2sin mn
it follows that
j K, (A1) A"~ dA
c

™ {PZ'<2) P (z) )
H(m+n)—l'I(—m+n)f

2rr —
2sin mm

=27i ¢~ ™7 ﬁm@‘(z)

=9mi ¢mTi m . (2).

* Cf. Barnes, Quart. Journ. of Math., Vol. 39, p. 120. The notation
employed for the Associated Legendre Functions is that of Hobson, Phil.
Trans., Vol. 187, A,
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Therefore, since K_,, = X,

m>s

Q:(z)=-ol—i e’""'ﬂ(n+m)J' MK, ANE_1)A"1dA,......... i)
2 ¢

where z is finite and +1, and B (2) >0.

If z pusses once round the point z=1 in the negative direction,
we denote the resulting value of ¢7(2) by @7 (2, +1-); then

Q= (z, +1-) = 5_11; ™3 I1 (n + m) j MK, (Ae ™ JE1) A=—td\ (ii)
2 ¢
Again, if in the integral
J= j 2 Tayy () A=k,
[4

where R (2)>1, In+3(A) be expanded in ascending powers of A, and
if the resulting expression be integrated term by term, it is found
that

org gt
Tt (n+ )l (-m-n-1)

m+n+l m+n+2 1
X F( 5> 3 , m+3, —z;-)

J

= -ari [(2) AT oo - 1)in 07 ),

™
Therefore

emws (2 1) 4w
L e Knpy (M) A-m-dd\ =2mi J(%)————(——)—

x {sin(-m+n)w @™ (2)- sin (m+n)r @7, (2)}

-9 J(%) (2 - 1) Bm (2).

TCOSNT

Thus
P )= 2) ? 1)‘*”j M Kna (M) A-m-4 dA (iii)
A (B) =5 (;; (e L O R
where R (z)>1.

§2. The Asymptotic Expansions for n large. Now deform C
into the contour K (Fig. 1), which has initial and final directions
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making angles — = + ¢ and 7 -~ ¢ with the positive real axis, where
0<¢$<im Then if in (i) we expand K, (A 22— 1) by means of
its asymptotic expansion

o
o\

Fig. 1

\/( ™ >_w2 {1 gt 10 (dmiol) (4w - 3)
AV 1IBANZ 1) 21(8AJZ - 1)

L (1) (4 - B) . {4m® — (25-3)7)
(s-1)1(8AJZ - 1)

SU

+R.},

where
_ 1
s1T(m+3—s) (ANE 1)

xj e=§ ¢ f**d{j s(l—t)“’( #})mﬂﬂdb

and integrate term by term, we find * that Q2 () is equal to the
first 5 terms in

o x/< y )= VA 1)%*#:;)

z- MFE_]
o)

xF(%—m, L4+m, n+3, -

* The existence of a relation between the asymptotic expansions of the
Bessel Functions and those of the Spherical Harmonics was suggested by
Dr John Dougall, Proc. of the Edin. Math. Soc., Vol. 18, p. 52,
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plus a remainder

1 . T 1
, = - M >I
P =5 (5 o= )i m) ST (mih-3)

« 1
(2JE=1)

xj: e=§ grobte g jol s(l -t (1+ mj%y‘_*—'d% ()

jK e\(z—\/m Pkt Al dA

where we assume that —}= <amp V-1 < 1w and make
amp {=amp 2> - 1 so that

amp (——{——) =0;
N2t -1
thus the singularity of the A-integrand in (v) lies on the negative
real axis.

Note.—If m is half an odd int:ger, series (iv) terminates.

In (v) change the order of integration ; thus we obtain

L emri/\/( 1 )H 1
P= o 2422 -1 (n+m)3!r(m+%-8)(2x/zz—zl)'
® 1
x j oS tm-dadf j s(Lm by~ dtl, ooorere, (vi)
0 0
where
_ — (t Mm-4—3 .
I='[Ke)\(z—\/z2_l) Pt <1+ m) dA. ... (vii)
Now for any finite value of { we can deform the contour X
so that
¢
— <1,
aaNZ-1|

if then the last term of the integrand in (vii) be expanded in
descending powers of A, and if theresulting expression be integrated
term by term, we have
= (z— JE- 1)t 2 — — —
I= (z— JA=-1ywH+e 2 T(ri5+9)
xF(~m+i+s; n+3+8; —(w),
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2 _1
where vt VEZS VA1 and
272 -1
a(a+1) a(o+1)(x+2)

o
z+
vy .U y(y+1).2! vy +1)(y+2).3!

Flo; y; 5)=1+

If s be taken so large that B(-m+3+3s)> -1 and B (n) s0
large that R (n+m)> -1, then

— 1
IT=(z- NZ2-1)n+tts Of Tmii+e)
1 e—)\ﬂv A-M-}+‘ (1 —A)”+“ A
¢ B(n+tm+l, —m+3+s)

as can easily be seen by expanding the exponential term in powers
of A and integrating term by term. For the sake of clearness we
may assume for the time being that z is real and. >1 and that
amp NZ-1=0. Then, substituting this value of 7 in (vi), and
changing the order of integration, we find that

y 1
I S(I_t)“ld‘j A-mdee (1 Ay Jd)
=7 ¢ :

p=Tpa P(m+i+s)B(n+m+1, ~-m+4+3)

where

Lo i (5 75) - oD
II{n+m)T' (m+4+3)
xI’I(n+§+s)s!I‘(m+}—a)'

is the (s + 1)* term in the expansion (iv) of ¢7 (z) and

© T'(m+}4+38)
J= S(ltMv) pm dbege - T 2T
L ¢ ¢ e (1 + Moymrite

Thus
1 1 A-m—}+a(1_)~)ﬂ+n
— £\
_r jo 8(1 t) dt '[0 (1 + Aw)m-‘-}-’-‘ (v.“
Pi=1py Blnim+l, -m+3+9) ...(viii)

From this value of p, we see that the expansion (iv) and (viii)
for @r(z) is valid in every part of the z-plane to which z can
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approach by a path at no point of which 1 + A¢v has the value zero.
But this expression can only be zero (since 0 = At =1) when v is real

and =-1; i.e. when — 2 _is real and =_1.
NE-1
Let th I . Thus if w is resl and
n=——, en 2= -——. us 1r ¥ 18 real an
N2Eo1' N/

>1or < -1, zis real, while if u is real and - 1<u<]1, 2 is purely
imaginary. Conversely, if z is real and |z | >1, » is real,
while if z is real and | 2z | <1, u is purely imaginary. It follows
that, when z is complex, ¥ must be complex, and vice versa.
Therefore the expression for @7(z) is valid at any point to
which z can approach without passing the real axis to the right
of z=1 or to the left of 2= — 1 with values of z and W/z2—1

which make 2/ NZ =1 negative. In particular, if a cross-cut is
taken along the real axis from —1 to — o, the expression is valid
for —-2r<amp(z-1) <27, 2+1. The corresponding expression
for @7 (z, +1-) will be valid for 0 <amp (2 - 1) < 4.

Now let M be the maximum value of | (1+ Aéw)-m-#-¢| for
0=M=1, thenif n=0+148, m=0 +17,

(]

-1

1 1
) —o—§+8 (1))t
EML 8 (1—gy-1de LA -4+ (1-A)a+e dA

|B(n+m+]l, —-m+4+3) |

_ B(a+o+l, —o+4+3)
"7 | B(n+m+l, ~-m+i+s) |’

But,if | ampk | <7 and |amp(x+3) | <,
T (x+8)/T (k) ~> «°

as k=>® . Hence, if x=ampmn,

Pn+d+s8)| Toa+a+l) (|n|>i+a—a

X7
T'(n+m+1) )<I‘(¢:v.+§+a)m> o e
asn—> o, provided that |amp = | = | x| <47w. But | n | fa=secx

is then finite; therefore p,=T,,, x a quantity which remaing finite
as n —> o, provided that | ampn | <3
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It follows that, in those parts of the z-plane in which the
expression for @7 (2) is valid, but where p, does not ~> 0 as 3—> o0,
the series in (iv) is asymptotic for large values of =, since the
(3+1)™ term in the series can be made arbitrarily small by
increasing =, provided | ampn | <}

If m, n, and z are real, z positive, z/ JE1 positive, and
O<wv<l, {ie if 2>3/(2./2)}, then 1 + Atv = |, so that, from (viii),

1 1
J s(1~¢p-t dtJ. A-m-bte (1 — Ayvtm gp
P 0 0

=1.
Tt+l

<Z

Bn+m+1l, —m+4+3s)

Since v< 1, T,, and therefore p, can be made arbitrarily small
by increasing s, so that the series (iv) converges to the value @7 (2).
By the theory of analytical continuation it follows that this is
always true when the expression for @ (z) is valid, provided that
] v | <1. TFor other parts of the region of validity the series,
while not convergent, is asymptotic in n.
In the corresponding region of validity the asymptotic series
for @7 (z, +1-)1s

e(m+§)'”'\/<~/2 )(zﬂ/zz_l)m IIII(("“;‘;

zj-\/;/- 2% — 1)

xF<§~m,{;+m,n+7, .. (ix)

Finally, from the formmi}a
cmwi P (z) = _;’._ ¢~ dmmi Qr () - i e~ tmmi Qr (2 +1-),
k3
it follows that the expansion

Tl O (n+ m)
J \/zz—l) IMI{n+})

Pr(z)=e" ymms

27— JE)

e—dmmi+in/s (z— \/;EI—)"‘H F <§—m, emyn+ 3, - ?:/-;2——1

4 ebmmi- ""/4 (z+ V71 -1)n+4 F(%—m, $+m, n+ 3, z+JJz’ 1)
9 JoE -
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holds asymptotically at those parts of the z-plane in which the
expressions for @7 (z) and @7 (z, +1 - ) are both valid, and where
both series are not convergent. In particular, if B (2)>0, the
series (x) holds asymptotically if 0 <amp (z - 1)< 2.

The expansion (x) was obtained by Hobson * for z, m, and n
real : asymptotic expansions in terms of descending powers of n
when z, m, n, are complex have been obtained by Barnes; and
Watson. §

When RE(n) is negative, an asymptotic expansion can be
obtained by means of the formula P7 (z) = P™,_, (2).

To distinguish between those regions of the z-plane in which the
series (iv) is convergent and those in which it is asymptotic we can
proceed as follows. At the boundary of the two regions

where 0 is real: thus
#=1+e¢ 4%/ (8isin} 0),
so that 8 (x* - y*) =5+ 4sin’ 16
16xy = —cot § 6. (1 - 4sin®46).

The elimination of & between these two equations leads to
the equation
128 (0 — y%) (& + ¥*)* - 320 y* — 336 (¢ - ¥*)® + 288 («® ~ %) - 81 =0,
from which it follows that the lines » = +y are asymptotes.

If y=0, then =+ ,/3/2, + /3/2, £3 ,/2/4. At each of the
points (+ ,/3/2, 0) there are two tangents which make angles
+ 60° with the real axis. The curve is shown in Fig. 2.

24 NE- 1

2J72 -1

crosses the curve. In the region between the two branches of the

The quantities remain either <1 or >1 unless 2z

* Phil. Trans., 187 A. (1896), ; p. 485-489.
t Quart. Journ. of Maths., XXXIX (1908), pp. 143-174.
$ Proc, Camb, Phil. Soc., XXII (1918), pp. 277-308.
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curve they are both <1. In the regions on the right and left
e I
2 JEo1 2 J7~1
quantities are >1.

<1 and >1. Within the loops both

Fig. 2

§3. The Asymptotic Expansions for m large. In (iii) expand
K, 44 (A) asymptotically and integrate term by term: thus we find
that P;™(z) is equal to the first s terms in

1 z — 1\im 1-2 .
II(m) z+1) F(—",n+l,m+1, 3 ) ......... (xi)
plus a remainder p, which can, as in the previous sectjon, be put
in the form
* 1 2 - 1 —nyeg =1
j 8(1 - t)'“‘l dt “' A'—n—l (1 — A)m+n (1 +l\-t ) dA
T, 2 0 )
- B(m+n+1, s-n) ;

where 7., is the (s+ 1)* term in (xi). This expression is valid so
long as (2~ 1)/2 is not real and < - 1; i.e. provided that z is not
real and < - 1.

Asin §2 we can show that, if | z-1| <39, the series (xi)isa
convergent expansion for P_™ (2), while for points outside the circle
the expansion is asymptotic in m, provided that | ampm | <.

The corresponding expansion for @;™(z) can be deduced from
this.
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§ 4. dsymptotic Expansions of the Hypergeomstric Function. In
the integral
at+f—-2y-1
L At w, (A 2 ) VORI (xii)

where k=(1- o - 8)/2, m = (o - 8)/2, expand the confluent Hyper-
geometric Function W, ,, (A) in terms of its asymptotic expansion,*
and integrate term by term. It is found that the integral is equal
to the first s terms in the expansion of

2w

=5 T P By 2) e, (xiii)

plus a remainder which can be put in the form

1 1 AB+s-1(] _.)\)v-ﬁ—l
—t)s-1

L 8 (1-t) dtj'o (T~ Mz)jats

B(B+s y-P) '

where 7',,, is the (s + 1)* term of (xiii)

It can then be shown that, if |z | <1, the integral (xii) is
equal to the expression (xiii), while, for any other point in the
region bounded by the real axis from +1 to + o, the integral,
and therefore the hypergeometric series, is asymptotic in y, provided
that |ampy | <3

EBlementary Proof of the Asymptotic Expansion of the Hyper-
geometric Function. These results can also be obtained from the
formula

B(B,v-B)F(o B, yr2)= [ F-1 (1= v-F-1(1- o)~ o df. (xiv)

P¢= Ts+l

1
0
The expression (1—2{) * is expanded by the Binomial Theorem
in the form
a.(a.+ 1)...(0L+8 -
(s-1)!

1
=0 L s(1- 1y~ (1 - taf) —e-ade

1
l+iz§+m—(%t—)

2
= ) (e gyt

=P+ +

+1 +8-1
+ o (o )s'(OL )

* Cf. Whittaker and Watson’s Analysis, Chap. XVI.
+ Cf. Prot. G. A. Gibson, Proc. Edin. Math. Soc., Vol. XXXVIIL
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and integrated term by term. The proof that the series so obtained
is asymptotie is exactly the same as above, The expansions for the
Spherical Harmonics are particular cases of this expansion.

By employing the alternative forms of the hypergeometric
function and the expressions for the analytical continuations of
the hypergeometric function it is possible to deduce various other
asymptotic expansions for the hypergeometric function.

§5. Expansion of a function in a series of Legendre Polynomials.
Laurent * gave the following proof of the validity of the expansion

S(@)= Z?‘A,. P, (x), e (xv)

2n+1 ! "

ol WA CEACLR

Let Z, denote the first n+ 1 terms of the series; then, by
Christoffel’s Formula,

. n+l{? Lo @) P, (n)- P, (x) P,
s, = 5 j_lf("’) 41 () (:“2._/‘ () +1(/")d,"

In this expression substitute the asymptotic expansions for the
Legendre Polynomials, and put & =cos 8, p=cos¢. It can then be
shown that

where .=

1~ . P .
z,= ;-‘-0 S(cos ) V, sin pde + T e (xvi)
where
sin {(n +1) (¢-0)} sin § (¢p + 0)-sin } (p~0) cos {(n+ 1) (¢ + 6)}
N (sin @sin ¢) . 2s8in 4 (¢ — 6) sin} (¢ +6)

and P remains finite when n->o. Hence, by the theory of
Dirichlet Integrals, when n ~> w0, the series (xv) is equal to

}{/(c0sT50) +Fc0s =0)) or }{A(w+0) +/(z - 0)},
provided —1<z<1.

It has been pointed out that this proof, as it stands, is invalid,
because the asymptotic expansions do not hold when ¢ =0 or =.
This difficulty can, however, be removed as follows.

7.=

* Jour. de Math. (3) 1. 1875, p. 394.
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From (xiv) we have, when = is zero or a positive integer,

f (L= 0 {1 = ¢ (3 +ig)} b dt
F(%v %) n+?35’ %+1’y>=

B}, n+1)
But | 1-¢@G+iw) | 23, (0Z(=1);
therefore | {1-¢G+u))-t | =2,
so that | F Ln+d b+iy) | < V2

For real values of z between -1 and + 1 the arguments of the
hypergeometric functions in (x) are of the form } +1y; therefore,
since P, (cos ¢) ./ (27 sin ¢) is continuous at ¢ =0 and ==

I (n)
+H”

If now ¢ be chosen sc small that e<f<#w —¢ it follows that,
with suitable restrictions on f(x) between -1 and +1,

| P, (cos¢)J~w51n¢)]<II( x2,/2,0=¢=m.

P,y (cos ) P, (cos p)— P, (cos 0) P, (cos¢)
cos § —cos ¢

sin ¢

remains finite for 0= ¢ =¢ and for 7 — ¢ S¢ == as n ~> « : thus the
integrals between these limits can be made arbitrarily small by
decreasing ¢, and, when n—> «, the remaining part of (xvi) gives
the required result.
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