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CONNECTION PROBLEM IN HOLONOMIC ¢-DIFFERENCE
SYSTEM ASSOCIATED WITH A JACKSON INTEGRAL
OF JORDAN-POCHHAMMER TYPE

KATSUHISA MIMACHI

§0. Introduction

Fix a complex number g with |¢| < 1. Let T, ---, T, be n-commuting
g-difference operators defined by

ij(xu T 'yxn) zf(xb e gXy, 'yxn)

for a function f(x), x = (x,, - - -, x,) e (C*)". Consider a system of linear
g-difference equations in several variables for a matrix valued function
H(x) on (C*)" as follows:

6 TE@x) =E8xAx) (A<in).

We assume that each A,(x) is a matrix valued rational function satisfying
the following conditions:

@ A@TAx) =A@TAL) (A< j<n).

Then (1) defines a holonomic q-difference system. It is known [3] that
there is a solution of the system (1) characterized by asymptotic behavior
at a boundary point of (C*)". More precisely, we denote by L/(x) =
{(g"™x,, - -+, ¢""x,)|m € Z} the trajectory through xe(C*)" of the trans-
formation (y,, - -+, ¥, — (@, - - -, @y,) which is determined by integers
v=(y, - ,v,). Under Ass 1 and Ass 2 in the direction L, for A (x)
stated in [3] the above solution denoted by £,(x) is characterized by the
following asymptotic behavior along L, at m = oo:

E(x) ~ mbwte - xf U,

xl = Q"mxu tt xn = qy,,mxm a m— oo,

where U, denotes a certain non-singular lower triangular matrix which
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is constant, and 4, ---, 4, denote constant diagonal matrices. We call
H,(x) the solution determined along the trajectory L, We take two
trajectories L, and L, for two sequences of integers v and x. Then there
exists a linear relation between the corresponding solutions 5,(x) and & ,(x)
along the trajectories L, and L, respectively as follows:

&,(x) = P, (%)& (),
where P, (x) denotes a matrix valued function satisfying
TP, (x)=P,[x) (Q<j<n).

The matrix P, (x) is called a connection matrix between the two solutions
determined by the trajectories L, and L,.

The main purpose of this paper is to solve the connection problem,
namely to compute the matrices P, (x), in holonomic g-difference system
associated with a Jackson integral of Jordan-Pochhammer type under a
generic condition. Jordan-Pochhammer type is a natural extension of
Heine’s basic hypergeometric series.

The contents of this paper are as follows. Section 1 gives basic notation
in the g-analysis and a short review of a system associated with a Jackson
integral of Jordan-Pochhammer type. Section 2 is devoted to give relations
among Jackson integrals over suitable g-intervals of the first kind, which
play a key role in our argument. We remark that, as a bonus of these
relations, a connection formula of the basic hypergeometric series is
obtained. In Section 3 we compute asymptotic behavior of the solutions
along generic trajectories, and solve the corresponding connection problem.

§1. Preliminaries

Fix a complex number ¢ with |¢| < 1. Following F.H. Jackson [12],
for a nonzero complex number ¢ € C*, define on a half-line [0, c]

Fdyt = f 0 F@)d,t = ol — @) 3 Fleg"a",

0,¢

which is a g-analogue of the Riemann integral and is called a Jackson
integral. We also consider a Jackson integral on a whole line [0, oo(s)]

0 (8)
[ Fode=["Fodt=st-a 3 Feaa,
[0,0(8)] 0 —o I

<ng+

for a complex number se C*. We shall call [0, c] a g-interval of the first
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kind or of the second kind according as ce C* or ¢ = oo(s). The following
is easily deduced.

f "F)d,t = f 1 Flet)d,t .

Here we define a Jackson integral of Jordan-Pochhammer type by

3) J gt T] _(_t/ﬁi)_w_dt,

sizn (gt ).

where (@). = [[.20(1 —aq®), a,e C (0 <j < n) and ¥ denotes a suitable
g-interval. The Jackson integral (3) tends to a Jordan-Pochhammer type

Itao-l (1 — L)”dt
1<jisn X, ’

J

integral:

as ¢ — 1. In fact, if (a), = (@)./(ag™).., then we have

P (c(lt“)t; =a-=o

by the g-binomial theorem ([2], [7])

(@), .. _ (ax).
4 = .
@ Q. = .

The holonomic q-difference system associated with a Jackson integral
of Jordan-Pochhammer type is given as follows. Set

() = too-t (t/xj)oo

0<szn (qUt[x ).
O () =01 — t/x,).

The following lemma has been communicated to the author by Prof. K.
Aomoto ([4]):

LemMa 1. 1) A holonomic g-difference system for the function f@dqt

can be derived in an explicit way

®) Tk( o.d,, ---,J@ndqt) - ( o.dt, ---,fd)ndqt)A,c A<k<n).
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Here each A, = (@), ;<. is an n X n matrix valued function of x with
the entries which are rational in x

a%=¢°0_q®é%< ) Gj # ki £ ),
(03 )1()

aff = g2 . G h,
1 - M
15ign ( X, )
1 xi (1 _ qat) <1 _ xi qaz)
qxy; 1<i<n i .
Al = G0
1 i yap—1 ( 13 ar, (1 __1_)
X q q X; q 1<l<n X,

1— ﬂ.q‘”
x
k) 13
al = Q"°1 IL—I p>
<L
w12t
l

2) A fundamental solution matrix is given by

5@ = Euprzasen = ([, 200) .

<t j<n

where w,; denotes a g-interval [0, x,] for 1 < i < n.

We investigate the behavior of Z(¢"™x,, ---, ¢""x,) at m = oo along
all generic trajectories L, determined by the n! inequalities v,y < v, <
+ < Yy(my Where ¢ run over the symmetric group of order n. If we put
X, = x0"", - -+, X, = x,@"" for x, e C*, then the condition v, < - - <o
is equivalent to the condition |%,,|> -+ > |X,| When m is sufficiently
large. Therefore the connection problem is reduced to find a relation
between E(x) in the region |x,|» -+ > |x,| > 1 and 5(x) in the region
1%,0] > -+ > |%m| > 1, which will be denoted by Z,(x) and Z,(x) respec-
tively.
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§2. Relations among Jackson integrals of the first kind

In this section we give relations among Jackson integrals of Jordan-
Pochhammer type, which will be essential in the sequel, and also give a
connection formula for the basic hypergeometric series as its corollary.
See [7], [15], [16] for related formulae.

We shall frequently use the theta function 0(¢) = (¢).(q/t).(q)...

LemmA 2. Let k=1,---,n — 1. Under the condition |q | <
lg°| <1 and x/x; + 1,q*, q*% - - -, we have relations

w77 (%) - g (Exy).
6 ftol BRULHESp PR SN ft W) gy
© W (@tx). Zn G )T R CROED
Ot e O(e/n)
O(georerrirran) jokn O(x,/x,9%)
XJ t-l-a0-ar=-+-an 8 (xjxl:‘an_ajt)w_dt
0,11 i=v o (xxgiqer).

:x;

where

Jj=k+1

x, \@o+! O(x, - x;tgeor arsrt tantl) ﬂ O(x,/x,)0(x,9% '/ x,)
. (2) n

X @(qao+ ak+1+---+an+l) k([lsn @(xz/xl) i n+1 @(xkq""”/xi)

i#1l
Remark. If a function F(x) = []i<i<n x7f(x), where f(x) is a meromor-
phic function on (C*)", satisfies T,F(x) = F(x) for j =1, ---,n, then we
say F(x) to be pseudo-constant, which is also said to be g-periodic by
C.R. Adams, G.D. Birkhoff, R.D. Carmichael, and W.J. Trjitzinsky ([1],
[5], [6], [9]). The above functions C,, 1 <k<n—1,k+1<1<n) are
pseudo-constant.

Proof of Lemma 2. We show these relations by residue calculus,
which is an extension of the method as in our previous paper [13]. Set

B = @, g,
1/0).(q™*" "), I € e I

’

and

2 s ga0+ ar+ 1 — g)(q). o Ox/x)
F(t) = xjeqeorer! ( - F@® .
k @(qao+ﬂk+l+'--+an+1) i=k+1 @(xi/xkqai)

Then F(t) is a meromorphic function on C*. The residues of F (¢) at each
point g~~~ x.x;'q ' q' (j =0,1,2, --.) are expressed by the follow-
ing Jackson integrals.
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> Res F() = —[ g f] e g,

950 t=g—1—ax~J wi i=k (q’”t/xi)w

R ﬁt = -—Ckl fao-t < (t/xj)oo
Z es () . U (qujt/xj)m q

720 t=agzi lg—1—ay—J

and

~ . @(q1+ao+°’}c+'--+an) 7 @(x/x )
Res F(t) = xp L2
jZZIO t=eq§ ( ) X @(qao+ak+1+.,.+an) j=k+1 @(xj/xkqa!)

n a1 ak-ajt)
{-l-a0-ag=cre-an (xjxk q o
x{ 3 EXG ) g g

i=k (xjxl‘;lqakt)oo

where Res,_, F(t) denotes the residue of a function F(f) at ¢ = x. There-
fore it remains to prove

ST Res F()+ 3. Res  F() + 3 Res F(t) = 0.

720 t=g-1—ag—Jj l=k+1 j20t=1‘k1‘f‘q'1"’k"1 720 t=qf

Here we set two circles %, ¢, for a natural number m as follows:

€ni= {onexp V=Dloni= £ +1aI"*), 0< o < 20},

G o= {ﬁm exp (pV —1)| = —;—iq‘“”“l(lql""" +19I™), 0< o < 27:} ,

with the counterclockwise direction. Then we have

ST Res F(t) + )3 5 Res F@) + Z Res F(t)

J=0t=q-1—ax—{1 U=k+17=0 4 paiig—1-ay—J =0 t=qf
-1 f F(t)ydt — ——1—f F(t)dt,
275'\/ —1 §m 271"\/ _1 €m

where each m(l) =%k +1,--.,n) is a certain positive integer. And
theer exists a positive number M such that

|F(pne’ %) < M|q=t-oo-aw=+-an|n
for 0 < ¢ < 27. Indeed

F(one'™'%) = F(plq["e’"")
(qZ—m+ao+ak+ "'“"]CIlmPoe ./T1¢)m
(@ "lgl"oe ™ )n
(qm-l-ao-ak-m-an/lqlmpof:/-_l p)m(q2+ao+ak+n-+—an|qlmpoe ./T-Tp)w
(@"/la"pee?=")(q" *|q|"pe Y =**)"

— (q—l-ao—ak—-n—an)m

X
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n (xlzlxlq1+ak—a;|q|mpoer¢)w

X —
N € 2 A A T A

Hence we get the following estimates.

[ Foat| < | 2o [" Foue™dy| < pn Max | F(pne’™)]
ém 2 Jo 0<p<2n

< Pliq—l-ao—ak—..._anlm < poM|Q'“°_“"""‘“"|"‘,

1
\ 24/ —1
Thus we have

1
e LmF(t)dt — >0  (m— ),

when |g=*-*~"-*2| ig less than one. By the same argument we can show
=)
- F@)dt —>0 m — ),
2z4/ =1 Jén @ (m = <)
when |g*| is less than one. This completes the proof. O

As a corollary of Lemma 2, a connection formula of the basic hyper-
geometric series, which tends to that of hypergeometric series as ¢ — 1,
can be deduced. To state the corollary, we recall the definitions of the
basic hypergeometric series ,o, and a g-analogue of the gamma function
F .

q°

) — 5 (@94(0P)n
2501(“’ ﬂ: 75 x) Eo (qr)n(q)n X",

—_— (q)eo 1~z
I'(x) = 1-— .
o (@) -9

Refer to [2], [5], [6], [11] for details.

COROLLARY.

T (OB —a) 6(g°%)
r®ra—ao 06(x)
LN (e — B) 6(g°x)
Tl (r — p) 6(x)

Proof. Consider the case of k=1 and n =2 in (6). Putting «, =
1+8—7, &,=7—1—@a, o= —p and x,-x;7' = ¢"~*x~', one has

' e-1 (@00 X 4
Lt (@'~ *1)..(qx)., o

2i(a, B, 75 %) = e — 7+ 1a — B+ 1;¢+ -« g

2%(,3, B—7r+1, B—a+1; g,
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_ 6@ 0@ ) [y (@)@ Y. g,
0@ 0@ @D e

8@ 0@ x) [ yas_ (@A P27). 4
0(g'"*MB(x) Jo (¢"PD).(g" T Px ).,

Thanks to the Jackson integral representation of the basic hypergeometric

series

ra ta_n CORCEI P

Dl B0 = o = b ).,

we obtain the required relation.

§ 3. Solution to the connection problem

Let s = max {|x,/x,|, |%y/x), - - -, |2, /2, |}. For k=1,2, ..., n, we have
the following estimates, which are easily shown by the g-binomial theorem

4.
1) Forl=%k, ---,n

o@d,t = [ o [T 2D g40 4 0s) (s —0).
W wy J=k (q t/ )m
2)

@(q1+a0+ﬂlc+ +a") ~l-ap-ag~-++—a ~ (x'xlzlqak_ajt)oe
Nt t 3 n l J dqt
B(geererertrrtem) Jro =k (2,2'q").
1taptagt-rtan
@(q ) j —1 —ap=ag=***—an (t)oo dqt(l + O(S))
@(qaq+ak+|+ +an 10,13 ( akt)

Fq(1+ak)rq(a0+ak+l+ +C() —aQ Q-+ —a 1
= 0-ak (14 O@6) (s—0).
Iyl + ag + a + - +txn) ( © =0

By the above estimates 1), the left hand side of (6) is

< Wk@dqt + }": C’”Ln (qut>(1 + O(s)) (s—0),

l=k+1

and by 2) the right hand side of (6) is

Fq(l + ak)rq(ao + Xy 41 + e + an)q—ao—ak—-"-an
Fq(1+a0+alc+' +an)

w0 T O(x;/x,) s —
><x,c]k+1 @(x/k“f)(1+0()) (s—0).

Therefore, by Lemma 2, we obtain the following.
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LEMMA 8. Let k=1,---,n—1 and W, be the q-interval w, +
> ke1 Cpiw. Then we have

J Q)(t)dqt — élc Pq(l + ak)Fq(an + Ay 41 + ct + an) q"”"“"""‘“"
Wi 'd+oe +o,+ - + )

xmoﬁ(ggﬁr+mm (s—0),

j=k+1 ;
where
~ n C\ @i @(x /x )
G, = (&) %)
= IS e
Remark. The functions G, (1 < k < n — 1) are pseudo-constant.

By using Lemma 3, we give the asymptotic behavior of fundamental
solutions of the system (5) in the region |x,|> --- > |x,|> 1. In fact,
if the variables «, and x; are changed by «, —1 and x,g~' respectively,

then J d(t)d,t is transformed into J ?(t)d,t for 1 <j, 1< n, and C~'k, C..,

remain invariant. Hence if we put W, = w,, we have

[ 0d e, Wl@"dqt]
@ e
Um(bldqt’ ...... , Wn@"dqt |
1 C‘:Z ...... Cin [ O dyt, - | @.dt
L TR L
B ’ Cn—l,n ' ’
0 .
1 w,.@ldqt’ ...... , wn@ndqt
where

(ék Fq(]- + ak)['q(ao + (L9781 + e + an) ql-ao-ak—----an
Fl+4+a +a, + -+ + @)

Xz T[] (_xk_)’ I<k<n—-1,1<j<k—-1),

l=k+1 xl

Cvk rq(“k)[‘q(a'o + g+ -+ (Xn) ql—ao—ak—-n—an
(oo +a,+ - + a,)

x@wm I (&) ask<n—1j=h,
=k+ 1
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I ék Fq(]. + ak)Pq(Olo -+ Ay 41 + . 4 &, — 1) q(—ao—ak—-u-an)““‘f
jWk@jdqt ~ Fq(lxo + (249 + A + an)
X xmt |] (&) Q<k<n—1k+1<j<n),
l=k+1 xl

Fq(aﬁ)[’q(“n + 1) (qxn)ao
I'(ay+ o, +1)

Fq(aO)Fq(“n) g — -
Tt a) (k=nj=n).

The matrix on the left hand side of (7), which will be denoted by Z,,
may be taken as a fundamental solution of system (5) in the region
|| > <+ > %, > 1. Then the matrix expressed by

(1 7o) - o) H @ldqt,...’f 0,d,t

- . 1 oL o R e
(8) ‘—lo‘(x) = . - . U(Cn_l,n) l ..........
' 1 L Wa (1) @ld‘lt’ o J‘wam) @nth
defines a fundamental solution in the region |x,,|>» -+ > [%,m| > 1,

where ¢ is an element of the symmetric group of order n. By the expres-
sions (7) and (8), we can get the connection matrix P, (x) between the
solutions &,(x) and &H,(x). Indeed,

1 U(Cl,z)“'d(chn) f o.d.t, .. f o.dt
T, . wall) s T Jwey T Y
g (x) = 1 B
= 0 - O'(Cn—i,n)
e @xdt,---,J 0,d¢
L 1 J L}a(n) ¢ wamy )
(1 0(?1,2) ce o..(Cl,n) ]
1 -
= . . O'(Cn_l'n) 'Sd'u(x) ]
0 -
v 1 J
1 oG- oG ) (1 Cuoer G )
_ I -
= . ) G(Cn-l,n) 'S,;' - Cn-—l,n ‘-’e(x) ’
0 © 0 .
L 1

where S, is a permutation defined by
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X1 Xg 1y

Sl:]=1: |
xn xu(n)
and the action of ¢ on C,; is defined by
O'(Ci,j) = C; (@qy =5 Uotmy; Loty = *» Xotmy) -

Hence we finally come to the main theorem of this paper.

TrEOREM. The connection matrix between the solution 5, and &5, is

given by
1 O'(Cl,z) s O'(Cl,n) 1 C1,z ce Cl,n ] -
B 1 I
Pa,e - ) . G(Cn—-l,n) .SU. ’ . Cn—l,n
0 T 0 . |
1 r )

Remark. The connection matrices P, , satisfy the following cocycle
conditions: P, , = P, ,P;L, P, , = (P, )P, . for arbitrary two permutations

e’

¢ and .

§4. Appendix

During the preparation of this paper K. Aomoto suggested to the author
the following question: to evaluate the integral (3) over an arbitrary g-
interval ¢ = [0, co(s)] of the second kind in terms of the integrals (3) over
w, (1 <i< n). The answer is the following.

THEOREM. Under the condition |g=~""~=| < |g=| <1, we have

j o(Hd,t = 3R, f o@)d,t,
[0,00(8)] =1 z1]

[,
where

Rl _ (_s_>ao_1 @(qal+l)@(qao+-..+an—2sxl—l) n @(s/xj) n @(xjxl_lq_uj)

’

g%, O(ger B lsxY) = O(gUsxy) oy O(xxi)
and
D(t) = i —————(t/xj)“’ .
® J'Dl CRUEDN B
Proof. Set
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_ (q«o+a1+-~-+a,,-l/t)m(q2-ao—aq-ant)m n (qxj/q”st)m
7o (1/8)(q?). ;=1 (qx,/st).,

and

F@) = s°(1 — @)(g)= o O(s/x;) F@).
(t) (qaﬂa“""+d"_1)w(q—ao_al—"'_a"+2)w jl;[l @(Sq“f/xj) ()

Then the residues of F(¢) are expressed by the following Jackson integrals.

ST Res F(t) = J B,

—o<i< +oo t=gt

ST Res F() = —R, I o0dt,
[0,z

1=0 t=qx1/sq?

where Res F(t) denotes the residue of a function F(f) at t = x. Therefore
t=2x
it remains to prove

oo

>, ResF(®)+ >3, Res F(t)=0.

—ol1<+oo t=q? i=0 t=qx1/sqt

We can show it in a similar way to that of Lemma 2; i.e. estimates of
the integration of the function F(¢) on suitable cycles.
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