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ON COUNTABILITY OF POINT-FINITE FAMILIES 
OF SETS 

HEIKKI J. K. JUNNILA 

1. I n t r o d u c t i o n . I t is well known tha t in a separable topological space 
every point-finite family of open subsets is countable. In the following we are 
going to show tha t both in cr-finite measure-spaces and in topological spaces 
satisfying the countable chain condition, point-finite families consisting of 
' ' large" subsets are countable. 

Notation and terminology. Let A be a set. The family consisting of all (finite) 
subsets of A is denoted by & (A) ( ^ ( A ) ) . Let i ^ C & (A) be a family of 
subsets of A. The sets U \L\ L É i f | and C\ {L\ L £ i f } are denoted by U i f 
and r\ i f , respectively. We say tha t the family i f is point-finite (disjoint) if for 
each a £ A, the family {L G i f | « G L} has a t most finitely many members 
(at most one member) . 

Throughout the following, we let X denote some set (the ' 'basic" set) . 
For the meaning of terminology and notat ion used wi thout definition in this 

paper, see [7] and [3]. 

2. C o u n t a b i l i t y of po int - f in i te f a m i l i e s . We s tar t by making the notion 
of a " la rge" set explicit; this is best done by considering systems of " smal l " sets. 

Definition 1. A f a m i l y ^ C & (X) is a a-ideal if the following conditions are 
satisfied: (i) if TV £ J/ and K C N, then K £ JV\ (ii) if Nn £ JV for each 
w G N , then Unosr Nn <G ^V. 

Let (X, S#, JU) be a measure-space. Denote hyjV^ the family formed by all 
those sets which are contained in some A Ç^ se with n(A) = 0. Then«yKM is the 
ex-ideal of jit-negligible sets. In this case the " la rge" subsets of X are the sets 
with positive outer measure with respect to fx. 

Let (X, r) be a topological space. Denote by JV\ the family formed by all 
those sets which are contained in some countable union of nowhere-dense sub­
sets of the space (X, r ) . Then JVT is the a-ideal of the subsets of 1. category and 
the " large" subsets of X are the sets of 2. category (with respect to r ) . 

To s ta te our basic lemma, we need the concept of separability of a family of 
sets with respect to a cr-ideal. 

Definition 2. Let JV C & (X) be a a-ideal. We say tha t a family i f C & (X) 
is JV-separable if i f has a countable subfamily i f ' such tha t L ^ \J S£' Ç J/ 
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for each L £ ^£. If every subfamily of ££ is ^ - s e p a r a b l e , then we say t h a t i f is 
hereditarily ^-separable. 

Countable families of sets are obviously hereditari ly ^K-separable with 
respect to any c-ideal^K; the following result shows t h a t the converse is t rue 
for point-finite families consisting of " l a rge" sets. 

LEMMA. LetjV (Z&(X) be a <j-ideal. Then every hereditarily JV-separable 

and point-finite subfamily of SP (X) <^JV is countable. 

Proof. Let ££ be a hereditarily ^ - s e p a r a b l e and point-finite subfamily of 
&(X) ~JV. L e t i ^ o = 0 and define the subfamilies i f n, n £ N, of i f induc­
tively as follows: if the f a m i l i e s ^ k have been defined for k < n, then we take 
for i ^ n some countable subfamily S£' of i f ^ U*Io ^ \ such tha t 
L r^ U i f r £ jV for each L £ ^£ ~ U?Io ^K', such countable subfamilies 
exist, since the family i f is hereditari ly .yK-separable. 

T o show tha t i£ is countable, it is enough to show tha t ^£ — UWÇN °^n-
Assume on the contrary tha t the family J£ ~ U ^ N ̂  % is non-empty and let 
L be a set of this family. For each n 6 N, we have L G i f ^ U*Io i f A; and it 
follows from the definition of the family i ^ n t ha t the set Ln = L ^ U i f n 

belongs to the c-ideal jV. We have UWÇN Ln £J^ and it follows t ha t we must 
have L ~ U«GN Ln ^ 0, since no set of i f belongs to ~4f Let x ^ L ~ UW6N A?-
Then we have x G U i f K for each w ^ N ; this, however, is a contradict ion as 
the familyi^7 is point-finite and as i^w , w G N, are mutual ly disjoint subfamilies 
of i^7. I t follows t h a t i ^ 7 = UWÇN i f nî the family i^7 is thus countable. 

By using this lemma, we can show tha t certain countabi l i ty conditions are 
equivalent for subfamilies of c-algebras. Besides heredi tary ^K-separabili ty, 
we are going to consider the following condition. 

Definition 3. A family i ^ C & (X) is chain-countable if every disjoint sub­
family of i f is countable. 

T H E O R E M 1. Let JV C &(X) be a a-ideal and lets/ C &(X) be a a-algebra. 
Then the following are equivalent: 

(i) s/ is hereditarily JV -separable. 
(ii) The family s$ ^JV is chain-count able. 

(iii) Every point-finite subfamily of se <^JV is countable. 

Proof, (i) => (iii) follows from the lemma and (iii) => (ii) is trivially true. 
I t remains to prove t ha t (ii) => (i). 

Assume tha t the family se ^JV is chain-countable. T o show t h a t se is 
heredi tar i ly^^-separable , assume on the cont rary t ha t se has a subfamily, say 
081 which is not ^K-separable. We use transfinite induction to construct a 
subfamily {Ba\ a < 12} of S8, where 12 is the smallest uncountable ordinal. As £8 
is not ^K-separable, there exists B\ £ Se with B1 £ ^¥. Assume tha t for a < 12, 
the sets Bp, ft < a, have been defined. The subfamily {B$\ /3 < a} is countable 
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and it follows, since Se is not ^ - s e p a r a b l e , tha t there exists Ba £ 38 such tha t 
we have Ba ~ Up<a B$ # JV. By the principle of transfinite induction, the 
foregoing defines the sets Ba, a < 12. For each a < 12, the set Ca = Ba ~ 

U/3<a B$ belongs to the family se ^ J/ \ this, however, contradicts our assump­
tion, since {Ca\ a < 12} is an uncountable disjoint family. I t follows tha t the 
family s/ is hereditarily ^ - s e p a r a b l e . 

Let (X, s/, id) be a measure-space. A set A £ se is said to be of a-finite 
jLi-measure if we have A C Uw€N An for some sets An £ sf with finite ju-mea-
sure; if the basic set X is of cr-finite /x-measure, then we say tha t the measure-
space (X,s/, fx) is (7-finite. er-finiteness of the space (X,stf, \x) is closely related 
to chain-countabili ty of the f a m i l y ^ ^<yfM. On the one hand we see, by con­
sidering a maximal disjoint subfamily of S$ consisting of sets of finite positive 
measure, t ha t \istf ^J^». is chain-countable, then there exists a set A Ç srf of 
c-finite /i-measure such tha t for each B £ s/ with B C\ A = 0, we have either 
n(B) = 0 or n(B) = oo. On the other hand, it is well known and easily seen 
tha t if the measure-space (X, s/, /x) is d-finite, then the family s/ ~<JV» is 
chain-countable; hence we see tha t (X,se, \x) is d-finite if and only iîs/ ^JV^ 
is chain-countable and every set of infinite measure contains a set of positive 
finite measure. 

T h e following is an immediate consequence of Theorem 1. 

COROLLARY. In a a-finite measure space, every point-finite family consisting 
of measurable sets of positive measure is countable. 

For a related result, see [4], Lemma 3. 

We now turn to consider countabili ty of point-finite families of subsets of 
topological spaces. To be able to use the result of Theorem 1 in this setting, 
we have to consider some suitable cr-algebra of subsets of a topological space. 
Let (X, T) be a topological space. For all A C X and B C X, denote by A AB 
the symmetric difference (A ^ B) KJ (B ~ A) of A and B. A subset A of X 
is said to have the Baire property if we have A = OAN for some 0 £ r and 
N G J/T. The family consisting of all subsets of X with the Baire property is 
denoted by Se T. I t is well-known tha t the family 38 T is a c-algebra (see e.g. [7]). 

T H E O R E M 2. Let (X, r) be a topological space such that the family r ^^VT is 
chain-countable. Then every point-finite subfamily of 38\ ^<J/T is countable. 

Proof. By Theorem 1, it is enough to show tha t the family 38 T ^JVr is chain-
countable. Assume on the contrary tha t there exists a disjoint family 
Se C Ser ^jVr such tha t 38 is uncountable. We can represent some subfamily 
of Se in the form {Ba\ a < 12} so tha t Ba 9e Bp whenever a ^ 0. For each 
a < 12, there are sets 0a £ r and Na £ 31/T so tha t Ba = OaANa. Let 
Ua = U/Ka Op and Va = 0a ~ Ûa for each a < 12. Then { Va\ a < 12} is an uncount­
able disjoint subfamily of r. We show tha t none of the sets Va, a < 12, belong 
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to the (7-ideal -JVT. Let a be an ordinal, a < 1). Then we have 

(i) BacoauNa= vavj (oar\ ua) uNa c vau (o«n c/tt) 
U (Ùa~ Ua)\J Na. 

For each (3 < a, we have 

o« n 0? c (5« u iva) n (^ u AW c xa u A^ 

I t follows tha t Oa C\ Ua C. U/3^0 A^. As there are a t most countably many 
ordinals less than a, it follows from the foregoing t h a t 0a f~\ Ua G <yVT> On the 
other hand, as Ua is an open set, the set tJa ~ Ua is closed and nowhere-dense 
so t ha t we have Ûa ~ Ua G ^ \ . I t now follows by using (1) t ha t we have 
Ba C Va C\ N for some N G ^ \ \ since Ba G J/T, it follows t ha t Va G ^ T . We 
have shown tha t F a G ~J\/T for each a < U; this, however, is a contradict ion 
since the fami ly^ 7 ' ^JVT was assumed to be chain-countable. I t follows tha t 
the family Se\ ^JVT is chain-countable. 

We say t h a t a topological space (X, r ) satisfies the countable chain con­
dition (ccc) if the family r is chain-countable. Theorem 2 generalizes some 
results in [1] and [10] on countabi l i ty of point-finite families of open subsets of 
spaces satisfying ccc. 

3. U n c o u n t a b i l i t y of po in t - f in i t e f a m i l i e s . In this section we give an 
example of a metacompact topological space which satisfies ccc bu t is not 
Lindelôf; such a space obviously has uncountable point-finite families of open 
subsets. 

Example. A normal metacompact c-space (X, r ) which satisfies ccc bu t is not 
Lindelôf. 

(Metacompact spaces are called weakly paracompact in [3]. A topological 
space is a <7-space if it has a (j-discrete family of closed subsets such t h a t every 
open set is the union of some sets of this family.) 

Construction. Let A\ be some uncountable set. Define the sets An, 
n = 2, 3, . . . , inductively by the formula An+i = Sf{SP(An)), n G N. Denote 
the set Un€N An by X. For every x G X, denote by n(x) t h a t number w ^ N 
for which we have x G An. For all x G X and z G An(X)+i, let 

%x = \a G z\ x G a) 

and let P z{x) = {u G An(x)+1\ u C\ z = zx}. I t is not difficult to show t h a t for 
each n G N and for all x, y G An and z, u G An+i, we have 

(1) Pt(x)r\Pu(x) = PzUu(x); 

(2) Pz(x) H Pu(y) = 0 if and only if either zx H (u ~ uy) ^ 0 or 

Uy r\ (z ~ zx) 7* 0. 

We define a topology r on X as follows: a set 0 d X belongs to r if and only 
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if for each x G 0, we have Pz(x) C 0 for some z G i4n(a;)+i. Condition (1) above 
shows that the family r is indeed a topology. 

Verification of properties, (i) (X, r) is normal. Let S and T7 be closed subsets 
of X such that S H F = 0. For every w G N, let Sn = S H 4* and 
Fn = F r\ An. We define inductively mutually disjoint subsets i?n and ()w of 
^4n for n G N as follows. We let Rx = Si and Qi = Fi. If the sets Rn-i and 
Qn-\ have been defined, then we let z = {Rn-i, Qn-i}, 

Rn
f = U { P 2 ( x ) | x G i ^ - i } , 

0n ' = U {P2(x)| x G Qn-i) and, finally, Pw = (Rn
f ~ Pw) U 5W and 

Qn = (Qnf ~ Sn) U Fn. 

To show that Rn P\ Qn = 0, let z; be a point of Pw. If v G 5TO, then v G Qn, since 
Sn C\ Fn = 0. Assume that z; G Rn

f ^ P^- Then we have v G P2(x) for some 
x G i^n-i a n d it follows that we have Rn-\ G v. As Pre_i C\ Qn-\ = 0, we have 
Pw_x G ~ w for each w G ft/ ; hence we have v G ft/ a n d thus, further, v G Qn-
We have shown that RnC\Qn = 0. When we let 0 = \Jk^Rk and 
^ = UfcçN (?*> 0 and U are open sets containing 5 and F, respectively, and as 
we have Rk C\ Qk = 0 for each k G N, the sets 0 and £/ are disjoint. 

(ii) (X, T) is a metacompact cr-space. To show this, we construct a sequence 
(Vn(x))neN °f neighborhoods for each x £ X. Let x £ X. The set ^4nu) is 
infinite and hence we can find a sequence (Pn(x))re6Nof distinct subsets of 
An{x) such that Pi(x) = {x} and x G -Sw(x) for each w ^ N . For each n G N 
let z(x, w) = {Bi(x)j . . . , Pn(x)} and further, let RUii(x) = {x} U Pz(x,n)(x)-
For all 3> G X and w G N, we now define the sets Rn>k(y), for k > 1, inductively 
by the formula 

^B,*(y) = U {RnA(x)\x G i?„,*-i(y)} 

and, further, we denote by Vn(y) the open neighborhood U ^ N Rn,h{y) of y-
To show that (X, r) is metacompact, we show first that for each x G X, the 

set C(x) = {3/ G X| x G Fi(3>)} is finite. Let n G N and assume that we have 
shown that the sets C(x), x G v4n, are finite. Let x G ^ + 1 and let 
C'(x) = {r G ^4n| # G i?i,i(r)}. For each r G C'(x), we have {r} G x and it 
follows, since x is a finite set, that the set C (x) is finite. It is easily seen that 
we have V\(y) C\ C (x) ^ 0 for each y G C(x) ^ {xj ; hence, we have C(x) ~ 
{x} C W {C(r)| r G C"(x)}. By the assumption that we have made, each of 
the sets C(r), r G C'(x), is finite; from this it follows by the finiteness of the 
set C (x) that the set C(x) is finite. We have shown that if the sets C(x), 
x G An, are finite, then so are the sets C(x), x G An+\. As we have C(x) = {x} 
for each x G Ai, it follows that C(x) is a finite set for every x G X. Now, if ^ 
is an open cover of (X, r) and for each x G X, U(x) a set of °tt containing x, 
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then it follows from the foregoing that the open refinement 

\U(x) H Vi(x)\x 6 X] 

of % is point-finite; the space (X, r) is thus metacompact. 
To show that (X, r) is a cr-space, it is clearly enough to show that X can be 

represented in the form X = UWÇN Fn
 s o that the sets F.n are closed and discrete 

in (X, T). Let F\ = A\ and for each n > 1, denote by Fn the set consisting of 
all those elements of X ^ A\ which have less than n elements. As the elements 
of X ^ A i are finite sets, we see that X = UWÇN Fn. That the sets Fn are closed 
and discrete is seen by observing that for every x G X, we have Vn(x) C\ 
Fn C i^} for each n Ç N; this is clear for n = 1, since 

Vi{x) F\ UnSn(x) An= [x] 

and for n > 1, it is a consequence of the fact that we have 

vn(x)~{x] = yj{Pz{y,n)(y)\yt vn{x)\ 

(note that for each y Ç X, we have Pz(y,n)(y) ^ Fn = 0, since every element 
of the set PZ(y,n)(y) contains the n-element set z(y, n)). It follows from the 
foregoing that (X, r) is a o--space (and also a TYspace). 

(iii) (X, T) satisfies ccc. Assume on the contrary that there exists an uncount­
able disjoint family Û of open subsets of X. Choose a point from each set of 
the family 0 and denote the set of these points by D. To every x £ D, there 
corresponds an element z(x) of the set An(x)+i such that the set P2(x) (#) is con­
tained in that set of the family © to which x belongs. As the set D is uncount­
able, we see that there exist n £ N, k £ N and an uncountable subset H of D 
such that H C An and such that for each x G H, the set z(x) has k elements. 
By using a result in [5] (vii, p. 235), we see that there exists z Ç An+X and an 
uncountable set I (Z H such that for any two distinct elements x and y of I, 
we have z(x)x P\ z(y)y = z; further, by the same result, there exists u Ç ^4w+i 
and an uncountable set J d I such that we have (z(x) ^ z(x)x) P\ (z(y) ~ 
z(j)y) = u for all x G / and y £ / , x 5* y. Now, let x be a point of / . We have 
Pz(y) (y) F\ Pz{x) (x) = 0 for each y £ / ^ \x} and it follows from condition (2) 
above, since the set z(x) is finite and the set J uncountable, that for some 
B £ z(x) and for some uncountable K C J, we have either B £ z(x)x and 
B £ C\y^K (z(y) ~z(y)y) or B £ z(x) ^ z ( x ) x a n d 5 £ H ^ z l ^ r The first 
case is impossible since B £ z(x)x would imply that B (f it and 

B £ f W W ^ - z W y ) 

would imply that B £ u. Similarly, we see that the second case is impossible. 
This contradiction shows that (X, r) must satisfy ccc. 

(iv) (X, T) is not a Lindelôf-space. This is clear, since the uncountable 
subset Ai of X is closed and discrete. 
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Remarks, (i) For some other examples of metacompact, non-Lindelof spaces 

satisfying ccc, see [8] and [9]. 

(ii) In example G of [2], R. H. Bing constructed a normal, non-collectionwise 
normal space F, starting from an arbitrary uncountable set P. If we take 
P = An for some n 6 N, then it is easily seen that the subspace An U An+i of 
the space (X, r) in the example above is homeomorphic with the subspace of F 

considered in Example 2 of [6]. 

(iii) By observing that we can consider (A\, & (A\)) as a discrete topological 
space, we see that the construction of the above example can be modified so as 
to yield for each TVspace ( Y, a) an imbedding of ( F, a) as a closed G^-subspace 
in a space (X, r) satisfying ccc; this space (X, T) can moreover be chosen so 
that the set X ~ F is a countable union of closed and discrete sets and so that 
if (F, a) is normal (metacompact), then (X, r) is also normal (metacompact). 

Acknowledgement. The author is indebted to W. Pfeffer, who reminded him 
of the category-measure duality when seeing the result of the Corollary to 
Theorem 1 and an earlier version of Theorem 2; professor Pfeffer's remark led 
the author to isolate the common part of these results (Theorem 1) and to 
reformulate the proofs in terms of c-ideals. 
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