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WHEN ENDOMORPHISMS OF G INDUCING
AUTOMORPHISMS OF G/V ARE AUTOMORPHISMS

by O. MACEDONSKA*
(Received 10th August 1985)

1. Introduction

Let G denote a relatively free group of a finite or countably infinite rank with a fixed
set of free generators x,x,,...,G’ the commutator subgroup, and V a verbal subgroup
belonging to G’. Following H. Neumann [6] we shall use the vector representation for
endomorphisms of G. Vector v=(v,,v,,...) represents an endomorphism v such that
xyv=v; for all i. The identity map is represented by 1=(x,,x,,...). We need also the
trivial endomorphism 0=(e,e,...). The length of vectors is equal to the rank of G. We
shall consider the near-ring of vectors, with addition and multiplication given below
u+v=(u,v,,u,0,,...) where up; is a product in G, and uv=(u,v,u,v,...) where uy is
the image of u; under the endomorphism v. There is only one distributivity law (u+v)w=
uw -+ yw.

If we denote by (V) the set of all vectors with components from ¥, then the set of all

. endomorphisms of G which induce the identity map in G/V must be denoted as 1+(V).
The question we are concerned with is when the natural map a:Aut G—Aut G/V is onto.
It is known [4, 5] that if G is a nilpotent group then the map « is always onto, due to
the fact that any endomorphism of G inducing an automorphism of G/V, itself is an
automorphism. We shall call this property (A); it will be a subject of our interest since it
implies that « is onto.

For every two verbal subgroups U and V we define a subgroup U*(V), such that
(U, VleU*(V)sUnYV. For U=V we get V* and define inductively V™* and V,, so
that the series

VQV"‘QV“QV“Q"' (1)
and
VoV, 2V, 2V, 2 2

give some information about the map a:Aut G—Aut G/V. If either of the series ends in a
finite number of steps at e, then the property (A4) holds. If (1) ends at e, then V and
Kera are soluble, and if (2) ends at e, then V and Kera are nilpotent. With the use of
(1) we can show that if G is residually nilpotent and G/V is a Hopf group then G also is
a Hopf group. In the case when V=G’, (2) coincides with y,2y,2y,2 -, where we
denote y,=G’, y,=[7,-1,G), and also "' =G, "=[I""!, " 1].

*This paper forms part of the Proceedings of the conference Groups-St Andrews 1985.
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2. Property (A)

Definition. The map a:Aut G—=>Aut G/V has property (A) if every endomorphism of G
which induces an automorphism of G/V, itself is an automorphism.

It is obvious that if « satisfies the property (A) then « is onto and Kera=
1+ (V) < AutG.

Lemma 1. The property (A) holds if and only if 1+(V) < AutG.

Proof. We need to show only that if 14+ (V)< AutG then every endomorphism
ue End G which induces an automorphism iie Aut G/V belongs to AutG. Let u, e End G

induce @ '€AutG/V, then uu,=1+veAutG and uu,(1+v)"'=1Similarly, u is
invertible from the left side and hence ue Aut G.
Corollary. Let U < V and Aut G Aut G/U & Aut G/V, then:

1. If (A) holds for o and B then it holds for af.
2. If (A) holds for af then it holds for a.

Proof. (1) If ie AutG/V is induced by ue End G, then u%ufii. Because of (A) for B
we get ‘e Aut G/U and because of (A4) for « ue AutG. The statement (2) follows from
Lemma 1, since 1+(U)c1+(V)SAut G.

Lemma 2. If x:Aut G- Aut G/V satisfies (A) and G/V is a Hopf group, then G is also
a Hopf group.

Proof. Let SurG be the semigroup of surjective endomorphisms of G. Then
a:Sur G—>Sur G/V < Aut G/V, and because of (4), Sur GS Aut G.

3. Star subgroups

Definition. For every pair of verbal subgroups U and V in G we define U*(V) as the
verbal subgroup generated by all the elements u*(v)=u"1(x,x,;,...,x,) t(xv,X,0,,
.oty Xa0,), OF briefly u*(v)=u"'u(1+v) for allue U, ve(V).

It follows from the definition that if U < W, then U*(V) € W*(V) and V¥(U) < V¥(W).

Lemma 3. [U,V]cU¥V)cUnV.

Proof. We take any [u,v]. If G has infinite rank then there exists x; (say x,)
which does not occur in u. Let w=(x;'vx,,e,e,...)e(V), then U*V)3[u,x,]*(w)=
[x,,u] [u,vx,]=x;'[u,v]x, which gives [U, V] < U*V). For G finitely generated the
same follows because of [7,13.42]. The second inclusion holds since U and V are verbal
subgroups with the use of [7,22.34).

Lemma 4. [U,W]*(V)S[U*(V),W]LU,W*(V)].
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Proof. It is enough to check [u,w]*(v)=[w,uJu”'(1+v) uu"'w™'(1+v) ww luu~?!
u(1+v)ww w1 +v) = [w,uJu* " u"'w*  Iw tuw*ww* = [wuu* " 'w* Ty, wlu*w* = e
modulo [U*(V), W][U, W*(V)].

Lemma S. If U=U,U,, then U¥V)=U¥(V)U3(V).

Proof. Let u=uu,, then u*(V)=u""' u(l+v)=u; 'u; 'u,(1+vu,(1+v)=u; *u¥(v)u,
u3(v)e UF(V)U%(V), which proves the statement.

Corollary. If (u) is a set of generators for U, then U*(V) is generated as a verbal
subgroup by the elements u¥(v), ve(V).

As an example of star subgroup we compute it for the members of the lower central
series.

Lemma 6. y}(y.)=7;+1-1-

Proof. To show the inclusion “2” we take u=[x,,x5,...,X;], v=[X;4 1, Xj4 20+ -+, Xj 44
and v=(v,e,e,...). Then u*(v)=[x,,X,,...,%]7 ' [x,0y,X,...,X;]. By 6, we denote the
endomorphism such that x,8, =e,x;0, =x;,i# 1. Now y¥(y,) € (@*())d, =[v,x2,x3,..., ;]
and hence y¥(y,)27;+x-s- To prove the opposite inclusion we need to show, because
of the Corollary to Lemma 5, that u*(v)€y;,,- only for u=[x;,x;,...,x; ], for s=j.
The commutator [x; v;,X;v;,...,X;v;] is a product of left-normed commutators with
the components equal to x; or v, where only one of the commutators has all the
components equal to x; and coincides with u. So, u*(v)=[x;,...,x;. 17 [x; i, .., % v;]
belongs to y;., ;. If G is finitely generated, the result follows with the use of [7, 13.42].

We denote V¥(V) by V* or by V,, then inductively V™*=(V"~'*)¥ V"~ 1*) and
Voe =(V,- 1, )*(V). Now because of Lemma 3, we get by induction the following:

Corollary. (V)< V"*.

Proof. T'(V)=[V,V]cV*and I"(V)=["", " Jc[V" 1%y 1*¥]c .
From Lemma 6 follows by induction:

Corollary. (7)™ =7, for s=2k—1)+ 1, (p)ps =7s for s=nlk—1)+k.

Theorem 1. Endomorphisms of G inducing the identity map in G/V commute if and
only if V*=e. The property (A) follows.

Proof. We note that the equality (1+u)(1+v)=(1+v)(1+u) is equivalent to 1+4+v+
u+u*(v)=1+u+v+v*u), where u*(v)= —u+u(l+v) has components equal to u¥(v).

We conclude now that 1+ (V) is abelian if and only if u¥(v)—v*(u)= —u—-v+u+v for
all ue(U), ve(V). While written in components it gives

uF (Vo = (w) = [u;, v). ).
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Let now 14 (V) be abelian. We take any ue V and ve(V). If G is infinitely generated
there exists x; (say x,) which does not occur in u=u(x,,xs,...,x,). We take u=(y, e,e,...),
v=(e,v,,03,...) and consider the equality (3) for i=1, which is u*(v)=e. This implies
V*=e. Conversely, if V*=e¢, then by Lemma 3, [V,V]SV*=e and both sides of (3)
are trivially equal and hence 1+(V) is abelian. If G is finitely generated we get the
statement with the use of [7, 13.42]. The property (A) holds because of Lemma I,
since 1—v is inverse to 1+v modulo V*.

Corollary. For c:Aut G/V*— Aut G/V the property (A) holds and Ker o is abelian.
Theorem 2. The condition V™ =e is sufficient for the property (A) to hold.
Proof. In the sequence of maps

AutG—AutG/V" "* S Aut G/V" ™ 2* - Aut G/V*>Aut G/V

all the maps have, by the previous corollary, the property (4). The statement follows
now, since (A) is transitive by the Corollary to Lemma 1.

Problem. Does the property (4) imply V"* =¢?

Corollary. Let G be residually nilpotent and G/V be a Hopf group, then G is a Hopf
group.

Proof. It follows from Theorem 2 that the map AutG/V**—-AutG/V has the
property (A) and hence, by Lemma 2, every G/V** is a Hopf group. Let now ueSurG,

then Keruc (), V*=e.

Theorem 3. Let a:Aut GoAut G/V. If V"™ =, then Ker«a is soluble of length <n and
also V is soluble of length <n.

Proof. We consider the sequence of maps
AutGoAut G/V" ¥ - Aut G/V*>Aut G/V

and the series of kernels of the maps of Aut G onto Aut G/V** for k=0

1+ 14+ (VH)e=1+(V*) - =14+ (V" %) 1.
Following S. Bachmuth [1], we denote by A(G/V**,G/V*~1*) the kernel of the map
Aut G/V** onto Aut G/V*~'*, Since (4) holds for each of the maps above we get by the
Isomorphism Theorems (1+(V**))/(1+(V*~'*))c A(G/V**,G/V*~'*) which is abelian
by the Corollary to Theorem 1. This imples [1+(V**),1+(V**)]<1+(V*~'*) and hence

14 (V) is soluble of length <n. Since I''(V)< V"™* =¢, V is also soluble of length <n,
which completes the proof.
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Theorem 4. Let w:AutG—AutG/V. If V,, =e, then the property (A) holds and Kera
and V are nilpotent of class £n.

Proof. Since V™* c V, =e, by Theorem 2 the property (A4) holds. The proof of the
nilpotency of Kera and V can be found in numerous papers by means of a different
terminology [2, 3,8, 9]. In fact, because of (4) Kera=1+(V)< AutG is a subgroup in
the holomorph of G. It can be computed by the definition that [G,1+(V)]=V and
Ve 1+ (V)] = Viyy . We shall show now that y,. (V)& V,,. By Lemma 3 y,(V) S V,,
then by induction y,,(V)=[vn V1=[7[G,1+(N11<[G, 7, 1+(V)1[7, 1+ (V), Gl =
Vi1 14+ (V)] € V,,. Thus we have proven the equality which gives the nilpotency of
V when V, =e. Similarly, by induction we can prove that [V, y(1+(V))] <= Visjs
and then, again by induction, [G, y,+,(1+(V))] € V,,, which implies the nilpotency of
1+(V) when V,, =e. It should be noted here that if V,, =e, then Kera=1+(V) is a
stability group for the normal series GV =V, =V, > - =>V,_, e of length n+1,
which explains the nilpotency of V and Kera of class Sn=(n+1)—1.

5. Examples

Theorem S. For any n the map w:Aut G/(y,, ,nV)—>Aut G/V has the property (A) and
Kera is nilpotent of class <[n/(k—1)], if V <7,.

Proof. Since V <G, there exists ¢ such that V,, Sy,,,, then by Theorem 4, the
property (A) holds. Now, from V., S (Yi)ey =7Vek- 1)+ S Ya+1 WE COmpute c.

Theorem 6. The map a:Aut G/[y+, vl = Aut G/[ys, y.] has the property (A) for any i
and the Ker a is abelian if and only if i<2k—1.

Proof. By Lemmas 4 and 6 [y, i]* S [V 7 J*(720) S [7E(v20)s 7id S [¥34- 1,7%] and the
statement follows from the Corollary to Theorem 1 and Theorem 2.

Theorem 7. The map a:AutG/y,(V)—=AutG/[V,V] has the property (4A) and Kera is
nilpotent of class <n—2.

Proof. The statement follows from Theorem 4 if we prove that [V, V],_,, S y.(V).

We need first to show that (y,— (V)*(V,V]) <y(V). For n=2, V¥[V,V])<yV)
because of Lemma 3. Now, by induction with the use of Lemma 4 we get

G- (VHV VD =Dra-V), VIV, V)
S [Oa-2AVN*V. VD, VIra- V), VXV, V])]
= [yn—l(V), V][yn—2(V)s [V’ V]] = yn(V)

At last, again by induction [V, V],- 2, =([V, V1,-3*([V, V] S (v.- VD*([V, V]) = 74(V),
which finishes the proof.

https://doi.org/10.1017/50013091500018034 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500018034

120 0. MACEDONSKA

REFERENCES
1. S. BacumuTH, Induced automorphisms of free groups and free metabelian groups, Trans.
Amer. Math. Soc. 122 (1966), 1-17.

2. P. Haw, Some sufficient conditions for a group to be nilpotent, Illinois J. Math. 2 (1958),
787-801.

3. L. KarLouiNiNg, Sur quelques propriétés des groupes d’automorphismes d’un groupe abstrait,
C.R. Acad. Sci. Paris 231 (1950), 400—402.

4. A. MaLcev, On algebras with identical relations, Matem. Shornik 26 (1) (1950), 19-33.

5. W. Mosrowsks, On automorphisms of relatively free groups, Fund. Math. 50 (1961/62),
403-411.

6. H. NEumann, On varieties of groups and their associated near-rings, Math. Z. 65 (1956),
36-69.

7. H. NeuManN, Varieties of Groups (Ergebnisse der Mathematik und ihrer Grenzgebiete, 37,
Springer-Verlag, Berlin, Heidelberg, New York, 1967).

8. B. PLotkiN, On a radical of an automorphism group of a group with maximal condition,
Dokl. Akad. Nauk SSSR 130 (1960), 977-980.

9. V. VILIACER, Stable groups of automorphisms, Dokl. Akad. Nauk SSSR 131 (1960), 728-730.
INSTYTUT MATEMATYKI, POLITECHNIKA SLASKA

ZWYCIESTWA 42,
44-100 GLIWICE, POLAND

https://doi.org/10.1017/50013091500018034 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500018034

