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Abstract

We define the notion of @-Carleson measures, where @ is either a concave growth function or a convex
growth function, and provide an equivalent definition. We then characterize ®-Carleson measures for
Bergman-Orlicz spaces and use them to characterize multipliers between Bergman—Orlicz spaces.
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1. Introduction

The aim of this paper is to characterize Carleson measures of some weighted spaces
of holomorphic functions A® on the unit ball B” of C", that is, measures u on B” such
that A® embeds continuously into L¥(u). The spaces we consider are of Orlicz type
and particular cases thereof are the Bergman spaces. Those results are then applied to
the characterization of multipliers between such spaces.

Let us now give a more precise description of the results. To do so, we first need to
introduce some notations and to recall the classical results on Carleson measures.

Let us denote by dv the Lebesgue measure on the unit ball B” of C" and do the
normalized measure on S" = 9B", the boundary of B”. By H(B"), we denote the space
of holomorphic functions on B".

Forz=(z1,...,z,) and w = (wy,...,w,) in C", we let

(Z,W) = /Wi + -+ + 2y Wy,

so that [z = (z,2) = |z + - + [zl
We say that a function @ is a growth function if it is a continuous and nondecreasing
function from [0, co) onto itself.
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For @ > —1, we denote by dv, the normalized Lebesgue measure dv,(z) = c,(1 —
|21*)® dv(z), c, being the normalization constant. For ® a growth function, the weighted
Bergman-Orlicz space A®(B") is the space of all holomorphic functions f such that

I llo.e = fllag = an O(|f(2)) dva(z) < co.

We define on Ag’(B”) the following (quasi)-norm:
ux ux . I/ (@)
A1, = 11 o= ine{2 > 0 f o L a0 <1},

which is finite for f € A;D(B”) (see [17]).
The usual weighted Bergman spaces AL (B") correspond to ®(f) = ¢ and are defined
by

Iflpe = ] If I dve(z) < 0.

For 0 < p < oo, the usual Hardy space H?(B") is the space of all f € H(B") such
that
Al == sup [ [f(ré)P do(é) < eo.
0<r<1 Jsn
Two growth functions ®; and @, are said to be equivalent if there exists some
constant ¢ such that

1c1>1(5) < O, (1) < D, (ct).
C C

Such equivalent growth functions define the same Orlicz space.
For any € € S" and ¢ > 0, the Carleson tube Qs(¢) is defined by

05 ={zeB": |1 - (z, &)l <d}.

Let u be a positive Borel measure on B” and 0 < s < co. We say that u is an s-
Carleson measure on B” if there exists a constant C such that for any £ € S” and any
0<d6<1,

m(Qs(8)) < C6™. (1.1)

When s = 1, the above measures are called Carleson measures. Carleson measures
were first introduced in the unit disk of the complex plane C by Carleson [4, 5]. These
measures are pretty adapted to the studies of various questions on Hardy spaces. In
his work, Carleson obtained that a measure y is a Carleson measure if and only if the
Hardy space H” embeds continuously into the Lebesgue space L?(du). For s > 1, again
in the unit disk, Duren [9] has proved that a measure u is an s-Carleson measure if and
only if the Hardy space H” embeds continuously into the Lebesgue space LP*(du). The
characterizations of Carleson measures for Hardy spaces of the unit ball can be found
in [11, 16]. These characterizations can be summarized as follows.

https://doi.org/10.1017/51446788717000076 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788717000076

[3] ®-Carleson measures and multipliers 65

Tueorem 1.1 (Hormander [11], Power [16]). Let u be a positive measure on B" and
s > 0. Then the following assertions are equivalent.

(@) There exists a constant Cy > 0 such that for any € € S" and any 0 < 6 < 1,

m(@Qs(8) < C16™.

(b) There exists a constant C, > 0 such that
(1 —lal>)™
——du(zx) < C,
g |1 = (a, D

forall a e B".
If moreover s > 1, then the above assertions are both equivalent to the following
assertion.

(c) There exists a constant C3 > 0 such that for any f € HP(B"),

an [f @I du(z) < Gl (1.2)

The characterization of measures satisfying (1.2) with 0 < s < 1 in the setting of the
unit disk is due to Videnskii [21]. The extension of the results of Carleson and Duren to
the setting of Bergman spaces of the unit disk is due to Hastings [10] and the Bergman-
space version of the result of Videnskii is due to Luecking [15]. The extensions of the
latter results to the unit ball are due to Cima and Wogen [8] and Luecking [12, 13].

Theorem 1.1 translates as follows for Bergman spaces.

Theorem 1.2 (Cima and Wogen [8], Luecking [12]). Let u be a positive measure on
B", s > 0 and a > —1. Then the following assertions are equivalent.

(a) There exists a constant C1 > 0 such that for any ¢ € S" and any 0 < 6 < 1,

1(Q5(£)) < C15" 1+,
(b)  There exists a constant C> > 0 such that
(1 _ |a|2)(n+1+a)s

B |] _ <a, Z>|2(n+1+a)s

dﬂ(Z) < Cz

forall a e B".
If moreover s > 1, then the above assertions are both equivalent to the following
assertion.

(c)  There exists a constant C3 > 0 such that for any f € AL(B"),

| VP du < 3l

Let us observe that (1.1) can be read as

m(Qs(&)) <

bl
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where ®(r) = t°. Our aim is then to obtain characterizations of such measures
when power functions are replaced by appropriate growth functions. We apply our
characterizations to obtain some first results on the still open question of multipliers
between Bergman—Orlicz spaces.

2. Statement of the results

We recall that the growth function @ is of upper type ¢ if we can find ¢ > 0 and
C > 0Osuchthat, fors>0and¢>1,

D(st) < CH1D(s). (2.1)

We denote by %/ 7 the set of growth functions ® of upper type g (with g > 1) such that
the function ¢ — ®(#)/t is nondecreasing. We write

%:U%%
q=1

We also recall that @ is of lower type p if we can find p > 0 and C > 0 such that,
fors>0and0<r<1,
D(st) < CPD(s). (2.2)

We denote by .Z), the set of growth functions @ of lower type p (with p < 1) such that
the function ¢ — ®(¢#)/t is nonincreasing. We write

z=1]) %
0<p<l

Note that we may always suppose that any ® € .Z (respectively %) is concave
(respectively convex) and that @ is a ¢’' function with derivative ®’(r) = ®(1)/t.

DeriniTion 2.1. Let u be a positive measure on B" and let ® € . U % . We say that u
is a @-Carleson measure if there exists a constant C > 0 such that for any £ € S” and
any0<d<1,

C
H(Qs®) < — .
)
6}'[
The following first result provides an equivalent definition of ®-Carleson measures.

TueoreM 2.2. Let u be a positive measure on B" and let ® € £ U % . Then the
following assertions are equivalent.

(1) wis a ®-Carleson measure.
(i) There exists a constant C > 0 such that for any a € B",

A —laP)
fB ” @(m)du(z) <cC. 2.3)

Our next result extends Theorem 1.2 to Bergman—Orlicz spaces.
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TuEOREM 2.3. Let u be a positive measure on B" and a > —1. Let ®, P, € L U Y.
Then the following assertions are equivalent.

(a) There exists a constant C1 > 0 such that for any ¢ € S" and any 0 < 6 < 1,

C
H(Q5(9) < — 24)

®; o (DII(

on+ I+a )
(b)  There exists a constant C> > 0 such that

_ 1 (1- |a|2)2(}’l+l+a/)
1
fn q)Z((Dl ((1 _ |a|2)n+1+a)|1 —{a, Z>|2(n+1+a))d,u(z) <G

forall a e B".
If moreover ®,/®, is nondecreasing, then the above assertions are both
equivalent to the following assertion.

(¢c) There exists a constant C3 > 0 such that for any f € Ag‘ (B") with IIfIIH,‘iQ #0,

lf (@)
O ———— |4 <l 2.5
f o flliﬁi‘,w) (2) @.5)

We call a measure satisfying (2.4) a (05 o (1)1‘1, a)-Carleson measure. If a measure

u satisfies (2.5), then we say that u is a @,-Carleson measure for AS‘ (B™).
Note that in [6] and [7], it is proved that (2.5) holds if and only if there exists dg
such that for any ¢ € (0, dy),

C
H(Q5(9) < —

(Dz ° ®Il(5n+1+a)
Moreover, the proof in both papers uses, among others, a maximal function
characterization of Bergman—Orlicz spaces. Here, we provide a more direct proof that
generalizes the classical proof for the power-function case (see for example [20]).
Let X and Y be two analytic function spaces which are metric spaces, with
respective metrics dx and dy. We say that an analytic function g is a multiplier from X
to Y if there exists a constant C > 0 such that for any f € X,

dy(fg,0) < Cdx(f,0).

We denote by M(X, Y) the set of multipliers from X to Y. The question of multipliers
between Bergman spaces has been considered in [1-3, 14, 22, 23]. In particular, Attele
obtained the characterization of multipliers between unweighted Bergman spaces of
the unit disk of the complex plane in [1], while the case of weighted Bergman spaces
of the same setting was handled by Zhao in [23]. The proofs in [23] heavily make use
of Carleson measures for Bergman spaces. We also use here our characterization of
Carleson measures to extend the result of [23] on multipliers between the Bergman
spaces AL(B") and AZ(B") with 0 < p < g < o to a corresponding situation for
Bergman—Orlicz spaces.

Let us introduce two subsets of growth functions. We say that a growth function
® € %9 belongs to % if:
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(a;) there exists a constant C| > 0 such that for any 0 < s < co and any ¢ > 1,
D(st) < C1O(5)D(1); (2.6)
(ap) there exists a constant C, > 0 such that for any a,b > 1,

@(a)
b1’

cb(f) <G 2.7)

b
As examples of functions in %/, we have power functions and, for nontrivial examples,
we have the functions 7 — #" log”(C + ), where m > 1, v > 0 and the constant C > 0
is large enough.
We say that a growth function @ € .Z), belongs to 2 if @ satisfies condition (2.6)
and if there exists a constant C3 > 0 such that for any a,b > 1,

a a?
d)(b)qu)(b). 2.8)
Clearly, power functions are in .#. For nontrivial examples, we have the functions
t - "1og”(C + 1), where 0 < m < 1,y < 0 and the constant C > 0 is large enough. To
see that the latter satisfies (2.6), use that if ® € %), then for any 7 > 1, t” < C®(r), with
C the constant in (2.2).

Before stating our result on multipliers of Bergman—Orlicz spaces, let us introduce
another space of analytic functions. Let w : (0, 1] — (0, o). An analytic function f in
B" is said to be in H;Y(B") if

I/ llp := sup Ul < o0
zepr W(1 = [z])

Clearly, H,’(B") is a Banach space.
Here is our result on pointwise multipliers between Bergman—Orlicz spaces for the
families of growth functions introduced above.

Tueorem 2.4. Let @1 € LU Y and ®, € L U Y. Assume that ©,/®; is
nondecreasing. Let a,8 > —1 and define, for 0 < t < 1, the function

1
-1
(DZ ([n+l+ﬁ)
—1 .
-1
q)l (tn+1+a )

(1) If wis nonincreasing on (0, 1], then

MAD (B"), A (B")) = Hy (B").

w(t) =

Then the following assertions hold.

(i) If w is equivalent 1o 1, then M(AZ' (B"), Ag>(B")) = H*(B").
(ii1)) If w is nondecreasing on (0, 1] and lim,_,g w(t) = 0, then

M(AG (B"), Ag*(B") = {0}.
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Note that if the function w in the last theorem is nondecreasing and lim,_, w(?) # 0,
then w is equivalent to 1.

The proofs of the first two theorems will be given in Section 4 and applications
to embeddings between Bergman—Orlicz spaces and the pointwise multipliers of
Bergman-Orlicz spaces will be provided in Section 5. In the next section, we recall
some results from the literature needed in our proofs.

All through the text, we assume without loss of generality that our growth functions
@ are such that ®(1) = 1. Finally, all through the text, C will be a constant not
necessarily the same at each occurrence. We recall that given two positive quantities
A and B, the notation A < B means that A < CB for some positive constant C. When
A < Band B < A, we write A -~ B.

3. Some preliminaries

We provide in this section some useful results, which are mostly related to growth
functions.

For a € B", a # 0, let ¢, denote the automorphism of B” taking O to a and defined
by

(5= AP = (1= 121! Q4(2)
$alt) = 1-(z,a) ’

where P, is the projection of C" onto the one-dimensional subspace span of a and
Q, =1—- P,, where I is the identity. It is easy to see that

wa0)=a, @.(a)=0, @00,z =7z,

_ »_ (L=laP)( =1z
P=lea@l" = =7 5

For 0 < r <1 and a € B", we write rB" := {z € B" : |z] < r} and define the (pseudo-
hyperbolic metric) ball A(a, r) by

Ala,r) ={z € B" : lpa(2)| < r}.
Clearly, A(a, r) = ¢,(rB"). One easily checks the following (for details, see [20]).

Lemmva 3.1. For any a € B" and 0 <r < 1, there exist £ € S" and 6 > 0 such that
A(a, r) € Qs(&). Moreover, 6 —~ 1 — |al*.

We have the following estimate (see [17, 18]).
Lemma 3.2. Let ® € L U, -1 <@ < oo. There is a constant C > 0 such that for any
f€A2B") and any a € B",

(@)l < cqu( IR 3.1)

The next lemma provides a useful function in Ag(B”) (see [18]).
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Lemma 3.3. Let —1 < a < oo, a € B". Suppose that ® € £ U % . Then the following
function is in A®(B"):

1 )( 1= |Ll|2 )2(n+1+(y)

|
ﬁ@—Q(a—wW“*l—@@

Moreover, ||fa||$f; < 1.

4. Proof of Theorems 2.2 and 2.3

Proor or THEOREM 2.2. The proof follows the same idea as in the power-function case
(see, for example, [24]). We provide details here.

(1) = (i): for |a| < %, (2.3) is obvious since the measure is necessarily finite. Let
% <lal < 1 and choose & = a/|al. For any nonnegative integer k, let r;, = 2K-1(1 — |al),
k=1,2,...,N, where N is the smallest integer such that 2V¥=2(1 —|a|) > 1. Let

Ei =0, & and E; = Q,,(&) — Oy, (), k = 2. We have

C
(E) < w0, @) < 1

W)

Moreover, if k > 2 and z € Ey, then

1T =<a, =1 —la| + lal(1 = (£, )l
> —(1 —lal) + lal |1 = (£, 2)|
> 3221 —a) - (1 - la])
>252(1 — |a)).

We also have for z € E,
11— (z,a)l > 1 —lal > 3(1 — |al).

Let us put

1—=laP)"
Kooy = Al
1T —{a, I
so that for z € Ey,

1

K@< —o—
@ 220-2n(1 — [al)"
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Using the above estimates and putting e = 1 if ® € %, and € = p if ® € £ is of lower

type 0 < p <1,
B (1 = laPy’
L= f q)(u —<a,z>|2")d“@

f D(K,(2) du(2)
= Z fE D(K,(2)) du(2)
1
i e y)

<C

k=1

s )

N
Sczzkn8<é<00.
=1

(i) = (Q): leta#0, aeB". Set 6 =1—|al*> and & = a/|al. We remark that for
7€ Qs(&), |1 —{(z,a)| < 2(1 — |al*). Hence, using (2.1) for ® € % and the fact that the
function ®(r)/¢ is nonincreasing for ® € %,

u<Q6(§>>d>((5]—n) < f ” @(%)dy@
<C. ’

The proof is complete. O

Proor oF THEOREM 2.3. We observe that the implication (b) = (a) follows in the same
way as in the proof of the implication (ii) = (i) in Theorem 2.2. We will then only
prove that (a) = (c) = (b).

(a) = (¢): we fix % <r<1andzeB" Werecall that by Lemma 3.1, A(z, 7) C Qs()
for some & € S" and § > 0 with 6 = 1 — |z|>. Under (a), this implies that

C
H(AG. 1) < (Qs(€) < — : (@.1)

-1
D0 (DI ((1 _ |Z|2)n+1+a)
Next, we recall that if ® € .Z with lower type 0 < p < 1, then the growth ®@,(¢) =
®O('/7) belongs to % (see [18]). We will also use the notation @, for ® € %, noting
that in this case p = 1. As [fI? (0 < p < 1) is M-subharmonic, we obtain using
inequality (4.3) of [19] and the convexity of @, that

O = B, (Lf )
<G f ®, (LF )T = WP) 1 dy ()
A(z,1/2)

¢, f BN = W14 dy (),
A(z,1/2)
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That is,
O(f@D =C2 f OUFWIDA = W)™ dyg (w). 4.2)

A(z1/2)

Let K; = max{1,C,C,, (CC,C,)"/?}, where C is the constant in (2.2), C, the constant
in (4.1) and C, the constant in the last inequality. Put K = max{C’, K}, where C’ is
the constant in (3.1). Using (4.2) and Fubini’s lemma,

3 £
L= | o (annlux Jauto
|f( )l 2\—(n+1+a)
<C d () 1- dv,
: zf R (Kllfll“x )( i) vel)

<c | | fB m,l/z)(w)du(z))%(K"ﬁf—l”lfi'()(l—|w|2>-”-1dv<w).
" " Oy,

Using the fact that yac,1/2)(W) < xaw,»(2) for each z € B" and w € B", we deduce that

lf(w)l e
L<(C, f (K||f| lux )(1 — W™ L u(Aw, 1) dv(w).

Now, using the fact that the function (1)2/ @, is nondecreasing and (3.1),

(D( Fow)|

1F W) Kllfllgy, -

L<C f n(D(K||f||]“X )qn( o )(1—|w|) H(AGw, 7)) dv(w)
KA,

<c, f (L0 )%"‘DT](W)

1 1
K”f| (Eia/ (Dl ° (DII(;)
(1 _ |W|2)n+1+a

X (1= W™ u(A(w, 1) dv(w).
Finally, using (4.1),
lfw)
LSCICZ j];;n (K”f“lux )dVa,(W)

fow
< nq)l(nfn‘“* Jant0 51

|f(2)]
fn () (Kllfl — )d,u(z) <1

(I)] a
(c) = (b): let a € B". Recall with Lemma 3.3 that the function

Jula) = ((1 |a1|)n+1+a )( 11—_<|Z|2> )2(’”“&)

That is,
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is uniform in AS‘(B”). Thus, the implication follows by testing (c) with f, and
using the monotonicity of @ or the monotonicity of the function ®(¢)/¢. The proof is
complete. O

5. Embeddings and multipliers between Bergman-Orlicz spaces
We start this section with an embedding result between Bergman—Orlicz spaces.

THEOREM 5.1. Let ®1, 0y € L U Y, «,B > —1. Assume that ®, /D, is nondecreasing.
Then Ag‘ (B") embeds continuously into Ag)z (B") if and only if there is a constant C > 0
such that

O () < @1 (CrtPY  fort e [1, 00). (5.1)

Proor. That AY'(B") embeds continuously into A(D2 (B") is equivalent to saying that
there exists a constant C > 0 such that for every f € Aq’] B™), with || f ||lux #0,

lf @)
f”q) (CIIfI lux )dVﬁ(Z) <1,

which is equivalent by Theorem 2.3 to saying that vg is a (®; o GDII, a)-Carleson
measure. Hence, we only have to prove that vz is a (®; o (Dl",a/)-Carleson measure
if and only if (5.1) holds.
Let us first assume that (5.1) holds. Then we easily obtain that for any &€ € S” and
any0<d <1,
C < C
C Iy
1
©2 007 (5r) 02007 ()

That is, vgis a (@, o dDI‘l, a)-Carleson measure.
Now assume that vg is a (@, o d)fl, a)-Carleson measure. Then, by Theorem 2.3,
there exists a constant K > 0 such that

1 (1 _ |a|2)2(n+l+a)
fﬂ ch((D ((1 |a|2)n+1+a)|1 —{a, 7)2(n+1+a) )dvﬁ(z) <K (5.2)

for all a € B".
For a € B" given, let 6 = 1 — |a|* and & = a/|a| (a # 0). Then, using the type of ®,
or the monotonicity of ®,(#)/¢, we obtain from (5.2) that

vp(Qs(£)) ~ 8" =

51D, o @7 ! @, o @7 ! <K
2 1 6n+1+(t Vﬁ(Q‘S(é:)) 2 6n+1+a/ -

1 C
-1 -1
(Dl (6n+l+a) s CDZ (6n+l+ﬁ)

for some constant C > 0. Thus, (5.1) holds. The proof is complete. O

that is,
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We next consider multipliers between two Bergman—Orlicz spaces. We start with
the following general result.

THEOREM 5.2. Let ®1, Dy € L U % . Assume that ©,/®; is nondecreasing. Let a, 3 >
—1 and define, for 0 < t < 1, the function

1
-1
(D2 (tn+1+,8)
w(t) = — 77
af ]
1 frtlva

Then the following assertions hold.

() Ifw is equivalent to 1, then M(AS‘(B”),A;DZ(B”)) = H®(B").

(11) If wis nondecreasing on (0, 1] and lim;_,o w(t) = 0, then
M(AT(B"), Ag*(B") = {0}.

Proor. Let us start by proving assertion (i). We first prove the inclusion H*(B") C
M(Ag' (B"),AEZ(B”)). Let us assume that g € H*(B"). Then, for any f € Ag' B,

8QIfR) f /@)
Oy L N gy < | @ = )a
f : 2(C||g||oo||f||1;;fﬂ) RS | 2(cufng;lxﬂ) 7()
<lI,

where the last inequality follows from Theorem 5.1, with C an appropriate constant.
Now assume that g € M(Affl (B"),Agz(B”)). First, by Lemma 3.2, there exists a

constant C > 0 such that for any f € A% (B") and any z € B",

81 = /@) < o3 sl

1
(1 _ |Z|2)n+1+ﬁ)
Hence,

1
2QIIf Q)] < C@gl(W)llflll;‘ia. (5.3)

Taking in the above inequality

1 1-— |a|2 2(n+1+a)
(1 = |afyr+t+e )(1 -z, a>)
with a € B" fixed, we obtain for the same constant in (5.3) that for any z € B”,

1 1-— |a|2 2(n+1+a)
(1- Ial)”*‘*“)(ll - (Z,a>|)

1
_1 s
< Cq)z ((1 _ |Z|2)n+1+/3 )

1@ = £ = @7

sy

Taking in particular z = a in the last inequality, we obtain that for any a € B",
lg(@) < C.

Hence, g € H*(B"). The proof of assertion (i) is complete.
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Proof of (ii): let us assume that g € M(AS‘(B"),A;DZ(]B")); then, as above, there is

a constant C > 0 such that for any f € AY(B") and any z € B", (5.3) holds. Testing
(5.3) with f(2) = fu(z) = ®7'(1/(1 = laly"™"*)(1 = |al)/(1 = (z,a))*"* '+ with a €
B" fixed and then taking z = a, we obtain that for any a € B",

1
O s
(<1 — la]?y! ﬁ) = Cow(1 - |aP).

g@l < -
(D—l

1 ((1 — |a|)n+1+a)
From the hypotheses on the function w, we have that the right-hand side of the last

inequality goes to O as |a| — 1. Hence, by the maximum principle, g(a) = 0 for all
a € B". The proof is complete. O

We finish with the following restriction to target growth functions in LOU.

THEOREM 5.3. Let ®; € £ U %Y and @, € U . Assume that ©,/®, is nondecreasing.
Let a, B > —1 and define, for O < t < 1, the function

1
-1
(DQ (tn+1+,8 )

o7! —1 '
1 (tn+1+cy )
Then, if w is nonincreasing on (0, 1],

MAT (B"), Ag*(B") = Hiy (B").

w(t) =

Proor. That any function in /\/((Agfl (B”),AEZ(B”)) is an element of H; (B") can be
proved following the same idea in the proof of the necessity in assertion (ii) of the
previous theorem.

Let us prove that any g € H,/(B") is an element of M(Ag‘ (B"),A;DZ(B”)). Let
K = max{1, C{C,C3}, where C; is the constant in (2.1); C, and C5 are respectively
from conditions (2.6) and (2.7) in the definition of the class % . For C > 0, a constant
whose existence has to be proved, using the condition on g and (2.6),

LI @)
L:= Q)| ——————|d
f ,, Z(Kcnguﬂfnﬂ Iux ) ()

q)],(l
1

<[ o > () el
B n2®_1( 1 )KCIIfIlI;‘i(,
¢!

1 _ |Z|2)n+1+a

d VB (Z)

(=)
o [ | MR 0
" .

i
KClIfllg, o

)
1 (1_|Z|2)n+l+a
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Now, using (2.7) and (2.1), we deduce that

1 |/ (@)l
L<CyCs f (- |Z|2)n+l+ﬁ(q)l—]((1 - |Z|12),,H+a ))f/ q>2(KC||f| gia)dVﬁ(Z)

1 Z
<CiCCs f 1 q)z(KCUl;;H)llux )dVﬁ(Z)
F(1 = [Py A, 0 q)fl((l - |Z|2)n+1+oz) o
1
g o LD Yy )
" (1 - | |2)n+l+,8q) o ®! 1 C||f||$xa
( < 2 1 (1 — |g)r+1+e b

To conclude, we only have to prove the existence of a constant C > 0 such that

lf ()l
fﬂ QQ(W)QIM(Z) < 1,

(O

where |
du(z) = I (1 =1z av(z).

-1
d)z °© (Dl ((1 _ |Z|2)n+1+a)

For this, we know from Theorem 2.3 that it is enough to prove that p is a (9, o CDI1 ,Q@)-
Carleson measure.

Following the proof of the implication (a) = (c) in Theorem 2.3, we see that to
prove that u is a (@, o d)fl, a)-Carleson measure it is enough to prove that for any
aeB’and0<r<1,

1

1 .
-1
d)z °© (Dl ((1 _ |a|2)n+l+a)

Using that for any z € A(a, r), 1 = |z]> ~ 1 — |a|* and that
v(A(a, ) - (1 = a)"*",

uAla,r) < C

we easily obtain

1

uava= [ B I PRaRre
(a,r) ®, o QII(W)

1

- (1 =1aPy " Vv(AGa, )
-1
D0 q)l ((1 _ |a|2)n+l+a)
1
) @, 0 O7! S .
20 ((1 _ |a|2)n+1+a)
The proof is complete. O
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We also have the following result.

THEOREM 5.4. Let ®; € £ and ®, € 2. Assume that ©,/®; is nondecreasing. Let
a, B > —1 and define, for 0 < t < 1, the function

1
-1
(DZ (tn+1+,8 )

o7! ! '
1 (tn+1+cy )
Then, if w is nonincreasing on (0, 1],

MAT (B"), Ag*(B") = Hiy (B").

w(t) =

Proor. Again, that any function in M(ASl (B, A;Dz (B™)) is an element of H)(B") can
be proved following the same idea in the proof of Theorem 5.2.

Let us prove that any g € H;)(B") is a multiplier from Ag‘ (B™) to A;,D2 (B").

Let K = max({l, C’(C;C3)"/?}, where C’ is the constant in (2.1), C; is the constant
in (2.6) and Cj3 is the constant in (2.8). For C > 0, a constant whose existence has to
be proved, using the condition on g and (2.6),

lg@If ()l
L:= O ———————|d
f n 2(KC||g||H;;||f||lux ) G

CD],(I
qu(—l
2 1= 2n+1+,8)
< f o, ( Izll) |f(Z)1|ux dvs(2)
: qyl( )Kcnfnq,,,a
1 (1 _ |Z|2)n+l+a

_ 1
o °? =) o L o
=)

(D[,(l/
Next, using (2.8) and the fact that as @, € &), ®;' e 7 '/7,

L1y
— (93 (=) ATLCTIR P

oo I KCIA
1 (04
(Dz(q)l ((1 — |72y )) o

1
5C1C3(C’)”f
" 1
* - ey ano7 (g )
Q)
(I) - v
2(Kcnfug;iv,)”lw)
lf (@I
Oy ————
Sf : 2(C||f||1;;lif,)d“ ©
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where |
du(z) = i (1= 1?0 dv().

wroop(— )
2 1 (1- |Z|2)n+1+a
Again, to conclude, we only have to prove the existence of a constant C > 0 such that

lf )l

q)l,(Y

This follows as at the end of the proof of Theorem 5.3. The proof is complete. O

Theorem 2.4 clearly follows from Theorems 5.2-5.4.
Let f € H(B"). The radial derivative Rf of f is given by

SO
Rf(2) = sza—f(z).
I

An analytic function f in B” belongs to A,, if Rf € H; (B"), that is,

(- RDIRF@I _
e (1 =1z]) '

The space A, is a Banach space under

IAlla,, = f(0)] + sup = DIRF
e w(l —2))

Note that if w(f) = 1'%, 0 < 1 < 00, A,, is just the A-Bloch space usually denoted B*;
B = B! being the Bloch space.

It is not hard to see that for 4 > —1, one has H;(B") = Ay, when w(f) = . Indeed,
in this case, the proof of the continuous embedding A, — H_’(B") follows as in [17,
proof of Lemma 2.10], while the proof of the continuous embedding H'(B") — A,
follows the first lines of [17, proof of Lemma 2.11].

It follows from the last observation and Theorem 2.4 that we have the following
result.

COROLLARY 5.5. LetO< p<g<oo, a,8>—1. Defined=mn+1+p8)/g—(n+1+a)/p.
Then the following assertions hold.

() IfA>0, then M(Af;(B”),Ag(B”)) = gl

(i) IfA=0, then M(Ag(B”),Az(B”)) = H*B").

(iii) IfA <0, then M(AZ(B”),AE(B”)) = {0}.
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