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1. Introduction. A point x in the real or complex space lv is an infinite sequence
00

(a,1!, x2, x3, ... ) of real or complex numbers such that 2 \xr\v IS convergent. Here p^l and

we write

=li,H'
The unit sphere S consists of all points x e l.p for which || x | |<1 . The sphere of radius
and centre y is denoted by Sa(y) and consists of all points x <r /„ such that || x - y | |<a. The
sphere Sa (y) is contained in S if and only if || y | |<1 - a, and the two spheres S,, (y) and Sn (z) do
not overlap if and only if

\\y-z\\>2a.

The statement that a finite or infinite number of spheres Sa (y) of fixed radius a can be packed
in S means that each sphere Sa (y) is contained in <Sf and that no two such spheres overlap.

In a recent paper [3] the packing of spheres Sa(y) in S was considered for the case p = 2.
It is the object of the present paper to extend this work to all p^l. The results obtained are
of a different character according as p < 2 or p>2 , and in the latter case are somewhat
surprising.

We write
\,={l+2i-*l*}-i, AS={l+2i»>}-i.

Observe that A2=/z2 and that AJ,</nJ) when p>2. As usual, 8nr is 1 or 0 according as n=r
or n # r.

THEOREM 1. If l < p < 2 , an infinity of spheres S,,(y) of fixed radius a can be packed in
S if and only if a<Ap. / / (i) a^Xv, thespheres maybe centred at the points yn = (ynl,yni,yn3,...),
where ynT = (\ -a)Bnr (n^l, r ^ l ) . / / (ii) Ap<ffl<l, the maximum number of spheres Sa(y)
tuhich can be packed in S does not exceed Lv(a), where Lr(a) -1, and

THEOBEM 2. If p>2, an infinity of spheres Sa(y) of fixed radiiis a can be packed in S if
and only if a^XP. If (i) a^A,,, the spheres may be centred at the points yn = (ynl, yni, yn3, ... ),
where ynT = (l -a,)8nr (n~^l, r ^ l ) . / / (ii) Aj,<a</x,,, any finite number, no matter how large, of
spheres Sa(y) can be packed in S, but an infinite number cannot. If (iii) ixv<a^.l, the maximum
number of spheres Sn (y) which can be packed in S does not exceed

2. The case l < p < 2 . Suppose that m spheres ^(y^) ( l < j < m ) can be packed in S,
where m ^ l , a=SCl. By a simple extension of Lemma 1 of [2] from w-dimensional Euclidean
space to lv, we find that
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S II Yi II" > 2"-1m2-') (m -1)""1^,

where the right-hand side denotes zero when m =p = 1. Hence, for at least one sphere 8a(yj),

and so

l ^ a + | | y , | | >a [ l + J 2 ( l - I ) p / P ] (1)

If infinitely many spheres <S',,(y) can be packed in S it follows that 1^«(1+21"1'*) ;
i.e.

If A,p<tt<l and l<-p<2, we deduce from (1) that

and, since the right-hand side is positive, m^LP(a). If p — \, (1) shows that ra = l =L1(a),
because of the convention stated above ; for otherwise we should have a<|• = Xv

Finally, part (i) of Theorem 1 follows since, for a^Xv and j i=k,

and || y* || = 1 - «• Thus no two of the spheres S,, (yk) overlap and they are all contained in S.
This completes the proof of Theorem 1.

3. The case p>2. Suppose that m spheres 6'a(y^) ( l < j < m ) can be packed in S, where
\. By a simple extension of Lemma 2 of [1] (with B =p, c,- = 1), we find that

so that, for at least one sphere Sa(yj),

Hence

from which we deduce that

W 1 " ' " (2)

The right-hand side of (2) is positive if /*.„<«<!, so that we then obtain m^Mv{a), which
proves part (iii) of Theorem 2.

Part (i) of Theorem 2 can be proved as in §2. To prove part (ii) we suppose that
and take any positive integer m. For l < j < m and « > 1 put

yin = e;-n2<•-'»""(I -a) = zjnb

where ein is 1 or - 1 according as the integral part of (n - 1 )2J-'n is even or odd. Then
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y* = (Viv Vit> Viz> ••• ) e K- For example, when m = 4 the first 8 components of yx, y2, y3 and y4

are as follows :
b b b b b b b b
b b b b -b -b -b -b
b b -b -b b b -b -b
b -b b -b b -b b -b

Clearly || y,-1| = 1 -a for l ^ j < m and. for

so that the m spheres Sa (yt) are packed in S. Since m can be any positive integer this proves
part (ii).

I t remains to prove that if an infinity of spheres Sa(y) can be packed in S, then a^.Xp.
We therefore suppose that the spheres Sa(yn) (n = l, 2, 3, ... ) can be packed in S, where
yn = (ym> J/n2' yn3> •••)• By considering each coordinate ynr (r = \, 2, 3, ... ) in turn, picking
out convergent subsequences, and renumbering the spheres, we may suppose that, for each
fixed r ^ l , ynr^-yr, say, as w-s-oo.

Since, for every positive integer iV and all n^l,

N

r = l

we have

r-i

a n d i t fo l lows t h a t y = (yv y v y 3 , ... ) tlv a n d

Now take any positive integer n and any e > 0 and choose an integer N, depending on
n and e, such that

r>N

Then, for m>n, since Sa(ym) and S,,(yn) do not overlap,

(2a)" < S \ymr-ynr\
v (3)

•

Now by Minkowski

(

Hence, by (4),

N

= 2

's inequality,

\y,nr

yip

-y«rl"+ 2
r>.V

< ( 2 \ymr\
\r>S

<(l-a) + e.

\Vrnr

\VP

1 -

-y«r|"-

< - ( 2 |
U>xv

(4)

|
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0

If we let m -*• oo in this inequality, we obtain

(2a)"- ( l -a + e)*< 2 | y r - y n r \ v < 2 |yr-2/n , | p .
r = l r= l

from which, since s is arbitrary, we deduce that

(2a)"-(1 -a)" < 2 \yr-ynr\" (5)
r=i

We now apply to (5) an argument similar to that applied to (3). For any e>0, choose a
positive integer N, depending on e, such that

2^ | 2fr I "^ •
r>N

In place of (4) we have
N

^ r - 1 r " ' r>N

N

r-1

On letting n -> oo we get, since e is arbitrary,

(2a)" < 2(1 -a ) "

which is equivalent to a^AB. This completes the proof of Theorem 2.

4. The case p = oo. In this case 8 can be interpreted as the " cube " consisting of points
x = (a;1, z2, x3, ... )for which | xr |< l fo r r = l, 2, 3, ... , and similarly for 8a(y). It is clear that
for J < a ^ l , only one cube *S0 (y) can be packed in S, while, for a < | , infinitely many can ; for
we may take their centres at the points ( ± | , ±£, ± | , ... ).
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