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Abstract

For given positive integers 7 > 3, n and e < (;), the famous Erdés—Rademacher problem asks for the min-
imum number of r-cliques in a graph with n vertices and e edges. A conjecture of Lovédsz and Simonovits
from the 1970s states that, for every r > 3, if n is sufficiently large then, for every e < ('2’), at least one
extremal graph can be obtained from a complete partite graph by adding a triangle-free graph into one
part.

In this note, we explicitly write the minimum number of r-cliques predicted by the above conjecture. Also,
we describe what we believe to be the set of extremal graphs for any r > 4 and all large n, amending the
previous conjecture of Pikhurko and Razborov.
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1. Introduction

Given integers n>r > 2, let T,(n) denote the balanced complete r-partite graph on n vertices,
and let t,(n) denote the number of edges in T,(n). The celebrated Turan Theorem [24] (with
the case r = 3 proved earlier by Mantel [13]) states that, for n > r > 3, every n-vertex graph with
at least t,_1(n) + 1 edges contains a copy of an r-cliqgue K, that is, a complete graph on r ver-
tices. An unpublished result of Rademacher from 1941 (see [3]) states that, in fact, every n-vertex
graph with #;(n) + 1 edges contains at least | n/2] copies of K3. The graph obtained from T, (n)
by adding one edge to the larger part shows that the bound |n/2] is tight. Rademacher’s theo-
rem motivated Erdds [3] to consider the following more general question, now referred to as the
Erdés-Rademacher problem: determine

gr(n, €) ;== min {N(Kr, G): Gisan (n, e)-graph}, (1)

where an (7, e)-graph means a graph with # vertices and e edges and N(K;, G) denotes the number
of r-cliques in G.

This problem has attracted a lot of attention and has been actively studied since it first appeared.
Various results covering special ranges of (#, e) were obtained (see e.g. [2, 4-7, 11, 12, 14, 18-20])
until Razborov [22] determined the asymptotic value of g3(n, e) using flag algebras. Later, using
different methods, Nikiforov [17] determined the asymptotic value of g,(n, e) for r = 4 and Reiher
[23] did this for all » > 5. For some further related results, we refer the reader to [1, 8, 10, 15, 16,
21, 25].
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Determining the exact value of g,(n, e) seems very challenging due to multiple (conjectured)
extremal constructions. Given nand ein N:= {1,2,...} with e < (}), let

k=k(n,e):= min{seN: t(n)>e}, (2)

that is, k is the smallest chromatic number that an (u, e)-graph can have. Let H;(n, e) (resp.
KC(n, e)) denote the family of (#, e)-graphs that can be obtained from a complete (k — 1)-partite
(resp. complete multipartite) graph by adding a triangle-free graph into one part. Note that the
only difference between these two definitions is that we restrict the number of parts to k — 1 when
defining H (n, e); thus H1(n, e) € K(n, e). Lovasz and Simonovits [11] conjectured that for every
integer r > 3 there exists ny such that, for all positive integers n > ny and e < (g), it holds that

(n, ¢) = min [N(K,, H): HeK(n, e)}, (3)

that is, at least one g,(n, e)-extremal graph is in KC(, e). Note that (3) trivially holds for e < t,_;(n)
when g,(n,e) =0.

Erdés in [3] (resp. [4]) showed that (3) is true for r = 3 when e < t,(n) + 3 (resp. e < t,(n) + cn
for some constant ¢ > 0). Lovasz and Simonovits [11] (see also Nikiforov and Khadzhiivanov [19])
extended the result of Erdés to all e satisfying e < t,(n) + [n/2]. Later, Lovasz and Simonovits
[12] proved (3) for r>3 when e/ (g) lies in a small upper neighbourhood of 1—1/m for
some integer m > r — 1. More recently, Liu, Pikhurko and Staden [9] determined g3(n, e) for all
positive integers n when e < (1 — 0(1))(2). Determining the exact value of g,(n, e) for r > 4 is still
wide open in general.

Given n,e € Nwith e < (Z), let a* =a*(n,e) € N* be the unique vector such that

ap:=min{aeN: a(n—a)+ t_j(n—a)>e},
a’f+...+az_1=n—a;’;, and aTZ-..zaz_IZaT—l,

where k= k(n, e) is as defined in (2). Thus aj is the smallest possible part size that a k-partite
(n, e)-graph can have. Also, let

m* =m*(n,e) := E a;‘aj‘ —e, and

tite(3)
hi(n,e):= Z l_[a}"—m*- Z l_[a’-‘,
Ie([k]) i€l I/E([kig]) jer

where [k] := {1,...,k} and (),f) ={Y CX:|Y|=k}. Let T:= K[A], ..., A7] be the complete k-
partite graph with parts A7, ..., A} where |A]| =a} for i€ [k]. Let H* = H*(n, e) be the graph
obtained from T by removing an m*-edge star whose centre lies in A} and whose leaves lie
in A}_,. It is not hard to see (see e.g. the calculation in (10)) that 0 <m* <a; | —aj, so the
graph H* is well-defined. Also, let #(n, e) be the family defined as follows: If m* = 0, take all
graphs obtained from T by replacing, for some i € [k — 1], the bipartite graph T[A] U A}] with
an arbitrary triangle-free graph with aja; edges. If m* > 0, take all graphs obtained from T by
replacing T[A}_| U A7] with an arbitrary triangle-free graph with a;;_ a; —m™* edges. Observe
that H}(n, e) € H1(n, e) and every graph in H] (s, ) has the same number of r-cliques (see Fact
2.2); also, the graph H* = H*(n, e) is contained in H] (n, e).

Sharpening the Lovasz-Simonovits Conjecture, Pikhurko and Razborov [21, Conjecture 1.4]
conjectured that, for > 4 and sufficiently large , every n-vertex graph with e < () edges and that
contains the minimum number of K; is in /C(#n, e). However, we show here that this conjecture is
false (see Theorem 1.1 and Proposition 1.2) and present an amended version (see Conjecture 1.3)
as follows.
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First, we write explicitly the value of g,(n, e) predicted by the Lovasz-Simonovits Conjecture.
(We also refer the reader to [9, Proposition 1.5] where similar results are proved for r = 3.)

Theorem 1.1. Suppose that r,n, e € N satisfy n > r > 3 and e < (). Then
min {N(Kr, G): GeK(n, e)} = h¥(n, e). (4)
Moreover, if r > 4 and e > t,_;(n), then
[Gektne : NK.G) =hi(n o) =Hine) 5)

Note that, since H}(n, e) € H1(n, e), Theorem 1.1 remains true if we replace K(n1, e) by H1(n, e).
In fact, the later version of the Lovasz—-Simonovits Conjecture from [12] states that, for all suf-
ficiently large n > no(r), at least one g.(n, e)-extremal graph is in H;(n, e). By (4), these two
conjectures are equivalent. One should be able to show with some extra work that (5) also holds
for r = 3 (it is also implied by the results in [9] that (5) holds for most e, given #). Since our main
focus is the case r > 4, we do not pursue this strengthening here.

Given integers n, e € N with e < (}), we define the family H}(n, ¢) as follows (with k, a*, m*
being as before). Take those graphs in H](#, e) that are k-partite, along with the following fam-

ily. Take disjoint sets Ay, ..., Ay of sizes af,...,a, respectively, and let m:= m*. If m* =0
and a} > ay + 2, then we also allow (|A1], ..., |A]) = (a%‘, cooa_pa) — Lag+ 1) andletm :=
a} — a; — 1. Take all graphs obtained from K[Ay, ..., At] by removing any m edges, each con-

necting B; to A; for some i € I, where I := {i elk—1]: |Ajl = |Ak,1|} and {B;: i € I} are some
pairwise disjoint subsets of Aj. Clearly, every graph in H(n, e) is an (n, e)-graph.

n

Proposition 1.2. Suppose that n>r >4 and t,_;(n) <e < (2

) are integers. Then
N(K;, G)=h}(n,e), forevery Ge H;(n,e).

Also, there are infinitely many pairs (n,e) € N> with t,_1(n) <e < (g) such that H3(n,e) \
Hi(n,e) #0.

We propose the following amended conjecture.

Conjecture 1.3. Let v > 4 be fixed. For every sufficiently large integer n and every integer e with
tr—1(n) <e < (5), it holds that

{G: G is an (n, e)-graph with N(K,, G) = g:(n, e)} =Hi(n,e) UH3(n,e).

For comparison with the case r = 3, the exact result of Liu, Pikhurko and Staden [9] valid for
e<(1-— 0(1))(2') states that the set of g3(n, e)-extremal graphs is exactly 7 (n, e) U H}(n, e) for a
certain explicit family #;(n, e) 2 HJ(n, e), where the inclusion is strict for infinitely many pairs
(n, e). However, for r > 4 and e > t,_1(n), every graph in #(n, e) \ (1, e) can be shown to have
more K,’s than H*(n, ). (Basically, each such graph is obtained from a complete (k — 1)-partite
graph by adding edges into more than one part and cannot minimise the number of K,’s for r > 4
by Lemma 2.5.)

For the purposes of this paper (namely for Proposition 1.2), only the difference H3(n, e) \
H7(n, ) matters; we use the current definitions merely so that the families 7 (n, e) and H;(n, e)
are the same as in [9].

The rest of the paper of organised as follows. In the next section, we present some definitions
and preliminary results. As a step towards proving Theorem 1.1, we first find extremal graphs
in a certain family H(#, €) in Section 3 (see Proposition 3.1 for the exact statement). We derive
Theorem 1.1 in Section 4. The proof of Proposition 1.2 is presented in Section 5.
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2. Preliminaries

Given ¢ pairwise disjoint sets Ay, ..., Ay, we use K[A1, ..., A¢] to denote the complete £-partite
graph with parts Ay, . .., Ay; if we care only about the isomorphism type of this graph (i.e. only
the sizes of the parts matter), we may instead write K, ,,, where a; := |A;| fori € [£].

Let G = (V, E) be a graph. By |G| we denote the number of edges in G. Let G := (V, (‘2/) \E)

denote the complement of G. The subgraph of G induced by a set A C V is G[A] := (A, (/;) N E)

For disjoint A, B C V, we use G[A, B] to denote the induced bipartite graph with parts A and B
(which consists of edges connecting A to B).

In the remainder of this note, we assume unless it is stated otherwise that r, n, e € N satisfy
r>3ande< ('21) (and we minimise the number of r-cliques over (#, e)-graphs). Also, k = k(n, e)
is defined in (2).

Given a family F of (n, e)-graphs, we use 7™ to denote the collection of graphs F € F with
the minimum number of K,’s (over all graphs in F). For convenience, we set N(Kj, G) := 1 and
N(K_1, G) := 0 for all graphs G.

Let the family Ho(n, e) be the collection of all (n, e)-graphs that can be obtained from an -
vertex complete (k — 1)-partite graph by adding a (possibly empty) triangle-free graph into each
part. It is clear from the definition that #;(n, e) C Ho(n, e).

The following fact follows from some simple calculations (with the argument for Part (i) being
the same as in (10)).

Fact 2.1. Let k, a*, m*, H*, and h}(n, e) be as defined in Section 1. Then it holds for all r > 3 that
(i) 0<m*<a} | —a;,

(iii) N(Kr, H*) = hy(n, €) = gr(n, e).

We also need the following simple facts for counting r-cliques in some special classes of graphs.
Fact 2.2. Let G be a graph, S € V(G) be a vertex set, and S:= V(G) \ S. Suppose that the induced
subgraph G[S] is triangle-free, and the induced bipartite graph G[S, S] is complete. Then

N(K;, G) = |GI[S]| - N(K;—2, G[S]) + IS| - N(K;—1, G[S]) + N(K, G[S)).
Fact 2.3. Suppose that G is a graph obtained from K[V, ..., V,] by adding a triangle-free graph.
Let S:= ViU Vyand S:= V(G)\ S. Then
N(K;, G) =|G[V1]| - |GIV2]| - N(K;—4, GIS])

+ (GIVAl| - V2| + |GIV2]| - [Vi]) - N(K,—3, GIS])

+GIS]| - N(Ky—2, GIS]) + IS| - N(K;—1, GIS]) + N(K;, GIS)).
Fact 2.4. Let G be a graph, SC V(G), and S:= V(G) \ S. Suppose that the induced subgraph GI[S]
is 3-partite, and the induced bipartite subgraph G[S, S] is complete. Then

N(K;, G) = N(K3, G[S]) - N(K;—3, GIS]) + |GIS]| - N(K;—2, G[S])
+ 181 N(K;—1, G[S]) + N(K:, GIS]).
We will also use the following results.

Lemma 2.5. Let r > 4 and let n, e € N satisfy t,_1(n) <e < (g) Suppose that G € ’Hg‘in(n, e)isa
graph with a vertex partition V(G) =By U. ..U By_1 such that G is the union of K[B, . .., Bx_1]
with a triangle-free graph. Then G contains at most one part B; which is partially full, meaning that
0 < [G[Bi]| < t2(|Bil).
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Proof. Suppose to the contrary that G contains two partially full parts B; and B; for some 1 <i <
j=<k—1. Let x:= |G[B;]|, 0 := |G[B;]| + |G[B;j]| and H:= G[V(G) \ (B; U B;j)]. Observe from
Fact 2.3 that there exist constants C;, C3, C4 depending on |B;|, | Bj| and H (but not on x) such that

N(K,, G) =N(K,_4,H) - x(0 — x) + Cox + C3(0 — x) + C4 =: P(x).

Let G; be the graph obtained from G by moving one edge from G[B;] to G[B;] and rearranging
the latter graph to be still K3-free, which is possible by Mantel’s theorem. Similarly, let G; be the
graph obtained from G by moving one edge from G[B;] to G[B;]. Note that N(K;, G;) = P(x + 1)
and N(K;, Gj) = P(x — 1). Since e > t,_1(n), we have

P(x+1)+P(x—1) —2P(x) = —2N(K,_4, H) < 0. (6)
Thus min {N (Kr, Gi), N(K, Gj)} < N(K;, G), contradicting the minimality of G. O
The following simple inequality from [9] will be useful. For completeness, we include its short

proof here.

Lemma 2.6 ([9, Lemma 4.5]). For all integers a > 1, k > 2, and n > ak, we have
amn—a)+t_iin—a)>@a—1)n—a+1)+t_(n—a-+1). (7)

Proof. Let a; >---> ax_; denote the part sizes of Tx_;(n — a). If we increase its number of
vertices by one, then the part sizes of the new Turan graph, up to reordering, can be obtained by
increasing ax_; by one. Thus the difference between the expressions in (7) is

|Ka1,.‘.,ak,1,a| - |Ka1,...,ak,2,ak,1+l,a—l| =ara— (a1 +1D)a-1)=a_—a+1, (8)

which is positive since ay_; > | (n —a)/(k— 1)| > | (ak—a)/(k—1)| =a. U

3. Extremal graphsin #(n,e)

As an intermediate step towards Theorem 1.1, we will first prove the following result, which
determines the extremal graphs in Ho(#, e).

Proposition 3.1. For all integers n>r>4 and t,_j(n) <e< (g), we have that Hglin(n, e)=

Hi(n,e).

We will use this result later to prove Theorem 1.1 by induction on the number of parts
in a graph in K(n, ). Note that, in general, neither K(n, e) nor Ho(n, e) is a subfamily of the
other. However, when we work on the structure of extremal graphs in K(n, e) in the proof of
Theorem 1.1, some intermediate graphs may be in Ho(n, e).

We need some further preliminaries before we can prove Proposition 3.1.

Given a graph G € H{""(n, e) with partition By, . . ., Bx_, we apply the following modification
to G to obtain a new graph H' = H'(G) € Hf)ni“(n, e). Note that, in fact, these steps do not depend
onr.

Step 1: If there is a part B; that is partially full in G, then let B:= B; (by Lemma 2.5, such B;
is unique if it exists). Otherwise, take an arbitrary i € [k — 1] with |G[B;]| = #2(|Bi|) and
let B:= B;. Since |G| > ty_;(n), |G[B;]| cannot be 0 for all i € [k — 1]. Thus, the set B is
well-defined.

Step 2: Note that G — B is a complete multipartite graph. Let Aj, ..., A;—» denote its parts. Let
a;:= |A| forie [t — 2] and assume that a; > - - - > a;_,. Note that each original part By
is either B, some A;, or the union of two parts A; and Aj.
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Step 3: Choose integers a;—; > a; > 1 such that
a1 +a;=|B| and (a;—1+1)(a;—1) <|G[B]| < a;14a;.

Note that this is possible by Mantel’s theorem since G[B] is triangle-free. Let A;_; LI A; =
B be a partition with |A;_| = a;—; and |A¢| = a;. If |G[B]| = t,(|B|), then a;—; = [|B|/2]
and a; = [|B|/2] and we assume that A;_; LI A; = B is the original partition of G[B] with
the two parts labelled so that |A;_1| > |A¢|.

Step 4: Let H’ be obtained from K[Aj, . . ., A;] by removing a star whose centre lies in A; and m’
leaves lie in A;_1, where
m = Z aiaj — e =a;_1a; — |G[B]|. 9)
ije(Y)

This is possible because, by Step 3,
0<m' =ai1a; — |G[Bl| < ar—1a; — (a1 + D(a; — 1) + 1) =a,1 —ay. (10)

Notice that to obtain H' we only change the structure of G on B while keeping |G[B]| = |H'[B]|.
Thus, H' € Ho(n, e) and, since G[B, V(G) \ B] is complete bipartite and G[B] is triangle-free, it
follows from Fact 2.2 that N(K;, H') = N(K;, G), and hence, H' € H{""(n, e).

Lemma 3.2. Forall r > 3, integers n and e with t,_1(n) < e < (;’) and G € ’Hf)“in(n, e), the graph H'
produced by Steps 1-4 above is isomorphic to H*(n, e).

Proof. To prove that H' = H*(n, e), it suffices to show that t = kand (|A4|, . . . , |A¢]) = a*, where
k and a* are as defined in Section 1.

Claim 3.3. If m' =0, then |H'[A, UA; UAjl| > ta(ay + a; + a;) for all {h,i,j} € ([é]). If m' >0,
then |H'[Ay, U Ar—1 U Af]| > t2(ap + as—1 + a¢) for all h € [t —2].

Proof. Let S:= A, UA;UA;, with {i,j} ={t—1,t} if m'> 0. Suppose to the contrary that
|H'[S]| < t2(|S]). Then let G; be a new graph obtained from H’ by replacing H’[S] with a bipar-
tite graph of the same size. Note that the induced bipartite graph H'[S, S] is complete. (Indeed,
this is trivially true if m’ = 0 as then H' = K[Ay, ..., As]; if m’ > 0, then the only non-complete
pair is [A;—1, A;], but both sets lie in S.) Since H’ is t-partite, the graph Gj is (f — 1)-partite
(and with at most one non-complete pair of parts). By Steps 2-3, we have t <2(k — 1). So we
can represent Gj as the union of a complete (k — 1)-partite graph and a triangle-free graph,
which implies that G; € Ho(n, e). It is easy to see from Fact 2.4 that N(K;, G1) < N(K,, H'), since
0= N(Kz, G1[S]) < N(K3, H'[S]). So it follows from the minimality of H' that N(K3, H'[S]) = 0.
If {t—1,t} is not a subset of {h,i,j}, then H'[S] is a complete 3-partite graph and contains
at least one traingle, contradicting N(K3, H'[S]) = 0. Therefore, {t — 1, t} C {h, i, j}. By symme-
try, we may assume that {t — 1, ¢} ={i, j} (thus being consistent with our earlier assumption if
m’ > 0). Note that |H[A;_1, A:]| > 1, since otherwise, we would have m’' > a;_1a; > a;_1 — as,
contradicting (10). Note that each edge in H[A;_;, A;] is in |A| triangles in H[S], contradicting
N(K, H'[S]) = 0. 0

Claim 3.4. If m' > 0, then a;—» > a;_1.

Proof. Suppose to the contrary that a;—» <a;—; — 1. Then let G, be a new graph obtained
from H' by moving edges from [A;—», A;] to [A;—1, A¢] until this is no longer possible. Let
S:= Ay, UA,_ 1 UA; IfA;_» UA;isan independent setin G, (i.e. if m' > a;,_»a;), then |H'[S]| =
|G2[S]| < £2(]S]), contradicting Claim 3.3. Thus G»[S] can be viewed as a graph obtained from
K[A;—2, A¢—1, As] by removing m’ edges from K[A;_, A;]. So G; € Ho(n, e). Note that

N(K3, G2[S]) — N(K3, H'[S]) = m' (ay—2 — a;—1) <0,
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which combined with Fact 2.4 implies that N(K;, G2) — N(K;, H') <0, contradicting the mini-
mality of H'. U

Ifm' >0,let C;:= A;forie[t]. f m'=0,let Cy,. .., C; be arelabelling of Ay, .. ., A; so that
the sizes of the sets are non-increasing. Regardless of the value of m’, the following statements

clearly hold:
(i) ¢4 >---> ¢, where¢i:= |G| fori € [t],

(i) 0<=m' <c—1 —cp,

(iii) Claim 3.3 applies to all triples {C;, C;—1, C¢} fori € [t — 2].
The rest of the proof is written so that it works for both m’ = 0 and m’ > 0.
Claim 3.5. We havec; <c¢;—1 + 1.
Proof. Let S:= C; U C;_1 U C;. Note that

IKei—Lemy+1e | — |H/[S]| =m — -1t —1= m'.

Suppose to the contrary that ¢; > ¢;—1 + 2. Then m” > m’ 4 1. Take a partition C; UC;_, UC; =S
of sizes ¢; — 1, ¢;—1 + 1, ¢, respectively. Let Hg be the graph obtained from K[C}, C;_,, C;] by
removing m” edges between C;_, and C;. This is possible since m” < (¢;—1 + 1)¢;. (Indeed, other-
wise [H'[S]| < (c; — 1)(ci—1 + ¢t + 1) < £2(S]), contradicting Claim 3.3.) We have |Hg| = |H'[S]].
Let H” be the graph obtained from H’ by replacing H'[S] with Hg. Note that H” € Ho(n, ¢). It
follows from m’ < c;—1 — ¢; that

N(K3, H'[S]) = N(K3, H"[S]) = (c1ct—1¢: — m'cy)

— ((er = Der—1 + Der — (M — ¢y 4+ c1 — D(e1 — 1))
>(a—c)lag—c—1—-2)+1 =1,

which combined with Fact 2.4 implies that N(K,, H') — N(K;, H") > 0, contradicting the mini-
mality of H'. U

Claim 3.6. We have t =k.

Proof. It suffices to show that #;_;(n) < e < t;(n). The upper bound e < t;(n) is trivial, since H’
is t-partite. So it remains to show that e > t;_1(n). Let T:= H'[C; U - - - U C;_1]. It follows from
Claim 3.5 that T = T;_1(n — ¢;). Therefore,

H'| = tiei(n—c) = |H'\ T| = cx(n — ct) — m'. (11)

On the other hand, by viewing T;_1(n) as a graph obtained from T;_;(n — ¢;) by adding ¢; new
vertices into some parts, we obtain

ti—1(n) —ti1(n—c) <ce(n— ¢ — 1).
By combining these two inequalities, we obtain
|H'| = t—1(n) = ci(ci—1 + 1 —¢) =m' = (er — D(cr—1 — ) + ¢ > 0,
proving that e > t;_(n). O
Claim 3.7. The sequence (|C1, ..., |Ck|) of part sizes is equal to a* = a*(n, e).
Proof. Recall that t = k and, by (11), we have that
|H'| = i1 (n — cp) = c(n — ) — m' < g (n — ¢). (12)
Let us show that c is the smallest nonnegative integer a satisfying

f@)=an—a)+t_(n—a)>e.
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This inequality holds for a = ¢ by (12). Note that ¢, < n/k as it is the smallest among ¢; + - - - +
cx = n. Thus, by Lemma 2.6, it is enough to check that a = ¢ — 1 violates this condition. Notice
that

flegk =D = flep) <2k —n—1+(n—ck—cp—1) =k — k-1 — L.
Therefore, it follows from m’ < ¢;_; — ¢ that

flae=D <fler) —(m' + 1) < |H'|+m' —(m' +1) < |H'|,

as desired.
Thus ¢y =a; and (since t =k by Claim 3.6) we have (ci,...,¢)=a* by Claim 3.5, as
desired. O

Also, it follows from the definitions that m’ = m* and thus H' is isomorphic to H*(n, e). This
completes the proof of Lemma 3.2.

Now we are ready to prove Proposition 3.1.

Proof of Proposition 3.1. Let G € "Hg‘m(n, e) be arbitrary. Let By, . . ., By_1 be a vertex partition
such that G is the union of K[By, ..., Bx_;] with a triangle-free graph J. Let b;:= |B;| for i e
[k — 1]. Apply Steps 1-4 to G to obtain a k-partite graph H’ with parts Aj, .. ., Ax. By Lemma 3.2,
we have H' = H* := H*(n, e). Assume that |A;| = a} for i € [k] and that all missing edges of H’
(if any exist) go between Ay_; and Ay.

The following claim follows from the definitions of Steps 1-4.

Claim 3.8. If i € [k — 1] satisfies |G[B;]| € {0, t(b;)}, then H'[B;] = G[B,].

Since H' is k-partite, it follows from the definitions of Steps 1-4 that exactly one part B, of
G is divided into A5 U Ay in Steps 2-3, where, say, 1 < g < s <k, while the remaining parts of G
correspond to the remaining parts of H'. In particular, b, = ag + a;.

Claim 3.9. We have |G[B,]| > 0.

Proof. It follows from m* < a;_, — aj that
|H'[By]| = aga; —m* > azal — (a;_; —a;) > 0.
Combined with Claim 3.8, we see that |G[B,]| > 0. O

Suppose first that m* = 0. Then H' = K[A}, . . ., A¢], and G can be obtained from H’ by replac-
ing H'[A4 U A] with G[B,]. Moreover, G[B,] is a triangle-free graph with a’q‘ + a} vertices and
a;a;‘ edges. If a7 = a;, then it follows from the definition of H](, e) that G € H](n, e). Otherwise,
|a2 — a;| < 1 (by the definition of a*), and hence, G[B,] = Tz(az + a}). This implies that G does
not contain any partially full part, and hence, G = H' € H}(n, e).

Suppose that m* > 0. Since G[A;, A;] is complete for all {i, j} # {q, s} and H [Ai, Aj] is com-
plete iff {i, j} # {k — 1, k}, we have {q, s} = {k — 1, k}. Thus G can be obtained from K[A;, . .., Af]
by replacing K[A_; U A¢] with a triangle-free graph with a;_ a; —m™ edges. This gives G €
Hi(n,e). We conclude that ’Hf)ni“(n, e) CHi(n,e). Sincg Hi(n,e) € Ho(n, e) and every graph in
1 (n, e) contains the same number of K,’s, we have H{""(n, e) = H}(n, e).

4. Proof of Theorem 1.1

With Proposition 3.1 in hand, we are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. Fix integers n>r>3 and e < (’21) Notice that (4) can be reduced to
min {N(K,, G): GeK(n, e)} > h¥(n, e), since the other direction is trivially true. Suppose that
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G € K™"(n, ¢) is a graph obtained from a complete £-partite graph by adding a triangle-free
graph to one part. We aim to show that N(K,, G) > hi(n, e) when r > 3 and, in addition, G €
Hi(n,e) when r > 4 and e > t,_1(n). We prove this statement by induction on £ + r. Notice that
if =k —1 (where k=k(n,e)) and r >4, then G € Ho(n, e), and it follows from Proposition
3.1 that G Hf(n, e), as desired. If £ =k — 1 and r =3, then G € Hy(n, e), and it follows from
[9, Proposition 1.5] that N(K3, G) > h3(n, e). So the statement is true for all pairs (¢, r) with
£ =k —1and r > 3, and this serves as our base case.

Assume that £ > k and r > 3. Let U; U - - - U Up = V(G) be a partition such that G is obtained
from the complete £-partite graph K[Uj, . . ., U] by adding a triangle-free graph into U;. We can
assume that Uy is not an independent set (otherwise consider instead the (£ — 1)-partition of V(G)
where Uy_; and Uy are merged together).

First, we prove (4). Assume that £ > r — 1, as otherwise k7 (n, e) = 0 and there is nothing to do.
Note that Uy is as large as any other part: if some part U; has strictly larger size then by moving
all edges from U, to U; (by |Uj| > |Ug| there is enough space for this) we strictly decrease the
number of r-cliques (since £ > r — 1), a contradiction. By relabelling parts Uy, . . ., Uy—1, we may

assume that Uj is of smallest size among Uy, ..., Us_;. Let G denote the induced subgraph of G
on U, U---UUy. Let i:= n—|U;| and &:= |G|. Let k:= k(#, &) be as defined in (2) (while we
reserve k for k(n, e)).

Claim 4.1. We have k <k

Proof. Let H* = H*(n, e) be the k-partite graph as defined in Section 1. Assume that AT, ..., A}
are the corresponding parts of H* of sizes aj > - - - > ay, respectively. It is clear that [A]| > £. It

follows from the minimality of U; that |U;| < 719 < % < |A¥|. Let W; C A} be a set of size |Uj |
and let H' be the induced subgraph of H* on V(H) \ W;. Observe that H’ is still a k-partite graph
and |H'| > |G|. So it follows from the definition that k < k. U

Note that G can be viewed as a graph obtained from a complete (¢ — 1)-partite graph by adding
a triangle-free graph into one part; in particular, G € K(#, 2). Let H be H*(71, ¢) and let G’ be the
graph obtained from G by replacing G with H. It follows from the inductive hypothesis that
N(Ky, H) = h;(,8) <N(K», G) and  N(Kr—1, ) < N(Kr—1, G).
Hence,
hi(n, ) < N(K;, G') = N(Ky, H) + |Uy | - N(K,—1, F)
<N(Ky, G) +|U1| - N(K,—1, ) = N(K;, G),

finishing the inductive step for proving (4).
Now suppose that >4 and e > t,_1(n), and suppose for contradiction that G & H}(n, e).
Reusing the notation introduced above, let us first derive a contradiction from assuming that

G ¢ Hi(R,@).
If & > t,_1(n), then it follows from the inductive hypothesis that
N(K,, H) < N(K,,G) and N(K,_, H) < N(K,_1, G).
Therefore,
N(K;, G') = N(K, H) + |Uy| - N(K,—y, H)
< N(K;, G) + |U1] - N(K—1, G) = N(K;, G), (13)

contradicting the minimality of G.
So suppose that & < t,_;(#1). We have that £ > k > r. Recall that Gisa graph obtained from an
(¢ — 1)-partite graph by adding a non-empty triangle-free graph. Thus, we have N(K,, H) =0 <
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N(K;, G). In addition, by (4), we have N(K;_1, H) = k' (#,e) < N(Kr_1, G). But then the same
calculation as in (13) gives a contradiction to the minimality of G.
Thus we have that G € Hi (1, e). Let A’f Uu...u AZ = V(G) be the partition of G as in the def-

inition of H}(i1,&). Let By := Uy UA}, Bi:= A? for 2<i<k—2,and B, := A; UA;. We
can view G as a graph obtained from K[Bj, ..., B; ,] by adding triangle-free graphs into two
parts, namely G[B;] and G[B];_l]. Since k < k by Claim 4.1, it holds that G € H(n, e). Therefore,
it follows from Proposition 3.1 that G € H}(n, e), finishing the proof of Theorem 1.1. 0

Let us remark that if we replace the family XC(, e) in Theorem 1.1 by the larger family X' (n, e)
that consists of all graphs obtained from a complete partite graph by adding a triangle-free graph
(that is, we allow to add edges into more than one part) then the theorem will remain true. Indeed,
for r > 4, the proof of Lemma 2.5 (which in fact works for any number of parts) shows that every
extremal graph K'(n, e) has at most one partially full part and thus belongs to K(#, e). For r =3,
the equality in (4), will also remain true (again by the proof of Lemma 2.5 except the inequality in
(6) becomes equality).

5. Proof of Proposition 1.2
Proof of Proposition 1.2. First, we prove that N(K,, H) = h}(n, e) for all H € H3(n, e). Fix He
Hj(n,e).

First consider the case when (|Ail,...,|Ax]) =a*, where the sets Aj,...,Ay are as
in the definition of H3i(n,e). Let K:= K[Ay,...,A;], and m}:= |[H[B;, A;]| for iel:=
{] €lk—1]: |Ajl = Ak } Note from the definition of I that for all i € I, we have that

N(Ky—2, K[A1, .. ., Ai—1, Aists - . ., Ap_1]) = N(Kr—2, K[A1, . . ., Ap_z)),

because we count r-cliques in two isomorphic graphs. Therefore,

N(K, K) = N(Kp, H) =Y m? - N(Ky—3, K[A1, .. ., Ai_1, Aig1s - . > Agy])
iel
= Z m;k : N(KV—Z)K[AI) ce e )Ak—Z])
iel
=m* - N(K,_2, K[A1, . .., Ar_5]) = N(K,,K) — N(K,, H*).  (14)

It follows that N(K,, H) = N(K,, H*) = h*(n, e), as desired.

Now suppose that (JApl,...,|Ak]) Za*. Recall that then m* =0, (|Ail],...,|A])=
(a3,....a;_,a] — L a;+1),m=al —a; +1,and H is a graph obtained from K[A;, . . ., A¢] by
removing some m edges. We may assume that these m edges were removed from parts [Ax_1, Ax],
since this does not affect the value of N(K;, H) by the calculation in (14). Now, by viewing H as
a graph obtained from K[A;, . .., Ag] by replacing K[Aj_;, Ax] with a triangle-free graph, we see
that H € H] (n, e), and hence, N(K;, H) = h*(n, e).

Next, we show that there are infinitely many pairs (1, e) € N2 with t,_;(n) <e < (2’) such that
H3(n, ) \ Hi(n, e) # 0. It is enough to chose (1, ¢) so that a;_, = a;_, and m*, a} > 2; the choice
that we use (in (15) below) is rather arbitrary.

Take any integers p>r— 1, 9> 100, and 2 <m <gq. Let n:= 2pq+q and e:= (§)(29)* +
2pq* — m. Note that e + m is the number of edges in the complete (p + 1)-partite graph Kaq, . 24,4
with p parts of size 2q and one part of size q. The choice of (p, g, m) ensures that

2pq+q\*
e= (‘Z) (2q)2 + 2117q2 —m> (‘Z) (%) > tp(n).

By e < e+ m < t,11(n), we have that k(n, e) = p.
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Let us show that a;f = ¢q. By Lemma 2.6, it is enough to show that (g — 1)(n —q — 1) + t,_1(n —
q — 1) < e. The left-hand side here is the size of the graph obtained from the complete partite
graph Kyg,..244 by moving a vertex from the part of size g into one of size 2q. This results in
losing q + 1 > m edges, giving the required. Thus,

aik:...: ;_lzzq, a;:q, and m*=m. (15)

Let ViU .UV, = [n] be a partition such that |Vi|=---=|V,|=2q and |V,11| =q. Fix m
distinct vertices v, ...,V € Vpy1, and choose a vertex u; € V; for every i € [m]. Let G be the
graph obtained from K[Vy,..., V,_1] by removing pairs in {{v;, u;} : i€ [m]}. It is easy to see
that G € H3(n, e) \ H] (n, e), proving Proposition 1.2. O
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