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1. Introductory. If p ^ q+1, [1, p. 353]

E(p ; a,: q ; ps: z) = ^£ |jrjT(a, - ar)] [firO*. - «r)] V(ar)

+ l, •••> «,-P, + l :
, ...„..., -a,ap+l

p oo r(«r+n)nT(«,-a,-n)
E z " E r - ^ (-z)n. (1)

r = l n = 0 n
s=l

where, if/? = 9 + 1 , | z \ < 1. The dash in the product sign indicates that the factor for which
/ = r is omitted, while the asterisk indicates that the parameter ar—ar+1 is omitted.

Now, if two or more of the a's are equal or differ by integral values, some of the series on
the right cease to exist. For instance, if a1 — a+1, a.2 = a, where / is a positive integer, the first
two series are non-existent. In § 3 it will be shown that they can be replaced by the expression

n = 0 n\(l+n)\Y\r(ps-a-l-n)
s=l

"E ^ (-z)", (2)
n\l\r(ps-<x-n)

s=l
where

2>
1=3 s = l

Here [1, p. 141]

dz

so that —r(z + l) = F(z + l)i/'(z). (4)
dz

Formulae required in the proof are given in § 2; and, in § 4 certain integrals are evaluated
with the aid of (1) and (2).
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2. Formulae required in the proof. If n is a positive integer,

f ; (5)

(6)

where y is Euler's constant;

*(«) = *(»)-?, (7)

where tf>(n) = 1 + 1 + . . . + - , <£(0) = 0 ; (8)
n

= £(-—-)-y; (9)

(^(n)-21og2-y. (10)

Afofe. The approximate value of y is 0-5772156649 ... .
From the formula

r ( z + l ) r ( - 2 ) = -Ttcosecrcz (11)

it follows that

^ ( _ z - l ) = î (z) + 7tcot7tz; (12)

and from the formula [1, p. 154]

( > ) f " ^ ) (13)) f
ml \ m

where m is a positive integer, that
m - l / t \

m\l/(mz-l) = m\ogm+ Y \]/ z + - - l . (14)

From (13), on replacing z by z — t\m, where t = 1, 2, 3, ..., m - l , it follows that

2 ) s i n 7 l ( z + n ) ( 1 ) - + " + ') f [ T L + ) ( 2 , ) m
mi s=i \ mi F(l —mz + f) sin7i(wz + m«)

(-1)

where the dash on the product sign indicates that the factor for which s=t is omitted.
Here let z ~* — n, where n is a positive integer, and so obtain

r f — L - n V l l T f — - n ) = (27r)±m-±m"""*+' — (_l)»-»+"+'. (15)
\ m / 5=1 \ m I (mn + t)\

Similarly it can be deduced from (13) that, if n is a positive integer,

(16)
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Again, from (14) and (12),

m-l / f \
V il/[—hz —11 = mil/( — mz) — \l/( — z) — m log m — mn cot (nmz) + n cot (nz).
r=i \m I

But, when z-+ — «,
n cot (nz) — mn cot (nmz) -* 0.

Hence, if n is a positive integer,

m-l / j \

Y I/M n - l ) = m^(mn)-^(n)-(m-l)|-m log m. (17)
,= i \WJ /

The following integral [1, p. 406] will also be required.
If m is a positive integer and R{k) > 0,

[YAA*- lE(p ;ar:q;Ps: z\Xm)dX = m"*(2*)*-*"•£(/> + m ; « r : q ; p s : z/mm), (18)
Jo

where

/m (v = 0, 1,2, ..., m-1).

3. Proof of the formula. If at = <x+/, a2 = a + e, where / is zero or a positive integer and s
is small, the sum of the first two series on the right of (1) can be written

„ T(<t+l+n)T(-l-n+e)Y[T(a,-a-l-n)
Z- 'E ^2 ( _ z ) ,

n=0

s = l

s = l

p

t = 3 n__ zn

sin rte
s = l

P

f = 3

n = ' IFM i . . Nf i r / x sin TIE

n\r(l-l+n+e)[\r(pl.-ix-n-E)
s=l

pn—
«!flr(ps-a-n-e)
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The limit when s -* 0 of the first two terms is obtained by removing the factor 7t/sin Tie,
then differentiating with respect to e, and finally making e -* 0. On replacing n by l+n in the
second series formula (2) is obtained.

4. Evaluation of certain integrals. Formula (2) can be employed to evaluate certain
integrals.

For example, if | amp z\ < n,

•=—2 = z~i\ e-'EiX :: z/t) dt = z~lE(\, 1 :: z),
Jo z+t Jo

by (18). From (2), with / = 0, a = 1, p — 2, q = 0, this becomes

Hence, if | amp z\ < n,

)e*. (19)f
J o

n = o n\

Again, from (18), (1) and (2), if | amp z\<\n,

= , " 2rfi-72 = z"2 {e-'Eil :: z2jt2) dt = TT-*Z-2£(1, 1, ± ::

Here apply (12) and (10), and so get

J 0 * T^ *

(20)cosz J ^ (
n= 0 (2n+l)!

where | amp z \ < \n.
Note. For large values of | z \ the asymptotic expansions of the ^-functions can be em-

ployed in evaluating the integrals in (19) and (20).

More generally, if R{k) > 0, | amp z \ < n, and if / and m are positive integers,

— — d t = —\ e-'tk-lE{_l::zltm)dt;

and therefore, from (18),
Ceo -ttk-l mk~*7~l I k fe+1 fc + m—1 \

L J — d t =
 m z

 £ / ) A , l + i ) , . . / + m 1 : ; Z / m ' " ) , (21)
Jo(z + 0 ' (27i)*m-*F(/) \ m m m J

In particular, if / = 1, k = m,

r»e-^-i ^ ^ m<n-^2n)^mz-'E(\, 1,1 + - , ..., 1 + - — :: z/mA .
Jo z + tm \ m m I
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Now, from (1) and (2), the ̂ -function is equal to

Here apply (16), (17) and (15), and so get

r » e - y - i ^ = mm_1f {(-1)»+Im"z}"r <t>(mn)-my 1
J o z + tm n=o (mn)\ |_—m log m —log z j

^f(~mZl/m)' {(-ir+lmmz)" . (22)
t=i sin (nt/m)n=o

where m is a positive integer and | amp z \ < n.

Again, in (21), put / = 1, k = 1 and get

p £ l * = (2*)*-*-m*z-»£(l, 1 , 1 1
J o z + r V m m m

m - l

m'

>(«)- log (z/mm)
m - l

1=1 \m

;C)*-*mm*z-1 X ( — I V „!
Here apply formulae (16) and (17) with n+1 in place of n, and formula (15); then, if

amp z\ < n,

-m-l /__l/m\f oo f/ |\m+l_ln

L y <• z ^ y iiniL_£l (23)
mzt=i sin (ntjm)n=o{mn + t— \)\

Note. Formulae (19) and (20) are particular cases of (22) and (23).
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