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Irregular cusps of orthogonal modular
varieties”

Shouhei Ma

Abstract. Irregular cusps of an orthogonal modular variety are cusps where the lattice for Fourier
expansion is strictly smaller than the lattice of translation. Presence of such a cusp affects the study
of pluricanonical forms on the modular variety using modular forms. We study toroidal compactifi-
cation over an irregular cusp, and clarify there the cusp form criterion for the calculation of Kodaira
dimension. At the same time, we show that irregular cusps do not arise frequently: besides the cases
when the group is neat or contains —1, we prove that the stable orthogonal groups of most (but not
all) even lattices have no irregular cusp.

1 Introduction

Irregular cusps of a modular curve are cusps where the width of translation is strictly
smaller than the width for Fourier expansion. It does not arise frequently, but does exist.
At such a cusp, the vanishing order of cusp forms has to be considered carefully, espe-
cially when compared with that of pluricanonical forms (cf. [3] §3.2 — §3.3). In this article
we study and classify irregular cusps for orthogonal groups of signature (2, b), and clar-
ify the effect of such cusps on the study of Kodaira dimension of orthogonal modular
varieties.

Let L be a lattice of signature (2, b). Let D = Dy, be the Hermitian symmetric
domain attached to L, which is defined as either of the two connected components of
the space

{Cw € PL¢ | (w,w) =0, (w,®) > 0}.

We write O*(L) for the subgroup of the orthogonal group O(L) that preserves the
component D.

The domain D has 0-dimensional and 1-dimensional cusps. For simplicity of expo-
sition, we speak only of 0-dimensional cusps for the moment: in fact, the case of
1-dimensional cusps can be reduced to that of adjacent 0-dimensional cusps (Propo-
sition 6.3). A 0-dimensional cusp of D corresponds to a rank 1 primitive isotropic
sublattice I of L. Let U([)g be the unipotent radical of the stabilizer of I in O (Lg).
Then U(I)q is already abelian: it is a Q-vector space of dimension b (with a hyper-
bolic quadratic form). Let I be a finite-index subgroup of O*(L). The cusp [ is called
an irregular cusp for T'if U(I)g N T # U(I)g N (I, —id). As we will explain, U(I)z =
U(I)g N T is the lattice for Fourier expansion of I'-modular forms around /, while
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U(I);, = U(I)g N (T, —id) is the lattice of translation around / in the I"-action. We
give several characterizations of irregularity (Proposition 3.1), including one suitable
for explicit calculation.

Irregular cusps are rather rare: they do not exist when —id € I" or when I' is neat or
whenT" ¢ SO*(L) with b odd. But they do exist, in infinitely many examples in every
dimension (§4.5). Our particular interest is in the so-called stable orthogonal groups O*(L)
of even lattices L, defined as the kernel of the reduction map O*(L) — O(L"/L). This
is the group that most frequently appear in the moduli problem related to orthogonal
modular varieties. Our calculation concerning 6+(L) can be summarized as follows.

Proposition 1.1 (§4.1, §4.5)  The stable orthogonal group O* (L) of an even lattice L has no
irregular cusp unless LV /L ~ Z/8 & (Z/2)®% or LY /L ~ (Z/4)®? @ (Z/2)®* as abelian
groups. Conversely, if L = U®(—8)®M or L = U®(—4)**@®M with M" | M 2-elementary,
then O* (L) has an irregular O-dimensional cusp.

Consequently, we obtain classification for the following examples from moduli
spaces (§4):

* The modular group for K3 surfaces of degree 2d has an irregular cusp exactly when
d =4

* The modular group for irreducible symplectic manifolds of K3!**!-type with
polarization of split type and degree 2d ([9]) has an irregular cusp exactly when
(t,d) = (1,4),(2,2),(4,1).

* The modular group for O’Grady10 manifolds with polarization of split type and
degree 2d ([10)), which is larger than O* (L), has an irregular cusp exactly when
d =4

* Similarly, the modular group for deformation generalized Kummer varieties with
polarization of split type and degree 2d ([2]) has an irregular cusp exactly when
(t,d) = (4,1).

* We will also cover the groups considered in [18], [16], [4].

t+1]

A subtle issue concerning irregular cusps, which is the main object of this article,
is comparison of the vanishing order between cusp forms and pluricanonical forms.
We take a toroidal compactification F(I")* of the modular variety #(I')) = T'\D.
This is defined by choosing a finite collection £ = (X;) of suitable fans, one for each
I'-equivalence class of rank 1 primitive isotropic sublattices I of L. A ray o in X
corresponds to a boundary divisor D (o) of the torus embedding D /U ([)z, and thus
determines a boundary divisor A(c") of F(I')* as the image of D (o). The projection
D/U(I)z — F(I)* is ramified along D (o) (with index 2) exactly when I is irregular
and the ray o is irregular in the sense of Definition 3.2.

The vanishing order v, (F) of a I'-modular form F at D(0) ¢ D/U(I)z can be
measured by Fourier expansion (§8.2): this is done with U(/)z. On the other hand, the
vanishing order of a pluricanonical form w on ¥ (I') should be measured at the level
of A(c) ¢ F(I")*: this is essentially done with U(/ )7- When w is m-canonical and
corresponds to F (of weight k = mb and character y = det™), we have the relation
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(Proposition 8.7)
VA(or) (W) =ag - Ve (F) —m,

where a, = 1if o is regular but a, = 1/2 if o is irregular due to the boundary ramifi-
cation. If we are involved only with modular forms of specific parity of weight k, namely
k even for y = 1 (e.g, [7], [13]) or k = b mod 2 for y = det, we do not need to worry
about irregular cusps because we can enlarge I' to (I', —id) without any loss. However,
if we use a modular form of weight in the remaining parity, we cannot add —id to I', and
have to be careful about the coefficient a, = 1/2 at irregular rays o.

Gritsenko-Hulek-Sankaran [6] gave a criterion, called the low weight cusp form trick,
for F(T") to be of general type in terms of existence of a certain cusp form. It appears
that irregular cusps are not covered in [6], essentially by assuming —id € T, explicitly
for 1-dimensional cusps ([6] p.539) and implicitly for 0-dimensional cusps (see a remark
below). In view of the coefficient a,, = 1/2 at irregular o, it seems that this criterion
needs to be modified at such boundary divisors. The result is summarized as follows
(compare with [6] Theorem 1.1).

Theorem 1.2 (Theorem 8.9) Let L be a lattice of signature (2,b) with b > 9 and I be a
subgroup of O* (L) of finite index. We take a I'-admissible collection T = (X}) of fans so that
X is basic with respect to U (I)g N (T, —id) at every O-dimensional cusp 1. Assume that there
exists a I'-cusp form F of weight k < b and some character satisfying the following:

(1) F vanishes at the ramification divisor of D — F (I).
(2) vo-(F) = 2 at every irregular ray o at every irregular I.

Then F (') is of general type.

The condition on X is imposed in order to ensure that  (I")* has canonical singu-
larities ([6], [13]), and this can always be satisfied. When I'" has no irregular cusp, the
condition (2) is vacuous, and this is the criterion in [6]; the choice of ¥ does not matter
with F and can be dropped (or hidden) from the criterion. Even when I" has an irregular
cusp, if the weight k is even for y = 1 or k = b mod 2 for y = det, the condition (2)
is still automatically satisfied by the cuspidality of F' (Proposition 8.3). However, when
I" has an irregular cusp and k belongs to the remaining parity, the condition (2) arises,
and the choice of X is then involved with F. Practically it would not be very easy to
check (or achieve) v, (F) > 2 for specific F and Z;. Probably the most plausible sce-
nario would be to expect and check that the group I in question has no irregular cusp.
We could say that this is a small cost for using cusp forms of arbitrary weight.

By the examples discussed after Proposition 1.1, the general-type results in [6], [9],
[10], [2], [18], [16], [4] are not affected. This is our essential purpose.

As a related remark, it should be remembered that in [1], subgroups of O* (Lg)/+id
are considered, rather than of O*(Lg). This means that the given group I' < O*(L)
is replaced by (I', —id)/+id. In this situation, it is not U(I)z = U(I)g N I but rather
U(I),, = U(I)gN(T’, —id) that is written as U (F')z in the notation of [1]. This is a subtle
difference that may arise when working with [1] and that could cause overlooking of
irregular cusps.
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To conclude, irregular cusps are cusps where the lattice for Fourier expansion is
smaller than the lattice of translation. It is the central element —id in the Lie group
O*(Lp) that is eventually responsible for the presence of such cusps. We need to be
careful about such cusps when we use a cusp form of odd weight with y = 1 or weight
k # b mod 2 with y = det for constructing a pluricanonical form on F (I")%.

This article is organized as follows. In §2 we recall the structure of the stabilizer of
a 0-dimensional cusp. In §3 we define and study irregular 0-dimensional cusps. In §4
we give examples of groups I' with/without irregular cusp. In §5 we recall the structure
of the stabilizer of a 1-dimensional cusp. In §6 we study irregular 1-dimensional cusps.
In §7 we study some basic properties of a toroidal compactification of F(I"). In §8 we
prove Theorem 1.2. The main contents of this article are contained in §3, §4, §6 and §8.
§2 and §5 are expository, but we tried to be rather self-contained because of the subtle
nature of irregular cusps and for calculation of explicit examples in §4.

Throughout the article, a lattice usually means a free Z-module of finite rank endowed
with a nondegenerate integral symmetric bilinear form (-, -) : LXL — Z.Inafew occa-
sions, we use the word "lattice" just for a free Z-module of finite rank, but no confusion
will likely to occur. The dual lattice Hom (L, Z) of L will be denoted by L". A sublattice
I C L is called primitive when L/I is free, and isotropic when (I, 1) = 0. A lattice L is
called even if (I,1) € 27Z for every [ € L, but this is not assumed except in §4. We write

01
U for the even unimodular lattice of signature (1, 1) given by the Gram matrix 1 0).

I would like to thank Valery Gritsenko, Klaus Hulek, Shigeyuki Kondo and Gregory
Sankaran for their valuable comments.

2 0-dimensional cusps

Let L be a lattice of signature (2, b). We write Q = Q for the isotropic quadric in PL¢
defined by (w, w) = 0. The Hermitian symmetric domain attached to L is the open set

of Q
D =Dy ={Cw € Q|(w, @) > 0},

where + means the choice of a connected component. The domain 9 has two types of
rational boundary components (cusps): 0-dimensional and 1-dimensional cusps. They
correspond to primitive isotropic sublattices of L of rank 1 and 2 respectively. In
this section we recall the structure of the stabilizer of a 0-dimensional cusp and par-
tial toroidal compactification over it. Although the contents of this section are quite
standard (cf. [17], [11], [6], [12]), we tried to be rather self-contained and explicit for
two reasons: because of the subtle nature of irregular cusps (§3), and for the sake of
calculation of explicit examples (§4).

2.1 Tube domain model

Throughout this section we fix a rank 1 primitive isotropic sublattice I of L. The 0-
dimensional cusp corresponding to I is the point PIc of Q. We abbreviate [- = I+ N L
and write

L=/ eI
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Twisting by I, not choosing its generator, will be rather essential. The quadratic form
on I*/I and an isomorphism I ~ Z define a hyperbolic quadratic form on L (7). This is
independent of the choice of I ~ Z. We denote by Cy the positive cone in L(/)g, namely
a chosen connected component of {w € L(I)r | (w,w) > 0}.

We write D(I) = Q — Q N PIZ. Then D is contained in D (/). Indeed, if [w] €
D N PI, the positive-definite plane (Re(w), Im(w)) would be contained in I3 /I,
which contradicts the hyperbolicity of I§ /Ir. The linear projection PL¢ --> P(L/I)c
from the point PIc € Q defines an isomorphism

D(I) = P(L/I)c —P(I*/D)c.

If we choose a rank 1 sublattice I’ of L with (I,1’) # 0, this defines the base point
P({I, I')c/Ic) of the affine space P(L/I)c — P(I*/I)c, and hence an isomorphism

P(L/I)c =P(I*[I)c = (I /D ® (I')¢& = L()c.

The image of D C D(I) by this series of isomorphisms is the tube domain in L(/)c
defined by

Dr={ZeL()c|Im(Z)€C ).

In this way, we obtain the tube domain realization

DS Dy c LD 2.1)

depending on the choice of I’.

If we change I’, the base point is changed, and the tube domain realization (2.1) is
shifted by the corresponding translation of L([)c. For a given I’, we can always find
a (unique) isotropic line # Ig from the hyperbolic plane (I, I’)q. (Explicitly, if we take
vectors] € Ig,l” € I(’Q with (1,1”) = 1,thevector I’=271(I’, ")l generates this isotropic
line.) This means that we can replace the given I’ to be isotropic without changing the
base point. When I’ is isotropic, the inverse of (2.1) is given by

D - D, z®l-Cl+z-2"(z,2)]), 22
where z € (I*/I)c,] € I,and I’ € Iy with (1,1’) = 1, and we identify (I*+/Dc =
(I,1')% C Lc in the right side.

2.2 Stabilizer over Q

Let I'(I)q be the stabilizer of [ in O (Lg). Note that we are not considering the stabi-
lizer of Ig, but of I. This is not restrictive when restricting to subgroups of O*(L). We
put

U(I)q = Ker(T'(I)g — O(I5/Ig) x GL(I)).

This is the unipotent radical of I'(/)g and can be explicitly described as follows. For a
vector m ® [ of L(I)q, the Eichler transvection Epygp € I'(1)q is defined by (cf. [17], [8])

1
Enei(v) =v—=(m,v)[+ (I,v)m — E(m,m)(l,v)l, v € Lg,
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where m € 16 = 15 N Lg is an arbitrary lift of m € (I*/I)q. This does not depend on
the choice of 7. In particular, E,;,g;(v) = v—(m,v)l whenv € 16. Wehave Ey, oE,, =
E\yw forw,w’ € L(I)q. Then we have the canonical isomorphism

L(I)g = U(I)qg, m® !l Epg.

We identify U(I)g with L(I)q in this way. We also identify O(I&/IQ) X GL(I) with
O(L(I)g) x GL(I) by the canonical twisted isomorphism

O(I/Ig) x GL(I) = O(L(I)g) X GL(]),  (y1,72) = (y1®¥2,72).
We thus have the canonical exact sequence
0 — L(I)g — I'(I)g = O*(L(I)g) X GL(I) — 1. 2.3)

If we choose a lift (I*+/I)g — 16 of (I*/I)q, or equivalently, a rank 1 sublattice I’
of L with (1,1’) # 0, the exact sequence (2.3) splits:

[(I)g = (O*(L(I)g) x GL(I)) = L(I)q. (2.4)

Here the lifted group O*(L(I)g) acts on the lifted component ({*/I)g C Lg through
the natural isomorphism O(L(I)g) = O((I*/I)g), and GL(I) corresponds to {+idy }.
Sincey o E,, oyl = E,,, for y € I'(1)g, the adjoint action of I'()g on U(I)g
coincides with the natural action of I'(I)g on L([)g. Therefore, in the induced action
of O*(L(I)q) x GL(I) on U(I)q, GL(I) = {£1} acts trivially, and O*(L([)g) acts by
its natural action on L(I)q.

We take the tube domain realization D — 9j associated to (the same) I’. Then the
action of I'({)g on D is translated to the action of the right side of (2.4) on Dy. This is
described as follows.

Lemma 2.1  In the action of the right side of (2.4) on Dy,
(I) E\, € U(I)q acts on Dy as the translation by w € L(I)g on L(I)c;
(2) O*(L(I)q) acts on Dy by its linear action on L(I)c;
(3) GL(I) = {x1} acts on Dy trivially.

Proof This can be seen from direct calculation using (2.2). ]
2.3 Stabilizer over Z
Now let I be a subgroup of O* (L) of finite index. We write
T()z=T(NgNT, U(z=U)gNT, T()z=TD)z/U(I)z.
Then U(I)z is a lattice on U(I)q. By definition we have the exact sequence

0—- Uz »T(I)z > T(I); — 1. (2.5)

Although (2.3) splits, this does not mean that (2.5) splits. We write U(I)gz
U(I)g/U(I)z. This is the group of torsion points of the algebraic torus 7([)
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U(I)c/U(I)z. We also put
T(Dg =7~ (0" (U1)z) x GL(1))/U(D)z.
which makes sense because U (1)z is normal in 771 (O* (U (I)z) X GL(I)) by definition.
This group has the canonical exact sequence
0 — U(I)gz — T(I)g — O*(U(I)z) x GL(I) — 1. (2.6)
Then mz is a subgroup of TI)Q naturally. We have

T(I)z NU(I)g/z = {0} 27)

by the definition U(I)z = T'(I)z N U(I)qg of U(1)z.

We choose a rank 1 sublattice I’ ¢ L with (I,1”) # 0 and accordingly take a tube
domain realization of 9 and a splitting of I'(I)q. Dividing by U (I)z and writing X (1) =
D/U(I)z, we obtain isomorphisms

X() =D /U(Dz < DWD)/U)z=T(),

T(I)g = (O*(U(I)z) x GL(1)) = U(I)g/z. (2.8)

both depending on the choice of I’. By Lemma 2.1, the natural action of ﬁQ on X (1)
is translated to the standard action of (O*(U(1)z) X GL(I)) < U(I)gz on T(I). Here
O*(U(I)z) acts by torus automorphisms fixing the identity, GL(I) acts trivially, and
U(I)q/z acts by translation.

By (2.7), the projection I'(I); — O*(U(I)z) x GL([) is injective. But this does not
mean that I'(7)z as a subgroup of I'(1) g is contained in the lifted subgroup O (U (1)z) X
GL(I) in (2.8). Thus the action of I'(I)7 on X (I) may have translation component.

Remark 2.2 Let I = ZI and T'(I)z < T'(I)z be the kernel of I'(I)z — GL([). In
the case —id € I, we have I'(I)z = I'(l)z x {*id}, so we may replace I'(1)z by I'(l)z
when considering action on D, as was done in [13] Appendix. (The last sentence of [13]
Remark A.8 for I' = O* (L) should be understood under the condition I'(/)z = I'(I)z
(e.g. div(I) > 2) or Ap 2-elementary, or div(]) = 1.)

2.4 Partial toroidal compactification

We recall partial toroidal compactification of X (I) = D/U(I)z following [1]. We put
a Q-structure on U(I)r by U(I)q = L(I)q. We write C;” = Cr U U,, Rxow, where w
ranges over all isotropic vectors of L(/)q in the closure of C;. A rational polyhedral cone
decomposition (fan) £ = (074 ) o in U ()R is called T'(1)z-admissible ([1]) if the support of
2 is Cf, X is preserved under the adjoint (= natural) action of I'(/)z on U(I)r = L(I)g,
and there are only finitely many cones up to the action of I'(/)z. Isotropic rays in
correspond to rational isotropic lines in L([)g (hence independent of %), which in turn
correspond to rank 2 primitive isotropic sublattices J of L containing /.

The fan ¥ defines a torus embedding T(I) < T(I)* of the torus T(I) =
U(I)c/U(I)z.Eachray o of £ defines a sub torus embedding 7'(I) < T(I)” c T(I)%,
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isomorphic to (CX)? < C x (CX)»~!, whose unique boundary divisor is the quo-
tient torus defined by the quotient lattice U(I)z/(Ro-NU(I)z). The character group of
this boundary torus is o N U(I).}. Here we regard U (1)} as a lattice on U(I)q by the
quadratic form on U(I)q = L(I)q, which gives the pairing between U(I)z and U([),.

We take a tube domain realization of 9 by choosing I’ € L with (/,1’) # 0. Then
let X (I)* be the interior of the closure of X (I) = D; /U(I)zin T (I)*. This embedding
X(I) = X(I)¥ is the partial toroidal compactification over I defined by the fan . It
is ﬁz—equivariant, and does not depend on the choice of I”. We can think of X (1)*
as giving a local chart for the boundary points of a full toroidal compactification lying
over the I-cusp (see §7), like D gives a local chart for the interior points in ['\D.

3 Irregular 0O-dimensional cusps

We now study irregular 0-dimensional cusps. Let I" be a finite-index subgroup of O* (L)
and I be a rank 1 primitive isotropic sublattice of L. We keep the notation from §2. We
will define irregularity in two stages: irregularity of a cusp (§3.1), and irregularity of a
toroidal boundary divisor over (or adjacent to) an irregular cusp (§3.2). The first stage is
concerned only with I, but the second stage is also involved with an I'(7)z-admissible
fan.

3.1 Irregularity

We give several equivalent definitions of irregularity of a 0-dimensional cusp in the
following form.

Proposition 3.1  The following conditions are equivalent.

(1) U(D)z # U(I), where U(I),, = U(I)q N (T, —id).

(2) —id ¢ "and —E,, € I'(I)z for some w € L(I)q.

(3) —id ¢ Tand ['(1); — O*(U(1)z) is not injective.

(4) T'(1) contains an element which acts by a nonzero translation on X(I) = D /U(I)z.

When these hold, we have U(I), /U (I)z = (E\,) = Z/2 and
Ker(T'(I); — O"(U(I)z)) = (~Ew) = Z/2,
and the translation in (4) is given by [w] € U(I)q,z and is unique.

Definition 3.1 We say that the 0-dimensional cusp I is irregular for I' when these
properties hold, and regular otherwise.

Proof (1) = (2):SinceI" # (I', —id), we have —id ¢ I". Let E,, € U(/)/ but E,, ¢
U(I)z. Since (I',—id) = T' U —TI', we have E,, € -I, and so —E,, € I Note that
U(I);/U(I)z = (T, —id)/I"is of order 2 and so U(I);,/U(I)z = (Ew ).

(2) = (1):1f-E,, €eT'(I)zand —id ¢ I', then E,, ¢ U(I)z but E,, € U(1),,.

(2) = (3): Since —E,, acts on L(I)g = U({)g trivially, its image in ﬁz is
contained in the kernel of I'(1); — O*(U(I)z).
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(3) = (2): Recall from (2.6) that the kernel of (1) — O*(U(I)z) is
GL(I) x U(I)qjz = U(I)gz U (=id) - U(I)q/z.

Since Iﬁz NU(I)g/z = {0} by (2.7), a nontrivial element of the kernel of ﬁz —
O*(U(I)z) must be contained in (—id) - U([)g,z, hence is the image of —E,, for some
w € L([)q. This also shows that the kernel is Z/2 generated by —E,,.

(2) = (4): The element —E,,, of ﬁz acts on X (I) by the translation by [w] €
U(I)q/z. Since —id ¢ I, we have E,,, ¢ U(I)z. This means that [w] # 0 € U(I)g,z.

(4) = (2),(3): We choose a splitting of I'(I) as in (2.8) and express an element
of ﬁz C ﬁ(@ asy = (y1,7v2, [w]) accordingly, where y; € O*(U(I)z), v2 €
GL(I) and [w] € U(I)qz.If v acts on X(I) by a nonzero translation, we must have
v1 = idg (1) and the translation is given by [w] € U([)g,z. Therefore v is contained in
the kernel of the projection to O* (U([I)z). Since mz NU(I)g/z = {0} by (2.7) and
[w] # 0, we have y, = —id;. Thus y = —E,,. Finally, we have —id ¢ T, for otherwise
E,, = —y would be contained in U(I)z and then [w] =0 € U({)g/z. |

Remark 3.2 LetT'(l)z < I'(I)z be as in Remark 2.2. By the condition (3), / is irregular
if and only if —id ¢ T, T'(l)z # I'(1)z, and I'(I)z and I'(I)z have the same image in
O*(U(I)z). We do not use this characterization.

The condition (2) is useful for explicit calculation (§4). We give some immediate
consequences.

Corollary 3.3  The group I has no irregular cusp when —id € I or when I is neat or when
I' < SO*(L) with b odd.

Proof The case —id € I' is obvious. When I' is neat, the subquotient I'(1) is torsion-
free, so it does not contain an element of finite order like —E,,,. When b is odd, —E,,, has
determinant (—1)%*? = —1, so a subgroup of SO*(L) never contains such an element.

u

Corollary 3.4  When b is even, I has an irregular cusp if and only if ' N SO* (L) has an
irregular cusp.

Proof When b is even, both —id and —E,, are contained in SO*(L). [ ]
Corollary 3.5 IfT has an irregular cusp, any I" < O* (L) withT” D T and —id ¢ T"” has
an irregular cusp. Equivalently, if —id ¢ I" and I has no irregular cusp, any subgroup of I" of

finite index has no irregular cusp.

The lattice U(1);, = U(I)q N (I, —id) is the projection image of

U(D)Z = ({zid} - U(I)g) NT =Ker(I'(1)z —» O*(U(I)z))
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inU(I)q. Thus U (1)} is the lattice of translation in the I'(/)z-action on the tube domain
model. We have

(-idy~Z/2 —-idel
Uz /U(I)z =1{1} —id ¢ I, I regular (3.1)
(-E\) ~2Z/2 I irregular
This gives yet another characterization of irregularity: —id ¢ T"and U(I)z # U(I)7.
As we will explain in §8.1, U(I)z is the lattice for Fourier expansion of I'-modular

forms around /. Thus irregular 0-dimensional cusps are those cusps whose lattice of
translation is larger than the lattice for Fourier expansion.

Remark 3.6 In the case b = 1, we have an accidental isomorphism SO*(2,1) =
PSL(2,R) which induces an isomorphism between the type IV domain here and the
upper half plane. However, O*(2,1) = SO*(2,1) x {#id} and SL(2,R) are differ-
ent double covers of SO*(2, 1) =~ PSL(2,R). Therefore, although we have the perfect

analogy
U(l)y o {((1) ’1‘) c r} ,

v (o) e m-n}.

subgroups of O*(2, 1) which have irregular cusps never correspond to subgroups of
SL(2,R) which have irregular cusps (in the classical sense [3]): they live in different cov-
ers of SO*(2,1) =~ PSL(2,R). Subgroups of SO*(2,1) =~ PSL(2,R) have no irregular
cusp anyway.

3.2 Irregular boundary divisors

Let X = (0y) be a I'(I)z-admissible fan in U(I)g, and X (I) < X (I)* be the partial
compactification defined in §2.4. For a ray o in X we denote by D (o) € X (I)* the cor-
responding boundary divisor. When [ is irregular, these boundary divisors are divided
into two types as follows.

Proposition 3.7 Let I be an irregular O-dimensional cusp for I". Let —E,, € I'(1)z. The
following conditions for a ray o in X are equivalent:

(1) onU)z#onUU),.
(2) —E,, acts trivially on the boundary divisor D (o).
(3) D(0) is fixed by some nontrivial element of I'(I).

When these hold, the element in (3) is given by —E.,,. In particular, it is unique, independent
of o, and of order 2.

Definition 3.2 When these properties hold, we call o an irregular ray and D(o) an

irregular boundary divisor. Otherwise we call o regular. For the sake of completeness, we
call any ray o regular when [ is regular.
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Proof (1) © (2): Recall from Lemma 2.1 that —E,, acts on X(I) C T([I) as the
translation by [w] € U([)g,z. A Zariski open set of D (o) is the quotient torus (or its
analytic open set) associated to the quotient lattice U (I)z/A where A, = Ro-NU(1)z.
Hence —E,, acts on D(0) as the translation by the image of [w] in U(I)g/(U(I)z +
(Ao )g). This is trivial if and only if w € U(I)z + (A4 )g, which in turn is equivalent to
Ao # RoNU(I)}. In this case —E,, acts by —1 on the normal torus (As)c/As = C*.

(2) = (3) is obvious. _

(3) = (2): Suppose thaty € I'(1) acts trivially on D (o). Let y; be the image of y
in O*(U(I)z). Then y; must preserve o N U([I)z and act trivially on U(I)z/A . Hence
1 acts trivially on A, and A}, and so y; = id. This implies that y is contained in the
kernel of ﬁz — O*(U(I)z), whence y = —E,,, by Proposition 3.1. Therefore —F,,
acts trivially on D (o). |

Corollary 3.8  When I is irregular, the quotient map X (I)* — X(I)Z/mz is ramified
along the irregular boundary divisors with ramification index 2, caused by the common sub-
group (—E,,) =~ Z/2 of ﬁz, and not ramified along other boundary divisors. When I is
regular, X (I)* — X(I)Z/mz is not ramified along any boundary divisor.

Proof It remains to supplement the argument in the case [ is regular. If y € mz
fixes a boundary divisor, we see that 7y acts trivially on U(/)z by the same argument as
(3) = (2) above. When —id ¢ T, ﬁz — O*(U(I)z) is injective by the condition
(3) of Proposition 3.1, so we find that y = id. When —id € T, the kernel of mz —
O*(U(I)z) is {#id}, so y = +id, which acts trivially on X (/). ]

4 Examples

In this section we study some examples of groups with/without irregular cusp. Logically
this section should be read after §6 where we complete the discussion of irregular 1-
dimensional cusps. But we encourage the reader to read this section just after §3 for the
following two reasons. First, most of §5 and $6 is designed for §7 and §8, while the only
result from §5 and §6 we need in this section is Corollary 6.4, which just says that I has
no irregular 1-dimensional cusp if it has no irregular 0-dimensional cusp. Second, it is
Proposition 3.1 (2) that is frequently used in this section, so we do not want to put this
section too far from it.

We assume that the lattice L is even in this section. The quotient A7, = LV /L is called the
discriminant group of L, equipped with a canonical quadratic form Ay — Q/2Z called
the discriminant form. If I is a rank 1 primitive isotropic sublattice of L, we write div(])
for the positive generator of the ideal (I, L) C Z. Then I* = div(I)~'[ is primitive in
LY, and we have a canonical isometry I+ N LY /I* ~ (I*/I)".

4.1 Stable orthogonal groups

Let L be an even lattice of signature (2, b). Let O*(L) < O*(L) be the kernel of the
reduction map O (L) — O(AL), called the stable orthogonal group or the discriminant
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kernel. The following was asserted in [13] p.901. We supplement the proof for the sake
of completeness.

Lemma 4.1 Let I be a rank 1 primitive isotropic sublattice of L. For I" = 6+(L) we have
U(Dz = L(I).

Proof We take a generator [ of I. The inclusion L(I) C U(I)z can be checked by
testing the definition of E,;,g; (v) forv € LY andm € I*/I,takingalift of m from I+ NL.
Conversely, if E,,g; € O*(L) foravectorm € Ié/IQ, then E,;,0;(v) = v—(m, v)l must
be contained in v+L for v € I-NLY. Thisimplies that (m, v) € Zforeveryv € I*NLY,
andsom € (I+/)"V = I*+/I. [

We obtain a first example of regular cusps.
Lemma 42 IfT' > O*(L) and div(I) = 1, then I is a regular cusp for T,

Proof We take a generator [ of I. Since div(/) = 1, we can take an isotropic vector
I’ € Lwith (I,I’) = 1. We can and do identify I*/I with {/,’)* N L. We have the
splitting L = (1, I’y & ({I,I’)* N L). Suppose —E ;1 € I'foravectorm € (I,1’)* N Lq.
Then E,,g; preserves L, so we find that the vector E,,5;(I") = I’ + m — %(m, m)l is
contained in L. This implies that m € ([,1’)* N L = I*/I. Since ' > O*(L), we have
U(I)z > L(I) by Lemma 4.1, and so m ® [ € U(I)z. This means that E,,g; € I, and
then —id € T". [ ]

ForI' = 6+(L) we have the following constraints for existence of irregular cusp.

Lemma 4.3 If I is an irregular O-dimensional cusp for T = O (L), then div(I) = 2, AL
is 2-elementary, and U (1)}, /U (I)z = Z/2 is a subgroup of AL(r).

Proof Let/ = Z[ and assume that —E,,5; € O*(L) for a vector m of I@/[Q. Then for

any v € I* N LY the vector —E,;;01(v) = —v + (m, v)] must be contained in v + L. This
implies that

2v € (m,v)l + L. (4.1)

If we substitute v = [ /div(I), we find that (2/div(I))! € L, and so div(I) = 1 or 2. The
case div(/) = 1 is excluded by Lemma 4.2. Thus div(7) = 2.

If [v] € (I*/I)V denotes the image of v € I+ N LY, then (4.1) means that 2[v] €
I+ /1. This shows that Aj. /1 is 2-elementary. Finally, (4.1) implies that (m,v) € Z for
everyv € It N L,andsom € (I+/I)". [

This determines the structure of Ay when 6+(L) has an irregular 0-dimensional
cusp.

Proposition 4.4 If O (L) has an irregular cusp, then Ay ~ Z/8 & (Z/2)®? or Ap =
(Z/4)®* @ (Z/2)® as abelian groups.
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Proof Let/ = ZI be as in Lemma 4.3. Let x = [//2] € Ap.Since Ar(;) = x*/x
is 2-elementary and both {(x) and A /x* are isomorphic to Z/2, we see that A; must
be isomorphic to either (Z/2)®% or Z/4 & (Z/2)®% or Z/8 & (Z/2)®% or (Z/4)®* &
(Z/2)®4 as an abelian group. The first case Ap =~ (Z/2)®¢ cannot occur because then
—id € 6+(L). Let us show that the second case does not occur.

Suppose to the contrary that A;, =~ Z/4 & (Z/2)®“ as an abelian group. Then we
have an orthogonal decomposition A;, = Ag @ A; where Ay ~ Z/4 is generated by
an element xo of norm £/4 for some £ € (Z/8)*, and A; = Ay is 2-elementary. The
isotropic element x € Ay is either (i) contained in A; or (ii) of the from 2x¢ + x; with
x1 # 0 € Ay In the case (i), x* /x D Ag is not 2-elementary. In the case (ii), we can take
an element y; € A with (x1,y;) = 1/2 by the nondegeneracy of A;. Then the element
¥ = Xo + y1 is contained in x* and 2y # x. Hence x* /x is not 2-elementary again. W

Remark 4.5 Further calculation shows that x = [[/2] € Ap is divisible by 4 (and
hence unique) in the case Ay ~ Z/8 @ (Z/2)®4, and divisible by 2 in the case Ay =~
(Z/4)** @ (Z/2)%.

Example 46 Let L = 2U ® mEg @ (—2d). Then O*(L) has no irregular cusp when
d # 4. We show in Proposition 4.14 that O*(L) indeed has an irregular cusp when
d =4.Whenm =2, 6+(L) is the modular group for the moduli space of polarized K3
surfaces of degree 2d.

Example 47 Let L =2U @ mEg @ (-2t) ® (—2d). Then O*(L) hasno irregular cusp
when (¢, d) # (4,1), (2,2), (1,4). We show in §4.5 that O* (L) indeed has an irregular
cusp in these exceptional cases. Whenm = 2, O*(L) is the modular group for the moduli
space of polarized irreducible symplectic manifolds of K3!"~!1-type with polarization
of split type and degree 2d ([9)).

Example 48 When L = U @ 2E3 ® M, where M is a certain lattice of signature (1, 2)
and discriminant d = 2 mod 6, O(L) is the modular group for the moduli space of
special cubic fourfolds of discriminant d ([18]). Since Ay, has length < 3 and order d, we
find that O* (L) has no irregular cusp when d # 8, 32.

Example 49  Similarly, when L = U®2Eg® M, where M is a certain lattice of signature
(1,2) and discriminant d = 0, 2, 4 mod 8, O*(L) is the modular group for the moduli
space of special K3[?1-fourfolds of degree 2 and discriminant d ([16]). This group has
no irregular cusp when d # 32.

Example 410 When L = U & 2E5 & (2d), O* (L) is the modular group for the moduli
space of U @ (—2d)-polarized K3 surfaces studied in [4]. This group has no irregular
cusp when d # 4.
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42 O’Grady 10

In this subsection we let L be an even lattice of the form L = M & (—2d) with M of
signature (2, b — 1). We consider the group

[={yeO"(L)|ylay = #id, y|a_,, =1id }.

Then I contains O*(L) with index < 2, with ' = O*(L) if and only if Ay is 2-
elementary. We have —id € T'if and only if d = 1. When M = 2U & 2Eg & A,,
I" is the modular group for the moduli space of polarized O’Grady 10 manifolds with
polarization of split type and degree 2d ([10]).

Proposition 4.11  The group I has no irregular cusp when d # 2, 4.

Proof Assume that / = Z[ is an irregular cusp for I'and —E,,,g; € I form € I@/IQ.
The case d = 1 is excluded by —id ¢ T'. We shall show that d | 4. Since Epugr =
(=Emsl) o (Emel) € 6+(L), we see that 2m ® [ € L(I) by Lemma 4.1. Hence we can
take a lift 77 of m from I* N L. Let v be a generator of (—2d)". The vector

—Engi(v) = —v+ (m,v)l - (I,v)m + %(m,m)(l, v)l
must be contained in v + L, and hence
2v € (m,v)l - (I,v)m + %(m,m)(l, v)I+ L. (4.2)
Since (1, v) € %Z,(l, v) € Zand (m,m) € %Z,weﬁndthath € %L.HenceZd [8. m

The case d = 2 does not occur when |Ays| is square-free, because then Ay is
anisotropic and hence div(/) = 1. In Proposition 4.14 we show that I" indeed has an
irregular cusp when d = 4 and M contains U.

4.3 Generalized Kummer

In this subsection we let L = M & (—2d) be as in §4.2 and consider the group

[={ye€O0"(L)|ylay =det()id, ¥|a_,, =id }.

This is an index < 2 subgroup of the group considered in §4.2. When M = 2U & (-2t)
with# > 3, T is the modular group for the moduli space of polarized deformation gen-
eralized Kummer varieties of Al*l-type with polarization of split type and degree 2d

().
Proposition 412 The group I has no irregular cusp when d 1 4. Moreover, when b is even,

T has no irregular cusp unless Ay is isomorphic to Z,/8 & (Z/2)®% or (Z/4)®? & (Z/2)®¢
as abelian groups.

Proof The assertion d { 4 follows from Corollary 3.5 and Proposition 4.11. Since
I'n SO*(L) = O*(L) N SO*(L), Corollary 3.4 shows that when b is even, I" has an
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irregular cusp if and only if O*(L) has an irregular cusp. Then our assertion follows
from Proposition 4.4. |

This shows that when M = 2U @ (—2t), I has no irregular cusp when (¢,d) #
(4,1),(2,2),(1,4). In §4.5 we show that I" indeed has an irregular cusp in these
exceptional cases.

4.4 Special cubic fourfolds

In this subsection we let L be an even lattice of the form L = M & K with |[Ag| > 1 odd.
(K may be either negative-definite or hyperbolic or of signature (2, *).) We consider the

group
I'={yeO"(L)|ylay = =*id, y|la, =id }.

When M = (2n) ® U & 2Eg and K = A;, I is the modular group for the moduli space
of special cubic fourfolds of discriminant 6n ([18]).

Proposition 4.13  The group T has no irregular cusp.

Proof Suppose to the contrary that I/ = Z/ is an irregular cusp and —F,,,¢; € I". Asin
the proof of Proposition 4.11, we can take a lift of m from I+ N %L. We take a vector
v € KV — K. Then —E,;,g;(v) must be contained in v + L. The same calculation as (4.2)
tells us that 8v € L. Therefore [v] € Ax C Ay satisfies 8[v] = 0, but this contradicts
the assumption that |Ak | is odd. [ ]

4.5 Examples of irregular cusps

In this subsection we present two series of examples of irregular cusps, infinitely many
in every dimension. We will denote by e, f the standard basis of U.

As the first series of examples, we consider even lattices of the form L = U®(-8)®&M
with M hyperbolic. We define the group I" by

[={y€O"(L)|ylay = id, yla., =id }.

This is the group considered in §4.2 with d = 4. The group I contains o* (L) with index
< 2,and we have I' = O*(L) if and only if A, is 2-elementary.

Proposition 4.14  The group I" has an irregular cusp.

Proof First note that —id ¢ I" by the condition y[4 _, = id. Let v be a generator of
(—8). We take the vectors

[=2e+2f+v, m=e/2-f]2,
and show that —E,,g; € . This amounts to checking the following:

Enei(L) C L, Engila,, = +id, Emei(v/8) € —v/8+ L.
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Since M L (I, m), E g acts trivially on M. By direct calculation, we see that

Enei(e) = 4e +f+v, Em®l(f) =e, Epgi(v)=-v-_8e.

This proves our assertion. |

As the second series of examples, we consider even lattices of the form L = U &
(—4)®2 @ M with M hyperbolic, and the group I" defined by

C={yeO0™(L) | ylay =+id, ¥l _,q =id }.

The group I contains O*(L) with index < 2, and I' = O*(L) if and only if Ay is
2-elementary.

Proposition 4.15  The group T has an irregular cusp.

Proof This is similar to the first example. We let v, v, be the standard basis of (—4)®?
and show that —F,,,g; € I for the vectors

I=2e+2f+vi+v,, m=e+v{/2.

The detail is left to the reader. [ ]

5 I1-dimensional cusps

In this section we recall, following [17], [11], [6], [12], the structure of the stabilizer of
a 1-dimensional cusp of D = Dy with its action on the Siegel domain model, and the
canonical partial toroidal compactification over the cusp. This is a long preliminary for
the next §6. Although this section is no more than expository, we need to keep the rather
self-contained style of §2, for the same reasons as in §2 and for consistency.

Throughout this section we fix a rank 2 primitive isotropic sublattice J of L. The
choice of the component D determines a connected component of PJc — PJg, which is
the cusp corresponding to J. This in turn determines an orientation of J. We abbreviate
J+ =J*+ N L and write

L(J)=J"/J,

which is a negative-definite lattice of rank b — 2. We will call an embedding 2Uqg < Lo

a splitting for Jq if it sends the standard 2-dimensional isotropic subspace of 2Uq to Jg.
This defines a lift L(J)g < J@ of L(J)q as 2U6.

5.1 Siegel domain model

We consider the two-step linear projection
PLc - P(L/J)c - P(L/J )¢

and restrict it to 9 € Q C PL¢. The center of the first projection PL¢ --» P(L/J)c
is the line PJ, and its fibers are planes containing PJ¢ (minus PJ¢). Since Q contains
PJc, a plane containing PJc either

* intersects with Q at two distinct lines (one is PJg), or
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* intersects with Q at PJ¢ with multiplicity 2, or
* is contained in Q.

The first case occurs exactly when the plane is not contained in PJZ. In that case, we can
write the plane as P(J, v)c with (v,v) = 0and (v,J) # 0. Then we have

P{J,v)enNQ =PJc UP(,v)c
where Cl = vt N Je. This shows that the restriction of the first projection PLc --»
P(L/J)ctoQ - Q NPJZ
1 :0-0NPJE > P(L/J)c —PL(J)c
is an affine line bundle, with the fiber over the point P({J, v)c/Jc) being the affine line
P(l,v)c—[!]. The inequality (w, @) > 0 defines a (shifted) upper half plane in this affine
line.
We identify (L/J*)c = J by the pairing. The second projection
my i P(L/J)c = PL(J)c = P(L/J*)c =PI

is an affine space bundle. It is (non-canonically) isomorphic to the vector bundle L(J)c®
Op 7Y (1) where, by abuse of notation, Op;v (1) stands for the line bundle corresponding
to this sheaf (the dual of the tautological line bundle). To be more specific, if we choose

alift L(J)¢c — Jé of L(J)c, this determines a splitting (L/J)c = L(J)c & (L/J*)c
where (L/J*)c is mapped to L(J)(JCT/JC. This splitting defines an isomorphism

L(J)c ® Opyy(1) = P(L/J)c —=PL(J)c

over PJ = P(L/J*)c. At the fiber over each point [v] of P(L/J*)c, this isomorphism
is written as

Hom(Cv, L(J)c) — P(Cv & L(J)c) = PL(J)c, (5.1)

where to a linear map Cv — L(J)¢ we associate its graph.

The orientation of J determines a connected component H; of P]é —PJ. We write
V; = ﬂ;l (Hy) and D(J) = 771_1 (V7). By definition, D(J) consists of points Cw € Q
such that the map (-, w): Jg — C is an orientation-preserving R-isomorphism. We
thus have the enlarged two-step fibration

Dco)Sv, BH,.

This is the Siegel domain realization of 9 with respect to J. Here D(J) — Vj is an
affine line bundle, inside which 9 — V; is a fibration of upper half planes. Over H; C
]P’Jé we have the Hodge line bundle in Jc = Jc ® Oy, defined by

F = OHJ (—1)J' C J&,

where we view Oy, (—1) as a sub line bundle of J ® Og, naturally. Then Og, (1) is
naturally isomorphic to Jc/F. To summarize, we have an isomorphism

V5 = L(J)c ® Oy, (1) = L(J)c ® (Jc/F). (5.2)

The relation with the tube domain model is as follows. We choose a rank 1 prim-
itive sublattice I of J. This corresponds to a 0-dimensional cusp in the closure of the
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1-dimensional cusp for J. The filtration I C J C J* C L determines the projec-
tions P(L/I)c --» P(L/J)c --> P(L/J*)c. Then the composition of this with the tube
domain realization D C D(I) < P(L/I)¢ is the Siegel domain realization above.

5.2 Stabilizer over Q

Let I'(J)q be the subgroup of the stabilizer of Jg in O* (L) that acts on Jg with deter-
minant 1. The determinant 1 condition is not restrictive when restricting to subgroups
of O*(L). We write

W(J)g = Ker(I'(J)g — O(L(J)g) X SL(Jg)).
U(J)q = Ker(I'(J)g — GL(Jg)),
V(J)g=W()/U()g.
By definition we have the canonical exact sequences

1 5 W(J)g = T(J)g = O(L(J)g) x SL(Jg) — 1, (5.3)

0-U)g—= W) —V()g—0. (5.4)

The group W(J)g is the unipotent radical of I'(J)g. If we choose a splitting Lg =~ 2Ug®
L(J)q for Jg, the first exact sequence (5.3) splits (non-canonically):

Mg = (O(L(J)e) X SLU)) = W(J)q. (55)

Here SL(Jg) acts on the component 2Ug =~ Jg @ J, and O(L(J)g) acts on the
component L(J)q.

On the other hand, the second exact sequence (5.4) never splits. Indeed, W(J)q
is a Heisenberg group as follows. We have a canonical A%J-valued symplectic form
on L(J) ® J as the tensor product of the quadratic form on L(J) and the canoni-
cal symplectic form J X J — AZ2J on J. This gives a Heisenberg group structure on
A?Jg x (L(J)g ® Jg). Explicitly, we take a bijection L(J)g ® Jg = L(J)g X L(J)g by
choosing a positive basis of J, and define a product on A*Jg X L(J)g X L(J)g by

(a,vi,v2) - (Bywi,wy) = (@ + B+ (v, wy),vi + Wi, vy +wy).

The center is A%Jg X {0} x {0}.

Lemma 5.1 W(J)q is isomorphic to the Heisenberg group for L(J)q ® Jq with center
U(J)q, and we have the canonical isomorphisms

NJg—=UDqg, LA+ Egp,
L(J)g®Jg = V(J)g, m®l— Eug mod U(J)g.
Proof This should be well-known (see, e.g., [12]), but we provide a proof in the present

context for the convenience of the readers. We choose a rank 1 primitive sublattice / of
JandputJ = (J/I) ® I ¢ L(I). Note that J ~ AJ naturally. We restrict the sequence
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(2.3)forT'(I)g to W(J)q € T'({)g. Itis clear that W(J)gNU(I)g = j& N L(I)g, which
contains U (J)g with

UN)g =) =Jg = Ny cU(D)g. (5.6)

The image of W(J)g — O*(L(I)q) is the subgroup of the stabilizer of Jg that acts
trivially on Jg and J_a /Jq. This consists of Eichler transvections of L(/)g with respect
to Jg, hence isomorphic to (.]_6/.]_@) ®Jg = L(J)g ® (J/I)q. In this way we obtain the
exact sequence

0> J3NL(Ig = W(J)g — L(N)g® (J/I)g — 0. (5.7)

We choose lifts L(J)g — Ja and (J/I)g < Jg. This induces a section of (5.7)
which consists of the Eichler transvections E,, of Lg with w € L(J)qg ® (J/I)g.
Together with the splitting j& NL(I)g = Jg @ (L(J)g ® Ig), we obtain a bijection

W(J)g = jQ X (L(J)g®Ig) X (L(J)o ® (J/I)g).

This gives an isomorphism with the Heisenberg group. |

Note that U(J)q is not just the center of W(J)g, but also the center of I'(J)g. This
is the reason we put the determinant 1 condition in the definition of I'(J)g.

The action of I'(J)g on the Siegel domain model can be described through the fil-
tration U(J)g € W(J)g € I'(J)g. By definition U(J)g acts on V; € P(J&)" trivially
and W(J)g actson H; C IP’J% trivially. We let U(J)c € O(Lc) be the group of Eichler
transvections Ejgp with [,1” € Jo. Then U(J)c = A%Jc preserves D(J) and acts on
V; trivially. The following descriptions should be well-known, but we provide a proof
in the present setting for the convenience of the readers.

Lemma 5.2 The following holds.

(1) D(J) — Vy is a principal U(J)c-bundle.

(2) The group V(J)g = L(J)g ® Jg acts on V; — H as the relative translation on the
vector bundle L(J)c ® (Jc/F) via an isomorphism (5.2).

(3) We choose a splitting for Jo, which induces a splitting (5.5) of T'(J)q and an isomorphism
(5.2) for V. Then the lifted subgroup O(L(J)g) X SL(Jg) of I'(J)q acts on V; — H; by
the equivariant action of SL(Jg) on Jc/F and the linear action of O(L(J)q) on L(J)c.

Proof (1) Recall from §5.1 that a fiber of D(J) — YV is an affine line P{l, v)c — [/]
where v € Lc is an isotropic vector with (v, J) # 0and Cl = v+ N Jc. We take I’ € J¢
with (I’,v) = 1. Then E g;ar € U(J)c, @ € C, sends a point C(v + BI) of P(l, v)c — [I]
to
C(v+pBl) > CW+ (al’,v)I+B]) =C(v+ (a+p)]).

This shows that U(J)¢ acts on each fiber of D(J) — Vj freely and transitively.

(2) We choose a splitting Lg =~ Jo @ L(J)g ® (L/J*)q for Jg where the lift of
(L/J*)q is perpendicular to the lift of L(J)q. Let [v] be a point of H; < P(L/J*)c.
By (5.1), the fiber of V; — H over [v] is the affine line

P(Cve L(J)c) —PL(J)c =~ Hom(Cv, L(J)c)
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in P(L/J)c. Here the point corresponding to f € Hom(Cv, L(J)¢) is its graph C(v +
f(v)). Wetake Epner € W(J)g/U(J)g wherem € L(J)gand! € Jg. Then E,;,; sends
C(v+ f(v)) to

Cv+f(v) > C+(vm=2""(m,m)(I,v)l+ f(v) = (m, f()])
= Clv+f(v)+(,vim) €P(L/J)c.

This means that E,,g; acts on Hom(Cv, L(J)¢) by the translation f — f + (I,-)m.
Finally, we notice that the R-isomorphism

L(J)r ® Jx = L(J)c ®c (Jo/Fv)) = L(J)c ®c (Je/v*') = L(J)c ®c (Cv)”

sendsm ® [ tom Q (I, -). This proves the assertion (2).
The proof of (3) is straightforward and is left to the readers. [ ]

5.3 Stabilizer over Z

Now let I be a finite-index subgroup of O*(L). We write
I'(Nz=T(NonI, Wl)z=W()gNI, UJ)z=UJ)gNT,
and consider the quotients
F(N)z=T(Nz/UNz. V(z=W(W)z/UW)z. Ts=T(z/W()z,
T(N)g =TWa/UW)z, Wz =WNa/UWz, Uz =Ua/UW)z.
By definition we have the canonical exact sequences

0-5V()z—>T(J); -y -1, (5.8)

0— W(J)gz — T'(J)g — O(L(J)g) X SL(Jg) — 1, (5.9)
0—U(J)gz = W)z — V(J)g — 0.
Then (5.8) is canonically embedded in (5.9). We have
V(NzNnU(J)gz = {0} (5.10)

as subgroups of W(J)g,z because W(J)z N U(J)g = U(J)z by definition. Note
that U(J)g,z is the group of torsion points of the 1-dimensional torus T(J) =
U(J)c/U(J)z.1f we choose a splitting for Jg, the induced splitting (5.5) of I'(J) g defines
a splitting of (5.9):

T(N)g = (O(L(J)q) X SL(Jg)) x W(J)g/z. (5.11)
But this does not mean that (5.8) splits.
5.4 Partial toroidal compactification

We denote 7 (J) = D(J)/U(J)zand X(J) = D/U(J)z. By Lemma 5.2, T (J) — YV,
isaprincipal 7(J)-bundle acted on equivariantly by I'(J) . The projection X (J) — V;
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is a punctured disc bundle in 7°(J) — V,. By Lemma 5.2, the action of I'(J)g on
V; — Hj is described as follows.

Lemma 5.3 We choose a splitting for Jq to give an isomorphism (5.2) for V;y and a splitting

(5.11) of I'(J) . We express an element y of I'(J)g as y = (y1,¥2, @) accordingly, where
Y1 € O(L(J)), v2 € SL(J) and @ € W(J)q/z. Theny actson Vy = L(J)c ® (Jc/F) as
the equivariant action by ('y1,y2) and the translation by [a] € V(J)g = L(J)g ® Ja.

Thus V;/V(J)z is a fibration of abelian varieties over H; isogenous to the self
fiber product of the universal elliptic curve. The group I'; acts on V;/V(J)z by the
equivariant action plus some possible translation.

Now let m =~ C be the canonical partial compactification of the torus T (J). We
take the relative torus embedding

T(J) = (T (J) xT(J))/T().

This is the line bundle associated to the principal T'(J)-bundle 7 (J) — V; and the
standard character of T'(J). Let W be the interior of the closure of X(J) in m
This is the partial toroidal compactification of X(J) over the 1-dimensional cusp J.
Note that no choice of fan is required: this is canonical. The boundary divisor of X))
is canonically isomorphic to V.

The relation with a partial toroidal compactification over an adjacent 0-dimensional
cusp I C J is as follows. Recall that / = (J/I) ® I =~ A2J is an isotropic sublattice
of L(I), oriented by the orientation of J. The ray oy = (Jr)so is in the closure of the
positive cone, and it is contained in any I'(/)z-admissible fan X. The torus embedding
T(I) = T(I)° defined by o is a Zariski open set of T (1)*. By (5.6) we have U (J)r =
jR C U(I)R and

UJ)z=JrNU(I)z =Roy; NU(I)z. (5.12)
Therefore the inclusion D (J) C D(I) induces the etale map
T(J) - T cT()*, (5.13)

which maps the boundary divisor of 7 (J) to the unique boundary divisor of 7'(1)77.
We note that U(I)z C T'(J)z.

6 Irregular 1-dimensional cusps

In this section we define and study irregular 1-dimensional cusps. For simplicity we
assume b > 3 so that L(J) # {0}. Let I" be a finite-index subgroup of O* (L) and J be
a rank 2 primitive isotropic sublattice of L. We keep the notation from §5. Irregularity
of the 1-dimensional cusp J can be characterized as follows.

Proposition 6.1  The following conditions are equivalent.

(1) U(N)z # U(J)}, where U(J)7}, = U(J)g N (T, —id).
(2) —id ¢ T and —E,, € I'(J)z for some w € A*Jg.

2024/02/05 22:27

https://doi.org/10.4153/S0008414X24000129 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000129

22 S.Ma

(3) —id ¢ T and I'(J), contains an element 7y of finite order whose image in O(L(J)) X SL(J)
is (—idL(J) s —idJ )
(4) T'(J) contains an element 'y which acts trivially on Vy but nontrivially on X (J).

When these hold, the element 'y of I'(J)z in (3), (4) is given by —E,, in (2), has order 2, and is
unique.

Definition 6.1 We say that the 1-dimensional cusp J is irregular when these properties
hold, and regular otherwise.

Proof The equivalence (1) & (2) is similar to (1) & (2) in Proposition 3.1. The
quotient U(J)7/U(J)z = Z/2 is generated by E, in (2).

(2) = (4): Since E,, for w € A2Jq acts trivially on V; by Lemma 5.2, so does —E,, .

(2) = (3): Theelementy = [-E,, | ofﬁz isof order 2and actson J, L(J) by —1.

(3) = (4): By the description of the TJ)Z—action on Vy in Lemma 5.3, we find
that the element 7y of (3) acts on V; by some translation. Since 7 is of finite order by
assumption, this translation must be trivial.

(4) = (2),(3): Suppose that y € T])Z acts trivially on V; but nontrivially on
X(J). We take a splitting (5.11) of mQ and express y = (Y1, Y2, @) accordingly.
Since y acts on Hj trivially, we must have y, = id; or —id;. Then, since y acts on
V; = L(J)c ® (Jc/F) trivially, we see from Lemma 5.3 that (y1,y,) = (idg(y),idy)
or (—idz sy, —idy), and the image of @« € W(J)qg/z in V(J)g must be 0, namely
a € U(J)gz. The case (y1,y2) = (idr(y),idy) cannot occur, because then y €
U(J)g/z NV (J)z and so y = id by (5.10). Therefore y = (—idy (), —idy, E,,) for some
w € /\ZJQ. Since —idy, = (—idp (), —idy, 0) with respect to this (and any) splitting, we
find that y = —E,,. Thus —E,, € I'. Finally, we have —id ¢ T, for otherwise E,, = —y
would be contained in U(J)z, which in turn implies that vy acts trivially on X (J). =

As in the case of 0-dimensional cusps, U(J)/, is the projection image of U(J)7 =
({#id}-U(J))NTinU(J)g, and we have U(J)} /U(J)z = (~E,, ) when J is irregular.

Since the boundary divisor of X (/) is naturally isomorphic to Vy, the condition (4)
can be restated as follows.

Corollary 6.2 A 1-dimensional cusp J is irregular if and only if X (J) — X (J)/T'(J)y is
ramified along the boundary divisor of X (J). In that case, the ramification index is 2, and the

unique nontrivial element of I'(J)y, fixing the boundary divisor is given by —E,,,.

By the condition (1), irregularity of a 1-dimensional cusp reduces to that of an
adjacent 0-dimensional cusp as follows.

Proposition 6.3  Let I C J be arank 1 primitive sublattice and oy C U (I)g be the isotropic
ray corresponding to J. Then J is irregular if and only if I is irregular and oy is an irregular

ray.
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Proof Recall from Definition 3.2 that the ray o is called irregular when Ro; N
U(D)z # Roy N U(I),. By (5.12) we have Roy N U(I)z = U(J)z, and similarly
Roy NU(1), = U(J)}. This proves our assertion. |

Corollary 6.4 IfI' has no irregular O-dimensional cusp, it has no irregular 1-dimensional
cusp.

7 Toroidal compactification

In this section we study singularities and ramification divisors in the boundary of a
toroidal compactification of the modular variety. These are studied in [6], [13] under the
condition —id € I, and we explain what modification is necessary in the general case,
especially at the irregular cusps.

Let L be alattice of signature (2, ) and I"be a subgroup of O* (L) of finite index. The
input data for constructing a toroidal compactification of F(I") = I'\D is a collection
Y = (Zj); of I'(I)z-admissible fans (§2.4), one for each I'-equivalence class of rank 1
primitive isotropic sublattices I of L. No choice is required for 1-dimensional cusps.
Thus X is a finite collection of independent fans.

The toroidal compactification associated to X is defined as ([1] p.163)

FO* = |Du| Jxn* u| |XO))/~
1 J

where [ (resp. J) ranges over all primitive isotropic sublattices of L of rank 1 (resp. 2),
and ~ is the equivalence relation generated by the following:

* Action of y € T'giving D — D, X()* — X(y[)>" and X(J) — X (yJ).
* The natural maps D — X (I)* and D — X(J).
* The etale gluing maps X (J) — X (I)*! for I C J given by (5.13).

Theorem 7.1 ([1]))  The space F (I')* is a compact Moishezon space containing F (T') as a
Zariski open set, and we have a morphism from F (T')* to the Baily-Borel compactification of
F (). For each cusp 1, J, the natural map

X(D* Tz —» F(OF  X(J)/TJ)z — F()*

is locally isomorphic in an open neighborhood of boundary points lying over that cusp.

Perhaps a word might be in order because, strictly speaking, the theory of [1] is
applied to the image of I" in O (Lg)/+id, which is (I', —id)/+id, rather than T itself.
Then U(1)z should be replaced by U(1),, X(I) = D/U(I)z by X(I)" = D/U(1)},
I'(I)zbyI"(I)z = (I'(I)z, —id)/+id, and similarly for 1-dimensional cusps J. But since
X)) =X({I)orX(I) = X(I)/{—E,,) with —E,, € I'(I)z (and similarly for J), we
have naturally

Dqum&uUYm
1 J

p:(DqJMWWHUMW/%
1 J
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where ~’ is the equivalence relation similar to ~. The last statement of Theorem 7.1 ([1]
p-175) is justified because we have

XD IT()z = (X)) (T (1)z/U(])%)

(see also (7.1)), and similarly for J.

The reason we prefer to work with U (I)z rather than U (1), is that Fourier expansion
of '-modular forms of arbitrary weight can be done with U (I)z (see §8).

If D(0r) € X(I)* is the boundary divisor corresponding to a ray o € X, general
points of D (o) lie over the I-cusp if and only if o is positive-definite. When o = o7
is isotropic corresponding to a 1-dimensional cusp J D I, D(o7) is glued with the
boundary divisor of m, and its general points lie over the J-cusp. By combining the
last statement of Theorem 7.1 with Corollaries 3.8 and 6.2, we obtain the following.

Proposition7.2 (1) The projection X (I)*! — F (I')¥ is ramified along irregular boundary
divisors of X (I)*! with ramification index 2, and not ramified along other boundary divisors.
If we take quotient by U(I)% /U(I)z, then (Z)/U(I)%)z’ — F ()% is not ramified along
the boundary divisors.

(2) The projection X (J) — F ()% is ramified along the unique boundary divisor (with
index 2) if and only if J is irregular. If we take quotient by U (J)3 /U(J)z, then D [U(J); —
F ()% is not ramified along the boundary divisor.

Proof Whatremainsis to show that (1) is still true even when aray o = o7 is isotropic.
Since the map X (J) — F(I')¥ in (2) factorizes as X (J) — X (I)*’ — F(I')* and the
gluing map X (J) — X (I)* is etale, our assertion for X (I)* — F(I')* follows from
(2) and Proposition 6.3. ]

When I contains —id, Proposition 7.2 is proved in [6], [13]. In that case, we have no
irregular cusp, so no ramification divisor in the boundary.

Remark 7.3 It appears that in some literatures, the “no ramification boundary divisor”
property is used to claim that #(I'")* — F(I')* is not ramified along the boundary
divisors for neat subgroups I'” < I'. This seems not true already in the case of modular
curves: for example, I'(N) < SL,(Z). The point is that U(/)zr = U(I)g N T" depends
onT, so U(I)z = U(I)g NI is in general smaller than U(/)zr. If o is a ray in X,
assumed regular for simplicity, we have ramification index

[RO’ N U(I)Z,F :Ro N U(I)Z,F’]

at the corresponding boundary divisor. It seems that so far, all argument using the above
claim can be avoided: see the proof of Theorem 8.9.

Next we study singularities. A fan ¥; = (07,) is called basic with respect to a lattice
A c U(I)qif each cone 0, is generated by a part of a basis of A. The singularity theorem
([6], [13]) is still true, if we require the fan X; to be basic with respect to U(I)i, rather
than U(1)7.
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Proposition 7.4 (cf. [6], [13]) (1) We choose the fans T = (X1) so that each X is basic with
respect to U (). Then F (T)* has canonical singularities at the boundary points lying over
the 0-dimensional cusps.

(2) When b > 9, F (I')* has canonical singularities at the boundary points lying over the
1-dimensional cusps.

Proof When I contains —id, this is proved in [6], [13] for 0-dimensional cusps, and in
[6] for 1-dimensional cusps. We show that the general case is reduced to this case. We
consider 0-dimensional cusps. The case of 1-dimensional cusps is similar. It suffices to
show that X (1) /ﬁz has canonical singularities.

Let I = (I',-id) and I'"(I)z = I'" N T'(I)q. Then U(1);, = U(I)g NI and
I"(I)z = (I'(1)z, —id). Since the fan ; is also rational with respect to U(/), it defines
a toroidal embedding (Z)/U(I)i)z’ of D/U(I)}. This is the quotient of (D/UI)z)*
by the translation by U (1), /U (I)z (which is nontrivial exactly when / is irregular). Since
U, /U(Dz c T"(1)z/U(I)z, we have

(DJU)z)* [T(T)y = (DJUI)z)™ (T (D)z/U(I)z) (7.1)
= (D/UDY™ (T (1)z/U(D)}).

Since X is basic with respect to U(1)/, and —id € I", we can apply the result of [13] to
the last quotient to see that this has canonical singularities. [ ]

8 Modular forms and pluricanonical forms

Let L be a lattice of signature (2, b) and I be a subgroup of O*(L) of finite index. For
simplicity we assume b > 3. In this section we compare the vanishing order of cusp
forms and pluricanonical forms, and explain how the low weight cusp form trick of
Gritsenko-Hulek-Sankaran [6] is modified at irregular boundary divisors. We take this
occasion to generalize “low weight” to “low slope”, for possible future use.

8.1 Modular forms

Let £ = Opr.(—1)|p be the restriction of the tautological line bundle to D C PL¢. Let
x be a character of I'. By our assumption b > 3, y(I') € C* is finite ([14]). We assume
that |y (1), = 1 for every O-dimensional cusp /. This holds, e.g, for y = 1,det. AT-
invariant section of the I'-linearized line bundle £®* ® y over D is called a modular
form of weight k and character y with respecttoI".

Let [ be a rank 1 primitive isotropic sublattice of L. We choose a generator I; of I.
This defines a frame s; of £ determined by the condition (s7([w]), ;) = 1, where we
view sy ([w]) € L[w] = Cw C Lc. The factor of automorphy with respect to s; is
given by

_ ol _ (w,y'I1)
(0.), ll) ((I.),l]) ’

Let 1, be anonzero vector in the representation line of y. Then s?k ® 1, is aframe of
the line bundle L& ® y, via which modular forms F = f sf.z’k ® 1, of weight k and

J(y, [w]) yeTl, [w] € D. (8.1)

2024/02/05 22:27

https://doi.org/10.4153/S0008414X24000129 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000129

26 S.Ma

character y are identified with holomorphic functions f on D satisfying

FoloD) =xi ) f([w]), yeT, [w] €D.

Since s}g’k ® 1, is invariant under U(I)z by our assumption, f is U([)z-invariant,
hence descends to a function on D /U (I)z. By the tube domain realization D — Dj C
U(I)c (after a choice of I’ C L with (1,1’) # 0), f is identified with a function on Dy
invariant under translation by the lattice U ([)z. Then it admits a Fourier expansion

f(2) = Z a(l)q', ¢' =exp(2mi(l,Z)), Z € Dy. (8.2)
1eu 1)y

By the Koecher principle, we have a(l) # 0 only when [ € Cr. The modular form F
is called a cusp form if a(l) = 0 for every [ € U(I)y; with (I,I) = 0 at every rank 1
primitive isotropic sublattice I of L. (a(0) is the value of f at the 0-dimensional cusp
for I, and ZUQU(I)% a(l)q' for an isotropic ray o = o gives the restriction of f to the
1-dimensional cusp for J D 1.)

Fourier expansion at an irregular cusp satisfies the following.

Lemma 8.1 Suppose that I is irregular and —E,, € T'(I)z. When the weight k satisfies
x(=Ey) = (=1)**' eg, k odd for y = 1ork # b mod 2 for y = det, then we have
a(l) =0forl € (U(I)i)v. In particular, a(0) = 0 in this case. When y(=E,,) = (=1),
we have a(l) = 0 for [ ¢ (U(I)})".

Proof Since —E,, acts on I by —1, the factor of automorphy of —F,, on L is —1 by
(8.1). Therefore we find that f(Z+w) = x(=E,,)(=1)X f(Z). Thus we have f(Z+w) =
—f(Z) when y(=E,,) = (=1)**1 while f(Z +w) = f(Z) when y(-E,,) = (=1)*.
On the other hand, since w generates U(I)},/U(I)z =~ Z/2 by Proposition 3.1,
pairing with w defines an isomorphism U(1)Y/(U(1)})¥ — 1Z/Z. Thus we have
(I,w) € Zforl € (U(I);)", while (I,w) € 1/2+Zforl € U(I)} — (U(I);)". There-
fore, if we substitute Z — Z+winto ¢! = exp(27i(l, Z)), theng' — 4'ifl € wmnyy
andg! — —¢lifl e U(I)% - (U(I)fZ)V. This implies our assertion. |

8.2 Vanishing order

In this subsection we study the vanishing order of modular forms along boundary divi-
sors. We will define two types of vanishing order: v (F) and v geom (F). Vo (F) is
defined by Fourier expansion and is always an integer. On the other hand, v geom (F)
can be strictly half-integral, and measures the vanishing order at the level of 7 (I')*.

Let I be a rank 1 primitive isotropic sublattice of L. Let £ = £; = (0¢) be al'({)z-
admissible fan in U(I)g and o be a ray in Z. Let w - be the generator of oo N U(I)z. Let
f(Z)= ZleU(I)%/ a(l)q' be the Fourier expansion of a I'-modular form F = fs?k ®1,
around /. We define the vanishing order of F along o as

Ve (F) =min{ (l,wy) |l € U(I)4, a(l) £0}.
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This is a nonnegative integer because w € C; has nonnegative pairing with C;. Clearly
v (F) depends on U(I)z and hence on I'. If we shrink I" without changing F and o,
then v (F) will be multiplied in general.

When o is positive-definite, we have o+ OC_I = {0},and so ! = 0is the only vector in
C; with (I, w,) = 0. Therefore, for such o, we have v (F) > 0if and only if a(0) = 0.
Similarly, when o is isotropic, we have o+ N C_1 = o. Therefore, in this case, we have
v (F) > Oif and only if a(l) = O foralll € o N U(I);. Thus, F is a cusp form if and
only if v, (F) > 0 at every ray o at every O-dimensional cusp /.

The following criterion is trivial but perhaps might be sometimes useful in view of
Theorem 8.9. Compare with [1], [5] in related cases.

Corollary 8.2 Assume the following holds: if a(l) # O, then (I,w) > r for every w €
U(I)z N Cy. Then we have v (F) > r for every ray o € Z.

Proof Take w to be the generator of o N U(I)z. ]
When o is irregular, v, (F) belongs to the following parity.

Proposition 8.3  Suppose that the ray o is irregular and —E,, € T'(I)z. Then v (F) is odd
when x (=E,,) = (=1)%*', and even when y(—E,,) = (=1)k.

Proof Letw, be the generator of o NU(I)z. Since U(1)}, = (U(I)z, w »-/2), a vector
[ of U(I)} belongs to (U(I)})" if and onlyif (I, w ) is even. Then our assertion follows
from Lemma 8.1. ]

We also define the geometric vanishing order of F along o as

vo(F) o :regular

Vo-,geom(F) = {

%VO—(F) o : irregular
If wi, is the generator of o~ N U(I)}, we can write uniformly as
Vo geom(F) =min{ (I, w},) |l € U(I)y, a(l) # 0 }. (8.3)

Note that v geom(F) is in 1/2 + Z when o is irregular and the weight k satisfies
Y (=Ey) = (=1)**1 5o that v, (F) is odd.

Geometric interpretation of v (F) is as follows. Recall that the ray o corresponds
to a boundary divisor D (o) of the partial compactification X (1)* of X (I) = D/U(I)z.
The line bundle £®¥® y descends to a line bundle over X (1), again denoted by L®*® .
The point is that, since sf’k ® 1, is U(I)z-invariant, it descends to a frame of L% @y
over X (I), and we use this frame to extend £&* ® y to a line bundle over X ()%, still
denoted by the same notation. Namely, s?k ® 1, extends to a frame of the extended line
bundle by definition. The property [ € C; = C_IV in the Fourier expansion implies that
amodular form F extends holomorphically over X (1) as a section of £L®* ® y.

Proposition 8.4 v (F) is equal to the vanishing order of F as a section of LZ* ® y over
X (I)* along the boundary divisor D (o).
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Proof Recall that o defines a sub toroidal embedding X (1) < X(I)¥, the unique
boundary divisor of which is a Zariski open set of D (0") and is the quotient torus (or its
analytic open set) defined by the quotient lattice U (I)z/Zw . The character group of
this boundary torus is o~ NU (). We choose avector [, € U(I)y suchthat (I, ws) =

1 and put g = g', which is a character of T'(1). Then g extends holomorphically over
X(I)? with D(0) = (g = 0). The Fourier expansion (8.2) can be arranged as f =
ims0 Pmq"™ where

Om = Z a(l+mla-)ql.
leonU (1))

This is a Taylor expansion of f along the divisor D (o). Since (I + mly, wo) = m for
l € o NU(I)}, we find that

Vo (F) =min{m | ¢,, 0 }.

This proves our assertion. |

We can also give a geometric interpretation of v geom (F) when
52X ® 1, is invariant under U (1)} = ({id} - U(I)g) NT. (8.4)

This holds, e.g., when k& is even with y = 1 and when k = b mod 2 with y = det. Recall
that U (), is the image of U (1)7 in U(/)q. Under the condition (8.4), the function f(Z)
on the tube domain Py is invariant under translation by U(/)/, so the index lattice
in the Fourier expansion reduces to (U(1),)" c U(I)5. In other words, a(l) = 0 if
l ¢ (U(I)i)v, S0 Vo geom (F) is an integer. The frame s?k ® 1, descends to a frame of
L85 ® y over

X(I) =D/U)% = DJU),,

using which we can extend £® ® y to a line bundle over (X(I)")*. The ray o
corresponds to a boundary divisor D (o)’ of (X (I)")*. We have

* D(0)’ =D(0) in X(I)* = (X(I)")* when I is regular.

* D(0)" =~ D(0) with X(I)* — (X (I)’)* doubly ramified along D (o)’ when o is
irregular.

* D(o) is the quotient of D(o) by U(I)},/U(I)z ~ Z/2 with X(D* = (X(D)*
unramified along D (07)’ when [ is irregular but o is regular.

Then we see, either from Proposition 8.4 or by a similar argument, the following.

Proposition 8.5 When (8.4) holds, Vo geom (F) is equal to the vanishing order of F as a
section of L& ® y over (X (I)")* along the boundary divisor D (o)’

The vanishing order at a 1-dimensional cusp J is reduced to the case considered
above. We choose a rank 1 primitive sublattice / C J and let oy be the isotropic ray
in U(I)g corresponding to J. Then we define

VJ(F) =Voy (F)’ VJ,geom(F) = V(rj,geom(F)~

2024/02/05 22:27

https://doi.org/10.4153/S0008414X24000129 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X24000129

Irregular Cusps 29

The Taylor expansion f = 3, ;g™ in this case is nothing but the Fourier-Jacobi
expansion, and ¢, is essentially the m-th Fourier-Jacobi coefficient. Thus v, (F) is the
minimal degree of nonzero Fourier-Jacobi coefficients.

We also have the following geometric interpretation of v (F). We use the U(J)z-
invariant frame s?k ® 1, to extend L% ® y to aline bundle over m This is the
pullback of the extended line bundle £®* ® y over X(I)* by the etale gluing map
m — X(I)%. This extension does not depend on the choice of I up to isomor-
phism. Then v (F) is the vanishing order of F as a section of the extended line bundle
L% ® y over m along the boundary divisor. Similarly, when s?k ® 1, is invari-
ant under U(J)Z, vJ geom(F) equals to the vanishing order of F along the boundary

divisor of D/U(J); = D/UJ)5,.

8.3 Pluricanonical forms

In this subsection we compare the vanishing order of modular forms and pluricanonical
forms along the boundary divisors. Recall that we have a canonical isomorphism

-£®b ® det ~ KZ)

over D, as a consequence of the isomorphism Kpy. =~ Opr.(—b — 2) ® det and the
adjunction formula. Let I be a rank 1 primitive isotropic sublattice of L. The above
isomorphism descends to £®” ® det ~ Kx(1y over X(I)" = D/U(I)Z. Both line bun-
dles are extended over the partial compactification (X (I)’)* in the respective manner:
L% @ det is extended by the frame s?b ® 14, while K x () is extended to K x (yy)=.

Proposition 8.6 (cf. [15])  Over (X(I)")* the above isomorphism extends to

-£®h ® det =~ K(X(])/)Z(Z D(O’)/),
o

where o ranges over all rays in ¥ and D ()" is the boundary divisor of (X (I)")* correspond-
ingto .

Proof By the isomorphism £®” ® det =~ Ko, the frame sf’b ® 14er of L8 ® det
corresponds to a flat canonical form wj on the tube domain Dy € U(I)c, because both
extend over D(I) ~ U(I)c and are U([)c-invariant. Let o be a ray in ¥ and w/_ be the
generator of o NU (1)} We take avector [, € (U(I)i)v with (/, w!.) = 1and extend
it to a basis of (U(I),)". This defines a coordinate Z; = (I, ), Z,- -+, Zp on U(I)c.
We have w; = dZy A--- AdZp, up to constant. Then g = ql", Zy, -+, Zp define alocal
coordinate around a point of D (o)’ c (X(I)")* with D(0)" = (g = 0). Since we have

d
S @ Iy = dZy A+ AdZy = L NdZy A+ N dZp
q
around a point of D (c)’, this proves our assertion. [ ]

This is the situation at a local chart for the boundary. We pass to the global situation.
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Proposition 8.7  Let F be a modular form of weight mb and character det™ with respect to T
and wr be the corresponding rational m-canonical form on F (T')%. Let I be a O-dimensional
cusp, o be a ray in X1, and A() be the corresponding boundary divisor of 7 (I')%. Then the
vanishing order va(o)(wF) of wr along A(0r) is given by

(wF) (F) vo(F)—m o :regular
v WF) =V —m=
Ale)EF omgeom %VO-(F) —m o :irregular

Proof Letm: (X(I)")* — F(I')* be the projection. By Propositions 8.5 and 8.6, we
have

VD(o)y (T WF) = Vo geom(F) —m.

By Proposition 7.2 (1), 7 is not ramified along D(0")’, regardless of whether o is
positive-definite or isotropic. This implies that vp oy (T*WF) = Va(o) (WF). [ ]

When o = o7 is isotropic, the above equality can be written as

VA(o-J)((UF) = VJ,geom(F) —m,

where A(c7y) is the boundary divisor of 7 (I")* over J.

By Gritsenko-Hulek-Sankaran [6], every irreducible component of the ramifica-
tion divisor of » — ¥ (') has ramification index 2 (and is defined by a reflection).
Since every boundary divisor of #(I')* is of the form A(c") for some ray o at some
0-dimensional cusp I, Proposition 8.7 implies the following.

Corollary 8.8  The m-canonical form wF extends holomorphically over the regular locus of
F ()% if and only if the following hold:
(1) vr(F) = m at every irreducible component R of the ramification divisor of D — F (I).

(2) vo-(F) = m at every regular ray o for every O-dimensional cusp.
(3) vo(F) = 2m at every irregular ray o for every irregular O-dimensional cusp.

Note that extendability at the boundary divisors over the 1-dimensional cusps is
encoded in the conditions (2), (3) at isotropic rays o for adjacent 0-dimensional cusps.

8.4 Low slope cusp form criterion

We now arrive at our principal purpose. Theorem 1.2 follows from the case k < b in
the following.

Theorem 8.9  Let L be a lattice of signature (2, b) withb > 9. Let " be a subgroup of O* (L)
of finite index. We take a T'-admissible collection of fans X = (Xy) such that X is basic with
respect to U (1)}, = U(I)q N (I, —id) at each O-dimensional cusp 1. Assume that we have a
cusp form F of some weight k and character with respect to I satisfying the following:

(1) At every irreducible component R of the ramification divisor of D — F(I'), we have
vr(F)/k > 1/b.
(2) At every regular ray o of X at every O-dimensional cusp I, we have v, (F) [k > 1/b.
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(3) At every irregular ray o of Xj at every irregular O-dimensional cusp I, we have

vo(F)/k > 2/b.
Then F (') is of general type.

Proof The following argument is a slight modification of the proof of [6] Theorem 1.1,
avoiding the use of a neat cover.

Replacing F' with its power, which does not change the slopes v.(F)/k, we may
assume that the character y is trivial. We first consider the case b { k. By further
replacing F with its power FZN, where N is determined by [k/b] + 27V~ < k/b <
[k/b] + 27N, we may assume that k/b > [k/b] + 1/2 so that [2k/b] = 2[k/b] + 1.
We write No = [k/b] + 1. Then F has vanishing order > Ny at the ramifica-
tion divisors of D — ¥ (I') and at the regular boundary divisors, and vanishing
order > 2Nj at the irregular boundary divisors. We denote by M;(I") the space of I'-
modular forms of weight / with trivial character. For an even number m we consider
the subspace V,, = F™ - M(pNy-kym(I') of Mpnym(I). Modular forms in V,, have
vanishing order > mN)j at the interior ramification divisors and at the regular bound-
ary divisors, and vanishing order > 2mNj at the irregular boundary divisors. Thus
the corresponding m Ny-canonical forms extend holomorphically over the regular locus
of F(I")* by Corollary 8.8. By our choice of ¥, F(T')* has canonical singularities at
the boundary points by Proposition 7.4, and the interior ¥ (I") has canonical singular-
ities by Gritsenko-Hulek-Sankaran [6]. Therefore these mNy-canonical forms extend
holomorphically over a desingularization X of 7 (I'")%. Since bNy > k, we have

b

dimV,,, = dim M(pNy-kym () ~ ¢ - m (m — o)

for some ¢ > 0, so we find that K is big.

When b | k, we replace F with the product of a sufficiently large power of F and a
modular form of weight indivisible by b. This perturbs the slopes v..(F)/k only by &, so
the inequalities in (1) — (3) still hold. Then the same argument works. ]
Remark 810 1If we replace ">" in the conditions (1) - (3) by ">", then the conclusion
will be weakened to "F (I') has nonnegative Kodaira dimension". A power of F gives a
nonzero pluricanonical form.

Geometric explanation of Theorem 8.9 is as follows. We have the Q-linear equiva-
lence

KT(F)Z ~Q bL - B/2 - Areg = Airr

over ¥ (I')¥, where B is the interior branch divisor and Areg, Airr are the regular and
irregular boundary divisors respectively. The coefficients of B and A;,, will be multi-
plied by 2 when pulled back to local charts. The existence of the cusp form F means
that b’ L — B/2 — Ayeg — Ay is Q-effective for some b’ < b, b’ € Q. (To be explicit,
b’ = k /Ny in the case b 1 k in the proof.) Thus we have

Kz ~ (Q-effective) + (b — b') L = (Q-effective) + (big) = (big),

and the singularities do not impose obstruction.
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