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INTERPOLATION RESTRICTED TO DECREASING FUNCTIONS
AND LORENTZ SPACES*

by JOAN CERDA and JOAQUIM MARTIN

(Received 21st November 1996)

For the real interpolation method, we identify the interpolated spaces of couples of classical Lorentz spaces
through interpolation of the corresponding weighted L,-spaces restricted to decreasing functions.

1991 Mathematics subject classification: 46M35, 46E30.

1. Introduction

Throughout this paper a decreasing function is a non-increasing and non-negative
function on R* = (0, 00), which is endowed with Lebesgue measure, L, represents the
vector lattice of (equivalence classes of) all measurable real functions on R*, and
L, =L,R").

We say that X is a quasi-normed function space if it is a quasi-normed space and a
linear subspace of L,, such that, if [f|<|gl, g€ X and f € L, then f € X and
ifllx < llgllx. In our examples, X will have the Fatou property:

Iff,e X,0< f,tfaec and sup||f,lly <oo,thenf € X and [l fllx * lIflix-

In this case, X is complete, i.e., it is a quasi-Banach function space.
The cone of all decreasing functions of X is denoted X¢. Here we are mainly
interested with the case

X=L(@)={f€LoilflL,=lfol, <00} (0<p=o0),
where 0 < w € L,, a weight on R*, and | - I, is the usual quasi-norm on L,(R*).
Operators on these spaces restricted to decreasing functions have been used by

several authors (cf. [2], {19], [7], etc.) to characterize when a variety of classical
operators are bounded on Lorentz spaces associated to pairs (u, w) of weights,
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1997 GR 00185.
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Al(@) = {f € Lo; 1flazey = 1fo iy < 00}, (D

where fi(x)=inf{1>0; [, u(t)dt <x}. We write f*=£ and A’(w)=Al(w) if
ul) =1.

Conversely, the boundedness of operators T acting on decreasing functions of
L,(w) has been studied in [6] by considering the associate operator T(H =T on
Al(w).

On the other hand, interpolation of operators on weighted L,-spaces restricted to
monotone functions appear in [1], [11] and [21] in connection with some integral
operators, and in [8, Theorem 2] we have seen how the boundedness of operators of
Hardy type is enough to obtain interpolation results for cones of decreasing functions
(cf. also Lemma 2 and Remark 3 below.) This type of interpolation was first used in
[18] to present a unified account of some results about Fourier series with positive
coefficients.

For a given pair X = (X,, X,) of quasi-normed function spaces, let X¢ = (X3, X9),
the corresponding pair of cones of decreasing functions, and (X% = X¢+ X?. For
every g € Z(X%), we denote

K(g.t) = K(g, t; X*) = inf{ligollo + tllgi ll1; ¢ = go + g1, g; € X[ (j =0, 1)}.

< oo},
Lq(%)

if 0 < g < 00 and f a function parameter in the sense of [12]. We recall that this means
that f : R* — R* is continuous and f(f) = supf(ts)/f(s) < co. As usual we write (X* )s.q
for (X ),q when f(t) = £°(0 < 9 < 1).

To deal with these classes (X* )e» @ useful tool is the following elementary
decomposition lemma (cf. [8, Lemma 1]).

This K°-functional is used to construct

K(g,t)

X%, = Ig € Z(XY; lgllpea = 70

Lemma 1. Let f,g,he L, be decreasing functions such that f<g-+h Then
[ =Ly +f, with f, and f, decreasing, f, < g and f; < h (almost everywhere).

There is no general way to identify (X ) €ven if the usual mterpolatwn space X, ip
by the K-method is known, but for a number of important cases (X* e = (X ,,,)
Obviously this is true if X satisfies the following two conditions:

(a) =X)* c Z(X*%), hence Z(X)? = Z(X9),
(b) K%4g,t) < CK(g,t), hence K%(g,t) ~ K(g,t), when g € Z(X“) and t > 0,

for some constant C = C(X) > 0. In this case X? (or X as in [8]) is said to be a
Marcinkiewicz pair. .
We say that T:X? > X is a bounded quasi-linear operator if it is an operator
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T:EZX)' - Z(X) such that |T(f+¢)<C(Tfl+ITgl), and T(X;)C X, with
ITSfllx, < Millfllx, G=0,1).

Lemma 2. If there exists a bounded quasi-linear operator T : X* — X such that
(i) g € =(X)! implies g < Ty, and
(ii) g > 0 implies Tg decreasing,

then X* is a Marcinkiewicz pair.

Proof. Let g=f,+f, € 2(X)!, with 0<f e X, (j=0,1). Then g < C(Tf, + Tf,)
with Tf € Xf and from Lemma 1 we obtain g=g,+g, with g;€ X}’ such that
g; < CTf,. Thus g € Z(X“) and K*(g, t) < CK(g, t). 0

A typical choice for T is T =P+ Q = PQ = QP, where P and Q are the Hardy
operator and its adjoint

P =1 [a0ds o= [ o0 @

Remark 3. Let D,f(t) =f(t/2). If D, and Q are both bounded in X, then X? is a
Marcinkiewicz pair, since Qf is decreasing if f > 0 and, if f is decreasing, f(2t) <
Cf,zxf(s)ﬂ < Cj:”f(s)%, whence f < Tf for T = CD,Q and Lemma 2 applies.

Remark 4. It is clear that a similar result to Lemma 1 holds for decreasing
sequences instead of functions and, with the obvious changes, Lemma 2 is also true
when X is a pair of quasi-normed lattices of sequences, such as weighted £, spaces.

Our aim is to study interpolation of classical Lorentz spaces (AX(wy), AS'(w,))
through interpolation of the corresponding cones (L, (w,)’, L, (®,)") of decreasing
functions of weighted L ,-spaces. The paper is organized as follows:

Since Lorentz spaces are symmetric spaces associated to weighted L,-spaces, in
Section 2 we consider interpolation of symmetric spaces. Next, in Section 3 we prove
that, under suitable conditions and for increasing weights, the couples (Lm(wo)‘, L, (@)
are Marcinkiewicz pairs. Section 4 deals with decreasing weights. In Section 6 we
identify the real interpolated spaces of classical Lorentz spaces as function spaces of
the same type.

We refer to [4] and [S] for undefined notation and general facts about interpolation
spaces, and to [3] and [14] for interpolation properties of Banach function spaces.

2. Symmetric spaces

The quasi-normed function space X is said to be symmetric if and only if, whenever
geL, and f € X are such that ¢g* <f°, then g€ X and |glly < C|fllx, for some
constant C = C(X) > 1.
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A symmetric space X will be a quasi-Banach function space. All dilations

D_f(t) = f(t/7) (= > 0) are bounded in X, since they are bounded on F-spaces (cf. [13,
Proposition 2]).

Theorem 5. If X, and X, are symmetric spaces, then £(X), endowed with the usual
sum quasi-norm, is also symmetric.

Proof. Letf=fy+fieZ(X)withf,e X,(j=0,1),g€ Ly, g"<f" Thenf ()< f5(t/2) +
£7(t/2), and from Lemma 1 we obtain

9 =g+9.9€X.9,<D,(f)) =D(f) (i=0,1).
Thus
g llzz < Cllgollx, + llgillx,) < CUD,I(I follx, + ILfillx,) 3
with | D,|| = max(lD,llx,x,» I1D2lx,,x,)> and
lg* llzz < CIUDLINS Nz- C))

If lim,,,, g°(t) = 0, there exists a measure-preserving transform ¢ : R* — R* such that
g =g" oo (see [3, Corollary 11.7.6]). Let g° = hy + h,, 0 < h; € X, (j =0, 1), such that

ol x, + i llx, < Ng™llscr + &-
Since g =hyoo+ h, o0 and (h;00)" =k} (j =0, 1), from (3) and (4) we obtain
lgllzm < Ihllx, + IAlx, < Cllhollx, + Uhllx,) < CUDMNNS zce) + ©)
and it follows that (Igllzz, < CID I fllz-

If lim,, g"(t) > 0, then lim,,, f7(t) >0 and L, C X, + X,. For a given ¢ > 0, we
choose 1B(t)| <1, 1z(t)| < € and a measure-preserving transform ¢ : Rt — R™ such that
g = (f o0)B + z (see [14, Theorem I1.2.1]). Then

g=hoo)+(fico)p+ze Xo+ X,
with ligllizz < Co(llfollx, + I fillx, + lzllizw), hence liglizz < CULSf e + €)- |

Corollary 6. If X is a couple of symmetric spaces, 0 < q < oo and f a function
parameter, then X, is also a symmetric space.

Remark 7. If X is a couple of symmetric spaces, it follows from (3) that X? is a

Marcinkiewicz pair (see also [8, Theorem 4]) since obviously (X)) c Z(X*) and, for
any g € Z(X)’, we can write g =g, +g, with 0 < g, € X; (j=0,1) and
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lgollx, + llgallx, < D II(K(g, ) + e),
thus K%(g, t) < CK(g, ).

The next theorem will be useful when applied to classical Lorentz spaces A’(w), since
they appear when we “symmetrize” weighted L’-spaces in the following way:

If X is quasi-normed function space such that D, is bounded on X, then we define
X* ={g € Ly; ¢* € X} with [lgllx: = llg"llx.

Remark that || - ||+ is 2 quasi-norm and, if X has Fatou property, then X* has also this
property, and it is complete.

Theorem 8. If D, is bounded on X, and X,, and if X* is a Marcinkiewicz pair, then
(Xsr X:)f,q = (XO’ Xl);,qv

for any function parameter f and any 0 < q < oo.

Proof. From X," =X ,’d and from Remark 6 we get
(Xo, Xl);_q = (Xg’ X‘l’)f,q = (X5, X:);q

and (Xg, X7);, = (Xo, X,);,, since they are both symmetric with the same decreasing
functions. a

The boundedness of D, on L,(w) is equivalent to the A,-condition,
w(2t) < Cox(t). &)
As easy examples show (cf. [8, Examples 1 and 3] and Examples 9 and 15 below),
some restrictions on the weights are needed for (L,,o(wo)", L, (@)") to be a

Marcinkiewicz pair. It will be also convenient to consider weighted L,-spaces for the
measure t~'dt:

Li@) = Lot = g L [ laaor§ <o}

Example 9. For the increasing weights wy(s) = s and w,(s) = max(l, s),
Li(wo) = L, Li(,)" = Ly(max(1/s, 1))’

is not a Marcinkiewicz pair, since
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(Li(eo), Li(@,))s, = Ly(max(l/s, 1)°)* # {0}

and (L;(wo)dv L:(wl)d)s,l = {0}.

3. Weighted L ,-spaces with increasing weights

Lemma 10. If o is an increasing weight and 0 < f € L,, then
(1) sup,,, fT(s)w(s) < sup,,, f(s)ax(s), and
@) [ ()w(s)ds < I5 f(s)o(s) ds.

Proof. For (2) we refer to [14, (2.39), p. 74].
For (1) assume that f is a simple function,

f=s,= ZaiX[a,,ﬁ,) (4, > 0,8, < ay,).
=1

If n = 1 the result is obvious. Let n > 1 and
S; = s:—l + akX[m,m+ﬂk—mg)

with ¢, = min, ;. a,m= Z#k(ﬂ, = &), Sy = Sucy + XX 8, -
Now all we need is to consider the following possible situations:
(@) a,w(By) = sups, w.
(b) sups,w = sups,_,w.
(© aw(m+ B, — o) > sups;_ 0.
(d) sups,w = sups,_w.

E.g., if (a) and (b) hold true, in the case sup s, = sups,_,w, then by induction,
SUp Sp@ = SUp sh_,® < sSuUpSs,_,@ < sups,w.
In the other case
SUpSi0 < B,0(m + B, — &) < a,(m + B, — %) < a,w(B,) < sups,o. O

Theorem 11. Let 0 < py, p, < 00. If wy, w, are two increasing weights that satisfy
the A,-condition (5), then (Lh(wo)", L, ()" is a Marcinkiewicz pair.

Proof. Let f=f +f € (L,(w)+ L, (@,))* with €L, (w). We apply Lemma 1

to f < D,fs + D,f and we obtain f = g, + g, with g; € L (w,) such that g, < D,f.
We apply Lemma 10 to get
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/:“ Dof Yo, < C /:p (Ye, < C /: fPa.

Whence, f € L, ()" + L, (»,)* and

Ki(f,0) < "golle(mo) +tlg, "L,,(ml) < CUIfo N Lopeny + ELA "Lm(a),))'

Thus K*(f, t) < CK({, t). O

Remark 12. With the obvious changes in Lemma 10 and Theorem 11 we obtain
the corresponding results for sequence spaces £,(w,) and £, (w,) with w; = {w]};2,
increasing weights which satisfy the A,-condition.

Theorem 13. Let 0 < py, p, < 00. If wy, 0, are two increasing weights that satisfy
the A,-condition (5) and if there exists a > 1 such that

,(ax) 1
x>0 w;(x) -7

> 1, 6)
then (L, (w,)", L, (cu,)") is a Marcinkiewicz pair.

Proof. Assume p,, p, < oco. Forany f € L,‘,,(wj)" we write

f R r f P
nez

to obtain from the hypotheses

[ weerE = ¥ e @r

neZ

and it follows that

K(f, t; Ly (o), Ly, (@)") = K(f (@)}, £; £, (0o(@))’, £, (@,(a"))").

Now, to apply the version of Lemma 2 for sequences (Remark 4) to prove that
(Zh(wo(a")) 2, (@(a" %) is a Marcinkiewicz pair, we define (z,a)(k) = a(k — n) and

1@={% w}"ez -{> |r-ma(n)|}

k>n m>0

Then

https://doi.org/10.1017/50013091500020228 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500020228

250 JOAN CERDA AND JOAQUIM MARTIN

IIT(a)"l,I((a),(a'))) = (Z ||T-m||)"°‘||t (@)

m>0
with [|z_,|l < r™, since w(a*” ") <r"w(a") and
P —,
"T—na"ll,l((a)l(d'))) Z |o(k)e,(a* )|p' ree.
keZ .

Thus we have a bounded sublinear operator T on £ ({w,(a )} (j = 0, 1) such that T(a) is
always decreasing and |a,| < T(x),, and (€, (wo(a )), ¢, (w,(a" )% is a Marcinkiewicz
pair.

Now, as in [5, Example 2.3.22], we obtain a bounded linear operator

R:Ly(@)—> &A% (=0.1)

if Rf ={(loga)™ j;» f(s) &) 2 and A7 =( j:.“ lm,(s)" &)/, since the weights o, are
increasing and satisfy the A,-condition. Remark that A} ~w(a") and ¢,({4}}) =
£, ({ofa)}). ,

If f is decreasing, f(a™*') < (loga)™ f:» f (s)% < f(a") and then

K(Rf, t; £, (wo(aM), £, (01(@")) < CK(f, t; L (wo), Lj, (w))),
with =_,({f(n)}) < Rf and 7_, bounded on ¢, (w(a")). Hence
K({f(m}. t; £,,(wo(a"), £, (@,(a)) < CK(f. t; L; (), L}, ().

To prove the theorem in the case (L;o(wo)‘, L (@) (0 < p, < o0), consider the
operator P: L (w,) = €,(w,(a")) such that

Pf={ sup If(a")l}nez. 0

a"<s<g™!

Remark 14. With a similar proof, (L,‘,O(a)o)", L;l(w,)") is still a Marcinkiewicz pair
if w, and w, are two weights which satisfy the A,-condition and with properties

¢ w;(ax) a),( s)

> 1,sup su < 00,
x>0 wj(x) neZ s,!E[a'.I:"'] wl(t)

without any monotonicity condition on the weights.

4. Weighted L -spaces with decreasing weights

For decreasing weights it is easy to produce examples of couples of weighted L,-spaces
whose cones of decreasing functions are not Marcinkiewicz pairs.
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Example 15. Let 0 <9 <1 and w any integrable decreasing weight such that
o’ €L, (e.g, o) =e™). Then

(Ld, Ll(w)d)s,l # (Ly, Ll(w));,l!

since in this case K41, )=t and 1¢ (L%, L,(a))")s.,, but 1elL,(@% =
(L, Li(@))5,-

Remark 16. For increasing weights we have used a condition on the growth, the
A,-condition. For a decreasing weight we shall consider the condition

% /; o(t)dt >~ w(s) (i.e., % /: w(t)dt < Ccu(s)) @)

which is a decrease property, since, as shown in [9], it is equivalent to

inf a)(rx)

- for some constant r > 1.
x>0 a)(x)

Theorem 17. Let 0 < p,, p, < o0 and let w,, w, be two decreasing weights such that
wf and o} satisfy the decrease condition (7). Then (L,,o(a)o)d, L, (,)) is a Marcinkiewicz
pair.

Proof. For @(x) = (f; w 7 (s)ds)'’” we have L (wj) = L, (®;) with equivalent norms
and we know from Theorem 13 that (L (Do), L, ((I)) )is a Marc1nk1ew1cz pair. O

Remark 18. In the case p; > 1, in Theorem 17 we are under the conditions of
Remark 3, since, as shown in [9], for any decreasing weight @ and p > 1, the following
properties are equivalent:

@ Q: L,(w)” — L,(w), bounded.
(b) Q: L,(w) - L,(w), bounded.
(c) «’ satisfies condition (7).

5. Interpolation of Lorentz spaces

In general it is not true that the interpolated space by the real K-method of a couple
(AP(w,), A" (w,)) of Lorentz spaces is the Lorentz space associated to the interpolated
space of corresponding L,-spaces. In Example 15 of a couple (L,(w,)’, L,(®,)") which is
not a Marcinkiewicz pair,

(A'(@), A'(@))s, # A (@5 0}).
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The results of the previous sections allow to give sufficient conditions to identify
the interpolated spaces of couples of Lorentz spaces A? defined as in (1).

Theorem 19. Let (w,, ®,) be a couple of A,-weights and 0 < py, p, < 00, and assume

that (Lm(wo)", (L, (,)Y) is a Marcinkiewicz pair. Then, for any weight u,
(A2 (@), AY (@1)s,4 = Al(wp’3})
if1/gq=(1-9)/p,+98/p,and0 < 3 < 1.

Proof. Denote
K(f, 1) = K(f, t; AP (@), AL (@)
and
K{f» ) = KUl 65 Ly, (wo), Ly, (@1))-

We only need to prove that K(f, t) ~ K(f, t) (cf. [4, Theorem 5.5.1]).
Obviously, K(f:,t) < cK(f,t) for any f € AR(wy) + Al'(w,), since we can consider

Il follAm gy + Ellfi a2 @y < 2K(S, ©)
and then f; < D,f;, + D, f}..
For the converse we consider two cases. First assume that f € L, (wo) + L, () is
such that lim,_,  f7(x) = 0.
Since (L,,o(a)o)", L, (@,)") is a Marcinkiewicz pair, we can consider a decomposition
f2 =fy+f with f; € L, ()’ with
"fo":.,o(mo) +tlfille, @) < 2K (S, ).

In our case there exists a measure-preserving transformation ¢ (cf. [3, Corollary
I1.7.6]) such that

f=floo=foc+fioo

with fiog and f; equimeasurable. So (fioo),=f"=f, (a decreasing function),
150 0l = I£llL, @) and

K(f, 1) <l fooollangy +tlfioallng) < ||ﬁ)||z.m(m,) +tlify "L,,(m,) < 2K%(fr, ).

Assume now that f; € L, (w,) + L, (w,) is such that lim__, , f7(x) = f(c0) > 0 (thus
L, (wy) + L, (w,) contains L,) and let £ =f, +f; as above. In this case we consider
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any measure-preserving transformation ¢ between R* with the measure u and R* with
Lebesgue measure with supps = R*, and define h=f oo =f,00 +f, 06. Again we
obtain

K(h,t) < 2K4(f, 0).
Since b} = f,
K(h, )~ K(f;,t) = K(h, 1)

and we observe that K(f,f) < CK(h,t) by considering a measure-preserving
transformation w such that | f(¢)| < }h o w(t)| + ¢ (cf. [14, Theorem I1.2.1]), hence

K(f.t) < K(how, t) +eK(1,t) < K(h, t) + emin(|| 1]l oy L1101 @)

for every ¢ > 0.

Since fJ(o0) € L,,o(wo)" + L,,l(w,)" and a decomposition of a constant function into
sum of two decreasing functions necessarily gives constant terms, and
(L,,u(wo)d, L,,|(w,)") is a Marcinkiewicz pair, one of the integrals I|1{l ney 1117, 1S
finite.

Hence ||1{lpn(,) < 00 or |1l () < 0o respectively. |

Corollary 20. Let w be any A,-weight and 0 < py, p, < 0o. Then
(A2 (), A ()5, = Ai(w)
if 1/g =01 — 3)/p, + 3/p,, for any weight u.

Proof. In [8, Remark 3] we show that, for any quasi-Banach function lattice X,
(X%, L%) is a Marcinkiewicz pair. Thus, so is (L,(w), L%) and, if we consider 0 < r < p;
(j =0, 1), by reiteration (cf. [8, Corollary 2]) it follows that (Lm(a))d, L, (w)?) is also a
Marcinkiewicz pair, and we can apply Theorem 19. O

Observe that Theorem 19 holds also for Lorentz spaces on R".

Moreover, as an application of Theorem 8 to the case of weighted L, spaces, since
the interpolation of weighted L, spaces is well known (cf. [10]), we can state another
description of the interpolated spaces of couples of Lorentz spaces. If w, u and v are
three weights and 0 < p < oo, define

Al (@) = {f € Ly; (f*v); € L (w)}
with [|fIl = [(/"0)ll,,@- In the case u=v=1,A] (w)=A(w) and, when v is

decreasing, if U(f) = f; u(s)ds, A% (w) = Al(w)’ = A’(vw(U)u'’?), which is space A’()
for a suitable weight w'. Then we have:
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Remark 21. Let (wy, ;) be a couple of A,-weights, f a function parameter,
0 < g < oo and 0 < p,, p, < 00, and assume that (L,,o(wo)d, Lm(a),)‘) is a Marcinkiewicz

pair. In this case, the interpolation results for weighted L’ spaces can be used (see [15]
and [16]) and we obtain:

(2) If py # p;, then
(A% (@), A (), = A7 (@),

where v = (wo/wl)l’om/(h-l’o), U= (0)7' /wgo)l/(m—Po) and @ = tl/Pof(tllpo—l/Pu).
Ifl1/g=0—-%/p, +9/p, (0 < 3 < 1), again

(A (@), A" (@1))s, = A~ ).

(b) If py = p, = p, then

(A’ (wo), A*(w)));, = A (wo f(w,/®,)),

Finally, recall the definition of the Lorentz-Sharpley space associated to a symmetric
Banach space X whose fundamental function is the function parameter ®,(t) = ||y, llx
(ctf. [20]):

A'(X) ={f € Ly; f* € Ly(®x)} = Ly(Dy)’

and, in the case p = oo,

M(X) =A(X)={f € Ly; sup S ($)Dx(s) < oo}
By interpolation of couples of such spaces we obtain Lorentz spaces:

Theorem 22. Let (X,, X,) be a couple of symmetric Banach spaces, f a function
parameter and 0 < q < oo. Then (M(X,)*, M(X,)°) is a Marcinkiewicz pair and

(M(Xo), M(X 1))y, = (Loo(®x,), Loo(@x, )z

If, additionally, the lower fundamental indices (defined as in [3]) satisfy ay, > 0 and
1 < py, py < 00, then

(A™(Xo), AM(X )y, = (L3 (Dx,), L, (D)),

Proof. The fundamental functions ®, are increasing and satisfy the A,-condition.
It follows from Theorem 11 that (M(X,), M(X,));, = (Leo(Px,), Leo(®@yx,));,-

Now we assume that X; is a symmetric space such that ay > 0. In this case, @y is
an increasing function such that
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- Ox(%)
0 By ()

> 1,

it follows from Theorem 13 that (L;(on)d, L; (®y, Y¥)is a Marcinkiewicz pair. O

Final remark. For simplicity, in the hypotheses we have considered A,-weights,
but we only apply D, as a bounded operator on the decreasing functions £’ and in fact
what is nieeded is only that the weights

W(x) = f "ot dt

satisfy this A,-condition. This fact follows from the identity

/:nf;‘(t)’w(t) dt = p[ y (/0/170') w(t) dt) dy

with 4/(y) = u(x) dx (cf. [7, Theorem 2.1]).

—’;xz 1f(x)>y}
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