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Abstract. We show that whenever § > 0 and constants A; satisfy some necessary
conditions, there are infinitely many prime triples p;, p2, p3 satisfying the inequality
Ao + A1p1 + Aop2 + Asps| < (maxp;)~2/°*%. The proof uses Davenport-Heilbronn
adaption of the circle method together with a vector sieve method.
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1. Introduction. We prove the following theorem. It can be seen as a quantitative
Diophantine approximation version of the ternary Goldbach conjecture.

THEOREM 1. Suppose that Ai, Ay and L3 are non-zero real numbers, not all of the
same sign, that , is real, and that Ay /Ay is irrational. Let &€ = 2/9 and § > 0. Then there
are infinitely many ordered triples of primes p1, p2, p3 for which

|Ao + A1p1 + Aapa + A3ps] < (max p;) 5. ()

Results of this type were first obtained by Schwarz [14] and Baker [1]. Vaughan [15]
was the first one who managed to prove (1) with a polynomial saving (with &€ = 1/10).
The exponent was subsequently improved by Baker and Harman [2] to § = 1/6 and by
Harman [7] to & = 1/5. Baker and Harman [2] also showed that under the generalised
Riemann hypothesis (1) holds with & = 1/4.

Our method goes back to Vaughan [15] but we take advantage of an averaging
following [7]. The basic method builds on the Davenport—Heilbronn adaptation of
the circle method (see [16, Chapter 11]). Our improvement comes from using a sieve
method developed by Harman [6, 8, 9] combined with a vector sieve. For an earlier
work combining these see [3]. To be able to get our improved result, we also prove and
use slightly improved versions of estimates for averaged exponential sums in [7].

Let ¢’ be a large enough (in terms of A;) denominator of a convergent to A;/A,. We
write X = ¢''/G9 and e = X5 Then ¢ = ¢ 3 X = X?/3.

Let further

X

. 2
K.(x) = (M) .

Then K. (x) < min{e?, x~2}. The basis of the Davenport—Heilbronn adaption of the
circle method is the identity

max{0, ¢ — ||} = / Ke(0)e(y) dy. @)
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To set up a vector sieve, we need lower and upper bounds p~(n) and p*(n) for
the characteristic function p(n) of primes. Assuming p~(n) < p(n) < p*(n) we have a
simple inequality

p(m)p(n) = p*(m)p~(n) + p~(m)p™(n) — p*(m)p* (n) (©)

given in [4].

We will choose the coefficients p*(n) so that they are divisor-bounded, as will be
all later appearing coefficients a,, by, . ... This means, for example, that a, < t(n)¢ for
some constant C.

We write fori=1,2

SF) =) prmeaix). S;7(0) =) p~(me(nix)
n=X n=X
and
S3(x) = ) p(me(nizx).
n=X

Here n < X means that n € [dX, DX], where d and D are such that the equation
A1x1 + Aaxs + Azxz = 0 has solutions with x; € (d, D). Such pairs (d, D) exist because
A1, A2 and A3 are not all of the same sign.

We define further

F(x) = S7(0)S; (0)S3(x) + 7 ()83 (x)S3(x) — S (x)S3 (x)S3(x).

Then the basis of our method is the following implication of (2) and (3).

LEMMA 2. The number of solutions to (1) with p; < X is

> ¢! / ” K. (x)F(x)e(xAg) dx. 4)

2. Further description of the method. Throughout the paper, we use the letter
n for a small (in terms of §) positive constant that might not be the same at each
occurrence. However, it would be possible to give all the constants 5 exact values that
belong to {k5/1000 | 1 < k < 100}, say.

We write 1 = X~ 1te~! = X¢-9-141 and P = ¢ 2 X" and divide the integral in (4)
into three regions |x| < 7, t < |x| < Pand |x| > P. The last integral is almost trivially
& €2X?7" as in Section 7 of [15].

In the major arc we need Gallagher’s lemma [5, Lemma 1].

LEMMA 3. Let

S(t) = Z aye(vt)

be an absolutely convergent exponential sum and let § > 0. Then

x+1/(26)

2
8 00
/ |S(t)|2dt<</ 5 Y a ax.
-8 > v=x
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Now we get a non-trivial lower bound for the integral over the major arc.

LEMMA 4. Assume that there are positive real numbers u~ and ut with 2u™ > u*
such that for any v € [6%(, ri)(] and A > 0, we have

2

DX . ut X p
/ > (,0 (m) — m) dy < —(log X)™*. (5)
ax y<m<y+yd g
Then
T 5 XZ
. K. (x)F(x)e(xro)dx > € Tog X7

Proof. Define

3
G(x) = Qutu —u™) [ T104),
j=1

where

DX e(x
I(x):/ 1( Y i,
dXx ogy

Then by rearranging and using the Cauchy—Schwarz inequality

[ " IF) — Gl dx

T

< X*¥*(log X)¢ <[r 1ST(x) =t I + 1S5 (x) — ut I(hax)

-7

1/2
+1S7(xX) — u I(x) > + 1S5 () — u T(ax)? + [S3(x) — I(A3x)| dx) .

Then (5) and a corresponding bound for p(m) (which follows from Huxley’s prime
number theorem [12, Theorem 10.5 and its proof]) imply by using Lemma 3 and
arguing as in [13, Lemma 6 and 7] that

/ ' |F(x) — G(x)| dx <« X*(log X)~.

T

Then the proof of the claim follows by showing that

T 62X2
B K (x)G(x)e(xrg) dx > m7
which follows as [15, Lemma 10]. ]
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We will use a sieve method to choose p™(n) and p~(n) such that they can be written
as sums of coefficients a,, that are either of the form

ap = Z bm

mk=n
N

with M <« X7/ (type I sums) or such that, for any Q € [X'/3, X*#°], there exists M €
[0, 0X'/°] such that

a, = Z b (6)

Im=n
m~M

(type 11 sums). Here m ~ M means M < m < 2M. The condition for type II sums is
clearly equivalent to the assumption that @, can be written in form (6) with M = M €
[X4°, X°/°] and with M = M, e [X/3, X*/°] satisfying M, /M, < X'/°.

REMARK 5. For a general £ the bound for type I sums would be M < X'~"¢ and
the width of the type II information would be X'~"¢*. The upper bound for Q would
be X"e~? and the interval must cover those values of Q for which Lemma 14 below is
used.

We write fori =1, 2,

Six) =) ane(nrix),

n=X

where a,, is of one of the above types.
Thus we have to show besides (5) only that

P
[ 1510808 K. (] dx << Ex(tog 1)

This follows from

PROPOSITION 6. We can write [1, P] = A; U Ay U Aj such that
(i) If x| € Aj, then min{|S}(x)], |S2(x)], |S3(x)]} < eX' 7,

(i)
/IxeAz 1S1()S2(x)*[Ke (x)] dx < € X777
(iii)
A% |S1(0)S2(x)S3(x)Ke ()] dx < €2 X7,

Furthermore, if |x| € [, 1], then min{|S;(x)|, |S2(x)|} < X'~
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3. Auxiliary results. We have the following result for exponential sums.

91

LEMMA 7. Suppose that |x — a/q| < 1/¢* for some integers a,q with ¢ > 1 and

(a, q) = 1. Then, for any complex sequences b,,, c; < 1, we have

> bucie(mlx) < (Yq ' +(Yq)'? + YM ™' + (Y M) P)(log Y)*,

Im~Y
m~M

> bue(mix) < (M + Yq~' + g)(log(2qY))
Im~Y
m~M

and

Y elpx) < (Y9)'* + Yq > + Y )(log Y)*.
p~Y

Proof. See for example [12, Section 13.5].
We also need classical mean value results for Dirichlet polynomials.

LEMMA 8. We have

2

x (mod q)

2

dt < (N +¢T)(logN)* Y |a,|?
n~N

T

> anx(mn”

n~N

and

Z an X (n)nit

n~N

>y [

q=<0 x (mod )

n~N
where here and later x indicates that summation is over primitive characters.

Proof. These follow for example from [12, Theorem 9.12].

2
dt < (N + Q°T)(log N)* Y |au|*,

@)

®)

)

(10)

(11)

O

We write || || for the distance from the nearest integer. We need the following lemma

in the course of the proof of an average result for exponential sums.

LEMMAO. Let h < Q, M > 1 and § > 0. Let further Q be a set of distinct integers
contained in [Q, 2Q) and for each q € Q, a(q) be an integer satisfying ged(a(q), q¢) = 1.

Define Qn, = {q | gh € Q} and
As ={(q, m) € Q x [M.2M) | ged(q. m) = h

min
(q1,m)€QX[M,2M)
q1=¢ => m#m(mod q)
ged(qi,m)=h

'ma(f]) _ ma(q1)
q Al

-4

Then

81QiI*(M + 0)5Q
h? '

[Asnl <
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Proof. Clearly, we can assume that 4 = 1 since the result for # > 1 follows from
the one with 4 = 1 by considering the set Oy, x [M/h,2M/ h].

We write As = As1. If (¢, m) € As, then there exists (g1, m;) € As with either
q1 # q or my # m(mod g) such that

H ma(q) — mia(q)
q 7

<8 < malg)q) —mia(qr)g = k (mod gq,) (12)

for some |k| < 8qq;. Since ged(ma(q1), q1) = ged(ma(q), g) = 1, conditions on ¢; and
m let us assume that k £ 0.
Fix g1, g € Q. If (12) holds, then

ma(q)q; = k (mod q)

This is soluble only if gcd(q;,¢q) | k. In that case it has a unique solution
(mod ¢/ gcd(q, g)). Thus there are at most

M ged(q,
gc(q(II)+l

q
possible values m € [M, 2M]. Thus for fixed ¢, g1 € Q, the inequality in (12) has at
most
28 M(q,
qq1 ( (1 q)+1>§83Q(M+Q)
(41, 9) q
solutions. This proves the lemma. O

LEMMA 10. Suppose that x is a real number with |x — a/q| < g~* for some integers
a,q, g > 1 with(a,q) = 1. Let A and Q be positive integers with AQ < q€ and let Q be
a set of distinct integers q) with q1 ~ Q. Then, for every n > 0 and 6 < 1/2 the number
of solutions to

lqinx|| <6 withq € Q,1<n<A4

< Q146 + ¢"(Q + AQq™" + ¢8),

where the implied constant depends only on x, C and n.
Proof. The proof is as that of Lemma 4 of [7]. We get an additional term 4Qq""!

since we did not assume that 4, Q < g. O

In the following lemma S C R may have repetitions, so we call it a multiset. We
use the notation Y (S) = }_ ¢ x and S = S U S, means that S is a disjoint union of
the multisets S and S». If for example S = {1, 2, 2}, then > (S) = Sand {1,2} # S =

{1,2} U {2}.

LEMMA 11. Letn > kand S = {ay, ..., oy} with

O<op <o 1< <oy <19<oq<--- <a; <2/9.
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We assume that the multiset S satisfies the following three conditions
(@) 28 =1L

(1) o) + U1+ Cpga + -+ > 2/9;

(i) S = S1 U Sy, where > (S)) € [4/9, 5/9].

Then we can write

S=SUS,=S/USj,
where

DS el1/3.4/91. Y (S))€[4/9.5/9] and Y (S))— Y (S < 1/9.

Proof. 1f 37 a; > 1/9, the claim is easily verified. Otherwise, by combining
ka1, ..., 0, We can assume that 0 <o, < 1/9 <oy <03 <--- <01 <2/9 and
ap +a, > 2/9.

Let U; be a sub-multiset of .S with minimal ) (U,) € [4/9,5/9] and T; a sub-
multiset of .S with maximal Y (7)) < 4/9.

If a, € Uy, the claim follows immediately by taking S{ = U; and S} = U, \ {a,}.
If there is o; < o, i # n, such that o; ¢ U, and «; € Uy, the claim follows by taking
S = Upand S} = Uy U {o;} \ {j}. Thus we can assume that U; = {o, Q1 - .., 01}
for some k. Similarly we can assume that 77 = {«1, o, ..., oy, .} for some /. By our
assumptions on the sizes of ; we have o, + o) +ap + @3 >2/9+1/9+1/9 =4/9, so
T = {ay, a,} or T1 = {ay, as, a,}. But the first case cannot hold, since otherwise the
fact that a1 + o, < a1 + @y < 4/9 contradicts the maximality of T;. Thus

T1 = {o1, a2, o).

Since
0<1= Y (U)—>(T1) <1-4/9—(2/9+1/9) =2/9,
we see that
S=U U{as} UTy.
Here

a3 =1-3 (U) =D (T1) <1-4/9-2/9—as,

which implies that o3 < 1/6.
Let S’ = {a, ag, a5, @, }. Then

Y ASH=D (1) — o + g+ as
<Y (T +an—2/9+ 203 < Y (T)+1/9 + a.

Thus

> e (T, YT +1/9+ ).
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If > (S’) < 4/9, this contradicts the choice of 7. Otherwise the proof is completed by
choosing S| = T} and

S// _ S’ if Z(S,) = Z(Tl) + 1/9’
s \ {o,} else. O

4. Averages of type II exponential sums. In this section we consider an average of
the exponential sum

SG0) =) ane(nx) = Y bucre(mix) (13)
n~X mil~X
m~M

over a certain set. Let M, Q € [1, X] and B < O~%. We use the following notation.
The set Q C [0, 20Q) consists of distinct integers. For each ¢ € Q, a(g) is an integer
satisfying (a(g), ¢) = 1 and B, is a real number satisfying |8, ~ B. Then we define

and are interested in bounding

S=Y 1Sl

qeQ

Further, we write 8/ = max{g, 1/ X}. By partial summation we can indeed assume in
the proofs of the following lemmata that |8,| ~ B’. The following result improves [7,
Lemma 3] for type II sums.

LEMMA 12. We have

2
2 2y 240 o s (L, 1
S < |QPX>8 (M+M)+IQ|X "8 <Q+M>.

Proof. The method of the proof is similar to that of [7, Lemma 3]. Actually, we
follow that proof until (30) of [7] to get

e 0L Y T |5 e (29) e

l]<x10
h<2Q qeQ m~M |I<X/M
(g,m)=h

Instead of using the Cauchy-Schwarz inequality here directly as in [7, Lemma 3],

we first divide the summation over pairs (g, m) € Q x [M, 2M] into sets As,,, 5 \ As,.»
for 8; =2/0, §; € [i*/(40%), 1], where Aj ; is defined as in Lemma 9. Then we have
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by the large sieve

2

. la(q)
l it m )
> arte(™4

(g.m)eAs; | W\ Asi.n |I=X/M

< M+1 1+X X
0 5, " M) M
1 1 1 X
— =) xt
<<<Q+M><8+M)

By Lemma 9 and an elementary argument we have

D 1Al < X mind|QI(M + Q)08)' 2, (1Q1M)' %),

h<2Q
Hence by the Cauchy—Schwarz inequality we get

1 1 X
2 241 — 42 ) . mi (M ! M
S* < Xtg (Q M) 4511;),(51 {(8/ + M) min{|Q|"(M + 0)04¢", | Q| }}

(o

)(IQI M + 0)0 +12I1X),

which implies the claim. U

The previous lemma is useful when Q is large. For smaller values of Q, we will use
the following lemma.

LEMMA 13. We have

1+
8 «10PQp + ST ma Sorsor) (4 0T). a4

Proof. We use the identity

{e(m/q) if (m, q) = 1,

else,

( ) > t0xm) =

x (modq)

where

=Y e(%‘)x(k)

k (mod q)

is the Gauss sum. This gives

109]
NCAEDIEDY > x(mayge(ngBy)| -
! glg x (modgq/g) ¢(4/2) n~X/g ) !
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Changing to primitive characters leads to

172

r *
1S(erg)l < Z /2 Z Z x (n)apge(ngPy)
rglq /8 x (modr) | n~X/g
(n,£)=1
<Y ST Y xanae(ngdpy)
rgdlq ¢(q/ 8) x (mod r) |n~X/(gd)
gr'’? *
KXY F— DT | Y x(maengs,)|.
glq x (modr) |n~X/g

We write ¢ = 1 4 (log X)~! and T = X2. Then by the Perron formula and partial
integration

2X/g c+iT
Y xmangengh,) = /X / e(Bygy)5— / > X(n)a”g y~ldsdy

n~X/g g n~X/g
+ 0(X1+ﬂ,3/).

The error term contributes to S the first term in (14). Thus we can assume that the
main term dominates here.
We write

2X/g
h(s) = f e(Beg)y* " dy.

X/g

Then A(s) is an entire function of s and for s = ¢ + it we have by the first and second
derivative tests ([12, Lemma 8.10] and partial summation)

(g)" min{1, [7]-172} if |1] < 87 X8/,

h(s) <« 15

(f)g min(l, [/|7"}  if 1| > 87 XB.

Hence

(M)ang
S« ma TS S IE S [Ty 1y

gr<2Qqu q x(modn ¥ T ln~x/g

c+2iT’

12
2
Xl-‘ran/Z bmg1X(m) 4
< mx s [ XX X D> |
G1g2R<20 qeQ g1’|(] x (mod r) m~M]/g,
- ~R
g1~G1
2 1/2
[ Clng(l)
| xr X | A1
rNRx(modr)

\/Ig2
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by the Cauchy—Schwarz inequality. Applying (10) and (11), we get

X1/2+ﬂ 1/2H1/2 M 172 X 1/2
S « max (8182) (— + RT’) (— + RzT/)
81 Mg,

|<T'<x? 72012
g182R=40
x40 /2 (X - 12

97

The bound (15) allows us to replace 7"/? in the denominator by 7" for 77 > 4Xp’

and thus we can assume that the maximum is attained for some 77 < 4X8’.

0

5. Large values of type II exponential sums. In this section, we apply the general
results in Section 4 to our specific needs. Recall that € = X~§+% = X~2/9+3 The
definitions in the beginning of the previous section still hold. Besides, we now assume

that |S(ay)| > Z for each ¢ € Q. We also assume that

14+n 2 147

Z > and B <<ﬁ'

Z>eX! Qs(

Our aim is to bound |Q|. The lemmata in the previous section give bounds for

|Q|Z and imply bounds for |Q| in many cases.

LEMMA 14. Assume that M € [Q, OX'/°]. Then

X4+77
Q] « Z4_Q2
Proof. By Lemma 12 we have
2 1 1
Z2 ZXZ-H; ’ M g X3+’7 [ - J—
(1Q12) <12l ﬁ( + 37 +19| B Q+M
< |Q|2X19/9+nﬁ/Q+ |Q|X3+n:8/
—Q .

By our assumptions on Z and g’, the first term cannot dominate. Thus

X3+7’,3/ X4+

Q] € 70 < ZI

LEMMA 15. Assume that M € [X'/3, X*/°]. Then

X2+17 X13/9+r] Q

19l € 072 +—
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Proof. By Lemma 13 we have

(1012 < 'Q')Q(H" max —(M + QT (X + Q2T’>

1<T’<X,B’ T’
X X
<< |Q|X1+n <a +X4/9Q+X2/3 + QZIB/X) << |Q|X1+n <§ +X4/9Q> ,
which implies the claim. O

6. Proof of Proposition 6. The last assertion of Proposition 6 follows as [2,
Lemma 7]. To prove the first assertion, we adapt the method of Section 3 of [7]. We
use our improved results for averaged exponential sums and we also need to develop a
different argument for the case, where both |S;(x)| are large.

We consider first the more difficult case that both S;(x) and S,(x) are type II
sums. We define A, to be the subset of the interval [1, P] satisfying the condition (i)
of Proposition 6. Let A =1, P]\ A; and A(Z;, Z,, Z3) be the subset of A satisfying
|S;(x)| ~ Z; for j = 1, 2, 3. Clearly, we can assume that

Zy>7Z,>eX' . (16)

Then by (7) and Dirichlet’s theorem in Diophantine approximation, for each x €
A(Z,, Z,, Z3), there exist integers ay, q1, a2, ¢» depending on x such that

147
lgjrjx — aj| K 7 (@5, 9)=1,0;#0
J
and
X2+7]

7 (17)

g <

We let A' = A(Z, Z>, Zs3, Q1, 02, k) be the subset of A(Z;, Z,, Z3) for which
gj(x) ~ Q; and a; < kQ;. To prove the proposition we need to show that for every
combination of Zy, Z,, Z3, 01, O, and k that can arise either

Z2Z2u(A)min{e?, k72 < X377 (18)
or
Z\Z>Z3u(A)min{e?, k%) « X?71e2, (19)

Thus we are led to estimate the Lebesgue measure w(A’) of A’. First, we notice
that for each x € A" we have

A a/q aj ar/q ay
= 9192 Mx——|— AaX — —
Aox q A2X q2

amg— —a
2Q1k2 192

o O

<<X1+”max{—,— =90,

z z

say.
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Let Q; be the set of ¢; such that |S;(x)| can be as large as Z;. By Lemma 10 the
inequality

<6, qe€Qi,axk0O

Al

a JE—

291 "
has

H < |Q11k020 + ¢"(01 + k01047 + ¢'0) (20)

solutions. Then A’ consists of <« H X" intervals of at most length

) {XH—n X0 }
mmy——, —>—¢=7V,
Zi0\ Z30;

say. We notice that

X2+7]
0y = ——. (21
773
We split into cases according to which term dominates in (20).
Case 1: H <« ¢''*"6. In this case
ZZ3 (A minfe’, k) < X Helq < XM « X,
which proves (18).
Case 2: H < ¢"(Q1 +k010,¢~"). If k > e¢~' X", then the left-hand side of (19) is
VAY4 VA4
« x1 1288 | QDL
Z Ziq

So we can assume that k < e~' X" in which case kQ;0,¢'~! « Q;. Thus H «
¢ Q1. Then the left-hand side of (18) is

< X"e? min {zg, Z%%} :
2

which is « X3 €3 if Z, < X'77€!/2, Thus we can assume that

Zy > 7y > X'l (22)
which implies that
X2+77
0 <« > <L e 'xn. (23)

j
On the other hand, the left-hand side of (19) is
7,75

1

& X1+r]€2

which is « X27"e2 if Z3 « X'=". So we can further assume that Z3 > X!=7. Then we
find by (8) and Dirichlet’s theorem in Diophantine approximation integers ¢q3 < X"
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and a3 # 0 with (a3, ¢3) = 1 such that

| | < o
A. X —da
q3r3 3 Z32
AS abO\/e we ha\/e
)\'l 1+17 q3 Q] -1 77—1
a — —a << X max —, — << € X y
341 ;3 193 { Zzl 232

where the last estimate follows from (22), (23) and bounds for Z3 and ¢3. Since
a3q1 < kg3 Q1 < € 72X = o(X'e),

the number ‘”33 is a convergent to A;/A3. This implies that there are <« X possibilities
for ”1‘“ . Say it is ay/qo, where (a9, qo) = 1. Then

ayqs = la(),
azqy = lqo.

Here (q1, qo43) = (91, 0a143) = (41, qolao) = ¢1 and thus ¢; | gogs. Hence there are
< X" possibilities for ¢; and similarly for ¢;.
Consider then the inequality

< 6. (24)

Al
a — —da
241 o 142

Consider solutions with gcd(a;, a2) =a, ~ A. If we had 6/a; = o(1/q") and
kQ10>/a, = o(q'), this would give too good a convergent to A1/A, by the law of the
best approximation. Thus we can assume that

A< X0q + =122 Xk 0x 25)
q

By (22) and (23) we have

3t
01 Q2}<< D Gan

7 7| Sz <X =X = ol1/eQ2))
1

6 = X' max {
so (24) implies

)»1 arqs
)\.2 a

1 2
< (=) .
2 <kQ2>
Thus a1¢>/a; is a convergent to ¢1A1 /Ay, and so there are << A X" possible triples
(a1, q2, ap). This implies that H << AX™". If the first term dominates in the estimate

(25), we are led back in Case 1. Thus we can assume that the second term dominates
in (25). Then the left-hand side of (18) is

X'lJrn6 ) X3+n
o Q26(2122)2 < min { 0,73, 0171} <

Ly X" S« xe,
where the penultimate estimate follows from (17).
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Case 3: H < 1Q11kQ»6. In this case, we use the lemmata in Section 5 in order to
estimate | Q.

Case 3a: Zy > X'77¢!/2. Now Q) < X"e~'. If 010, < X'~"¢%, we have by the
trivial estimate |Q;| < Q; that the left-hand side of (18) is

L yHZ:Zimin{e?, k2} « X*1Q1 e <« X273,

Thus we can assume that Q; > X'77¢%/0,.
By Lemma 15 we have

X2+r] X13/9+n Ql
+
0173 Zi

[91] K

Thus,

X0 X0, 00e
2 2
QlZl Zl

X1+n Q2
6—22 + X100, (26)

xltn y13/9+n
_l’_
€0 €3

yHZ}Z2 min{e?, k%) <
<

< L X3,

Case 3b: max{Z;, Z»} < X'7"¢'/2. We can argue as in the beginning of this section
with roles of ¢; and ¢, swapped to conclude that we can assume that

H < k6 min{|Q,|0>, 01|9x1}.

We renumber such that Q; > O, (we do not anymore assume that Z; > Z5).
For 0, < Q1 < X'/3 the expression on the first line of (26) is

X4+"6 X31/9+n Q%G X2+n X 13/9+n Q%
+

X37n 3
le + le < < €

<

by (16).
For Q01 > X'/? we use Lemma 14 giving

4+n

191 € ——.
zio}

Thus the left-hand side of (18) is
4 X2+
< €0
by (16) and we have proved Proposition 6 for type II sums.
If one or both of Sj(x) and S>(x), say S>(x), (we do not assume at this point that

Z, > Zyor Q1 > O;)isatype I sum, we use (8) and Dirichlet’s theorem in Diophantine
approximation. They let us find integers a,, ¢» depending on x such that

X
L X e, < X¥ned

42
AL

n

X
|gprox — | € —, (a2, q2) =1,

A
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and

X1+7]
Z,

¢ K

Then we have adopting the notation above that

X 1 X
9=max{g & }X”, y:min{ }X"

z, 7° 200" 230,
and
XH—’I
[ p—
=77
By Lemma 10 the inequality
MM <9
a —
241 ~

has at most

< 01k020 + ¢"(min{Qy, 02} + k01024~ + ¢'0)

solutions. By the discussion in the beginning of this section, we can assume that the
first term dominates here. Then we need to bound

. _ X
y X" Q1k Q20 7: 75 min{e?, k) < X0, QzZ%Z§ezz—Z2
1
L X'"M01(0:Z2)e < X016 < XPTE
This concludes the proof of Proposition 6. O

7. Sieve asymptotic formulae. The lower and upper bound functions p*(n) and
0~ (n) arise from applications of Buchstab’s identity

p(u, 2) = plu, w)— Y p(u/p,p),

w<p<z
where foru e N,z > 1

1 if(u, P(z)) =1,
0 otherwise,

with P =]]p

p<z

p(u, z) = :

and p(u,z) =0 foru ¢ N.
We have the following

LEMMA 16. Let K < X°°, L < X'3, KL < X7° and z = X'°. Assume further that
K(s) =Y g ark™ and L(s) = ), ; bil~* are products of < 1 Dirichlet polynomials of
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length < X*/°. Then the sum

Z arb;p(m, 2)e(klmx)

kim~X
k~K,I~L

can be written as a sum of < (log X)€ type I and type II sums.

Proof. We use Buchstab’s identity with w = 1 to decompose the sum into a sum of
« log X sums of the form

Z aibie(kimpy - - - p;x).
klmpy---pi~X
k~K,I~L
Dj<pj-1<-<p1<z

We split each of these into « log X sums

Z aibie(klmp - - - p;x).
klmpy---pi~X

k~K,I~L
ZZp1=pr>-->pj

kpy--pi<X*® <kpy--pisi

In the case i =j, we have a type I sum since then kip;---p; < X /9. Otherwise,
Kpy---piy1 € [X*¥°, X3°] and KLp,---p; < X"/°. We further split the sum to <«
(log X)¢ sums by combining p; to at most 20 variables in the interval [X/30 X1/9]
(and at most one < X'/3%) and then restricting these in dyadic manner. Then we see
from Lemma 11 that we have a type II sum. Possible cross-conditions in type II sums
can be handled by the Perron formula as in [8, Lemma 1]. ]

Forn ~ X, we can write the characteristic function of primes as p(n) = p(n, 2X'/?).
Our aim is to give lower and upper bounds for this such that they are sums of type I
and type II sums. To get a lower bound, we start by applying Buchstab’s identity twice
giving

s =sna- X o(t:)s L o(hm)

172
2<p<2VX 2<pr<p1<2VX pip

= ap1 — ay2 + ay3.

Using Heath-Brown’s generalised Vaughan identity [10] we see that sums arising
from applications of Buchstab’s identity can always be split into sums of products,
where all the terms of magnitude > X?/° have coefficients that arise from a characteristic
function of an interval. Thus sums having terms of length > X?/° lead to type I sums.
So by the previous lemma we can write the sum ) _, _y @, ;e(Anx) for i = 1,2 as a sum
of type I and type II sums.

We write @, 5 for the part of a, 3 with p1p§ < X. We write p; = X%. Some parts
of Y,y @, e(Ajnx) are already satisfactory type Il sums. For example, in the part
satisfying

ar+ar €[4/9,5/9] and a; € [7/18,4/9],
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we have 1 — o —ay € [4/9,5/9], oy € [1/3,4/9] and

(l—aj—a)—ay <1-2-7/18=1/9 = 1/9.

Thus we have a type 11 sum. We do not need to consider such areas further.
In certain areas we can use Buchstab’s identity to decompose twice more

L oGmrn)e 2 oG

;§p2<p1<2\/? z§p2<p1<2ﬁ
(p1.p2)€A (p1.p2)ed
n n
172P3 1P2P3P4
z§p3<p2<p1<2ﬁ z§p4<p3<p2<p1<2ﬁ
(P1.p2)EA.PIP2P3<2X (p1.p2)€A . p1p2p3<2X

Since the second term on the right-hand side has a negative sign, we cannot discard it
when we are looking for a lower bound for p(n). So we can decompose this way only if
that term can be written as a sum of type I and type II sums. This is the case, if we can
combine «q, oy and agM) = min{ay, 1_"‘+°‘2} to two variables satisfying the conditions
of Lemma 16. We can do this, for example, in the part, where o) 4+ 20, < 7/9 and
a) + ay < 5/9. In some parts we can still decompose further.

Even if the conditions of Lemma 16 are not immediately satisfied, we can still
decompose twice more in some parts. This is the case if for some o} < agM) we can
combine aj,a; and of to satisfy the conditions of Lemma 16 and for every a3 €
(e, agM)) we are in type II area. This holds for example when «; < 1/3 and o) + a3 €
[5/9, 11/18]: Then, agM) < 2/9 and we can take oy = 4/9 — a.

Discarding the regions with a positive sign that are not type II sums and where
we cannot decompose further, we are led to a lower bound p~(n) < p(n). We still
need to show that (5) holds for an appropriate constant u#~. To that end, we write
A=1[y,y+yv)and B =[y,y + yv’), where ¥’ = exp(—(log X)*7). We will first show
that

bx B o3 B ? X 4
| (Zp m - Y0 (m)) dy < %5 (og 1)1, @)

meA meB

Clearly, it is enough to show that this holds when p~ is replaced by our type |
and type II sums. If we have a type I sum with M < X7/° < X'~ this holds by an
elementary argument. Thus we need to consider only type Il sums >\ aub,
with M e [X*°, X3/°]. These kinds of integrals arise in considerations on primes in
almost all short intervals (compare the following with Lemma 9.3 of [9]). Since the
length of our interval is now long, y = X7/, the task is easy. We get by the Perron
formula and changing the order of integrations that the left-hand side of (27) is for
Ty = exp(log'/® X) and T = 9 ~' X" apart from an admissible error

2
r X
_2 cN12 -2 C
LT F(1/2 +it)|"dt <« t~° max — + T )log" X.
/To £/ ) te[To, T (M ) £

Z amm71/2fir

m~M
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This is < % (log X)~ assuming that

Z amm—l/Z—it « Ml/z(logX)_A,

m~M

which holds in interesting cases since the coefficient arise from the characteristic
function of primes. For results of this type, see for example [11, Lemma 19].
By (27) we obtain (5) if we can show that

G + O(X exp(~2(log X)'/%))
log
meB
_EY 2 + O(X exp(—2(log X)'7%)).
logy

By the construction of the weights p~(m), we have

Do m)y=7" p(m)— Z pim). (28)

meB meB

where the terms corresponding to discarded regions are of the form

pm= > p< - A,pj)
...pj

V' <pi<-<p1<y* P

with some additional summation conditions. By the prime number theorem

> plm) = —(1 +0(1)).

meB

For other sums standard methods (see [9, Section 1.4]) give for example

DY p( : )

neB yv<pj<- <p1<y7* Prepi

logy aj=v Jar=v aj= o o - aj_usz
+ O(yexp(—2(log »)'/ 3)),

where w(u) is Buchstab’s function.

Hence we find the constant u~ by subtracting from 1 the integrals corresponding
to p;. Employing a computer to do the decompositions and numerical integration, we
are led to a lower bound consisting of type I and type II sums with =~ > 0.60

Similarly, we find an upper bound by starting to apply Buchstab’s identity three
times. In the case of the upper bound, we can discard only terms with a negative
sign. This leads to u™ < 1.19. Thus 2u~ — u™ > 0 and the proof of the theorem is
completed. O
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