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FRAMES AND STABLE BASES
FOR SHIFT-INVARIANT SUBSPACES OF L,(R¢)

AMOS RON AND ZUOWEI SHEN

ABSTRACT.  Let X be a countable fundamental set in a Hilbert space H, and let T be
the operator

T: 0,(X) > Hic— Y c(x)x.

xeX

Whenever T is well-defined and bounded, X is said to be a Bessel sequence. If, in ad-
dition, ran T is closed, then X is a frame. Finally, a frame whose corresponding T is
injective is a stable basis (also known as a Riesz basis).

This paper considers the above three properties for subspaces H of Ly(R?), and for
sets X of the form

X={¢(—a):¢ € D,ac?,
with @ either a singleton, a finite set, or, more generally, a countable set. The anal-
ysis is performed on the Fourier domain, where the two operators T7* and T*T are
decomposed into a collection of simpler “fiber” operators. The main theme of the en-

tire analysis is the characterization of each of the above three properties in terms of the
analogous property of these simpler operators.

1. Introduction.

1.1 General. We study in this paper certain types of “bases” for shift-invariant sub-
spaces of Ly(R?). Our primary objective is to connect among three important families
of “basis” sets: shift-invariant sets, Weyl-Heisenberg sets, and affine (wavelet) sets. The
present paper is the first in a series of three, and is concerned with the basic theory of
shift-invariant bases for shift-invariant spaces. The two other papers, [RS1] and [RS2],
will focus on the applications of the theory developed here to Weyl-Heisenberg and affine
sets.

Given X C Ly(R?), we say that X is a shifi-invariant (S, for short) set if it is invariant
under all possible shifts, i.e., invariant under all integer translations. A shifi-invariant
subspace S of Ly(R?) is a closed subspace which is also a shift-invariant set. Such spaces
play an important role in the areas of Multivariate Splines, Wavelets, Radial Function
Approximation and Sampling Theory.
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The following terminology is commonly used in the context of shift-invariant spaces.
First, for a given ® C L,(R?), the space generated by @, denoted by S(®), is the smallest
(closed) shift-invariant space that contains ®. The set of shifts of @

(1. 1.1) Ep:={E%: ¢ € ®,a € 1},
with
(1.1.2) Ef v f(- — ),

is then clearly fundamental in S(®), and is a natural candidate for the previously dis-
cussed X. The space S is a principal shift-invariant (PSI) space in case S = S(®) for a
singleton @, and, more generally, is a finitely generated shifi-invariant (FSI) space if @
above is finite. Many articles are devoted, wholly or in part, to the study of Riesz (=un-
conditional=stable) bases for PSI and FSI spaces (cf e.g. [JM], [BDR1]). In particular,
a complete characterization of such bases is given in [BDR1], which, further, introduces
and analyses the more general notion of quasi-stable bases. These results form the start-
ing point of the present paper.

We provide here a complete characterization of frames and tight frames in FSI spaces,
and draw interesting connections between these notions and the notions of quasi-stability
and quasi-orthogonality of [BDR1]. We further give a comprehensive analysis of in-

finitely generated SI spaces, and employ in that course two complementary approaches
termed here as “Gramian Analysis” and “dual Gramian Analysis”.

1.2 Notation. The Fourier transform of a tempered distribution £ is denoted here by 7,
and is defined, for f € L;(R%), by

Joy = [ S@e-wvat

where

eyt — ™l

The inverse Fourier transform of f is denoted by f".

We frequently discuss in this paper functions that are defined on T¢, the d-dimensional
torus. Those functions can be viewed as 27-periodic functions, via the standard transfor-
mation RY > w r— e := (e™,...,e"™) € T¢. Though we may refer to such functions
as being defined on T¢, we always treat their argument as real. Thus, “multiplying a
function defined on T by a function defined on R?” simply means “multiplying a 27-
periodic function by . ..”. Following this slight abuse of terminology, we write “Q C T¢”
and mean “Q C [, 7]*”. The 27-periodic extension, Q +27Z¢, of Q is denoted by Q°.

The inner product (norm) of any Hilbert space H discussed in this paper is denoted by
(Yt (|| - || u» respectively). The default inner product and norm are these of L,(R¢). We
may also suppress the subscripts in (-,-)y and || - || if they are clear from the context.

Given a set X, the notation £»(X) stands (as usual) for the space of square-summable
sequences on X, with the standard inner product. Also, if Y C X, we embed £,(Y) canon-
ically in £(X) (i.e., by defining each ¢ € £,(¥) to be zero on X \ Y). The space £o(X) is
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the space of all finitely supported sequences in £,(X), and is considered as a subspace of
the latter (i.e., equipped with the same norm).

Vectors in R? are considered as either row vectors or column vectors, and the exact
meaning should be clear from the context.

For a countable @ C L,(R?), we define the Hilbert space of L,(T¢)-valued ®-vectors
as follows:

12 = {()oco 76 € L@ 3 [l 0y < 00
pe®
The inner product here is

(r. e = 3 (T4, g 1,10y
PeD

If 7 € LY, then T(w) € £,(®), for almost all w € T?.

The space LY enters the discussion in this paper as the image under the Fourier trans-
form of the sequence space £»(Z¢ x ®). Indeed, given ¢ € £2(Z? x @), we denote by ¢,
¢ € @, the restriction of ¢ to Z¢ x (). The Fourier series ¢, of ¢, is defined as

cs = Y. chla)e_q.
aez?

Accordingly, the Fourier transform of ¢ € £,(Z¢ x ®) is defined as the element
¢ = (61;)4,@1) S Lg)

Note that this Fourier transformation is an isometry between £,(Z¢ x ®) and LY.
The following bracket product plays an important role in the analysis of shift-
invariant spaces: given f and g in L,(R?), the bracket product is defined as

(1.2.1) [f.gli= 2 f(+ag(-+a).

a€2nzd
Then, [f, g] is a well-defined element of L,(T¢), and satisfies
(1.2.2) I Mz = ey
Also, a standard periodization argument yields that
(1.2.3) ((1.8¢ — @) =0, Va € 7%) <= ([/,8] = 0, ae.).
Finally, we find it convenient to define g/f as follows:

. g(x)/f(x), x € suppfNsuppg,
g/f:x— { 0, otherwise.

1.3 Preliminaries. In this section we briefly recall some elementary facts concerning
fundamental sets in Hilbert spaces. While most of the material here can be found in
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[C], [D1,2], [DS], [HW] and in several other references, it makes the paper more self-
contained, and allows us to introduce the basic terminology in its natural setup. Only
occasional proofs are given here.

Let H be a separable Hilbert space and X a countable subset of H. We attempt to
introduce the operator

(1.3.1) T:=Tx l(X) » Hicr— ) c(x)x.
xeX

T is certainly well-defined on the finitely supported elements of /,(X). X is said to be a
Bessel sequence/set if T is bounded on the subspace of finitely supported sequences. In
such a case, it is continuously extended to a bounded operator on £,(X).

Associated with Ty is the map 7" := Ty : H defined by

T h— {(h,x)p}rex.

PROPOSITION 1.3.2. T* is a bounded map from H into {5(X) if and only if X is a
Bessel set. In such a case T* is the adjoint of T and ||T|| = || T*|.

Now, let T be any bounded operator from a Hilbert space H' into a Hilbert space H.
Then the set

(1.3.3) Cr:=H ©kerT.

(i.e., the orthogonal complement of ker 7 in H') is well-defined, 7 is injective on Cr,
ran T = ran(7|c,), and ran T* is dense in Cr. In this paper, we use the notation 7|
to denote the inverse map from ran T to Cr and, similarly, denote by 7*|~' the inverse
map from ran 7" to H S ker T*. These maps are usually referred to as partial (or pseudo)
inverses. With these conventions, we have the following result.

PROPOSITION 1.3.4. Let X be a Bessel set, and T := Ty, T* := Ty as before. Then
the following conditions are equivalent:

(a) ranT is closed.

(b) T is bounded below on Cr.

(c) T* is onto Cr.

(d) T* is bounded below on H S ker T*.

When one (hence all) of these conditions holds, we have || T*| || = ||T|7!|I.

DEFINITION 1.3.5. Let H be a Hilbert space and X a fundamental Bessel set in H.
We say that X is a frame for H if one (hence all) of the conditions of Proposition 1.3.4
holds. A frame X is called tight if ||T]|||T|~"|| = 1. We call a frame for H := Ly(R) a
Sfundamental frame.

Thus, X is a frame if and only if there exist constants Cy, C, such that the inequalities

CillA]* < ;XKh,X)HIZ < CollAl?
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hold (for all ~ € H). The sharpest possible constants are C, = ||T||> = ||T*||* and
C = 1/|ITI7Y* = 1/||T*|7!||* and are usually referred to as the frame bounds. A
frame is tight if and only if its frame bounds coincide.

A notion closely related to frames is that of a stable basis for H (also known as a Riesz
or unconditional basis) defined as follows:

DEFINITION 1.3.6. A stable basis X for H is a frame for H whose corresponding Ty
is injective. Equivalently, it is a frame whose corresponding T is onto £,(X).
Given a frame X for H, the map

TT*:H — H:h— Y (h,x)px
xeX

is called the frame operator. TT* is continuously invertible, and we use
R := R)(

for its inverse. Since the map R maps X 1-1 onto RX, we may identify canonically the
spaces £2(X) and £»(RX), as we do hereafter, without further notice.

Since R is self-adjoint, TyR = T}, and hence (i): Ty is a right inverse of Ty, and (ii):
RX is a frame (the latter since Ty is composed of two continuously invertible maps).
The frame RX is known as the dual frame of X, and some basic facts concerning dual
frames are collected in the following proposition.*

PROPOSITION 1.3.7. Let RX be the dual frame of the frame X. Then:

(a) X is the dual frame of RX (i.e., duality is reflexive).

(b) TxTxy = TrxTy = Iy, with Iy the identity map on H.

(C) ker T)( = ker TRX and CTX = CTRX'

(d) The dual frame RX is the only Bessel set R'X in H that satisfies TxTg,y = Iy and
ker Ty = ker Trix.

PROOF. Since RTy = Try, we have TrxTy = RTxTyR = R, hence the dual of the
frame RX is R"'RX = X, which shows (a).

For (b), we already know that TxTy, = Iy. Taking adjoints (or, alternatively, inter-
changing the roles of X and RX, which is possible thanks to (a)), we get that TrxTy = Iy.

The relation Trx = RTy shows also that ker 7y = ker Tryx, and hence Cr, = Cr,,
which proves (c).

Finally, assume R’: X — H satisfies the conditions in (d). Define (on X) a map K :=
R — R’. Then KX is Bessel, and TxTxy = Tx(Tgy — Tgy) = 0, showing that ker Ty D
Cr,,. Further, since ker Tg:y = ker Trx = ker Ty (by assumption), we have ker Txx D
ker Ty. Thus, ker Txy contains its orthogonal complement Cr,,. This implies that Txy =
0, hence, KX = 0. n

The above proposition allows us to represent the orthogonal projector onto H with the
aid of a frame and its dual:

* The symbol % which is commonly used in the literature to denote the dual frame is used in this paper for a
totally different purpose. In any case, the use of # to denote the dual of X is an abuse of mathematical notations,
since it suppresses the dependence of Ryx on X\x. The notation # for the dual has many other drawbacks. To
see one of them, try to rewrite the discussion here on dual frames using it instead of R.
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PROPOSITION 1.3.8.  Let S be a closed subspace of a Hilbert space H. Suppose that X
is a frame of S with a dual frame RX. Then TxTgy is the orthogonal projector Ps: H — S,
ie.,

Psh = 5" (h, Rx)x.
xeX

PROOF. The definition of Tx Ty directly implies that its range lies in S, and hence,
by (b) of Proposition 2.3.7, it is, indeed, a projector. It is also orthogonal, since T§y,
hence TxT§y, obviously vanish on the orthogonal complement of S in H. L]

Part (d) of Proposition 1.3.7 provides a criterion for checking whether a certain Bessel
set RX is the dual frame of X, or not. However, that criterion might be hard to implement,
since it requires the identification of ker Ty and ker Trx. The following corollary provides
us with partial remedy to that difficulty.

COROLLARY 1.3.9. Let H be a Hilbert space, H' a closed subspace of H, X a frame
Jor H', and R a map from X to H'. Assume that RX is a Bessel set which is fundamental
in H'. Then the following conditions are equivalent:

(a) RX is the dual frame of X.

(b) TxxTx, TxTrx, TxT}y, and TrxTy are orthogonal projectors.

(c) TrxTx, and TrxTy are orthogonal projectors.

PROOF. The equivalence of (b) and (c) follows from the fact that every orthogonal
projector is, in particular, self-adjoint, and hence, assuming (c), we get that T3, Ty =
TyTryx, and TxTgy = TrxTy verifying thereby (b).

Assume (a). The fact that TxTgy is then an orthogonal projector is the statement of
Proposition 1.3.8. This implies that T Try is a projector. Since RX is a frame, Try maps
£>(X) onto H', and since X is a frame, T maps H' onto Cr,. Hence, Ty gy must be the
identity on Cr,. The orthogonal complement of Cr, is ker Ty = ker Try (the equality by
(c) of Proposition 1.3.7), and T3 Trx certainly vanish on ker Trx. Hence it is orthogonal.

Now, assume (b). By statement (d) of Proposition 1.3.7, in order to prove that RX
is the dual frame of X, we only need show that Cr, = Cr,,. For that, we first observe
that, since both X and RX are fundamental in H', Ty Try maps Cr,, 1-1 densely into Cr,.
Since that operator certainly vanishes on ker Try and is assumed to be orthogonal, we

must have Cr, = Cr,. L]
For a shift-invariant set X = Eq (with Eg as in (1.1.1)), we use the abbreviated nota-
tions

‘ZZDZI TE®, qz;;Z:TZ-.

D

For this case, the search for the dual frame is simpler due to the following proposition.

PROPOSITION 1.3.10. The dual R(Eg) of a shift-invariant frame Eg, is the shift-
invariant frame Erq generated by R®. In particular, the dual of a principal (respectively,
finite) shift-invariant frame is also a principal (finite) shift-invariant frame.
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PROOF. We need to show that R commutes with shifts E*:f +— f(- — a), a € 7.
For that, it suffices to show that the map

ToTs:f— 2 (-x)x

x€Eq

commutes with shifts E* (and use the fact that R is the inverse of that map). Indeed, for

o €74,
(ToT)EN) = Y (ESf.x)x= 2 (fLE “x)x= ) (f,x)E% = E*ToI5f,
x€Eq x€Eq x€Eq
with the fact that E“Eg = Eg being used in the penultimate equality. ]

1.4 The Gramian matrices. The central notions in this paper are the pre-Gramian ma-
trix, the Gramian matrix, and the dual Gramian matrix. In principle, the objective is
to decompose the involved operators Zp and 7 into a collection of simpler operators
(“fibers”), indexed by w € T¢. Each one of the “fiber” operators acts from a sequence
space to (the same or another) sequence space and its matrix representation can be ex-
plicitly described in terms of the Fourier transforms of the generators ®. The main theme
of the entire analysis is as follows: every property of the set Eg (such as being a Bessel
set, a frame, a stable basis etc.) is equivalent to the “fiber ” operators satisfying an analo-
gous property in a uniform way (here “uniformity” refers to the norms of the underlying
operators).

The pre-Gramian operator Jg is simply the Fourier transform analog of the operator
To. If ¢ € £,(Eo) is finitely supported, we see that

(1.4.1) (Toc) = 3 ¢4

Pcd

Hence, we may introduce an operator Jo, which is defined, at least, on the space

(1.4.2) LY = {¢: c: Ep — C is finitely supported},
by the rule
(1.4.3) Jo:im = 3 140,

$ED

Since the Fourier transform is an isometry, the boundedness, invertibility, and other prop-
erties of Ig can be equally studied via Jg.

The definition of Jg extends naturally to spaces larger than L ; for instance, if ® is
finite, the rule in (1.4.3) can be extended to the entire LS (In such a case, Jo7 need not
be a L, (R?)-function, but is always defined a.e.).

More relevant to our purposes, the pre-Gramian can be “evaluated” on T¢ in the fol-
lowing way: we define the value Jo(w) of Jp at w € T? as the (27Z¢ x ®)-matrix

Jo(w) = ($w+a)) -
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Since each ¢ is well-defined only up to a null-set, so is the function w — Jp(w). In a
natural way, the matrix Jg(w) can be viewed as a densely defined operator on £,(®). In
any case, (1.4.1) together with (1.4.3) show that, for ¢ € £o(Eo),

(1.4.4) ((To) (v + @) 70 = Ja(W)EW).

In summary, we have decomposed Zg, on the Fourier domain, into a collection of
operators {Jo(w) : w € T4}, defined for almost every w, each of which acts on a dense
subspace of £,(®) and represents the action of Jg, on the coset w+ 27Z%. Because of the
explicit matrix representation of each Jg,(w), questions like its boundedness, invertibility
etc., are by far more accessible than their g, counterparts. Thus, our goal is to study Zg
via the behaviour of the “fibers” Jo(w), w € T.

The spectrum of the space S(®) generated by @ is defined (up to a null-set) as

o® := gS(®@) := {w € T : Jo(w) # 0}.
An equivalent definition of the spectrum is:
(1.4.5) o® := {w € T : [$, d](w) # 0, for some ¢ € D}.

For a FSI space, it was proved in [BDR1] that the spectrum of S only relies on the space
and is independent of any particular selection of the generators of the space. That proof
can be carried on to infinitely generated SI spaces.

Next, we want to decompose the operator 7. Since the Fourier transform is an isom-

etry, the (formal, say) relation Jg, = 7y, leads to the relation

In Section 2 (cf. (2.1.1)) we show that, given ¢ € ® and f € L,(RY), the sequence
‘Z(;*f , though need not be in £,(Ey), is always in the Wiener algebra of E;, and more

precisely, consists of the Fourier coefficients of the L;(T¢)-function [f, ¢]. This leads to
the conclusion that J3, the Fourier transform analogue of 7}, has the form

(1.4.6) Jo:f = (If, $Dseo,

and allows us to introduce “point evaluation” with respect to J3,: we define Jg,(w) to be
the following operator acting on £,(27Z%):

(1.4.7) Jo(w):c ( T c(@)dw+ a)) .
ae2nzd ¢eo
(To compare (1.4.6) and (1.4.7), choose c(«) := f(w + «) in the latter.)

As expected, the analysis above reveals that the matrix representation of the operator
Ju(w) is the adjoint of the matrix representation of the operator Jop(w). i.e., we had verified
that “evaluation” commutes with taking adjoints. After making that observation, and with
only very few necessary exceptions, we will identify Jg with its matrix representation
(J‘D(W)) weTd’

The following lemma collects two useful facts that were just observed.
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LEMMA 1.4.8. Let ® C Ly(R?) be a countable set. Then for any ¢ € {o(Eqe) and
f € Ly(R?), and for a.e. w € T¢,

(1.4.9) Tocw + Yarzs = JoW)EW),
and
(1.4.10) Taf ) = Ty lys2rz0):

Two self-adjoint operators can be constructed from Jg. The first is the Gramian G =
Gg, which is defined by

G:= J;)Jq)

Previous considerations imply that G is the Fourier transform representer of 7 7Zo.
This fact allows us to draw the following immediate conclusions.

PROPOSITION 1.4.11.  For the densely defined linear operators I, and G:

(i) Tp is bounded if and only if G, considered as an endomorphism of LY, is well-
defined and bounded. Also, ||G|| = || To||%.

(ii) Assume Iy (hence, G) is bounded. Then, Iy is partially invertible if and only if

G is partially invertible. Also, |G|™!|| = |||~ ||*
(iii) Assume Iy is bounded. Then, Iy is invertible if and only if G is invertible. Also,
G~ = 170~"II%

We define the value G(w) of G at w € T¢ as

(1.4.12) G(w) := JpwWWo(w) = ([, §'I(w))

¢, pED’

In general, for a.e. w € T¢, the Gramian G(w) is a densely defined self-adjoint operator
on £,(®) (hopefully into itself). In order to make any good use of G(w), one needs to
make sure that, at least on LY, evaluation commutes with the application of G, i.e., that

(Gn)(w) = G(wyr(w), forT € L, and forae. w e T¢.

This is actually obtained by summation-by-parts, whose straightforward justification is
omitted here. Hence:

LEMMA 1.4.13.  For every c € ly(Eo), and for a.e. w € T¢,

(T3 Tac) W),y = GONEQW).

The notation
Aw) = |GWw)||
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stands for the operator norm of G(w), and is assumed to be oo whenever G(w) is not
well-defined or is unbounded. In case G(w) is also boundedly invertible, we denote its
bounded inverse by G(w)~!, and set

Aw) = |G~

Also, we set
Xw) =[G

In case @ is finite, A(w) and A(w) are clearly the largest and smallest eigenvalues of
the finite-order matrix G(w). A closer look may reveal that \*(w) is, in such a case, the
smallest non-zero eigenvalue of G(w).

Typical results concerning the Gramian analysis can be found in Theorem 2.2.7 (PSI
spaces), Theorem 2.2.14 (PSI spaces, several generators), Theorem 2.3.6 (FSI spaces),
and Theorems 3.2.3 and 3.4.1 (infinitely generated SI spaces).

The Gramian approach is efficient for the study of those properties of Eq, which are
“visible” via the operator Zg, primarily orthogonality and stability properties. In contrast,
other properties such as Eq being a fundamental frame or a fundamental tight frame are
better analysed with the aid of the adjoint Z;. For the analysis of this adjoint operator, we
introduce another self-adjoint operator which we call the dual Gramian G. It is obtained
by multiplying the pre-Gramians, but in reverse order, namely,

(1.4.14) G = Go = JoJG.

Problems of well-definedness are more subtle here than in the Gramian case. Fully de-
tailed discussions of that point are given in Section 3.3, and we mention here only two
facts: first, if Eq is a Bessel set, then G is a well-defined self-adjoint bounded endomor-
phism of L,(R?). Second, if E is not a Bessel set, the definition (1.4.14) may not make
sense, and it is safer to view G as a quadratic form, i.e., to define it by

Gif = Wallze = 3 Wifll o = | X 105607, .
2 ded PED AT

The evaluation G(w) of the dual Gramian is the (27Z¢ x 27Z%)-matrix whose (a, o')-
entry has the form

> dw+ a)p(w + ).

HED
The argument w may be restricted to T¢. For a general Eo, the entries of G(w) may not be
well-defined (in the sense that the sum in their definition needs not converge absolutely).
Nevertheless, we will show (in Section 3.3) that, whenever Eg, is a Bessel set, the sum in
(1.4.15) converges absolutely for every o, o' € 27Z¢ and for a.e. w. Thus, for a Bessel
set Eg, G(w) is well-defined a.e., and can viewed as a densely defined operator from
£,(2Z%) (hopefully into itself). Moreover, we will show then that the basic relation

(Gf)(w) = G(W)f[ w
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(with f],, the restriction of f to w + 27Z¢) holds a.e. A similar relation is drawn in Sec-

tion 3.3 even in the non-Bessel case, under the assumption that the entries of G(w) are

well-defined, and with the interpretation of G and G(w) as quadratic forms.
Analogously to the Gramian case, we define here the following functions

Aw) = [|Gw)|,
Aw) = |Gy "I,
Xw) == |G|~

and attempt to study properties of Eq in terms of the behaviour of these functions. Our
main results in this regard are Theorem 3.3.5, and Theorem 3.4.1.

The Gramian/dual Gramian analyses are also efficient for studying the connection
between a frame and its dual: given two sets @, ¥ C L,(R?), and some bijection R: ® —
W, this is done via the study of the matrices Jo(W)Jgq(W), and JG,(w)Jra(w), as discussed
in Section 4.

1.5 An example. We provide here an example, which is taken from [RS1], (and is a
specific type of what we call there “self-adjoint Weyl-Heisenberg sets™) that illustrates
the potential power of the results to be developed in this paper.

Let ¢ € Ly(RY). Let

D := (eaP)aconze-

Indexing ® by 277, the pre-Gramian Jg(w) is found to be
Jow) = (dw+a+B) o0

Therefore, J3,(w) = Jo(w), and hence

Go(w) = Go(w).

Now, Theorem 3.2.3 characterizes the stability property of Eq in terms of the Gramian
fibers Go(w), w € T% On the other hand, the same criterion when applied to Gg(w),
w € T¢, is shown to be equivalent to Eq being the fundamental frame (Theorem 3.3.5).
This recovers the following well-known fact (¢f e.g. [D1,2]):

COROLLARY 1.5.1.  With ® as above, Eq is a stable basis if and only if it is a funda-
mental frame.

1.6 An application: estimating the frame bounds. The main results of this paper are
concerned with the connections between the spectrum of the operators G and G and the
spectra of the operators G(w) and G(w), w € T¢. As we mentioned before, information
about the fiber operators G(w) and G(w) is more readily available as compared to similar
information concerning G and G. Still, computing exactly, e.g., the norm of G(w) (con-
sidered as a linear map from £,(®) into itself) might appear as a hard task. However,
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estimating this norm (either from below or from above) in terms of the Fourier trans-
forms of the functions in the generating set @ is quite easy. This subsection is devoted
to the discussion of such estimates.

To this end, we let / be a countable (or finite) index set, and let M be a complex-valued
non-negative Hermitian matrix with rows and columns indexed by /, and considered as
an operator from £ (/) into itself. We use the following estimates of || M]||:

(1.6.1) sup( 2 MG, )P ) < ||M]] < sup 3" MG )]

i€l “jel i€l jel
Combining these estimates with Theorem 3.2.3, we obtain our first estimate for || Zg||:

COROLLARY 1.6.2. Let ® be a countable (or finite) subset of Ly(R?).
(a) If the function

BT x ® —R:(w,¢)— >
P'eD

> dw+ o) w o)

ae2rnzd

is essentially bounded, then Eq is a Bessel set, and || To||*> < ||B1l|,_rixa)
(b) If E¢ is a Bessel set, then the function

T dw+ ) (w+ a)l )%

ac2n2d

By:T? x @ — R: (w, §) — (Z

¢ ED

is essentially bounded, and || To||* > ||Bal| 1 vixa)-

On the other hand, combining (1.6.1) with Theorem 3.3.5, we obtain different esti-
mates:

COROLLARY 1.6.3. Let ® be a countable (or finite) subset of Lo(R?).
(a) If the function

BiR! —Rw—

ae2rzd

3 dn)dow+ o)
HED

is essentially bounded, then Eq, is a Bessel set, and || To||* < ||Bi|| Lo(RY)-
(b) If Eg is a Bessel set, then the function

> dondtr oo )’

By:RY — R:w— ( Z
PED

ae2nzd

is bounded and | Io||* > ||B2 ||, gay-

For the estimation of the other frame bound, we need a bound on ||M~!||. In what
follows we employ the estimate

-1
(1.6.4) v < sup(1MG, D] — X IMGI)
iel jeli

which is valid for any Hermitian diagonally dominant M. An application of this estimate
to Theorem 3.2.3 yields the following:
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COROLLARY 1.6.5. Let ® C Ly(R?) be countable (or finite), and assume that Eq is
a Bessel set. Then Eq is a stable basis if the function

X — *l'
2 dw+ i+ a))

a€2nz?

b1:1l'dx(l):——>R:(w,¢)*->( > |€£(W+01)|2— 2

ac2n2? PED\$

is positive and essentially bounded. Furthermore, in this case

1%~ 1> < 1161 L.rixay

Finally, an application of (1.6.4) to Theorem 3.3.5 yields the following:

COROLLARY 1.6.6. Let ® C Ly(R?) be countable (or finite), and assume that Eq is
a Bessel set. Then Eq, is a fundamental frame if the function

" -—n !
> $widw+a))

Ped@

bR Rw— (E ldw — >

PeD ae2rZ9\0

is positive and essentially bounded. Furthermore,

175~ "1* < 16111 ey

The simplest example that follows from the above results (and can also be checked
directly) is the following.

EXAMPLE 1.6.7. Suppose that, for every ¢ € ®, for every o € 277, and for almost
every w € R?, ¢(w)d(w + a) = 0 (e.g., each ¢ is supported in some cube z; + [0, 27)%,
ty € RY). Then, the (square root of the) function B can be replaced by the function

1
g R - Riwi— (Z |q3(w)|2) -
$ed
Similarly, the function 5, can be replaced by 1 /g. Consequently, we obtain that Eg is a
fundamental frame if the two functions g and 1/g are essentially bounded. In fact, the
results of this paper will show that the converse of this last statement is valid as well.

2. Finitely generated SI spaces.
2.1 General. While general SI spaces are best analysed with simultaneous use of the
Gramian and dual Gramian matrices, this is not the case for FSI spaces. The reason is
easy to inspect: for a finitely generated SI space, the dual Gramian matrix is infinite, while
the Gramian matrix is finite. This explains to a large extent the prevalence of Gramian
analysis in the study of FSI spaces. Moreover, in the principal case, the Gramian matrix is
reduced to a single function, providing thereby a further significant simplification in the
course of study of such spaces. Therefore, we will first present (in the next subsection)
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a detailed analysis of bases for PSI spaces, and only then discuss the FSI counterpart of
that theory. The present subsection is devoted to some simple initial observations and
estimates.

In the PSI case, the generating set @ is a singleton (¢), and the operator 7" := ‘2;;)
then takes the particularly simple form

TS = {LE°6) bacza-
From Parseval’s identity, and the 27-periodicity of the exponentials e,, @ € 79, we
obtain that
@.1.1) (1. E*9) = @m) ([, ea) = @m) (I, 6}, €a),a0)-

Therefore, ‘Z;*f is the set of Fourier coefficients of the L;(T¢)-function [f, ¢], that is

(2.1.2) Tf =1/, ).
In particular,

PROPOSITION 2.1.3.  Given ¢,f € Ly(R%),

1251 ey 2y = e |17, A yr-

Some coarse estimates can be derived directly from the above. By Schwartz inequal-
ity,
I, 911° < 7.1, 9)-
Thus, for ® C Ly(RY),

1Taf ey < @

.71 pEe <2>]”W).

Since ||f]12 = @m)~“||[£. /1|l .,ce)> We conclude that

wo(T4)

1% e < 1| £ 16,1,

Denoting

[N

b= (L 16.41) .

D

we have proved the following result.
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PROPOSITION 2.1.4.  Given ® C Ly(R?), Eg is a Bessel set in case ® € Loo(T9), and
we then have

1T 1 < Nl 0

We will show later that equality holds in the above in case @ is taken from some PSI
subspace of L,(R?). Further, we will show that for a finite ® the boundedness of & is not
only sufficient for Eq, to be a Bessel sequence, but also necessary. However, the bound
provided by ||®|| LT 1S, in general, not sharp.

2.2 Frames in PSI spaces. Throughout this subsection, S is a PSI subspace of L,(R¢)
generated by some (fixed) function.

Motivated by the search for an explicit representation for the orthogonal projection
onto shift-invariant spaces, [BDR1] introduces and studies the notions of quasi-stable
and quasi-orthogonal bases for FSI spaces. For PSI spaces, in the terminology used in
the present paper, its definitions are as follows:

DEFINITION 2.2.5 ((BDR1]). Let ¢ € Ly(R¢), and let Z;, be the operator

Ty: 62(2%) — S(¢):c— 5 E*pc(a).
a€czd
Then ¢ is called a quasi-stable generator if Iy is a well-defined bounded map, and pro-
vides an isomorphism between Cq; = (ker ‘Z:i,)l and S(¢). If, further, that isomorphism
is an isometry, ¢ is termed a quasi-orthogonal generator.
In view of (b) of Proposition 1.3.4, and Definition 1.3.5 of frames and tight frames
we obtain the following Corollary.

COROLLARY 2.2.6. Let ¢ € Ly(RY). Then E, is a frame if and only if ¢ is a quasi-
stable generator of S(¢). Further, this frame is tight if and only if ¢ is a scalar multiple
of a quasi-orthogonal generator of S().

Thus, implicitly, [BDR1] contains an extensive discussion of frames in PSI spaces.
Furthermore, as we had learnt from the referee of this paper, frames for PSI spaces were
(explicitly) studied by Benedetto and Li [BL]. Indeed, Theorem 7.7 of [BW] (which is
attributed there to [BL]) is essentially equivalent to Theorem 2.2.7.

We recall the definition of the spectrum oS given in (1.4.5), and recall the notation

@1 = (S lc+ar)

pe2nzd

$

THEOREM 2.2.7 ((BDR1], [BL]). Let ¢ € Ly(R?) be given, and let S be the PSI space
generated by ¢.

(a) The shifis E, of ¢ form a Bessel sequence in S if and only if é is essentially
bounded.
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(b) The shifts E4 of ¢ form a frame for S if and only if ¢ and 1/$ are essentially
bounded on oS. Furthermore,

1Ml = Nl = 19l aios

and
176l = 111/ Bl Lios)-

Therefore, for a frame E, the inequalities

1
VIl < (1 E00R) < Wil 1 €5
(1S

are valid and sharp.
(c) E4 is a tight frame if and only if $ = const (a.e.) on its support.
(d) Withi := (¢ / #)Y, the set Ey is a tight frame for S(¢) (and hence every PSl space

is generated by some PSI tight frame).
(e) The frame (tight frame) E4 is a stable (orthogonal) basis for S if and only if

oS =T°.

PROOF. By Corollary 2.2.6, the shifts of ¢ form a frame (tight frame) if and only if
¢ is a quasi-stable (quasi-orthogonal) generator of S(¢). Therefore, the theorem follows
from the corresponding results in Section 2 of [BDR1]. =

We observe that the above (d) and (e) imply that S contains an orthonormal basis
Eg4 if and only if S = T¢. That case was termed regular in [BDR1]. Thus (¢) above
shows that the notions of a stable basis and a frame coincide for a principal shift-invariant
E,4, provided that S(¢) is regular. It is worth mentioning that, in case ¢ is compactly
supported, S(¢) is always regular.

The spaces ker 7, and Cq; were described explicitly in [BDR1] as follows:

ker T, := {c € £2(Z% : suppé C (T¢\ 0S)},
and hence
(2.2.8) Cq, = {c € £(Z7) : suppé C oS}

Next, we need the following characterization of the Fourier transforms of the elements

of S(¢):

RESULT 2.2.9 ([BDR2]). Let ¢,f € Ly(R?). Then f € S(¢) if and only if / = ¢ for
some 2m-periodic function 7.

COROLLARY 2.2.10. Let S := S(¢) be a PSI space, and assume that E4 forms a
frame for S. Then, given ¢ € (2(1%), there exists f € S such that

c(a) = {f,E*¢), acZ®
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if and only if ¢ is supported in the spectrum of S. The unique solution f has the form

(2.2.11) =73 E"c(a),

aczd

with the sequence cs € C 7, being the solution of the discrete convolution equation

[, 8]V xcr = c.

PROOF. By the definition of ‘Z*, a solution f exists if and only if ¢ lies in the range
of ‘1;5*, ie,ifand onlyif ¢ € C% . Therefore, in view of (2.2.8), we only need to prove
the statements concerning the nature of the solution /. Since E is a frame for S, then,
given any f € S, there exists a unique ¢; € Cq, that satisfies (2.2.11). Taking Fourier

transforms, we obtain that / = @«;& Invoking (2.1.2), we see that

2.2.12) ¢=T:f =, 4] = (4, 4],

where, in the last equality, the periodicity of ¢, was used. The desired result then follows
by inversion. u

Given a frame E, Proposition 1.3.10 asserts that there exists a function R¢ € S(¢),
such that Eg,, is the dual frame of E,. Further, we can compute R¢ as follows: first, we
seek ¢4 € Cq; such that Tycy = ¢. Applying Fourier transform, then multiplying by Z,
and periodizing over 27Z¢, we obtain the equation (?,5[43, #1 = [4, ¢]. Since cgisin Cq;; R
it is supported on supp[¢, $] = oS, and so cA¢ is the characteristic function x of . Let
¢ be the solution of [$, $]V*? = ¢4, and @ := é¢. Then Egg is the dual basis of Ey by
the fact ‘1;{4,(# = ¢4 and by Corollary 2.2.10. Hence ¢ is defined by

and R¢ is given by

(2.2.13) Ré = /9, ).

This representation of R¢ is detailed in [BDR1] (using a different approach) and is well-
known in the special regular case mentioned above (in which a frame becomes a stable
basis).

The redundancy offered by frames does not really exist for principal shift-invariant
ones. Yet, given a PSI space, one may use several functions from S to generate a shift-
invariant frame for S. The details of that case are given in the next theorem.

THEOREM 2.2.14. Let S be a PSI space, and ® C S be a countable (or finite) set.
Then
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(a) Eg is a Bessel set if and only if the function

1
(2.2.15) ¢ = (Z (4, <,‘5])2
ped
is essentially bounded. Furthermore, || To|| = ||D||_ o).
(b) Eq is a frame for S if and only if ® and 1/ ® are essentially bounded on the
spectrum aS. In such a case, | To|™"|| = ||1/®||1,.09)-
(c) Eq is a tight frame if and only if ® is constant a.e. on its support.

PROOF. By Proposition 2.1.3, given f € Ly(R?),

S,

PED

| Tef ”2(’2(50) = (2m)™

Let 9 be a generator of S. For /' € S and ¢ € ®, Result 2.2.9 implies the existence of
2m-periodic 74, 77 such that

f=1, ¢=r14,4€ .
Therefore, o o o
U7, 117 = Il |7 P11, 9117 = |17, /100, 1.
Consequently, o
1 Taf ey = @mY N A1 1y 1oy

Since ][f||z2(w) = )~ L,(T4)» and since [f,/] is necessarily supported on oS, the
proof of the theorem relies on the comparison of

A7 s

and |
17 119°117 o)

Further, we note that Result 2.2.9 also implies that for any closed Q C o8, there exists
f € S for which [f, f] is the characteristic function of Q. The proof can be then completed
by a routine argument (cf. e.g., the proof of Theorem 2.16 in [BDR1]). n

The final theorem of this subsection provides the details concerning the dual frame of
the above Eq, and a complete description of ker Zg, and Cq,:

THEOREM 2.2.16. Let ® be a countable subset of a PSlspace S, Ey its corresponding
shift-invariant set. If Eq, is a frame then:

(a) Let ) be any generator of S (i.e., S = S()), and ¢ = (cy)pco € l2(Ee) (With ¢
the restriction of ¢ to Ey). Then ¢ € Cq, if and only if

(€8)o = T([¥), P,

for some 2m-periodic function T, that is supported on oS.
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(b) The map R from the frame Eqg to its dual is given by
R:f = (f/®%)".
(c) The orthogonal projector P: Ly(R?) — S can be written in the form

Pf= 3 Zd(f, E*((8/®)))E%.

PedD,ac

PROOF. Claim (c) is immediate from (b) and Proposition 1.3.8. To prove (b), we
need to show that the map R inverts 77, and this will follow as soon as we show that

Ty ‘1:1;/)‘ = (132f on S. For that, note first that Result 2.2.9 implies that, forevery f,g € S,
2.2.17) I7.81¢ = (8. 8.
Now, given f € S, we first recall that, by (2.1.2), for every ¢ € ©,
(LI =1, 81.
This, together with (2.2.17) and the fact that 7o Ty = Y4co ‘1;‘1;*, implies that

(ToTaf) = LI/,416 = ¥ 16,91 = 9.

PED PeD

This proves (b) and thereby (c).
To prove (a), we compute Cq; using the identity

Cq, = ran'Iy.

For f € §, there exists, by Result 2.2.9, a function 7y supported on ¢S, such that f = T/w
By (2.1.2), -
T/ = I/, 81 = [, 1.

Since C, is the range of Iy, this shows that the Fourier transform of each ¢ = (¢y)pea €
Co, is of the form cA¢ = 1[4, §], V¢ € @, for some 27-periodic 7 supported on oS, i.e.,
Cq, contains only sequences of the required form. o

Conversely, assume that ¢ = (c,) satisfies ¢; = 7([4, #]). We consider the nature of
Toc = Ypea Tscs. Applying Fourier transform, and invoking (2.2.17) once again, we
obtain that -

Toc= Y b= 3 119, 1d = 3 1[4, 1 = rd*).
$ed peD $ed

Since Ty is bounded, 7®2) € L,(R?). On the other hand, since Eq, is a frame, then, by
Theorem 2.2.14, ® is bounded below on (6S)° D supp), and therefore 79 € Ly(R?).
Thus, f := (r)" is in L,(R?), and hence, by Result 2.2.9, is also in S. Since the proof of
the previous implication shows that Zf = c, we obtain that ¢ € ran 7, as needed. =
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From (a) of Theorem 2.2.16, it easily follows that

ker 7 = {(C¢)¢ € ta(Eo): 3 ¢4, 4] = 0},

ded
with 1) some (any) generator of S.

2.3 Frames in FSI spaces. In order to lift the results of the previous section from PSI
spaces to FSI spaces, we need first the following FSI analog of Result 2.2.9 (cf. Theo-
rem 1.7 in [BDR1]):

RESULT 2.3.1. Let @ be a finite subset of Ly(R?). A function f € Ly(RY) isin S :=
S(®) if and only if there exists 7 := (74)4ce, With each 74 a 2m-periodic function, such
that

(2.3.1) f=3 10
ped

Several different approaches are available for the analysis of frames in FSI spaces. We
have chosen here the one which incorporates efficiently the results on PSI frames that
were established in the previous subsection. We do that by studying first the straightfor-
ward case when the finite generating set @ of S induces an orthogonal decomposition of
S into the sum @4cq S(¢) of PSI spaces. We then reduce the general setup to that simple
case.

Recall that, by (1.2.3), the space S(¢) is orthogonal to the space S(v) if and only if
[¢,9] = 0, a.e. Thus, the sum Ygca S(¢) is orthogonal if and only if the Gramian matrix
G is diagonal.

PROPOSITION 2.3.3.  If the Gramian matrix G is diagonal, then:

(a) Eq is a Bessel set if and only if, for each ¢ € ®, ¢ is bounded on o = U(S(¢>)).
Furthermore,

o] = max | 51| = max |1].cc

(b) Eg is a frame for S(®) if and only if. for each ¢ € ®, ¢ and 1/ $ are bounded
on o¢. The frame is tight if and only if, for every ¢, ¢ = const on o¢ (with const
independent of ¢). Furthermore,

1ol Il = max || ™| = max [[1/ |00

PROOF. The orthogonal sum decomposition @4S(¢) of S(®) implies that 7} agrees
with ‘1;* on S(¢) (recall that we naturally embed the target space £,(E,) of the latter
into the target space £,(Eq) of the former). Since £,(Eg) is (always) the orthogonal sum
@4 l2(Ey), we conclude that, indeed,

1Tl = 7o ]| = max | 75| = max | T,
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and
q—‘—l I‘I*_l — T*_] — T_l.
o) = 1Tl ™1l = max [|Z5]" | = max || Tg| |
The result then follows by an application of parts (a—) of Theorem 2.2.7. n

In accordance with the definitions of Section 1.4, we define here
A(w)
to be the largest eigenvalue of G(w),
A(w)
to be the smallest eigenvalue of G(w), and
X' (w)

to be the smallest non-zero eigenvalue of G(w). Then, both A(w) and \*(w) are non-
negative and well-defined on oS. Further, Proposition 2.3.3 can be stated as follows:

If G is diagonal, then Eg, is a Bessel set if and only if |A]|1 sy < 00. Eg is a frame
Jor S(®) if and only if

(2.3.4) A and 1 /| \* are (essentially) bounded on the spectrum of S,

and, moreover, the frame bounds of Eg are ||A||L.0s) and |1/ X*||L..(05)-

As Theorem 2.3.6 below asserts, the above characterizations are valid for general FSI
spaces.

The proof of Theorem 2.3.6 is based on the following (technical) lemma:

LEMMA 2.3.5. Given a finite order Hermitian matrix G, whose entries are measur-
able functions defined on some domain Q, there exists a matrix U := Ugxq whose entries
are measurable functions defined on Q, such that U*GU is a diagonal matrix, and U(w)
is unitary for every w € Q.

Prior to proving the lemma, we state our theorem and show how it follows from that
lemma. Part (d) of the theorem is due to [BDR1] (and was previously proved, under
certain decay conditions on @, in [JM]). For the special case of quasi-regular FSI spaces
(a notion that will be defined in the next subsection), Theorem 2.3.6 in its entirety was
already proved in [BDR1] (¢f: Corollary 3.30 there. In a quasi-regular FSI space S, \* =
A on a8, and hence the [BDR1]-analysis, which is based only on the functions X and A,
can still go through).

THEOREM 2.3.6. Let ® C Ly(R?) be finite with corresponding Gramian matrix G,
and corresponding eigenvalue functions A, )\, and \*. Then
(a) Eg is a Bessel set if and only if A is essentially bounded. Furthermore,

1117 = I|AllLos@y-
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(b) A Bessel set Eq is also a frame if and only if 1 | \* is bounded on the spectrum of
S(®P). In such a case,

190l 1P = 111/ X |2 o5y

(c) Eg is a tight frame if and only if A = \* = const on oS(D).
(d) The Bessel set Eq is a stable basis for S(®) if and only if 1/ X is essentially
bounded.

PROOF. Let U := (uy4)4.4'co be the unitary matrix from Lemma 2.3.5 (with respect
to G := Gg). Define

Y= {%& Sy = (UT D)y = S uy b, o€ (D}.
P'ed
Since U(w) is unitary for every w € T¢, it follows that U, considered as an endomorphism
of LY, is also unitary. From that it easily follows that ¥ C Ly(RY) (in fact, Yyey ||[]|* =
Soco ||#]]?). Thus, ¥ C S(®) by Result2.3.1. Similarly, since ® = U, d C S(¥), and,
consequently, S(‘¥') = S(®). Further, Gy = U*GU, hence Gy, and Gy have the same
eigenvalue functions.

To prove (a), we let Jy and Jy be defined as in (1.4.3). Then Jy = JoU. Since U is
unitary, Jy is bounded if and only if Jy is, and the two maps have the same norm. There-
fore, Ey is a Bessel set of S(V) = S(®) if and only if E, is so. Consequently, (a) follows
from Proposition 2.3.3 and the fact that, for each w, {{)(w)},cv are the eigenvalues of
the diagonal matrix Gy (w).

The proofs of (b), (c) and (d) are similar. [

Now, we turn to proof of the Lemma.

PROOF OF LEMMA 2.3.5. Since, for each w € Q, the Hermitian matrix G(w) can
certainly be unitarily diagonalized, the actual goal of the proof'is to achieve the required
measurability.

Let Aj(w), w € Q,j = 1,...,n := #O denote the j-th smallest eigenvalue of G(w).
Our first goal is to show that A; is a measurable function. For that we need the following
claim.

CLAIM 2.3.7.  Let {an}}, be a set of convergent sequences am: N — R. Let an(0)
denote the limit of (am(k))iil. For each non-negative integer k, let q; be the univariate
polynomial ‘

n—1
qut) =1+ Zoam(k)tm-

Assume that each qi has only real roots, and let Ay ; denotes the j-th smallest root of qy.
Then Ak,,-k——> Aoy, foreachj=1,...,n.
—00

PROOF OF CLAIM 2.3.7. For each k > 0, let A, be the vector (A, ,i)j"'=1- It is clear that
(Au)ken is bounded (in R"), hence it suffices to show that A is the only limit point of
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(Ax)k- In this regard, we note that a limit point /; of the sequence (A, is a zero of go,
since 3%, a;t' is a continuous function of ay, . . . , ap, t.

To prove that the sequence (A )ren has only one limit point, we let [ := (Ij~);':1 be
a limit point of (Ay),. Then, it is clear that (lj)j"'=l is non-decreasing, and, as observed
above, all the n entries of / are roots of g¢. Since gg has only 7 roots, / will be proved to
equal Ag as soon as we show the following: “if § occurs m times in /, then its multiplicity
as aroot of gy is at least m”.

Assume, therefore, that, [i+1 = [y = -+ = Ly = 0, for some s and m. Let (k)2 be
a set of increasing integers for which (Ay,); converges to /. By Rolle’s theorem, for each
fixedr = 0,...,m — 1, the r-th order derivative qg) of the polynomial g, would have a
zero zy, in the convex hull of { A, s/ }1<j<m. Since, as i — 00, that convex hull shrinks to
0 (since each (Ay, s+7); converges to [gy; = ), z, converges to 0. Thus, 6 is a limit point of
roots of (q}:))i, r=20,...,m— 1, hence 0 is a root of gy of multiplicity > m, as claimed.

After establishing the claim, we can prove the measurability of the eigenfunctions
A; as follows. We approximate the matrix G by Hermitian matrices G, whose entries
are simple measurable functions that converge (say, pointwise) to the entries of G. Let
go(w, -) be the characteristic polynomial of G(w), and gq,(w, -) the characteristic poly-
nomial of Gy(w), k = 1,2,.... Since the coefficients of ¢;(w, -) are simple measurable
functions, so is the j-th smallest eigenvalue function Ay j(w) of G¢(w). On the other hand,
the coefficients of gx(w, -) converge to the corresponding coefficients of go(w, -). Since
G(w) and Gy(w), k € N are Hermitian, their characteristic polynomials have only real
roots. By the previous claim, this implies that, for everyj = 1, ..., n, and for every w, the
eigenvalue functions (Ak ,,(w)) , converge to A;(w). Thus, each A; is the pointwise limit
of measurable functions, hence is measurable.

Finally, we construct the columns of U inductively. Assume by induction that we
already found ¥ = {vi,...,v;_1} vectors whose entries are measurable functions, such
that Gv; = A, for eachi = 1,...,j — 1, and such that {v;(w),...,v,_1(w)} is an
orthonormal set for every w € Q.

For each w, let k(w) be the largest integer that satisfies Aj(w) = Aj_iuw)(W). For k =
0,...,n—1,setKy := {w € Q : k(w) = k}. Then (K}); forms a measurable partition of
Q. On each set K, we augment the matrix A;/—G by adding the row vectors v;_, ..., vj_
and obtain in this way a matrix R with measurable entries, that satisfies rank R(w) < n, for
every w € K. Precisely, rank R(w) = n — m(w) + k, where m(w) > k is the multiplicity
of Aj(w). Applying the proof of Lemma 2.4 of [JS], we obtain a measurable vector v;
such that Rv; = 0 on K}, and for every w € K}, vj(w) (considered as vector in R") has
norm 1. Since R(w)v;(w) = 0, w € K}, vj(w) is an eigenvector of G(w), and is orthogonal
to {vj_x(w),...,vj-1(w)}. It is also orthogonal to vi(w), i < j — k as well, since v(w)
is an eigenvector that corresponds to the eigenvalue A;(w) which is different from the
eigenvalue A;(w) of vi(w). Hence, v; is (pointwise) orthogonal to each of its predecessors.
This completes the inductive step, thereby the proof of the lemma. n

Incidentally, the proof of Theorem 2.3.6 shows that every FSI space can be written as
a finite orthogonal sum of PSI spaces. This fact was established before in [BDR1] (cf.
Theorem 3.5 there). It leads to the following interesting corollary.
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COROLLARY 2.3.8.  Given any FSI space S, there exists a finite subset ¥ C S whose
corresponding shift-invariant set Ey is a tight frame for S.

PROOF. We write S as a finite orthogonal sum of PSI spaces {S(1)}yeu. By (d) of
Theorem 2.2.7, each S(n) contains a function v, whose shifts £, form a tight frame for
S(n), say, with frame bound 1. The totality {1, },cn is the required \P. n

In general, there are many ways to write S as an orthogonal sum, and, therefore, .S con-
tains many tight frames. Though the norms of the individual generators 1 € ¥ depend in
general on the specific ¥ chosen, the sum ¥,y ||4]|* depends only on the space S, that
is: it is the same for all tight frames E'y whose frame bound is 1, and whose corresponding
S(¥), ¥ € ¥ form an orthogonal decomposition of S.

2.4 Frames in quasi-regular FS1 spaces. We had proved in the last subsection that every
FSI space contains a shift-invariant tight frame. However, not every FSI space contains
a shift-invariant stable basis. A partial solution to that difficulty was offered in [BDR1]
via the more general notion of quasi-stable generating sets. That notion was defined in
(3.16) of [BDR1], and is closely related to the notion of frames. In fact, Definition 1.3.5
here allows us to rephrase Definition 3.16 of [BDR1] as follows:

DEFINITION 2.4.1. Let ® be a finite generating set for the FSI space S. We say that
(the shifts Eq of) @ is (are) a quasi-stable generating set, if (i): Eg is a frame for S; (ii):

Cq, = {c = (cy)peca € l2(Eo) : suppcy C 08, Vo € O}

Note that quasi-stability coincides with stability whenever oS = T¢, i.e., whenever S
is regular (indeed, if S is regular and @ is quasi-stable, then Cq; = {2(Eo), and hence
ker Zp = {0}). Even with this weakening of the stability notion, [BDR1] shows that
not every FSI space has a quasi-stable basis (we have proved, in Corollary 2.3.8, that
every FSI space has a shift-invariant frame, and even a tight one, therefore, the existence
of a quasi-stable basis really relies on the structure of Cy; ). Spaces that do have quasi-
stable bases are termed in [BDR 1] as quasi-regular. We discuss here several properties of
frames in quasi-regular FSI spaces, which may not be valid in more general FSI spaces.
One of these is an explicit representation for the orthogonal projector onto S: [BDR1]
obtains such formulas for quasi-regular spaces by a Cramer-rule-like expression (see
(1.9) there). On the other hand, we know from Proposition 1.3.8 that the orthogonal
projector can also be represented by using a frame for S and its dual frame, and this will
lead us to an alternative representation of this projector.

Before we state our first result, we recall the definition of a quasi-basis from [BDR1]:
The finite @ is a quasi-basis for the FSI space S if det Gg, is non-zero a.e. on oS. We
mention, [BDR1], that the existence of a quasi-basis for S is equivalent to the quasi-
regularity of S, and that every quasi-stable basis is also a quasi-basis but not vice versa.
The cardinality of the quasi-basis is the length lenS of S and is shown in [BDR1] to
depend only on S.
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PROPOSITION 2.4.2.  Let ® be a finite quasi-basis for the (quasi-regular) FSI space
S. Assume that Eq is a Bessel set. Then,

(2.4.3) Cq, = {c = (cp)¢eo € l2(Eq) : suppcy C oS}

PROOF. Denoting the right hand side of equation (2.4.3) by Cgy, we will show that
(i): Cg, C Co, and (ii): ker T, N Cp = {0}. Since C., is the orthogonal complement of
ker 7y, (2.4.3) would then follow from (i) and (ii) combined.

The required (ii) was proved in [BDR1]: Corollary 3.11 there asserts that, since @ is
a quasi-basis, the map -

to(Eo) 3 ¢ Tac = Y ¢3¢
ped
is 1-1 on Cg.

As for (i), given f € S, supp/ lies in the 27-periodic extension (¢:S)° of ¢S. Thus, if,

for some ¢ = (cg)gca € £2(Ep), €ach suppcf,, is disjoint of S, we have

Toc =Y c46 =0.

PP

This means that the space
Ko := {c € £y(Ep) : suppcg N oS is a null-set, Vo € ®}

lies in ker Zg,. Since Cy, is clearly the orthogonal complement of K¢, we obtain (i) by
applying orthogonal complements to the inclusion K¢ C ker Ty [

THEOREM 2.4.4. Let ® be a finite generating set for the quasi-regular FSI space S.
Then @ is a quasi-stable generating set if and only if it is a quasi-basis and its corre-
sponding shifts Eq form a frame for S.

PROOF. If Ey is quasi-stable, then, by definition, it is a frame, and it is also a quasi-
basis by virtue of Proposition 3.18 of [BDR1].

Conversely, if @ is a quasi-basis and Eg, is a frame, then, for the quasi-stability of @, it
remains to show that Cy; has the required structure. This follows from Proposition 2.4.2
and the assumption that @ is a quasi-basis. ]

We mention that, given & quasi-regular FSI space S, there exist shift-invariant frames
E for § which are not quasi-stable (hence do not form a quasi-basis). For example, the
length of a PSI space is 1, and hence any quasi-basis for it is formed by the shifts of
single function ¢. At the same time, frames for PSI spaces that consist of the shifts of
several functions exist, and, in fact, were discussed in detail in Section 2.1.

The proof of the second implication in the above theorem could also be done through
eigenvalue functions. The argument is as follows. Since Eg is a frame, Theorem 2.3.6
implies that the eigenvalue function A(w) (\*(w)) is essentially bounded above (away
from zero) on oS. However, since Go(w) is invertible a.e. on oS (since ® is a quasi-
basis), it follows that A\(w) = A\*(w), a.e. on a8, where A\(w) is the smallest eigenvalue
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function. Thus A(w) is essentially bounded above and A(w) is bounded below on ¢S. By
Corollary 3.30 of [BDR1], @ is a quasi-stable generating set.

In the rest of the subsection, we consider frame-dual frame representations of the
orthogonal projector onto a quasi-regular FSI space S. The idea is to use the fact that,
given a general frame X for H and a dual frame RX, the map TryxTY is always the identity
on H. Before we develop that direction further, we point out a relevant result. If X' is a
stable basis, then the condition TrxTy = Iy is not only necessary but also sufficient for
RX to be the dual of X. The result below shows that, in the shift-invariant setup, that
sufficiency assertion extends to quasi-stable sets:

COROLLARY 2.4.5. Let Eg be a quasi-stable basis for the FSI space S, and let R be
some map from @ into S(®). If Ere is a Bessel set, then Erg, is the dual frame of Eq, if
(and only if) Tro Ty is the identity on S, that is, if

(2.4.6) f= 3 (f.E°$)E°R¢$, VfE€S.

PED,acd

PROOF. After extending R from @ to Eg by the rule RE“¢ := E*R¢, we appeal to
Proposition 1.3.7. That proposition validates the “only if”” implication, and reduces the
proofof the “if”” implication to proving that Cq. = Co; . Furthermore, Proposition 2.4.2
asserts that Cq,, is the same for all quasi-bases ‘¥ of S.

Since ® is already known to be a quasi-basis (by virtue of its quasi-stability, ¢f. The-
orem 2.4.4), it suffices to show that R® is also a quasi-basis. The proof of this statement
goes as follows. Since R® C S, we have S(R®) C S. This, together with (2.4.6), shows
that Ere is fundamental in S, and hence S(R®) = S(®P). Since D is a quasi-basis for S,
its cardinality is the length, lenS, of S. Therefore, #(R®) < #® = lenS. However, as
asserted by Theorem 3.12 of [BDR1], every generating set of a quasi-regular FSI space
S that contains no more than len S elements must be a quasi-basis. (]

THEOREM 2.4.7. Assume that the shifis Eq of the finite @ form a quasi-stable basis
for the FS1 space S. Then the Fourier transforms of the generators RO of the dual quasi-
stable basis are given, on S, by

RO = Gj'O.
with Gg! the (pointwise) inverse of Gg.

PROOF.  Since R should invert 7y, T, we compute first Zg, T ®. Here, we use (2.1.2)
(and the fact that 7,75 = Yo Z3Z,) to conclude that

(BT = (L1641, , = Tod.

Since Gy is invertible on oS (and is zero elsewhere), the claim follows. n
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By Proposition 1.3.8, TreZg is the orthogonal projector Ps of Ly(R%) on S. The last
result thus allows us to write

@S\f: Z [f9¢;]g¢,¢'(z)/’

¢.0'€®

with (84,6 )e.pco = ?;,'. Instead, we could have solved the equation GoR® = ® by
applying Cramer’s rule. That attempt would have resulted in the form for Ps that was
discussed in [BDR1].

3. Infinitely generated SI spaces.

3.1 General. The study of FSI subspaces of L,(R?) is pertinent to Approximation The-
ory, where one attempts to approximate from small, simple spaces of approximants. In
other areas (such as wavelets) the main goal is to find an attractive basis for the entire
Ly(R?) or to a “big” subspace of it. We therefore analyse in this section shift-invariant
subspaces of L,(R?) generated by a countable set of generators.

Our results on FSI spaces were stated in terms of the matrix spectrum of each of the
“fiber” matrices G(w), w € T¢. We pause here momentarily in order to have a closer
look at the potential practical value of the obtained characterizations. Assuming we hold
in hand the Gramian matrix, the characterization of stability and of the Bessel property
are of a more favorable nature than those of frames and tight frames: in many cases, the
estimation of the largest eigenvalue A(w) and the smallest eigenvalue A(w) of G(w) can
be done directly in terms of the entries of G(w) (as we did in Section 1.6). However,
estimating the smallest non-zero eigenvalue \*(w), would, almost certainly, require the
application of a costly iterative process. Consequently, the kind of characterization of
FSI frames that was obtained in Theorem 2.3.6 seems to be practically less useful than
its stability counterpart. This can also be viewed as follows: the invertibility of a certain
operator is a more accessible property than its partial invertibility.

A partial solution to the above problem is obtained with the addition of the comple-
mentary dual Gramian analysis that will be developed. Indeed, as was already explained
in the introduction, the Gramian analysis is engaged with the decomposition of the oper-
ator I Ty, while in the dual case the operator 7y, 7 is the object. In two respects, there
is a significant difference between these two operators: the stability of a Bessel set Eq, is
equivalent to the invertibility of 73 Zy, but is not so nicely reflected by Zo,Zg; (this latter
operator should be partially invertible and onto £,(Eg), two hard-to-verify properties).
On the other hand, a fundamental frame for L(R¢) is characterized nicely through o7
(should be invertible), and is hard to be analysed via I Lo In summary, Gramian analy-
sis is best suited for the study of stable bases, while dual Gramian analysis is particularly
good for fundamental frames for Ly(R?), hence, indeed, the two approaches complement
each other.

In view of the above, one may wonder why we have not employed the dual Gramian
analysis for the study of frames in FSI spaces. The answer for that is as follows: since an
FSI space is always a proper subspace of L,(R¢), a frame for it is never fundamental in
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L>(R9). For the analysis of frames which are not fundamental, both Gramian analysis and
dual Gramian analysis require the (hard-to-verify) partial invertibility of their associated
operator, hence the switch from the finite-order Gramian G to infinite-order dual Gramian
G provides no gain.

Throughout the section, we use the notation £4 for the spectrum of the operator 4;
namely, given a bounded linear endomorphism A4 of a Hilbert space H, we denote

24 :={) € C: the inverse of A/ — 4 is undefined or unbounded}.

To make a clear distinction between this notion and the spectrum o.S(®) of S(®), we will
always refer to the former as the the operator spectrum.

3.2 Gramian Analysis: Sl spaces as the limit of FS1 spaces. Two different approaches
for the study of SI spaces are employed here. The first, that we discuss in the present
subsection, attempts to extend the results from Section 2 on FSI spaces to general SI
spaces, by viewing the latter as a certain limit of the former. That approach leads to
the desired characterizations of the Bessel property and of the stability property, but is
short of characterizing frames. Therefore, we will develop, (in Section 3.4) an alternative
method, where we inspect directly the operator spectrum of each of the “fibers” G(w).
This latter direction is more powerful, alas, much more involved, whence our decision
to present both approaches.

The “going-to-the-limit” argument is almost self-suggestive, and is based on an el-
ementary observation. Let X be a countable subset of the Hilbert space H. Given any
subset Y C X, let Hy be the closure in H of the finite span of Y (that is, Y is fundamental
in Hy). As before, the operator Ty is defined on £y(Y), and, if bounded, is extended to
the entire £,(Y) by continuity. Further, £,(Y) is isometrically embedded in £,(X) in the
usual way.

For a set X C H, a chain

o C Xyt CXy C Xy C oo

that satisfies U, X,, = X is called a filtration of X.

THEOREM 3.2.1. Let X be a countable fundamental set of the Hilbert space H. Sup-
pose that { X, }, is a filtration of X, i.e., X, C Xps1 for all n € N, and U, X,, = X. Denote
T:=Tx, Ty :=Tx, H, == Hy,. Then:

(a) Xis a Bessel set if and only if the following condition holds “each X, is a Bessel

set, and sup, || T,|| < 00”. In such a case, ||T|| = sup, || Tn|| = lim,—o || T0]|-
(b) Assume X is a Bessel set. Then, X is a stable basis for H if and only if the following
condition holds “‘each X, is a stable basis for H,, and sup, | T,~"|| < 0o”. In such
a case, |7 = sup, [, = limy oo | Ty

(c) Assume X is a Bessel set. Then, X is a frame for H if the following condition holds
“for infinitely many n, X, is a frame for H,, and lim inf,, || T,|~!|| < 0o”. In such
a case, |T|7Y| < liminf, ||7,|~"|.
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PROOF. The boundedness and invertibility of T (7}) is determined by its action on
the finitely supported sequences £o(X) (£o(X»)) in £2(X) (£2(X»)). Assertions (a) and (b)
thus follow from the fact that, since {X; }, is a filter of X, £¢(X) is the union of (ZO(X,,)) .

(c): Without loss, we may assume that each X,, is a frame for H,, and that (|| 7, x|~!|| =
|| 7! |)» converges (otherwise, we take a subsequence). Set 4 := lim || 7| ~!||~!. Since
T is bounded, 4 < o0. More importantly, by our assumptions here 4 > 0. Now, let
f € H. Given € > 0, we can find, for all sufficiently large k, an element f; € H; so
that |If = /il < mrrmmrey- Then T 2 Tl — & 2 ITiAl — e Also,
17372l = 21 AN = 1711 — . In summary, for every f € H and for all
sufficiently large £,

T = N1 HI AL = 2e
By taking k — oo, we obtain that | T*f]| > A||f|| — 2&. Since ¢ > 0 is arbitrary, the
desired result follows. ]

Let S be a shift-invariant space generated by the countable set ®. Let (®,), be a filtra-
tion of ® by finite sets. Then, (E, := Eq, ), is a filtration of Eq, that employs FSI sets. Let
An, Anand X! be the eigenvalue functions of E,, (cf- the paragraph after Proposition 2.3.3).
Combining Theorem 2.3.6 and Theorem 3.2.1, we obtain the following result.

COROLLARY 3.2.2. With ® C Ly(R?) a countable set, with (®,), a filtration of ®
that is made of finite sets, and with A, M\, and X}, as above, we have

(a) Eq is a Bessel set if and only if the function set {An}n is bounded in Lo(T¢).
Furthermore, || Tp||* = sup, || Anl|L,ra.

(b) Assume Eg is a Bessel set. Then it is also a stable basis for S if and only if
the function set {1/\,}n is bounded in Loo(T%). Furthermore, ||T'| =
sup,, ||1/ Al ey (Here, 1/0 := 00.)

(c) Assume Eg is a Bessel set. Then it is also a frame if the following holds: “for
each n, the function 1/ X}, is bounded on the spectrum o, of the FSI space S(®»,),
and liminf, || 1/} ]| 1, o) < 00.”

The analysis of Eg for a finite ® was done by a spectral-like decomposition of Zg,
into the simpler fiber operators. For a countable @, we can still derive from (a) and (b)
of the last corollary similar decomposition results.

We recall the functions A(w), A(w) and A\*(w) that were defined in the introduction.
Note that for a finite ® these definitions coincide with the definitions of A(w), A(w)
and \*(w) as eigenvalue functions. Given now a filtration (®,), of ®, Corollary 3.2.2
implies that || T||* = lim,_.c || An||;1e). Moreover, it is straightforward to show that,
monotonically, A,(w) — A(w), and \,(w) — A(w) a.e. on T¢. This implies that A and )
are measurable, and, further, since the convergence A, — A and )\, — ) is monotone,

Al L ey = nll{go | ARl L creys

and
”1/>‘"Lm(Td) = nlggo “1/)‘"”Lm(T")'

Thus we obtain the following extension of (a) and (b) of Theorem 2.3.6:
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THEOREM 3.2.3. Let ® be a countable subset of L,(RY) with Gramian matrix G. Let
AW) := ||Gw)|| and A\(w) := ||Gw)!||"". Then:
(a) Eg is a Bessel set if and only if A is essentially bounded. Moreover, we have
1Toll2 = 1Al
(b) Suppose Eq is a Bessel set. Then Eq is a stable basis if and only if 1/ X is essen-
tially bounded. Moreover, we have || To ™" ||* = |[1 /M| vo)-

Theorem 3.2.3 provides characterizations of the Bessel property and the stability prop-
erty that, though were derived with the aid of the FSI results, are stated explicitly in
terms of the fiber operators G(w), w € T%. Such a characterization is valid for frames,
but, cannot be derived with the aid of the filtration argument. Therefore, we develop in
Section 3.4 a direct approach that decompose G without the use of a filter. Since the
proofs there are lengthy and technical, we postpone that development until after the dual
Gramian analysis is presented.

3.3 Dual Gramian analysis. The starting point of the Gramian analysis is the fact that
both G and its fibers (G(w))w can be viewed as densely defined operator on LY and
£5(D), respectively. An analogous statement about the dual Gramian is less obvious, and
we need surmount here new obstacles.

The first (though, minor) difficulty that one should note is the well-definedness of the
entries of the dual Gramian: while the Gramian entries [§, ], ¢,1 € ® are in L(T¢)
hence well-defined a.e. regardless of the choice of the set @, the same cannot be said
about the entries

S+ a)d(-+B), a,B €2’

Ped

of the dual Gramian G. We start our discussion by settling that question.
Assume that Eq is a Bessel set. Then, since Ygeo || 711> = || Zaf11* < 00, and since
the Fourier transform is an isometry on L,(R%), we conclude from (2.1.2) that

ngXC:D "[f‘a é]”%z(ﬂ) < 00, Vf € L2(Rd)
€

Choosing now /" as the inverse Fourier transform of the characteristic function of the
cube a + [—, 7)¢, o € 2779, we compute that [f, $] = (- — a)|c, and therefore,

”[f, q3]||i2(1,1) = ”¢32“L1(G+C)-

Thus, we have proved that the sum

3¢+ o)

$ed

is L1(T¢)-convergent, hence is also convergent pointwise a.e. Since that sum is the («, a)-
entry of the dual Gramian, we conclude the following:
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PROPOSITION 3.3.1.  Let ® be a countable subset of L,(R?), and assume that Eq is a
Bessel set. Then, for each o, 3 € 211°, the (a, B)-entry

> ¢ +a)d(-+B)

ded
of the dual Gramian matrix converges absolutely a.e. to an element of L;(T9).

PROOF. For o = 3, the assertion was proved in the paragraph preceding the propo-
sition. The extension to a general pair (a, 3) follows from Schwartz’ inequality. n

Since the Bessel property of the set Eg, is the weakest property of that set of interest
to us here, we may assume hereafter that, for all o, 8 € 27Z¢, the sum that defines the
(e, B)-entry

Gap

of the dual Gramian converges absolutely a.e.

Another, more substantial, difficulty occurs upon attempting to prove that dual
Gramian operator can be evaluated, i.e., that, under “reasonable assumptions”

(GNH(W) = Gw)f|,, forae we T

Here, as before f1,, := f],+2,7¢. Recall that the dual Gramian operator G is defined as
G = JoJp, ie.,
G:f — LU 810
$eD

If Eg is a Bessel set, the above sum must converge in Ly(R?), for every f € Ly(R%).
However, interpreting the above sum in the non-Bessel case is a non-obvious task. On
the other hand, the connection between G and its evaluation G(w) is important even when
Eg is not Bessel, since, otherwise, we will not be able to use the fibers {G(w)}, 5« for
the characterization of the Bessel property. For this reason, we view, to this end, G as a
quadratic form rather than as an operator, i.e., make use of the connection

(G0 = 3 NI = | % 1,417
P Ped

Ly(T4)

Assuming f is compactly supported, we may use the a.e. finiteness of
Yscd |¢( +a)d(- + B)| to sum by parts as follows:

g;b IF3lmPP =3 3 fw+a)f(w+B)d(w+B)d(w + )
S

¢€D a,fe2rZd

=3 fw+a)f(w+B) Y dw+B)d(w + a)
a,p PED
= (1) GW)f]w-

Therefore, we conclude that
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LEMMA 3.3.2. Let ® be a countable subset of L,(R?).
(a) If, for some o, € 211 the sum Tyco |p(- + )b(- + B)| is infinite on a set of
positive measure, then Eg is not a Bessel set.
(b) If the above sum is finite a.e. for every o, 3 € 2122, then, for every band-limited
/ , .
T2 = @y [ Gl Gl dw.

The dual Gramian analysis can now be developed along lines parallel to the devel-
opment of the Gramian analysis. For that, we set, for a € 2774, S, to be the subspace
of L,(R?) consisting of those functions whose Fourier transform is supported (up to a
null-set) in o + [—7,7]?. S, is a translation-invariant space. In fact, it is also a PSI
space, and is generated by ", with . the support function of « + [—7, 7} (cf. Re-
sult 2.2.9). We consider the restriction ‘1:;’&, o € 74 of ‘1;; to the space Sy, and observe
that, for w € T and f € S,, the quadratic form f,*Gw)f],,, w € T¥, is reduced to

Fw+ )G aW)f (W+ @) = Goo(W)|f(w+ @)|?, and therefore
175, 1> = @m) )| Gaalf - + |l re)-

Since also ||f]| ,mey = @m)|If(- + @)||1,1e) (since f € Sa), the norm bounds on the
restricted operator Zg , and its inverse are the same as those of the map

Li(T) 3 7+ GagaT.

Thus, in complete analogy with Theorem 2.2.7 (cf. the argument used in the proof of
Theorem 2.2.14) we have the following.

PROPOSITION 3.3.3. Let ® C Ly(R%) be countable (or finite), and assume that the
sum Y yeq |$|? converges a.e. Then, for every a € 21Z%:
(a) The restricted operator Q:I’,*,a is bounded if and only if the function G4 is essen-
tially bounded. Furthermore,

175 ll* = 1 Gaallz -

(b) Assume Iy , is bounded. Then it is also invertible if and only if the function
1 / Ga,(, is essentially bounded. Further,

175017 = 11/ Gaall ey

(c) Assume ‘I  is bounded. Then it is also partially invertible if and only if 1 | Gg o
D, g
is essentially bounded on its support 6, C T¢. Further,

176al ' I* = 11/ GarallLosiou-

The dual Gramian analogue of the FSI results (i.e., Theorém 2.3.6) is obtained by
restricting 73 to a larger space of band-limited functions. Here, we take Z to be any
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finite subset of 2774, and define Q 7 = 2+ [—m, 7]¢. We then consider the restriction
T3 5 of Ig to the space

Sy, = {f € Ly(R?) : suppf C Q}.
Given g defined on Q 5, and w € T¢, we denote by

8z(w)
the vector (g(w +z):z € Z). Also,
Gz
stands for the finite-order matrix obtained from the dual Gramian G4, by deleting all rows
and columns not in 2. From Lemma 3.3.2,

| Tafll> = (zw)fdflfﬂ*ZGZfAZ”Ll(Td)’ Vf €Sz

Then, following the arguments in Section 2.3 (that is, establishing the analogous result
of Proposition 2.3.3 and invoking then Lemma 2.3.5), we obtain the following analogue
of Theorem 2.3.6:

PROPOSITION 3.3.4. Let ® C Ly(RY) be countable and assume that ¥ 4cq |9|? is
finite a.e. Let Z be a finite subset of 277¢, and let Ty 7 be the restriction of Ig to Sz,
Let Ay, X5 and 5‘+Z be the eigenvalue~ functions defined as A, X and \* of Section 2.3,
but with respect to the dual Gramian G 5. Then:

(a) 1y 5 is bounded if and only if A, is essentially bounded on T°. Furthermore,

T3 211> = Azl v ~

(b) Assume ’Z;;‘ , is bounded. Then it is also invertible if and only if 1 / Az is essen-

tially bounded on T%. Furthermore, s 2P =1/ Los(T4)- )

(c) Assume 1} , is bounded. Then it is also partially invertible if and only if % is es-

sentially boundedon & 5 = {w € T¢ : G z(w) # 0}. Furthermore, 17, A7 =
11/ A%l oo

To extend Proposition 3.3.4 from spaces of the form S5, to the entire L,(R?), we use

some filtration

ZyCZ CZC---

of 27Z¢. Tt induces a corresponding filtration of R?:
QCcQ COHC---,

where Q; := Z; + [—m, 7]%. In this way we obtain the increasing space sequence
Sz CS8z CSz, C---

whose union S is dense in L,(R?). Denoting by Z* the restriction of I} to S 7,» We con-
clude that the boundedness and invertibility of 7 are completely determined by its re-
striction to S (which is the space of all band-limited functions). Therefore, we have the
following analog of Theorem 3.2.3:
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THEOREM 3.3.5. Let ® be a countable subset of Ly(RY). Then:

(a) If the sum Y sce || diverges on some positive measure set, Eq is not a Bessel
set.

(b) Assumethat Y 4cq |P|? is finite a.e., and let G be the dual Gramian of Eq. Further,
let A and X be defined by

Aw) = |G, Aw) = 1/Gw) ||, we T

Then:
(bl) Eg is Bessel set if and only if A is essentially bounded. Furthermore,

”%“2 = HAHLm(Wr

(b2) Assume that Eq is a Bessel set. Then Eg is a fundamental frame if and
only if the following condition holds: “for a.e. w, G(w) is boundedly in-
vertible, and the hence-well-defined function 1/ X is essentially bound-
ed”. Furthermore, || Tg~"||* = |1 /Xl cvay.

Theorem 3.3.5 leads to an interesting conclusion concerning tight frames. Tight
frames Eq are characterized by the equality || Zo|| || Zo|~'|| = 1. The theorem shows
that the latter condition is equivalent to the equality

A(w) = A\(w) = const, fora.e.w e T

The equality A(w) = A(w) says that the operator spectrum of G(w) consists of a sin-
gle point, which can happen if and only if G(w) is a scalar operator. This leads to the
following:

COROLLARY 3.3.6. Let ® be a countable subset of Ly(R?). Then Eq is a fundamental
tight frame for Ly(RY) if and only if there exists a constant const such that, for every
a,o € 2124, and for almost every w € T¢,

3.3.7) 57 d(w+ @)p(w + ') = consty o
ped

PROOF. If the sum in (3.3.7) does not converge absolutely for some «, o' and on a
set of positive measure. then, by Theorem 3.3.5, E is not a Bessel set. Otherwise, the
condition in (3.3.7) implies, Theorem 3.3.5, that Eg, is a Bessel set. Also, that condition
implies that Eg, is fundamental: if not, there exists f € Ly(RY) so that 7gif = 0, hence
Gf = 0, implying thus that G(w)f|,, = 0, a.e., in contradiction to the assumed structure
of G(w) in (3.3.7).

Therefore, when proving the required equivalence, we may assume, without loss, that
E4 is a fundamental Bessel set. The claim then follows from the arguments preceding
the present corollary. . n
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If X is a tight frame, then, up to a scalar multiple, it forms its own dual. The above
result is thus a special case of a general relation between a shift-invariant fundamental
frame and its dual (cf. Corollary 4.2).

3.4 Analysis of frames which are not fundamental in Ly(R?). Theorems 3.2.3 and 3.3.5
provide us with the desired characterizations of the Bessel property (twice), the stability
property, and the property of being a fundamental frame for L,(R?). It fails to provide
similar characterizations for frames of a shift-invariant proper subspace of L,(R?) (unless
that frame happens to be a stable basis). The present subsection is aimed at settling this
remaining problem. After a brief introduction, we state the main theorem that will be
proved here. The proof details then follow.

Let B be a bounded operator from a Hilbert space H into a Hilbert space H’, and let
A := B*B. Let £4 be the operator spectrum of 4. We define

X'(A) = inf{p:p€24\0}.

The operator 4 is partially invertible if and only if A\*(4) > 0, and the norm of the partial
inverse is 1/A*(4) (the “only if” implication is quite clear. The argument for the “if”
statement can be found in the proof of the implication (b) = (a) of Theorem 3.4.1).

Given a Bessel set Eq with Gramian G and dual Gramian G, our two objectives are
to connect (a): between the function

AT(w) == A" (Gw)), weT’,
and the number \*(G); (b): between the function
Mw) = A+(G(w)), weT,

and the number \*(G). Since \*(G) = X*(G) = || To|™"||7" (with oo™ := 0), we will
obtain in this way two characterizations of frames. In fact, we will prove the following:

THEOREM 3.4.1. Let ® be a countable subset of Ly(R?), and assume that Eq is a
Bessel set. Let o® := supp G = supp G C T% Then the following conditions are equiv-
alent:

(a) Eo is a frame, and the norm of the partial inverse of Iy is K < 0.

(b) The function \* is bounded away from zero on o®, and |1/ X\*||,_ ey = K2

(c) The function \* is bounded away from zero on o®, and |1/ \*||,_ow) = K>

The equivalence of (b) and (c) is quite straightforward. (Since Eq is Bessel, then,
by Theorems 3.2.3 and 3.3.5, both G(w) and G(w) are bounded for a.e. w. Since G(w)
is the product J3(w)Jo(w), and G(w) is the product of the same matrices in reversed
order, Z(G(w)) and Z(G(w)) can differ only by the single point {0}. Thus, A* and A*
are equal pointwise.) We will prove here the equivalence of (a) and (b). The proof of the
implication (b) = (a) is based on the following lemma.
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LEMMA 3.4.2. Let Eg be a Bessel set, and let 7 € L?, G := Gg. Then,
(a) T € ker G if and only if T(w) € ker G(w) for almost every w.
(b) 7€ Cg = (kerG)* if and only if 7(w) € C,, := (ker Gw)) ", for a.e. w.

PROOF. The first assertion is obvious, since (GT)(w) is G(w)7r(w). As for (b), assume
first that 7(w) € C,, for a.e. w. Then, for an arbitrary 7’ € ker G,

(r')e = /WWW),T '(W)) e,y dw = 0,

since, by (a), 7'(w) € ker G(w) = C,*, a.e. Therefore, 7 € (ker G)* = Cg.

Conversely, assume that 7 € Cg. If 7 € ran G, then 7 = Gy, for some 7, hence, for
a.e. w (precisely, whenever G(w) is bounded, and 7o(w) € £,(D)), T(w) = G(w)ro(w) €
ran G(w) C C,,. If 7 & ran G, it can still be approximated in L by a sequence (7,), C
ran G (since ran G is dense in Cg). By switching to a subsequence, if necessary, we may
assume that, for almost every w, (*r,,(w))n converges in £,(®) to 7(w). Combining this
with the argument in the beginning of the paragraph, we conclude that, for almost every
w, (T,,(W))n is in C,, and converges in the £;(®)-norm to 7(w). Since C,, is certainly
closed, we obtained that 7(w) € C,, a.e. m

PROOF OF THE IMPLICATION (b) = (a) IN THEOREM 3.4.1. We will prove that,
assuming (b), Eq is a frame, and || Zo|~'|| < ||1/X*||1.00)-

Assume that 1 /X" is essentially bounded on ®, and let T € C \ 0. By Lemma 3.4.2,
7(w) € Cy, a.e. on T¢. We claim that, a.e. w, if G(w) # 0, it is partially invertible, i.e.,
bounded below on C,,. Indeed, the restriction G(w)| of G(w) to C,, is (always) injective.
Furthermore, since A*(w) > 0, the operator spectrum of G(w) is disjoint from the non-
empty interval (0, A*(w)). Therefore, the operator spectrum of G(w)| is also disjoint from
(O, )\‘L(w)). Since G(w)| is non-negative and injective, 0 cannot be an isolated point of
its spectrum, hence it must be invertible. The argument also shows that ||G(w)|~!|| =
1/ X (w).

This means that, for a.e. w, if 7(w) # 0, then

T W) ex00) ITW)|| e0)
3.4.3 G > > .
(3.4.3) GOl = TGN = T 3 eo

ForT€ LY,
2 = [, Tl
hence also
Gl = [ IGOmToml, )
hence (3.4.3) implies that

e
16l 2 175

Therefore, G is partially invertible, and hence, Proposition 1.4.11, E4, is a frame. Also,
17712 = 1GI7" < |I1/A*||Lo0®), With the inequality by the proof above, and the
equality by Proposition 1.4.11. n
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PROOF OF THE IMPLICATION (a) = (b) IN THEOREM 3.4.1. Since we will need, in
the next section, a closely related result, we will prove herein the following more general
statement:

THEOREM 3.4.4. Let G be a non-negative self-adjoint bounded endomorphism of
L?. Let (G(w))w be a collection of non-negative self-adjoint bounded endomorphisms
of £>(®), that satisfy, for every T € LY, and for a.e. w € T4, (Gr)(w) = G(w)r(w). Let
AW) := |GW)||, and assume that A € Loo(T9). Let X*(w) := inf{p € £(G(w)) \ 0}.
Let Q be the set Q := {w € T¢ : G(w) # 0}. If G is partially invertible, then 1 /\* is
essentially bounded on Q, and

1/ M 2w < IGI7))-

The fact that Theorem 3.4.4 is a generalization of the required implication (a) = (b)
is clear. To this end, we prove Theorem 3.4.4.

In the proof, we use the following lemma, whose proof is postponed until after the
proof of Theorem 3.4.4 is done.

LEMMA 3.4.5. Under the conditions of Theorem 3.4.4, there exists a countable dense
subset D of £5(®), and a null-set Z C Q, such that, for every c € D, for everyw' € Q\ Z,
and every € > 0, the set

Kewe={weQ: “(G(w) — G(W,))C”ez(cb) < ellellexa)

has a positive measure.

PROOF OF THEOREM 3.4.4. Let D and Z be the sets specified in the above lemma.
Recall also the notations Cg = (ker G)*, C,, := (ker G(w)) .

Chooseany w € Q\Z, and let u > 0 be any point in the operator spectrum Z(G(w’)).
We will construct an element 7 € Cg, for which

(3.4.6) 1Grllze < (1 +8)ulirllzo,

with § positive and arbitrarily close to 0. This would yield that ||G|~!|| > 1/, implying
thus that \*(w') > 0, and that

G~ > 1/27(w).
Since Z is a null-set, we will then conclude that
G171 > 11/ A (s

which is the desired result.
The actual construction of 7 in (3.4.6) is as follows: we will find 0 # 7 € LY, supported
inA x ®, where A C Q is some set of positive measure, such that (i): 7(w) € C,, for
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every w € T4, and (i): || GW)r(W)|| g0y < (1+8)p]|7(W)|| ¢, (@) Condition (i) would imply
(as in Lemma 3.4.2) that 7 € Cg, while condition (ii) is needed for the conclusion that
Grlle < (1 +‘5)H||T”Lg> (cf. the two displays after (3.4.3)).

In general, for the sake of (i) above, it might be hard to know whether a particular
sequence lies in C,,. The most efficient way is, probably, to select elements in ran G(w)
(and use the fact that ran G(w) is dense in C,, by virtue of the self-adjointness of G(w)).
Indeed, our element 7 will be defined as

| Gw), wed,
T(w) = { 0, otherwise,

with ¢ some fixed sequence in £,(®).
Here are the details: since u € Z(G(w’ )), G(w') — ul has no bounded inverse, and so
we can find an element ¢ € £,(®), such that ||c|| @) = 1/p, and

(3.4.7) GW)e — pelley < e,
with € > 0 arbitrarily small. It follows then that
(3.4.8) NG|l ywy < 1+e.

Since G(w') is bounded and D is dense in £,(®), we may assume that spanc N\ D # {.
Therefore, by Lemma 3.4.5, there exists a subset 4 of Q with positive measure, such that

l(Gow) — G(w'))c||£2 @ €/ Ywed

We define T € LY by
[ GWw), weAd,
W) = { 0, otherwise.

Thus, condition (i) (i.e., that 7(w) € C,, all w) is satisfied. Also, the uniform boundedness
of the operators {G(w)},,c1« €asily implies that 7 € LY. Thus, to complete the proof, it
remains to show that, for almost all w € T¢,

|GOwyr W)l eyy < (1 +)pllTW)ll y@)-

This last claim is trivial for w € T¢ \ 4, so we may assume that w € 4. We first choose
w = w'. For that specific choice, we get
(3.4.9)

GOy WMl exw) = 1GOIGW el exioy < I1GW el exior+| GO (GO Ne—pe)| o

Denoting
C:= "A“Lm(]'d) < oo,

we obtain from (3.4.9), (3.4.8), and (3.4.7) that

GO W)l ey < p(1 +e) + Ce.
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On the other hand, by (3.4.7),

(3.4.10) 1= [IrW)ex@) = millcllexoy — IGO)ell o) < e.
Altogether, we obtained for that case the inequality

l+e)+Ce
GO yr W)l ey@) < H—(—IT)E——“T(WI)“&(‘D)‘

By choosing ¢ sufficiently small (and adjusting 4 if necessary to that €), we obtain that
(3.4.11) GO yr W)l ey < (1 +8)llr(W)]| ey0)-

To extend that to a general w € A, we show that both 7(w) — 7(w’), and G(W')yr(w') —
G(w)r(w) can be made arbitrarily small (in norm), and then invoke (3.4.11). First, by the
choice of 4,

(3.4.12) llrw) — 7W)| ey = || (GW) — GW))<]| oy S /M-

Therefore, |[TW)|| @) > IlTW)||ey0) — €/ > 1 — € — €/ p, the second inequality by
(3.4.10). This verifies that 7(w) — 7(w’) is, indeed, small, and also means that, on 4, 7(w)
is being kept away from zero, a consequence that will be required shortly. Second, to
estimate G(w)r(w) — G(w')r(w'), we write

(3.4.13) Gw)* — GW')’ = G(w)(G(w) — GW")) + (G(w) — GW)) G(w').

Now, since ”(G(w) - GW ))c" @) < &/u, we have that

|GOn(GwW) — Gw))e] . o < Ce/ .
Also, due to (3.4.7) and the fact that | (G(w) — Gw"))c]| oy S €1
(G600 — 60 G|, < [1(G0M = GW)e]
+(609) — GW)) (e = GW)e), ) < € +2Ce.
So, we conclude from (3.4.13) that
| Gwyr(w) — GW'Yr(W)|| ey = |GW)*e — GW Vel @y < (C/p+2C+ De.
Therefore, by (3.4.11) and (3.4.12),

|Gwyrw)l| ;@) < |G Yr (W)l ey@) + (C/ 1 +2C+ 1)e
< (A +OullrW)|ey@) +(C/n+2C+ e
< A +Ou(|lrw)ll @) + /1) +(C/n+2C+ e
= (1 + )l @) + (C/p +2C+2 +6)e.
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Since we have already proved that ||7(w)|| ¢,() is kept away from zero, we can modify €
(hence A4) to guarantee that, say,

[GOWyrW)ll ey < (1 + 26)fir (W)l (),

and the desired result then follows. n
Finally we prove Lemma 3.4.5. For that we first recall the definition of measurable
maps:

DEFINITION 3.4.14. Let M be a measure space, and B a topological space. A map
f:M — B is measurable provided that f~'(Q) is a measurable set in M for every open
set Q in B.

Clearly, if f:M — B is measurable, then f~!(U) is measurable for every Borel set
U CB.

PROPOSITION 3.4.15. Let M be a positive measure space and B be a separable
normed space. If the map f: M — B is measurable, then, there exists a null-set Z C M,
such that, for every w' € M\ Z and for arbitrary € > 0, there is a positive-measure set
A = A,y CM, such that for arbitrary w € 4,

If(w) —f(W)lls < e.

PROOF. All norms in the proof below are B-norms.

Let X be a countable dense subset of B, and let “<” be some well-ordering of X. Given
n €N, let

Oxn:={u€B:|lu—x|| <1/n}.

Then (Ox )xex 1s an open covering of B, and, defining
Uip =0 Opnl), x€X,
x,n X,n \ (yL<JX y,n)

we obtain a partition of B into Borel sets. That partition induces a partition

(AxAn ::f‘_l(Ux,n))xex
of M into measurable sets. We then define a map s,: M — B (as a matter of fact, rans, C
X) as follows:

sn(W) = D x X4,,(W).

xeX
Then, s, converges to / uniformly. Indeed, we have that ||f(w) — s,(w)|| < 1/n for all
neN,weM. '
Let Z be a null-set that contains all those 4, , (x € X, n € N) whose measure is zero.

Let w € M\ Z. For arbitrary ¢, pick n with 2/n < . Since w ¢ Z, w is in some
positive-measure Ay ,. Forw € 4, ,,

WOy =Sl < W) = suOI llsn) = suW)| + [lsn(w) —fW)| <e. m

https://doi.org/10.4153/CJM-1995-056-1 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1995-056-1

FRAMES AND STABLE BASES 1091

PROOF OF LEMMA 3.4.5. Let D be a dense countable subset of £,(®P). Givenc € D,
let B. be the space of all (bounded) linear operators from span{c} into £,(®).

Since we know that G(w), w € Q, is a bounded linear endomorphism of £,(®), then,
certainly, G(w)lspan{c} is bounded for every w € Q. This defines a.e. the map

[ Q— B w— G(W)Ispan{c}'

We need to prove that this map is measurable.
Given L € B, and w € Q, one observes that

_ 1Gtw)e — Lel| ey
llellexa)

|G(w) — L||3,

Further, since G is bounded, Gc € LY, and in particular, its entries are measurable func-
tions (for the sake of applying G to c, ¢ should be interpreted as the element 7 € LY
with constant entries 7, = ¢,). Also, since ||G(w)c — Le|| ¢, is finite, the series that de-
fines ||G(w)c — Lc|| ¢, converges (unconditionally). Combining that with the previous
observation, viz., that the entries of Gc¢ — Lc are measurable, we conclude that the map
w— ||G(w)c — Lc||o,) is measurable, hence so is our f.

An application of Proposition 3.4.15 with respect to the map f, yields the existence
of a null-set Z, C Q, such that for every € > 0 and every w' € Q \ Z,, the set

{w:1GwW) — GOW)lls.} < e

has a positive measure. Defining Z := | J.cp Z., we obtain that (a): Z is a null-set, (b) the
claim of the lemma holds for this Z. n

4. Dual frames. Let @ be a countable (or finite) subset of L,(R?), and assume that
Eo is a frame. Let R: ® — Ly(R?) be some map, and assume that Erg is a Bessel set.
LetJp and Jre be the pre-Gramian of ® and R® respectively. Our objective in this brief
section is to study the property “ERg is the dual frame of E¢” via the fiber matrices Jg(w)
and JRQ)(W).

Our initial tool is Corollary 1.3.9. Part (b) of that corollary says that, if Ege is the dual
of Eg, then T, is an orthogonal projector. On the Fourier domain, this operator is
represented by JpJgq Whose matrix representation is

J(DJE(D - (qg%b ¢( * a)R¢( i al))a,a’eZWZd'
The sum above that defines the entries of JgJ§ 4, can be shown to converge absolutely for
every a, @ € 2nZ¢, and for almost every w € T¢ (Schwartz’ inequality followed by an
application of Proposition 3.3.1). Corollary 1.3.9 also implies that the operator I Tro
is an orthogonal projector. Here, the Fourier transform analogue is J3J/re, Wwhose matrix
representation is -
JoJro = (R¢', dDpprco-

The entries of this latter matrix are certainly well-defined (a.e.).
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LEMMA 4.1. With ® and R® as above,

(@) ToT3y is an orthogonal projector if and only if, for almost every w € T¢,
Jo(Wko(W) is an orthogonal projector (on €,(2wZ%)).

() T3 Tre is an orthogonal projector if and only if, for almost every w € T¢,
Jo(WWRe(W) is an orthogonal projector (on £,(D) = £,(RD)).

PROOF. The arguments for proving (a) and (b) are essentially the same, hence we
prove only (b).

Since the Fourier transformation is an isometry, we may replace in the proof the op-
erator I Tre by its Fourier transform analogue JJre. Also, for the sake of notational
simplicity, we set G := JgJre, though, of course, this G is the Gramian of neither ® nor
RO.

First, one checks that G is non-negative self-adjoint if and only if almost every G(w)
1S SO.

Assume that G(w) is an orthogonal projector for a.e. w. In particular, each G(w) is self-
adjoint, hence, by the above, G is self-adjoint, too. To show that G is an orthogonal pro-
jector, we need to prove that Gr = 7 for every T € (ker G)*. Let, therefore, T € (ker G)*.
By a proof identical to that of Lemma 3.4.2, fora.e. w € T¢, 7(w) € (ker G(w))L. Since
G(w) is assumed to be an orthogonal projector (a.e.), we conclude that G(w)r(w) = 1(w)
(a.e.), implying that Gr = 7. This proves that G is an orthogonal projector, as needed.

Now assume that G is an orthogonal projector. We want to invoke here Theorem 3.4 .4,
hence need to verify its assumptions. The basic relation (Gr)}(w) = G(w)r(w) is straight-
forward. The fact that each G(w) is non-negative self-adjoint follows from the fact that
G is assumed to be so. Finally, analogously to the derivation of (a) in Theorem 3.2.3, one
proves the relation ||G|| = [|A]|_ys), With A(w) := ||G(w)||. Since ||G|| = 1 here, we
conclude that, for a.e. w € T¢, £(G(w)) C [0, 1].

Now, we invoke Theorem 3.4.4. Since G is partially invertible (being an orthogonal
projector), and ||G|~!|| = 1, that theorem tells us that \*(w) > 1, for almost all w that
satisfy G(w) # 0. This implies that, a.e., Z(G(w)) C {0} U[1, 00). Combining that with
the result of the previous paragraph, we conclude that, a.e., Z(G(w)) c {0,1}. Each
such G(w) is also known to be self-adjoint, hence must be an orthogonal projector. =

In case Eq is fundamental in L,(R%), JoJyg is the identity operator, and this imme-
diately implies that almost every operator Jo(w)Jg 4, (W) is the identity. Thus, we get the
following:

COROLLARY 4.2.  Let Eq, be a frame and let Egqg, be its dual. Then:
(a) Forevery a,a € 2nZ% and for almost every w € T,
> dw+aR(w+a') = 3 R(w + a)p(w + ).
ped peD

(b) If Eq is fundamental in Ly(R?), then, for every o, o € 2nZ% and for almost every
we T

3 dw+ RGW+ &) = b -

PED
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PROOF. The first claim follows from the self-adjointness of the Jo(W)W/gq (W) ma-
trices. The second claim follows from Lemma 4.1 and also directly from the remarks
preceding the present corollary. [

Corollary 1.3.9 provides us also with a sufficient condition for Erg to be the dual
frame of the frame Eg. In the shift-invariant case, that corollary, combined with
Lemma 4.1, leads to the following conclusion:

COROLLARY 4.3. Let H be a closed subspace of L(R?), and let Eq be a frame for
H. Let Ere be a Bessel set which is fundamental in H. Then Egg is the dual of E¢ if
and only if for almost every w € T¢ each of the operators Jyo(W\Jo(W), Jo(WWra(W),
Jro(WWg(W), and Jo(WWge (W) is an orthogonal projector.

We have stated Corollary 4.3 primarily for proving our following final result. That
result, though might look very special, will play a crucial role in the development of the
duality principle of Weyl-Heisenberg frames in [RS1].

COROLLARY 4.4. Let Eg be a frame for H C Ly(R?), with a dual Exe. Let Ey be a
frame for H' C Ly(R?), and let R": ¥ — Ly(R%). Assume that, for almost every w € T,

4.5 Jo(w) = Jo(w),  Jro(W) = Jpyp(W).

(Thatis, for some indexing @ = (¢po)qecrnze, aMdY = (Va)ycrrz4> @(w+ﬁ) = @(W +a),
etc.) Then Egry is the dual frame of E.

PROOF. Since Erg is a frame, the equality Jro(w) = Jg.(w) easily implies (by
Theorems 3.2.3, 3.3.5, and 3.4.1) that Ey.y is a frame, as well.

Since ERro is the dual frame of Eg, then, by Corollary 4.3, for almost every w € T¢
each of the operators Jpq,(WWo (W), Jo(WWrao(W), Jro(WWg (W), and Jo(Wlge(W) is an
orthogonal projector. By virtue of (4.5), we get that for almost every w € T¢ each of the
operators Jya (Whw (W), JH(WWrrw (W), Jrrg (WG (W), and Jy (W)Jg (W) is an orthogonal
projector. Therefore, Corollary 4.3 would imply that Egy is a frame dual to Ey as soon
as we show that Egny is a fundamental set of H'.

Let H” be the closure of the algebraic span of Egny. If H” # H’, then, since Ey is
fundamental in /', there exists, say, some f € L,(R¢) such that T;f = 0, but Tg\f # 0.
(Otherwise, there exists f such that Zgf # 0, but 7,/ = 0, and the argument below
can be adapted to this case, as well). By Lemma 1.4.8, this implies that, while

J?L(w)f[w =0, ae.w,
JargW)f]w # 0,  on aset of positive measure.

On the other hand, since Egre is the dual frame of Eg, Proposition 1.3.7 implies that
ker 7y = ker Tre, and hence that, for a.e. w, kerJ,(w) = kerJop(w) = kerJro(w) =
kerJg.y(w), and we have reached a contradiction. L]
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