Bull. Aust. Math. Soc. 96 (2017), 196-204
doi:10.1017/S0004972717000491

RAMIFICATION IN KUMMER EXTENSIONS ARISING
FROM ALGEBRAIC TORI

MASAMITSU SHIMAKURA
(Received 4 November 2016; accepted 7 April 2017; first published online 17 August 2017)

Abstract

We describe the ramification in cyclic extensions arising from the Kummer theory of the Weil restriction
of the multiplicative group. This generalises the classical theory of Hecke describing the ramification of
Kummer extensions.
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1. Introduction

Let p be a fixed odd prime. Let Q, be the field of p-adic numbers and @p an algebraic
closure of Q,. We assume that any algebraic extensions of Q, are contained in @p.

Let [ be an odd prime and denote by {; a primitive /th root of unity in @p. Let k be
an unramified extension of Q, of degree n and k; = k({;). Let K be an intermediate
field of k;/k and T the Weil restriction Ry ;xG,, of the multiplicative group G,, to
K. We assume that there exists a self-isogeny A on T of degree [ whose kernel
KerA is contained in the group 7'(K) of K-rational points of 7. Several conditions
for the existence of such A are given in [3] along with several examples. Under this
assumption, we have the isomorphism

kg : T(K)/AT(K) — Homeon(Gal(K/K), KerA(K))

proved by Kida [3]. Here K is an algebraic closure of K in @p and the right-hand
side is the group of continuous homomorphisms. The case K = k, is the classical
Kummer theory. The general case is an extension of the Kummer theory for fields
without roots of unity. In particular, any cyclic extension of degree / over K can be
written as K(1~'(P)) with P € T(K). In this paper, we determine the ramification in
L=KQ'(P)) over K.

In the case where K is a finite extension of k = Q(¢; + {l‘l), the ramification in the
cyclic extension L/K is studied by Komatsu [4] using an algebraic torus of dimension 1
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which consists of the kernel of the norm map in a quadratic extension. We shall
generalise his result to the case ¢ + ¢ ''¢ K. Since the problem is obviously local,
we assume that the base field K is a local field.

The following notations will be used throughout this paper. Let v;_(respectively vi)
be the discrete valuation of k. (respectively K), normalised by vy (k) = Z (respectively
vk (K*) = Z). Let U(k;) be the group of units in k, defined by

U(k;) = {u € k; | vi.(u) = 0}, (1.1)
and U?(k.) the groups of higher principal units defined by
UO)={uek |v.(u-1)>i}, ieN. (1.2)
Our main theorem can be stated as follows.

Tueorewm 1.1 (see Theorem 3.2). Let p =l be an odd prime. Let m be the degree of the
extension K/k. Let T = Hom(T, G, ,) be the group of characters of T. For eachi > 1,
set TO(K) = Homgau/x)(T, UV (k.)). If P € T D(K) and P ¢ TY2(K) for some j
with 0 < j < m, then the conductor § of K(A~'(P))/K satisfies

_jm—j+1 forO<j<m,
VK(f)_{O forj:m‘

In particular, K(A~'(P))/K is an unramified extension if and only if P € TY(K).

Using this theorem, we can calculate the number of cyclic extensions of degree [
over K with a given conductor f up to isomorphism in @p (see Theorem 3.3).

The outline of the paper is as follows. In Section 2, we discuss the Gal(k,/K)-
module structure of S;(k)) = k/ (kzx)l and determine the structure of S f which is a
certain eigenspace of S;(k). In Section 3, we prove the main theorem using Hecke’s
theorem [1], which describes the ramification in a cyclic extension of k;.

Remark 1.2. When [ | p" — 1, we can use the classical Kummer theory since K = k;.
Therefore, we may assume the condition /¢ p" — 1. Theorem 1.1 deals with the
difficult case p = I. For the easier case with p # [, see Proposition 3.6.

2. Galois module structure of Sl(k?)

Let p =1 be an odd prime and k an unramified extension of Q; of degree n. We
denote by k, the field k({;) as above. Let K be an intermediate field of k,/k of degree
m over k. Set d = (I — 1)/m. The Galois groups Gal(k,/k) and Gal(k,/K) act naturally
on the group S;(kX) = k/ (k;‘)l . In this section, we consider the structure of S;(k) as a
Galois module.

Let 7 be a fixed generator of Gal(k,/k), so Gal(k,/k) = (1) and Gal(k,/K) = (™).
Let g be a primitive root modulo / such that 7({;) = ¢ f .For1<i<I-1,set

1 L
elke/k) = = ) ("I,

1<j<i-1

https://doi.org/10.1017/S0004972717000491 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972717000491

198 M. Shimakura [3]

and for 1 <i <d, set

1 L. .
. R mN—ij.myj
SESDNCERIOR
1<j<d
It is known that the e;(k;/k)’s (respectively e;(k,/K)’s) are orthogonal idempotents in
the group ring F;[Gal(k,/k)] (respectively F;[Gal(k,/K)]) over the finite field F; of /
elements. Therefore,

S = P ek /0SIK).

I<i<i-1

Let S f‘ as the eigenspace corresponding to e;(k,/k), that is,
St = ek [)SIKY) = {eik./k)(x) | x € Si(K)).
Similarly, we define S ¥ by
S = eilke/ K)Si(K)) = {eilk:/ K)(x) | x € Sk}

If A is the self-isogeny on T of degree / inducing the Kummer duality kg, then S f
and T(K)/AT(K) are closely related to each other.

ProposiTioN 2.1. Subgroups of S f are in one-to-one correspondence with those of
T(K)/AT(K).

Proor. Since T is an algebraic torus over K, we can construct an isomorphism
/3 T(K) = (?X)d which maps P € T(K) to ¢(P) = (@, ..., ay) for some a; € k.
First, we define a map ¢x from T(K)/AT(K) to S{(. Note that if P € AT (K),
then K(17'(P)) = K. So we assume that P € T(K) does not belong to AT(K). Then,
K(A7'(P)) is a cyclic extension of K of degree / [3, Theorem 1.1] and K(1~'(P))({)) =

k.(y/a{") [3, Proposition 6.3], where o' = e;(k./k)(a). Also, we know that if u = 1

in SX, then k.(vu) = k.. Assuming that u € S¥ is not the identity, k.(v¥u) is a cyclic
extension of k, of degree /, and there exists a cyclic extension L of K of degree [ such
that L(;) = k.(+/u) [1, Theorem 5.3.5]. On the other hand, it is known that the fields

kz(\l/ﬁ) (1 £i<1-1) are mutually isomorphic by Kummer theory, for 1 <i</-1.
Hence, we can define ¢x(P) = (a}') and KA '(P)) = k.(y/ai"). It is easy to check
that ¢k is a surjective map.

Next, we assume that px(P) = (@), ¢x(Q) = (B) and k. (va) = k. (vB) for P,Q €
T(K)\AT(K). Let L; (respectively L,) be a cyclic extension of degree / over K such

that L()) = k.(v/a) (respectively Ly()) = k.(v/B)). Since k.(va) = k.(vB), we have
Ly = L,. Therefore, (P) = (Q) in T(K)/AT (K), that is, ¢k is a bijective map. O

For simplicity, in the following discussion, we shall identify an element of S with
the coset of S;(k}) which contains the element.

By Proposition 2.1, we may study the structure of Sf instead of T(K)/AT(K).
Thus, we consider the Galois module structures of S;(kzx), Sf.‘ and Sf . A basis of
UW(k,) as a Z;-module is given in [2]. Let & be a primitive (" — 1)th root of unity in k.
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ProrosiTion 2.2 [2, 1(6.4)]. The (I — 1)n + 1 elements
u;::1+77ﬂ'1, Ui ::1+§i7rj O<i<n-1,1<j<I-1)

constitute a Z;-basis of UV (k.). Here, 1 is a prime element of k. and n = & for some
i > 0 such that 1 + &xl is not an Ith power in UV(k,).

The structure of the multiplicative group kX is given by kX = (r) X (¢) x UV(k,).
Noting that (£)/((€))" = 1 since (I" — 1,1) = 1, we readily get the following proposition.

Proposition 2.3. If | = p, then the (I — 1)n + 2 elements r,u; and u;; constitute an
Fs-basis of Si(k), where i and jrunover 0 <i<n-—1land1<j<I[-1.

In the following, we fix a prime element 7 = {; — 1 and we consider the action of

7 € Gal(k;/K) on S;(k).
LemmA 2.4. The matrix X of T with respect to the basis (1, Uy, Un—11-1, Un—2,1-15 - - - » U0.1)
is given by
0
k gl k k

k

* 0 - 0 A

Here, for 1 < j <1—1, the Aj are the n X n matrices
g/ 0' . 0 0
0 g -~ 0 0
Aj=fr o
o 0 --- gj 0.
0 0 -~ 0 g

Proor. To avoid heavy notation, we rename the basis in the statement of the lemma
as (Vi, .. +» Va=1y+2) = (7T, Up, U101, - - ., U,1) SO that u; j = v juea-i. We set X = (xg).
First, we show that the first column is O except for x;;. Recall that g is the chosen
primitive root satisfying 7({;) = ¢ lg . Define

g1
w:=
g-1

so that 7(r) = wn. Since w is a unit element, v (7()) = 1. Moreover, v (7(v;)) = 0 for
all i > 2 because

:é’f_l+..-+é”l+1’

T(vy) =7(1 + 7]7rl) =1+ n(wn)l
and

() = T(gp) = (1 + E7°) = 1 + & (wm)’
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for all i > 3 and some a and b. Hence the entries in the first column of X are x1; = 1
and x;; = 0 for all > 2.

Next we show that the A; are diagonal matrices whose diagonal entries are integer
powers of g. Since w = g (mod 7) and 7(¢) = &,

)= 1 +Ewn’ =1+ gén = (1 + €n/)¢ (mod n/*h)

for each j. Hence, 7(u; ;) = u;, jgj (mod #/*1). Since the &' are independent, the A j are
diagonal matrices. In a similar way, we can prove the assertion for 7(i;).

Finally, we show that x, = O for any s > 2 and s > ¢. To do this, pick out the jth
column of X as (xi, ..., Xy-1»+2) and consider the action of 7 on the jth basis vector
vjfor j > 1. We claim that x; = 0 for all j* > j. Set v; = u,; and write 7(v;) as

=[] v insikd. 2.1)
2<i<(l-1)n+2

Let i’ be the maximal number i such that x; # 0. Then, the right-hand side of (2.1) is

2<i<(I-1)n+2 2<i<i’

If vi = uy v, then

2<i<i’

and the left-hand side of (2.1) satisfies
v (1) = 1) = v (7)) = a- v () + b v () + b - v () = b.

Thus, &’ = b. Moreover, since 7(v;) = v;¢" (mod n™*!) for some m > 0, we have @’ = a.
Hence, we have shown that i’ = jand x; = 0 for all j > ;. O

Lemma 2.4 gives a formula for the dimension of § f‘ forl<i<I-1.
ProrosiTioN 2.5. Foreachiwith1 <i<l[l-1,

. x_jn+1 fori=1lorl-1,
dlmF’Si_{n forl<i<l-1.

Proor. Let X be the matrix defined in Lemma 2.4. Its characteristic polynomial is
(=D =ghx=g™ Y- (x- g == " x - (x =)' (x =g
and its minimal polynomial is
(@ =Dx=-g) - (x=g™).

Since this polynomial has no multiple roots, the matrix X is diagonalisable and the
dimension of each eigenspace § f‘ coincides with the multiplicity of the corresponding
eigenvalue g'. O

https://doi.org/10.1017/S0004972717000491 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972717000491

[6] Ramification arising from algebraic tori 201
Moreover, we can give the relationship between S f and § lK .

sk= € st

1<j<i-1
Jj=i(mod d)

LemMma 2.6. For 1 <i<d,

Proor. Forue S ’]‘ we have 7" (u) = g"™/u since (1) = g/u. Furthermore, any element
’ k :
u e Sj+d satisfies . '
(') = g"U Dy = g™y’ (mod ).
Thus, £ > §% forany j/ =i (mod d) and

SKo @ sk

1<j<i-1
Jj=i(mod d)
However, we know
P sk =5k
1<i<d
and
k k
P( P si)- D st=s0
1<i<d  1<j<i-1 1<j<i-1
Jj=i(modd)
and the assertion follows. O

From this, we derive the dimension of S IK forl <i<i-1.
ProrosiTion 2.7. For 1 <i<d,

. k_Jmn+1 fori=1ord,
dimg, S _{mn forl<i<d.

Finally, we determine the basis of S f using Proposition 2.3 and Lemma 2.6.

Tueorem 2.8. Keep the above notations. The mn + 1 elements u; ; and u; constitute
an Fi-basis of SX, where i and j run over 0<i<n-1land 1 <j<l-1and j=1
(mod d).

3. Proof of the main theorem

Let us recall the setting in Section 1. We have assumed that there exists a self-
isogeny A on T = Ry /xG,, of degree / whose kernel is contained in the group 7T'(K) of
K-rational points. Let P be a K-rational point on the torus 7. Then we have a cyclic
extension L = K(17'(P)) over K. In this section, we determine the ramification in L/K
using the structure of § f . To do this, first we describe the ramification in the Kummer
extension L,/k, using Hecke’s theorem which we recall now.
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ProposiTioN 3.1 [1, Theorem 10.2.9]. Let & be a prime element in k. and L, = k.(vJa)
with a € S{( —{1}. Let d(L,/k;) be the discriminant of L,/k,. Let a be the largest
exponent w such that the congruence

!

K=a (mod 7n"k@)

has a solution. Then

(1) lis unramified in L,/k, if and only if a = I;
(2) listotally ramified in L,/ k; if and only if a <1 — 1 and in that case v (d(L;/k;)) =
(I-Dl+1-a).

Let T = Hom(T, G,,,) be the group of characters of T and, for each i > 1, set
TO(K) = Homgyix, /K)(T, U (k,)) (see [5, Section 2]), where the U (k) are the groups
of higher principal units defined by (1.2). Note that the TW(K)’s are subgroups of
Homga,/x)(T', U(k;)), which is the maximal compact subgroup of T'(K).

Now we shall prove the main theorem.

TueoreM 3.2. Let p = [ be an odd prime. Let K be a finite extension of k of degree m
and set d = (1= 1)/m. If P € TV*V(K) and P ¢ TV*?(K) for some 0 < j <m, then
the conductor f of the cyclic extension K(1™'(P))/K satisfies

m—j+1 forO<j<m,

V(D = {O for j=m.
In particular, K(A~'(P))/K is an unramified extension if and only if P € TV (K).

Proor. We denote the discriminant of L/K by d(L/K). Since k, and L are intermediate
fields of L, /K,
Ni.jxk = Nk o Nk, = Nk o N,
by the chain rule for the norm map. Using this equation,
N x(d(L;/k,)) - d(k./ K) = Nyjx(d(L./L)) - d(L/ K.

If PeTU*D(K) and P ¢ TU4*?(K) for some 0 < j < m, then, by Proposition
3.12), vi,(d(L;/k;)) = (I = DU = jd). Now vg(Ni/k(d(L./k))) equals (I — 1)(I — jd)
since k,/K is a totally ramified extension. Since k,/K is a tamely ramified extension

and L./L is a tamely and totally ramified extension, vg(d(k./K)") = I(d — 1) and
vi(Nk(d(L,/L))) =d — 1. Since d(L/K) = {"!,

(I-Dl-jdy+ld-1)=(@d-1)+ (- Ddvg(.

Therefore, we have shown that vg(f) =m — j + 1.
For the case j = m, we have vg(f) = 0 since L/K is an unramified extension by
Proposition 3.1(1). O

In Theorem 3.2, we calculated the conductor of K(1~!'(P))/K when P € TU4+D(K)
and P ¢ TYU¥*2(K) for some j with 0 < j < m. By counting the number of such points
P, we can calculate the number of cyclic extensions of K of degree [ with a fixed
conductor.
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Tueorem 3.3. Let p =1 be an odd prime. For 0 < j<m, the number of cyclic
extensions of K C Q; of degree | whose conductor { satisfies vg(f) =m — j+1 is
(=Gt — 1) /(1 — 1) up to isomorphism in Q.

Proor. Let r; be the number of u € SX such that u € UY*D(k,) and u ¢ UV (k,).

Write
— A i
u=u U j
0<i<n-1
1<j<lI-1
Jj=1(modd)
with 0 <a;j,a<I—-1. If 0< j<m, thena;; =0 for 0 < j/ < jsince v (u—1) =
Jjd + 1. Since at least one of ag g1, . .., d-1,ja+1 1S NONZETO,

rj — l(mn+l)—n—jn 3 (ln _ 1) — l(m—(j+l))n+l A (ln _ 1)

On the other hand, it is known that the fields kz(ﬁ) (1 <i<l-1) are mutually
isomorphic by Kummer theory. By Proposition 2.1, a cyclic extension of k, of degree
[ corresponds to a cyclic extension of K of degree /. So we can calculate the number
of cyclic extensions L/K by dividing r; by [ - 1. O

REmARK 3.4. In Theorem 3.3, we calculated the number of cyclic extensions of K C @,
of degree [ with a fixed conductor, assuming that there exists an isogeny A on T of
degree [ whose kernel is contained in 7'(K). If there exists no such 4, then there seems
to be no known method of counting these extensions.

Theorems 3.2 and 3.3 deal only with the case of p = /. Finally, we briefly mention
the case [ p" — 1 and p # [. Let k be an unramified extension of Q, of degree n and
q = p". Keep the above notation.

Since (I,q — 1) = 1, we see that k,/k is an unramified extension. The map u — u' is
an isomorphism since vy (/) = 0. Thus, (UV(k,))' = UV(k,). Hence, we have proved
the following result.

l

Proposition 3.5. Ifl 4 g — 1 and | # p, then the 2 elements p, {,_ constitute an IF)-basis
of S f( .
Let 7 be a generator of Gal(k,/k). Then, 7 acts trivially on both p and ;.

Thus, S = S;(k)) for any intermediate field K of k,/k. Consequently, we obtain the
following proposition.

ProposiTion 3.6. Let p be an odd prime and | a prime satisfying [ ¥ g — 1 and p # I. Set
T(U(k;)) = Homga./x)(T, U(k,)). Then, for P € T(K) with P ¢ AT(K), K("'(P))/K
is a tamely ramified extension if and only if P ¢ T(U(k,)), in that case the conductor §
satisfies vg(f) = 1.
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