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Equivariant Segre and Verlinde invariants for
Quot schemes

Arkadij Bojko® and Jiahui Huang

ABSTRACT

Segre and Verlinde series have been studied in many cases, including virtual geometries
of Quot schemes on surfaces and Calabi—Yau 4-folds. Our work is the first to address
the equivariant setting for both C2 and C* by examining higher degree contributions
which have no compact analogue.

(i) For C?, we work mostly with virtual geometries of Quot schemes. After connect-
ing the equivariant series in degree zero to the existing results of the first author
for compact surfaces, we extend the Segre—Verlinde correspondence to all degrees
and to the reduced virtual classes. Additionally, we conjecture that there is an
equivariant symmetry of Segre series, which was also observed in the compact
setting.

(ii) For C*, we give further motivation for the definition of the Verlinde series. Based on
empirical data andtorsiopn additional structural results, we conjecture that there
is an equivariant Segre—Verlinde correspondence and Segre symmetry analogous to
the one for C2.

1. Introduction

1.1 Definitions of Segre and Verlinde invariants

Let Y be a smooth quasi-projective variety. For a torsion-free sheaf FE, the Quot scheme
Quoty (E,n) parameterizes quotients

such that
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When Y = C? is a toric surface or Y = C* is a toric Calabi—Yau 4-fold, we shall define equivariant
Segre and Verlinde invariants on these Quot schemes and find relations between them. In the
non-equivariant case when Y is a smooth projective curve or surface, or a Calabi—Yau 4-fold,
such relations are called Segre—Verlinde correspondences and are studied in [AJLT21, Boj21b,
Boj21la, GM22, GK22, JOP21, MOP21].

For a vector bundle V on Y, the Segre and Verlinde invariants associated to it are constructed
using the tautological bundle

Vil =p.(FeqV)
on Quoty (E,n). Here
Quoty (E,n) & Quoty (E,n) x Y LY

are projections, and F is the universal quotient sheaf. This definition extends to the Grothendieck
groups and associates to each a € K°(Y) the tautological class ") € KO(Quoty (E, n)).

1.1.1 Equivariant invariants on Hilbert schemes of surfaces. Let S be a toric quasi-
projective surface with an action of T = (C*)2. Before introducing the equivariant invariants,
we give a brief summary of equivariant cohomology and equivariant integration with a further
background in §2.1. Given a T-representation V', we define its equivariant characteristic classes
by considering the associated bundle

ET xtV — ET x1 {pt} =BT

and taking its characteristic classes in H*(BT) = Hy(pt). Denote by e’ s", er,chr, tdt the
equivariant Chern class, Segre class, Euler class, Chern character, and Todd class, respectively.
From here forward, we will always use equivariant classes for toric varieties, and we will omit
the torus T from the notations when it is clear from the context. In our equivariant setting, the
integral fy refers to the equivariant push-forward defined in (4), and x denotes the equivariant
Euler characteristic of a K-theory class. By Euler characteristic, we always mean the holomorphic
Euler characteristic.

Consider F =g, so Quotg(Og,n) is the smooth Hilbert scheme Hilb"(S) parameterizing
ideal sheaves of 0-dimensional subschemes of S of length n. The action of T on S lifts to Hilb"(.5),
giving an equivariant structure to ol for any equivariant K-theory class o € Kt (S).

In the context of Donaldson invariants, the Segre and Chern series first appeared in [Tyu94],
and are, respectively, given by

IS(a;q) = q”/ s(al™),
(@59) HZ:;) Hilb" () (o)

Clora) e S gt / )
I°(as9) ;)q (s c(al™). (1)
We use notation which resembles that of [GM22] as we regularly rely on the ideas presented there.
Note that ¢(—FE) =1/c(F) for a vector bundle E which, together with [Full3, §3.2], implies that
c(al™) = s(—al).

The Verlinde series was originally defined for moduli spaces of bundles on curves in the
context of conformal field theory [Ver88], and has since been extended to moduli spaces
of torsion-free sheaves on surfaces in [GK22]. For Hilbert schemes on surfaces, the Verlinde
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series was considered in[EGL99, §5]. To be consistent with the invariants above, we adopt the
notation

IY(a;q) = q"x(Hilb"(S), det(al"))
n=0
from [JOP21].

1.1.2 Virtual invariants on Quot schemes. In general, Quot schemes are not smooth, in
which case we do not have a deformation invariant fundamental class to integrate against. One
way to resolve this issue is to work with a virtual fundamental class [Quoty (E, n)]".

For a smooth projective surface S and a vector bundle E of rank N, a perfect obstruction
theory for Quoty (E,n) of virtual dimension nN was constructed in [MOP15, Lemma 1] for
trivial bundles and was generalized to arbitrary bundles in [Sta24, §2.3]. We remark that the
more general case of coherent sheaves is covered in [Lim20, § 1.3] but will not be pursued here. To
this perfect obstruction theory, one may associate a virtual fundamental class [Quotg(E, n)]"™
(following [BF98, LT96]), and a virtual structure sheaf OV* (first proposed in [BF98, Remark
5.4]). The virtual invariants are defined in a similar way to what has gone before, with the usual
fundamental class replaced by the virtual class [Quotg(E,n)]"" and the Euler characteristic
replaced by the virtual Euler characteristic xV'(—):= x(— ® O'¥), which are both invariant
under deformations of the complex structure of S.

Unlike surfaces and Fano 3-folds, the usual obstruction theory for a Quot scheme of a
Calabi—Yau 4-fold X is not perfect, so the previous method does not induce a virtual fun-
damental class. However, using the method of [Ric20] and tools from [OT20], a virtual class
[Quot y (F, n)]‘;zrﬁ) € Hopn(Quot x (E, n), Z) was constructed in [Boj2la, §2.1] when X is a strict
Calabi—Yau 4-fold and E a simple rigid locally free sheaf. Here, £ denotes the determinant line
bundle det R#Zomy(Z,Z) on Quotyx(E,n), where 7 is the universal subsheaf. As indicated by
the subscript, this class is dependent on some choice of orientation o(L), that is, a choice of a
square root of the isomorphism

Q:LOL— OQuotX(E,n)

induced by Serre duality. There is also no canonical virtual structure sheaf, and instead we have
the ‘twisted’ virtual structure sheaf OV defined in [OT20, (84), §8]. The motivation for this
notation comes from its relation to the twisted virtual structure sheaf (’A)I‘(f{) of Nekrasov and
Okounkov [NO14]. Without going into details, @&‘6 is defined from the usual virtual structure
sheaf OV'" on a moduli space with obstruction theory by twisting with det%(K vir) - where KV¥
is the virtual cotangent bundle. Square roots of determinant line bundles appear also in the
construction of @Vir, but this time they are used to make the result independent of the choices

made. Another distinguishing feature is that
O™ € Ko(Quoty (E,n), Z[27}))

is not an integer class, precisely because of the square root determinant line bundles. To obtain
integer invariants, the first author, in [Boj21b, §5.3] and [Boj21a, § 1.4], introduced the untwisted
virtual structure sheaf

OV =0 QE: € Ko(Quoty (E, n), Z[27Y]), where E = det ((E*)M).

The notation (—)% denotes the unique square root of a line bundle in Z[27!]-valued K-theory
(as established in [OT20, Remark 5.2]). In § 5.2, we motivate this definition further by showing,
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in the case X = C%, that E: naturally appears in the construction of OV as the only term that
is not an integer class. As a consequence, we prove the following.

PROPOSITION 1.1 (Proposition 5.3). The untwisted virtual structure sheaf is integral:
O™ € Ko(Quot y (F,n), 7).

Before defining equivariant virtual invariants on Y = C%, d = 2, 4, we describe the torus action
used on Quoty (E, n). Let

To=(CH)/(~)={(t1,- -, ta) i t1, ..., ta # 0}/ (~)
act on Y naturally, where we quotient by the subgroup (~) = (t1tatsts) when d=4. Let T1 =
(CHN ={(y1,...,yn) :yi #0} and E = @Y, Oy (y;) be the T;-equivariant bundle of rank N with
weights y1, ..., yn. This induces a Ty x Ti-action on Quoty-(E, n) by acting on the middle term
of the sequence

O—=1—E—F—0.
Let a € Kt,(Y), then we can write
a=[@i_; Oy ()] — [&1,, Oy (vi)]

where vy, ...,v,4s are its Tg-weights. However, instead of thinking of the v; as Tg-weights,
we would like to view them as generic parameters. Therefore we introduce an additional torus
Ty = (C*)™** acting on C" x C%. Set T:=Ty x Ty x Ty and write

K+(pt) :Z[t%l, . ,t:dtl; ylil .. ,yN ,vlﬂ, - ,vf_&s]/(w),

H'T'(pt) :C[)\lu EE) )‘da mi,...,MN; WL, ... 7w1“+8]/(~))
where we quotient by the ideals (~) = (t1totsty — 1) and (~) = (A1 + A2 + A3z + A4), respectively,
when d =4. Here \;, m;, w; are, respectively, the equivariant first Chern classes of the weights
tiv Yi, Vi

In the surface case, the equivariant virtual invariants are defined using the virtual equivariant

localization of [GP97, CFKO09] in an analogous way to the non-virtual case. For toric Calabi—Yau
4-folds, the equivariant Donaldson invariants were first introduced by Cao and Leung in [CL14,
§ 8]; the K-theoretic equivariant invariants were predicted by Nekrasov [Nek20] and Cao, Kool
and Monavari [CKM22|. They were formalized by Oh and Thomas [OT20, § 7], using the twisted

virtual structure sheaf @' and their virtual equivariant localization. The equivariant virtual
Segre, Chern and Verlinde series for o on Quoty (E, n) are, respectively,

Sy (E, a;q) Zq / s(a["]),

[Quoty (E,n)]vir

Cy(E,aiq) = ¢ / e(al),
; [QuOtY (Evn)]\'ir

Vv (E, a;q) Zq" vI'(Quoty (B, n), det(al™)).

Here the symbols f[Quoty( Bn)]vir V' are defined using virtual versions of (4). See Definition 3.2
for their precise definitions.
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Remark 1.2. Tt is important to note that the above definitions, when Y = C*, are dependent on
a choice of orientation o(£). This induces signs at each fixed point Z € Quot y (E,n)", which are
suppressed in the notation. We denote the sign at Z to be (—1)°“)z and call o(£) a choice of
signs.

When N =1, the weight on F= 0Oy (y1) is not necessary as this extra action does not
affect the fixed locus, so we sometimes ignore it by setting y; =1. By definition, the coeffi-
cients of the Chern and Segre series are rational functions in the cohomological parameters
Aly ooy Ady, MY, « oo, My, WY, - - ., Wrts. For the Verlinde series, they are rational functions in the
K-theoretic parameters t1,...,tq, Y1 ..., YN, V1 - - . , Urts. Using the identification of Remark 2.4,
they can be viewed as functions in the cohomological parameters as well. Define

to be the part with total degree i in those variables for x € {S, C, V}. More precisely, by restricting
a multi-variable function to a certain degree, we mean the following.

DEFINITION 1.3. Let f(z1,...,2;) be a function in the ring of fractions of C[zq,..., 2]
Consider the formal Laurent series expansion of f(bz1,...,bzg) in the variable b:
(o)
Fbzr, .y bz) = Y filzr, o 2V
1=—00

For i € Z, the part of f with total degree i is
J(215 s 28) |deg =i := fi(z1, - - -y 21).

1.1.3 Reduced invariants on Quot schemes of surfaces. When S is a K-trivial surface, the
obstruction on Quotg(E, n) contains a trivial summand making e(7"") vanish and, as a result,
the invariants all vanish. We may instead consider the reduced classes and invariants from
Gromov—Witten theory and stable pair theory [KT14], which have been employed to study the
enumerative geometry of Hilbert schemes in, for instance, [GSY17]. In the case of Quotg(E, n),
a reduced perfect obstruction theory can be obtained by removing one copy of Oquot(£,n) from
the usual obstruction for Quot schemes. The equivariant analogue of a K-trivial surface would
be S = C? with the action of the 1-dimensional torus To = {(t1,t2): t1to = 1}. Let T4 be the
virtual tangent bundle obtained from the reduced obstruction theory. For F = EB Y 10s(y;) and
a=[®;_0s(vi)] — [®j_,1O0s(vi)], we define the reduced Segre, Chern, and Verlmde series to
be, respectively,

S™(E, a;q) Zq / s(al"),

n>0 [Quotg (E,n)]red
C*YE, a; q) q / c(al™),
,; [Quot g (E,n)]red

VU E, a; q) Zq / td(7T7%)ch(det(al™)).

n>0 [QuotS(E,n)]md

Again, the symbol f[Quots (B,m)]ea is notational, and the precise definition is given in §3.4.
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1.2 Summary of results for surfaces

1.2.1 Computation of Chern series. Consider the case S =C? with the T = (C*)2-action.
Using the tools from [GM22], we are able to obtain the virtual Chern series of line bundles
for Hilbert schemes, as we show in §4.1. Note that in the non-equivariant setting, this can be
retrieved from [OP22, Corollary 15].

COROLLARY 1.4. Let S=C2 and let L =0Og(v1) be a T-equivariant line bundle over S. We
have

1 fs L)cl

Cs(Og,L;q)=| ——

s(0s, L; q) (1_q>

By extracting the part with the lowest total degree in A1, Ag, wi, we obtain the follow-

ing 2-dimensional analogue to the Donaldson-Thomas partition function for C* [MNOPO06D,

Theorem 1], or Cao and Kool’s formulation of Nekrasov’s conjecture for C* [CK17,

Appendix BJ.

COROLLARY 1.5 (Corollary 4.2). For S = C2?, the following equality holds:

S [

Hilb™ (S

Remark 1.6. Suppose F(q) is a power series. If Y is compact and o € H>4™Y(Y;Q), then
[ 0 €Q, and we make the identification F(q)” := F(q))v 7. In the non-compact case Y = C? or
Y =C*, working with the equivariant push-forward [, : H3(Y") — H3(pt)ioc, we will use a differ-
ent notation. Suppose vy € H} (pt)ioc and F(0) = 1. The expression F'(q)? is to be interpreted as

o~ (71log F(g)"

F(q):=exp(ylog F(g) =y =
n=0 ’

€ H1(pt)ioc[q]-

Since F(0) =1, we have [¢°]log F(q) =0, so the right-hand side does indeed belong to the
ring H (pt)ioc[g]. We will be dealing exclusively with expressions of the form F(g)/v 7 for
o€ Hy (Y)

1.2.2 Universal series expressions. A common approach to find closed formulas for the
Segre and Verlinde series is to compute their universal series. In the non-virtual case, for Hilbert
schemes of projective surfaces, the main result of [EGL99] shows that the Segre and Verlinde
invariants admit the following universal series expressions-

I%(a; q) = Ao ()@ Ay (q)X(0H) A, (q)2X(O3) Ag(g) (@ Ks =3 K3 4(q)K3

1Y (v, q) = Bi (@)X By (q) X199 By (q) (V725 By ()5, (2)

see [EGL99, Theorem 5.3], and [Leh99, §4.3]. Here, the products in the exponents refer to
intersection products. The series A;(z), B;(z) are universal, in the sense that they only depend
on « through its rank and are independent of the surface. Explicit formulas for these series were
conjectured and computed in [Leh99, MOP17, MOP21, EGL99, GM22|. The Segre—Verlinde
correspondence in this case concerns the relations between A; and B;. It was first proposed by
Johnson and Marian, Oprea and Pandharipande in relation to the study of Le Potier’s strange
duality [MOP17, Joh18|, and was recently proved by Gottsche and Mellit [GM22].
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For virtual invariants on Quot schemes of a smooth projective surface S and torsion-free
sheaf E, the universal series expressions are given by [Boj21a, Theorem 1.2]:

Ss(E, a; q) = AV (q) (e (@) g3ir (g)er(8)* gyir (gyer(Sea(B)
VS(E, Qa; q) = B:‘{lr(q)CI(S)Cl(a)Bglr(q)cl(S)QBglr(q)cl(S)Cl(E).

The explicit formulas are computed in [AJL"21, Theorem 17] for Ay, Ay, By, Bs and in [Boj21a,
Theorem 1.2] for As, Bs.

Unlike the compact case where the invariants are simply numbers, the equivariant invariants
can contain terms of various degrees in H3(pt)ioc. This is reflected in the following theorem,
where the virtual equivariant Segre and Verlinde invariants are written as infinite products of
series labeled by partitions. The notation for partitions is given in §2.2. For a partition u and a
K-theory class «, we write

p)
cu(0) = epl@).
i=1

THEOREM 1.7 (Theorem 3.5). Let S =C2. For any r € Z, N >0, there exist universal power
series Ay, ,¢(q), Buye(q), dependent on N and r, such that for E =&Y  Og(y;) and o € K1(5)
of rank r, the equivariant virtual Segre and Verlinde series on Quotg(E,n) can be written as
the following infinite products:

Ss(B,asq)= [ = Apwelg)ls @ Sec®els),
w,v,€ partitions

Vs(E, o q) = H Bwu’g(q)fs C#(Q)CV(S)CS(E)Q(S)’
w,v,& partitions

Cs(E,a;q)= H C’ijé(q)fs cu(a)ey (S)ee(E)er(S)

w,v,€ partitions

The series in the above expressions are universal, in the sense that they depend on the input «
only by its rank . Sometimes, for clarity, we will add superscripts N, r to indicate the ranks of E
and . On the right-hand side of the above expressions, the exponents [ ¢, ()¢, (S)ce(E)cr(S)
are computed by (4). They are thus homogeneous rational functions in

H-T—(pt)loc - C()\la )\27 m17 A 7mN; 'UJ17 AR )wT-i-S)

of degree ||+ |v|+ |¢] — 1. Degree 0 terms occur when one of p,v, & is the partition (1) and
the rest are the empty partition (0). The argument of §3.2 shows that the series with degree 0
exponents are necessarily equal to the series from the projective case, that is

Ay 0,0 @) = AT (@), Aw)a).0@) =45"(),  Aw)0),0)(@0) = A5 (q),

By 0,0 (@) =BY" (@), Bo),1),0)(2) =B3"(a),  Bo),0),1)(0) =B5"(q). (3)
The universal series expressions of the reduced invariants take a much simpler form; as

opposed to having series exponentiated to some powers of cohomology classes, we have the
following additive expressions.
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THEOREM 1.8 (Theorem 3.11). When S = C2, the equivariant reduced Segre and Verlinde series
for E=®Y,0g(y;) and a € K1(S) are

SU(E. 03) = 3 108 (Aue(@) - [ culo)eulS)ee(D).

JIRZX3

V(B a; g) = mew>/<mm@,
TR 23

(. o g) Zm%%>/<mmm
JIRZX3

where A, ¢, By, ¢ and C, ¢ are the same series as in Theorem 1.7.

1.2.3 Virtual Segre—Verlinde correspondence. When Y is compact, the virtual Segre—
Verlinde correspondence has been proved, for compact surfaces and Calabi—Yau 4-folds [Boj21a,
Theorem 1.6] and for torsion-free sheaves E, to be

SY(E7 Qs Q) = VY(E7 Qs (_I)NQ)
As a corollary of this result, Theorem 1.7 and the relations (3), we first prove the following

‘weak’ equivariant Segre—Verlinde correspondence.

COROLLARY 1.9 (Corollary 3.7). In the setting of Theorem 1.7, we have the following
correspondence

Au,u,{(q) = Bu,u,{((_l)NQ)

whenever one of p, v, € is (1) and the other two are (0). In particular, the degree 0 part satisfies
e f 2
SE'—VE'—lN:n‘/S‘"
S,O( y O Q) S,D( y O ( ) q) r; ()\1)\2)71—2 ( P Cl( ) q

for some terms f, € H%"*Z(pt) dependent on « through its rank and Chern classes.

This is weak, in the sense that only the series whose powers are degree 0 satisfy the usual
correspondence, while computations for small values of n show that the terms f, can be non-
zero, so the naive correspondence does not hold in all degrees. One might instead ask whether
there are any other relations between the series in all cohomological degrees, generalizing the
above corollary.

We are able to give a complete answer relating B, , ¢ and C,, , ¢ once the sizes of the partitions
lul, 1€| are fixed and v = (0). This is represented in Figure 1, but before stating our result,
some further notation is needed. Given any partition p, integer a € Z and n > 0, the binomial

coefficients for p are
&(p)
()-11()
H i \Mi ’

and the downward factorial of a by n is
(@)ny:=a-(a—1)---(a—n+1),

1
a+1"

(a)(—l) =
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Segre Verlinde
k=0 DYy Dy
\ /
k=1 @ ~» Corollary 1.9
/NS
k=2 Dg)ga Dg)ga ~» Corollary 1.11
k=3 DYy Dy
~» Theorem 1.12
k pPy DMy

FicURE 1. Relating Segre and Verlinde invariants by the common function .

THEOREM 1.10 (Theorem 4.3). For rank r >0 and integers ki, ko >0 with k:=ky + ko, the
universal series of Theorem 1.7 satisfy

n(r+N))g—1) (—nr—1\ ,
kqlko! Z Z ()( >logAM(0)f _—TZ AN — 1 q",

|| =F1 [€]=k2

N —nr — 1 n
Ky kol Z < ) log B(1)k17(o)g =k Z nk- 2( N 1) ((—1)NCI) .
PN "

Furthermore, we have

it 3 5 () () wsCuanetw = 3 SR (07 )

|| =Fx [€]=k: n=1

which can be compared to the identities above by replacing r with —r.

In particular, setting k£ =1, the first two equalities of this theorem give
A1),0,0)(@) = (B, 0,0 ((=D)"9) ,
A0),0),1)(@) = (B0, ((=)"q)) -

This is consistent with the Segre—Verlinde correspondence in degree 0 from Corollary 1.9. Going
one degree higher by setting k=2, we get the following correspondence.
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COROLLARY 1.11 (Corollary 4.4). For rank r >0, the universal series of Theorem 1.7 satisfy
the following correspondences

. o)) r+N
A1,1,00,0)(@0) " A@),0),0(@ 2 =Bao,0 (D)%)

N )T+N

Ay,0,0@) " =Bay,o.0 ((-1)"q) " ,and

—r(N—-1)

A),00,1,0)(@) N Ay, 0),2) (@) 2
N(r+N) (N-1)(r4 )

= B(o),0),11) (=1)"q) By, 0.2 (1)Yq)

It is natural to expect that applying Lagrange inversion to the expressions in Theorem 1.10
will simplify the formulae. In §4.3, we use this to phrase the higher degree Segre and Verlinde
series in terms of applying differential operators of comparable form to a single function ¢(t) =

log(1 + t) with common variable changes except for the usual sign g~ (—1)Vgq.

THEOREM 1.12 (Theorem 4.6). Let ¢(t) =log(1 +t) and (t) = Nt~1 +r(1+t)~!. Define the
differential operator

d

<=

Furthermore, use the HOtatiOH
D k N)D k _ —
‘(S‘) ( (T ) T/J)(k—l)v E](}) Tk ILS; !

for k >0 where D; 1(—) denotes integrating v - (—) assuming a constant term 0. In the setting
of Theorem 1.10, we have the following relations

lka! > Y (;) <Jz> log Ay (0),e(q) =—r Y (Dfsk)%0> (Hi),

|ul =k |€|=k> i=1
N
]{31!]{32!7‘k1 Z (é') IOg B(l)k17(0)7£ ((—1)Nq) = —T'Z (D)(}k)(p> (H,L),
€| =k i=1

where H; are the Newton—Puiseux solutions to HY¥ = q(1 + H;)™".

If the rank r of « is negative, then the above identities no longer hold. For such «, we

may instead consider the Chern series and Cg&g) ¢ Because of the previously discussed identity
, =T

c(a) = s(—a), this is equivalent to working with Aﬁf(o),g(‘n’ which satisfies the above theorem
for —r > 0.

Setting k = 1 allows us to retrieve the degree 0 parts for both the Segre and Verlinde invariants
using the function ¢, and hence the Segre—Verlinde correspondence of Corollary 1.9. When k = 2,
we get a relation in the degree 1 part which is equivalent to Corollary 1.11. In general, the Segre
and Verlinde relations are obtained by applying Dék) and D‘(,k) to ¢. Figure 1 summarizes these
observations.

Remark 1.13. The previous results only deal with the v =(0) case. When v = (1), techniques
similar to those of §4.2 can be applied to the term [Boj2la, (4.24)], if an explicit expression
for it is found. For |v| > 1, the same techniques no longer work because of the limitations of
Lemma 4.1.
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A symmetry for virtual Segre series is also proved in [Boj21a, Theorem 1.7] for the compact
case, and states

Sy(E,V; (=1)Nq) =Sy (V, E; (=1)7q)
for torsion-free sheaves F and V of rank N and r respectively. As in Corollary 1.9, we have the

following weak version of this symmetry in the equivariant case.

COROLLARY 1.14. In the setting of Theorem 1.7, for a =V = &]_, Ogs(v;), we have the following
symmetry

AT (D) Ng) =AY (-1)g)

whenever one of p,v, € is (1) and the other two are (0). In degree 0, we have

00 2
Ss0(B,V; (=1)Nq) = Sso(V, B; (- nz:l )\1)\271 5 (/501(5)> -q"

for some terms g, € H2""2(pt).

Motivated by our study of the higher degree Segre series in § 4.4 which, as we see after using
Theorem 1.10, are symmetric under interchanging p and &, the partitions keeping track of Chern
classes of a and F, respectively, we conjecture the following strong Segre symmetry.

CONJECTURE 1.15. Let r, N >0, S=C2 For E=Y,05(y;),V =®I_,0s(v;), we have the
following symmetry

Ss(E,V; (-1)Nq) =Ss(V, E; (-1)"q).

Using a program, we checked that this condition holds in the cases summarized in (28).

1.2.4 Reduced Segre—Verlinde correspondence. For the reduced invariants on S = C?, let us
denote by Sfed and erd the degree ¢ parts of the reduced Segre and Verlinde series, respectively,
in the sense of Definition 1.3. In this setting, the fact that the series from Theorem 1.8 are the
same as those from Theorem 1.7 allows us to obtain relations from the non-reduced case. For
example, the Segre—Verlinde correspondence of Corollary 1.9 and symmetry of Corollary 1.14
give the following reduced Segre—Verlinde correspondence and symmetry in degree —1.

COROLLARY 1.16. We have the following correspondence in degree —1:
S*(E,Viq) =V (B, o; (-1)"q).
When o =V is an equivariant vector bundle, we have the following symmetry:
SEE, V; (=1)Ng) = 8™ (V, E; (—1)"q).

Let a € K1(S) with rank r > 0. Write c1 A = c1 () and c2A? = co(a) for some ¢1, ca € Q. Then
we can use the Theorem 1.8 to show that, for some series As(q), A1(q), Ao(q), B1(q), Bo(q),
dependent on r and NV,

SeUE, @ q)lmy=..=my=0 = — log (A(2),0)(q)) - c2 — log (A(1.1),0)(a)) - ¢ +log (A(0,2)(a))

=: As(q)ez + A1 (g)ei + Ao(q),

V5 (B, 5 q)lmy=...=my—0 = — 10g (B(1,1),(0)(0)) - €1 +1og (Byo),(2)(2))

: B1(q)ci + Bo(q).

11
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These degree 0 terms should correspond to the ones for compact K3-surfaces and their reduced
invariants. In particular, one can use the results obtained in Theorems 1.10 and 1.12 and the
ones below to predict the Segre and Verlinde series in the compact case and describe their
correspondences.

Corollary 1.11 provides relations between Ay, Ao and B, and we have the following formula
for B1(q) obtained from Theorem 1.10 by setting k1 =2, ko =0.

COROLLARY 1.17. The series By(q) is explicitly given by
1/n(N+r)—1
"B - _ -
[4"1B1(a) = —3 < . )

for n,r > 0.

We give some conjectural formulas for Ag, By in terms of Ay, By when N =1, which we have
checked for n <20, r < 5.

CONJECTURE 1.18. When N =1 and r € Z, we have

1ata =5 (75 ) oo 0 1) o)

When N =1, r<—1 and n > 1, we have

4" A0(q) = 5o+ + 2)[g" A (a).

1.3 Correspondence for 4-folds and other observations

1.3.1 Segre—Verlinde correspondence. Since all toric Calabi—Yau 4-folds are non-compact,
we do not know how the invariants in the non-compact case relate to the ones in the compact
case. We have seen for the surface case that the exponents on the universal series have a factor of
¢1(5). Considering the series given in [Boj21b, Proposition 4.13] and [Boj21a, (3.38)], together
with §5.4, we see that this term should be replaced by ¢3(X) in the 4-fold case. Motivated by
Corollaries 1.9 and 1.14, we conjecture a weak Segre—Verlinde correspondence and symmetry for
X =C*
CONJECTURE 1.19. Let X =C* E=0N ,0x(y;), V=0I_,0x(v;), and a € K1(X), then for
some choice of signs o(L), we have the following symmetry and correspondence

Sx(B,V; (=1)"q) =Sx (V. E; (-1)"q),
o0 F 2
Sx0(E, a;q) = Vxo(E, a; (=1)Nq) = n(/ C3X> -q"
) ( ) ) ( ( ) ) ; ()\1)\2)\3)\4)77,—2 X ( )

for some terms F,, € Hf‘l‘-”_G(pt) dependent on « through its rank and Chern classes.

We checked both the correspondence and the symmetry using a computer program, as
summarized in (40) and (41).

1.3.2 Nekrasov’s conjectures. In [CK17, Appendix B], Cao and Kool gave a mathematical
formulation of Nekrasov’s conjecture [Nek20, § 5]. We generalize this to Quot schemes of C? and
C* as follows.

12
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CONJECTURE 1.20. Let Y =C?, E=atOy(y;), and V = @®}_, Oy (v;). When d=2, or d =4
with some choice of signs o(L), we have

Cy(E,V;q)=exp (Q/ch—l(y)> '

Note that when N =1 and Y = C?, this is exactly Corollary 1.5. When Y =C*, we shall
show that this conjecture is a consequence of Nekrasov and Piazzalunga’s conjecture [NP19,
§2.5] using a Quot scheme version of Cao, Kool and Monavari’s cohomological limit [CKM22,
Appendix A] in Proposition 5.9. For Y = C?, we check it for N =2,3,4,5 up to and including
n="17,4,2, 2, respectively.

Since [Quoty (F, n)]'!* has virtual dimension nN, we have C&¥(V;¢) =1 when N >r in the
compact case, simply for degree reason, which means the corresponding Verlinde series is also
trivial because of the Segre—Verlinde correspondence. In the non-compact case, the above conjec-
tures suggest that they may contain negative-degree terms. However, with a computer calculation
for Y =C?, N =2,3,4,5 and all possible r, up to and including n =8, 5, 2, 2, we see a complete
vanishing when N >r 4 1 for Chern numbers, and when r < N for rank —r Verlinde numbers.

CONJECTURE 1.21. Let Y =C% N >1, and E= @{V:1(9Y<yi>. When d =2, or d =4 with some
choice of signs, we have, for r=0,1,...,N —2 and V =@_, Oy (v;),
Cy(E,V;q)=1.
Furthermore, for r=1,..., N — 1, we have
W(E,=[V]q) =1

In Proposition 5.9, we also show that the Chern series part of this conjecture for d=4 is a
consequence of Nekrasov and Piazzalunga’s Conjecture 5.7.

2. Preliminaries

2.1 Equivariant cohomology and K-theory

Given a topological group G acting on a topological space M, the equivariant cohomology HE (M)
is defined to be H*(EG x M /G), where EG — BG is the universal principle G-bundle on the clas-
sifying space BG. The map M — pt induces a ring homomorphism Hf(pt) — H5(M), making
H{ (M) a module over Hf(pt) for any M, and we can view Hf(pt) as a ‘coefficient ring’.

DEFINITION 2.1. Given a G-representation V', viewed as a vector bundle V — {pt}, we define
its equivariant characteristic classes by taking the associated bundle

EG xqgV — EG Xg{pt}ZBG

and taking its characteristic classes in H*(BG) = H,(pt). We denote by ¢, eq, chg, tdg the
equivariant versions of the i-th Chern class, the Euler class, the Chern character, and the Todd
class, respectively.

Ezample 2.2. For the action of a d-dimensional torus T = (C*)?={(t1,...,t4):t; #0}, the
coefficient ring is

Hi(pt) = H*(BT) = H*(CP*)Y) =C[Ay, ..., Ad]

13
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and Aq, ..., Aq are exactly the equivariant first Chern classes of 1-dimensional T-representations
with weights ¢1, ..., t4, respectively. In general, from [Edi97, §3.2],

CI((C(tllul R t;d» =wWiA1 + ... FwgAg.
For the (d— 1)-dimensional subtorus T’ ={(t1,...,tq) €C%:t;...ty=1} C T, the inclusion
induces the following isomorphism to the quotient ring:

H%‘-,(pt)g(J[)\l, .. .,)\d]/(/\l +.. .—f—)\d).

We can construct the equivariant K-group Kg(M) from the G-equivariant vector bundles.
When M = C?, the vector bundles over M are trivial, but they may carry non-trivial G-actions.
Therefore, the equivariant bundles on C¢ correspond to finite-dimensional G-representations.
The equivariant characteristic classes of vector bundles can then be extended to the K-theory
classes. For example, the Euler class of a = [V] — [W] € Kg(pt) is e%(a) = e (V) /e (W), which
lives in the ring of fractions HE (pt)ioc; the Chern character is chg (o) = chg (V') — chg (W), which
lives in [[52, HE (pt).

Ezample 2.3. When Y = C?¢ with the natural action by T = (C*)% or T/ 2 (C*)%~!, we have the
following character rings

KT(Y) gZ[ti‘:l, s >t2|l:1] = KT(pt)7

ZltE, Lt
Kr(V)x =Lt 1 d J o g (pt
T( ) (tltd—l) T(p)a
where, for any weight w = (w1, ..., wy), the line bundle Oy (t“) := Oy ® t“ simply corresponds

to its character ¢t =" - - - 3.

Remark 2.4. We will occasionally identify Chern characters, which are power series in cohomol-
ogy, with elements in K-theory by

t;"l - ts’d o ChT(Oy<t111}1 . ts’d» — €w1>\1+---+’wd>\d'

This allows us to consider certain classes in cohomology as elements of K1(pt). For example, for
the line bundle L = Oy (t]" - - - t;*), we write

chr(A LYy =1—e 0B =1 47w 4% ¢ K(Y).

The reason we consider equivariant cohomology is for equivariant integration. The integration
formula of [EG95, Corollary 1] via equivariant localization states that, on a smooth complete
variety Y with the action of a torus T, for A an equivariant cohomological class, we have

TpA
=Y (i)
where the sum goes through the components F of the fixed locus, NgY denotes the normal
bundle, 7 denotes projection to a point, and ¢ denotes the inclusion map. The right-hand side of

this formula can be used to define equivariant integration in general; for Y an arbitrary smooth
variety with finitely many fixed (reduced) points, the equivariant push-forward of my is

/Y HE(Y) — HE(p)ioc,

1
« HZeTTY (4)
zeY T
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Ezample 2.5. Again let Y = C? with the natural T = (C*)%-action. The only T-fixed point of Y is
the origin. At the origin, the character for the tangent space is ToY =t1 +to + - - - + t4 € Kp(pt),
so eT(ToY) = A1 - - - A\g. Substituting into (4), we have

/ «
o= ——]".
Y A1 A

2.2 Partitions and solid partitions

A partition p is a finite sequence (p1, pa, - . ., ig) of non-increasing positive integers. The size |u|
is the sum of the p;’s and we call £ =/¢(u) the length of the partition p . The empty sequence
(0) is the empty partition with size |(0)| = 0. Each partition p corresponds to a Young diagram
which consists of pairs of non-negative integers (i, j) € Z2>0 as follows:

w1, 4) 1 J < pisr}
A pair O0=(4,j) in the above set is called a box in p, which we denote [J € pu. The conju-
gate partition pu' is defined to be the partition whose boxes are {(j,4): (i, j) € u}. Denote by

c(d), r(O), a(0),1(0) the column index, row index, arm length and leg length of O = (i, j) € p,
defined explicitly as follows:

C(D) =7, T(D) =1,
a@)=pir1—j—1, U(O)= H§'+1 —i—1
When i, j > 0, a necessary condition for box (7, j) to be in x is that both (i — 1, j) and (¢, 5 — 1)
are in . When i =0 (respectively j = 0), we only need (i, 7 — 1) € u (respectively (i — 1, j) € p).
A solid partition 7 is a finite sequence (m;;1); jx>1 of positive integers such that
Tijk 2 Titlgk,  Tijk 2 Tij+lk,  Tijk 2 Tijk+1-

The size of || is the sum of the integers m;;. As a 4-dimensional analogue to a partition, a solid
partition can also be viewed as a collection of boxes

m{(i, 5,k 1) l<mj,} C Z4>0.

As for partitions, we have

(t—1,7,k,1) € m unless i =0,
-1,k 1) € 1 i =0,
(iﬂja k, l) € 7 implies (Z ) T unless j - (5)
(4,j,k—1,1) € m unless k=0,
(ZJJ‘?l 1) € unless =0

For a positive integer N, an N-colored partition of size n is an N-tuple of partitions p=
(D, u™)Y such that |u| == |p?] = n. Figure 2 illustrates how the partitions are colored
based on their index. Similarly, an N-colored solid partition is an N-tuple of solid partitions.

2.3 Admissible functions and universal series

We consider the notion of admissibility in the sense of [Mell8], which will be an important
condition in finding universal series for equivariant invariants.

DEFINITION 2.6. Let F(Q1,Q2...5q1,---,94) €Q(q1, ..., qa)[Q1,Q2, . ..] be a series in finitely
many variables (01, Q2, . . . with constant term equal to 1. Then, using the plethystic exponential
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FIGURE 2. A 3-colored partition = (™, u®, 1)) of size |u| = 19 where u() = (5,3, 1),
p?) = (4, 1), p3) = (3,2) correspond to different colors.

Exp, we can write

F=Exp <(1_q1)-l'/-(1—Qd)>

such that L is a power series in the variables @1, @2, . .. whose coefficients are rational functions
in ¢qq,...,qq. The series F is called admissible with respect to the variables ¢i,...,qq if the
coefficients of L are polynomials in ¢y, ..., qq4.

Suppose F(Q;ml,...,mN;’U)l,...,wr;ql,...,Qd)6@((]1,...,Qd)[[Q;ml,...,mN;wl,...,
wy] is admissible with respect to qi, . . ., ¢q with constant term 1. We have the following Laurent
expansion:

o0
oo A A ok k
log F(Q; m;w;;e™, ... M) = g Hy, ok Qi W) AT oA
kl,...,kd:—oo

Since F' is admissible, by the definition of plethystic exponential,
(1 —q) -~ (1= qq) log F(Q; mi; &; )

is regular in a neighbourhood of ¢ =...=¢qy=0 as a power series in ¢, ..., qq, meaning we
have a lower bound k1, ..., ks > —1 for the above summation.

Furthermore, suppose F' is symmetric in wy, ..., w, and symmetric in my, ..., my, then we
can expand in the following elementary symmetric polynomial basis:

£(p) £(€)
log F(Q;m; @ e, .. er) = Y H (@) [] e (@) [Tec A .. N
=1 =1

w,€ partitions
kiy.ka>—1

for some series H . 7.
w,€,k

Let Y =C¢ and
TO _ ((C*)d, Tl _ ((C*)N, -|—2 _ (C*)r
with the natural actions on Y, E = CN ® Oy, V = C" ® Oy, respectively. We write T =T x Ty x

Ts. Say the equivariant cohomology ring of T is H(pt) =C[A1, ..., Ag;m1, ..., my; w1, ..., wy].
Then V as a T-equivariant bundle has equivariant Chern roots wi, ..., w,, and E has Chern
16
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roots my, ..., my, so e;(mi, ...,my)=c] (E), ej(wi, ..., w,)=c] (V). Therefore
2. 0T S AL Aa) k1 ka
log F(Q; m;w;e™,...,eM) = ng’E(Q)cM(V)c&(E))\l A
w,& partitions
ky,oka>—1
For k = (k1,. .., kq) where kq, ..., kg > —1, there exist polynomials £ such that

l kv 1) kT(d)_EE(el()\l,...,)\d),...,ed()\l,...,Ad))
d! Z M Ad" = A A

T permutation

Now suppose F' is symmetric in the variables q1, ..., qq, so H, = H,, ;) for any permutation
7. Hence

log F(Q; m; @; €M, ..., M)
= H {,E<Q)El§(el()\1’ ceey Ad), ceey ed()\l, ceey )\d))CH(V)Cg(E).

“7
1 partition
kiyonka2—1

Note the equivariant weights of the tangent space TpY are exactly A, ..., Ag, so e;(A1,..., ) =
¢l (Y). By Example 2.5, we have

log F'(Q; m; e>‘1, .. ,e>‘d) = H &E(Q) /Y EE(cl(Y), o cq(Y)en(V)ee(E).  (6)

I’I/7

o partition

Eyyooka>—1
Redistributing the terms, we get

log F(Q;ms s e, ..., er) = Y Hyue(Q) / cu(V)ew(Y)ee(E)
w,v,€ partitions Y

for some series H, , . We exponentiate both sides, and we obtain the following universal series
expression for F.

PROPOSITION 2.7. Let F(Q;m;W; q) € Qqu, - .., q4)[Q; m1,...,mn;wi, ..., w,] be admissible

with respect to the variables qi, . .., qq. Suppose F' is symmetric in wy, ..., Wy, in Mm1,..., My,
and in qi,...,qq. Then there exist power series G, ¢(Q) labeled by partitions pu,v,§, such
that

F(@m;wiet,.. )= [ Guue@lr e Meg(B).

w,v,€ partitions

3. Segre and Verlinde invariants on C?

3.1 Virtual equivariant invariants on Hilbert schemes

Before defining virtual invariants, we recall the notion of a perfect obstruction theory in the
sense of [BF98, Definition 4.4]. For our purposes, we use the following simplified version.

DEFINITION 3.1. Let X be a scheme over C. An obstruction theory is a complex of vector
bundles

E*=[..-E?5E 'S E"
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for some a € Z, together with a morphism in the derived category D(QCoh(X)) to the cotangent
complex

p:E*— L%

such that h%(p) is an isomorphism and h~1(y) is surjective. It is a (2-term) perfect obstruction
theory if E* =0 for i #0, —1. The virtual tangent bundle T = E, = (E®)* is the class of the
dual complex of a given obstruction theory.

Let S be a surface and E a vector bundle. It is known that Quotg(E, n) admits an obstruction
theory given by the dual complex of R.J#m,(Z, F), where Z, F are, respectively, the universal
subsheaf and the quotient sheaf. When S is a projective surface, this obstruction theory is perfect
and of virtual dimension n/N. An explicit construction of this perfect obstruction theory can be
found in [Sta24, §2.3]. Using this, we can define a virtual fundamental class [Quotg(E,n)]*™r
via the methods from [BF98, LT96], as well as a virtual structure sheaf O using [CFK09].
Applying the same argument for S = C? gives us an equivariant perfect obstruction theory. We
note that, since the quotients £ — F' are of rank 0 and Euler characteristic n, F' is compactly
supported, and the Ext-groups Exti(E, F) are finite-dimensional vector spaces. Thus the steps
involving Serre duality still work.

Let S=C2? and E =@} ,05(y;). Recall from the introduction the following tori:

To=(C"?, Ti=(CHY, Ty=(C*) .

Set T= To X T1 X Tz, with

Kr(pt) =26 6550 uns o),

Hy(pt) = C[A1, Adgyma, oy mn; w1, - o W),
where \;, m;, w; are, respectively, the equivariant first Chern classes of the 1-dimensional
T-representations with weights ¢;,v;,v; (see Example 2.2). This gives us a T-action on
Quotg(E, n). For a T-equivariant bundle V, the tautological bundle V™ is also T-equivariant.
The T;-fixed quotients of Quotg(FE,n) decompose into the form

0— @i, Li(yi) = @121 05 (yi) = @i, Fiyi) = 0.
Thus the Ti-fixed locus can be identified as

| | Hilb™(S) x - - x Hilb"™(S).
ni+...+ny=n

The To-fixed locus of these Hilbert schemes consists of collections of finitely many reduced
points, labeled by partitions. Consequently, the fixed locus Quotg(E,n)T consists of finitely
many reduced points of the form

Z,=([21],[Z2), ..., [Zn]) € Hilb™ (S) x - - - x Hilb"¥(S5),
labeled by N-colored partitions = (M(l), e ,,u,(N)).
For a vector bundle V over Y, define
A (V)= [AV]Z € KO(Y)[2],  A(=V):=) [Sym'V](—2)' € K°(Y)[2],
>0 >0

which extends to a homomorphism A, : (K°(Y),+) — (K°(Y)[z],-). We define the following
equivariant invariants using virtual equivariant localization [GP97] and K-theoretic virtual equiv-
ariant localization [CFK09, Theorem 5.3.1]. Since we are interested in comparing the Segre and
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Verlinde series, we convert the Verlinde invariants into cohomological invariants using the virtual
Hirzebruch-Riemann-Roch formula [RS21, Corollary 1.2].
DEFINITION 3.2. Let S =C? and
a=[8i-, 0y (vi)] — [8{1},, Oy (vi)] € K7(S).
The equivariant virtual Segre, Chern, and Verlinde series on Quot schemes are, respectively,

s(al

= ZeQuotg(E,n)T

(!
s(E,a;q): Zq > (E(TVJTZ))

n=0  ZeQuotg(En)T Z
ch(det(al™|))
E N N EJ7
& q Zq Z h(A l(TVII”) )
n=0 ZeQuotg(E,n)T

We shall describe how to calculate these invariants, and refer to [FMR21, §5.1] and [Lim21,
§3.3] for the following argument. On each T;-fixed locus

D =Hilb™ (8) x - - - x Hilb™ (),

the universal subsheaf and universal quotient sheaf of D are @Y | Iz (y;) and @jvzl Oz, (yi)
where Z; is the universal subscheme of Hilb™ (S). The virtual tangent bundle over D is then

N
Tvir @ Rtom,(Iz,,0z,)(y; 'y;)

ij=1
where p: D x X — D is the projection. Further restricting to each Z,, = ([Z1], [Z2], ..., [ZN]) €
Quotg(E,n)T gives the virtual tangent bundle at Z,, as follows:
N
TVlr @ EXt Iz,OZ )< yj>€KT(S). (7)
i,j=1

To give an explicit formula for 7V, we consider a To-equivariant free resolution of I7,. We refer to
[Eis95, p. 439] for the following Taylor resolution. Say Iz, is generated by monomials my, . .., ms.
Foreach k=0, ..., s, let Fi be the free Clzy, ..., x,|-module with basis {es}, indexed by subsets
IC{1,...,s} of size k. Set

my = least common multiple of{m; :i € I'}.

For k=1,...,s, define the differential dy, : F, — F_1 by

k
mr
dg(er) =) (-1) I—{i;}
j; mI_{ZJ}
for each subset I ={iy,...,i} such that i; <---<1ig. Giving each ey the weight of mj, we

obtain the Th-equivariant free resolution

0=Fs—...2F1 =17, =0
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where
o= @ Osimi(t)
IC{1,...s},[I|=k
for some dj; € Z2. Define
P(Iz)= > (=1)*my(t). (8)
k.| I|=k

Note that the character of Og = Clz1, z2]is 3, ;5 757 =1/(1 —t7Y) (1 — t51), so the character
of Oz, =0g/1z, is

— P(Iyz,)
1-tHa—t3")
)

Therefore, the character of T%ir in Kt(pt) can be expressed as

Qi =

N
D Ext(lz. Oz)y; ') = —~1)*Hom(Os(m; (1)), Oz,)y; 'y

4,j=1

:MZ

=

<
Il
—_
b

| I|=k

I
M) =

¥Oz (mr(t) Hy; ty;

q@

<.
Il
—

k,I

P(I7)Q;y; 'y,

=

<
Il
—_

I I
.Mz :Mz

Il
—

(@ — (1 —t1)(1 —t2)@:Q;) - y; 'y; (9)

.

)

where (-) denotes the involution ¢; ¢ *.
For the T-equivariant bundle V = @::105@1'), the fiber of V" over Z, = (Z1,... Zy) is the
rn-dimensional representation

T N
@ @ Oz, (viy;) Z Z Z vyt C(D)t_r( ) (10)

=1 j=1 =1 j=1 Oeu

We could also replace the terms Zlilew) t;C(D)t;r(D) by @;, but we elect to use the above
expansion to match with one of our main references [GM22].

Substituting the above calculations into the definition, we obtain the following expressions
for the Chern and Verlinde series of vector bundles

H] 1 HDE#(J) Hz 1 (1 + Wy + m] - C(D))\l - T(D))\2)
C (E V q Z |1l (TVH‘ZM) 5
(D), (@)

|M|HJ IHDEM(J) Hz 1Uzy]t1 2 11
Vs(B, Vi) Z ch(A_1(T¥¥[7,)Y) ' )
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3.2 Relation to projective toric surfaces

We consider what the equivariant invariants will be for a smooth projective toric surface S,
and compare them with the case S = C2. More details on this reduction can be found in [GM22,
§3.2]; see also [Arb21, §6.2] and [LYZ02, §3.2].

Suppose we are interested in the integral

/ F(v)

[Quots (E,n)]**

for a T-equivariant bundle V and some multiplicative genus f. On S where V has Chern roots
w1, ..., w, and E has Chern roots mq, ..., my, this can be computed as

F(3, 1, ) = / Fily
[Quotg (E,n)]vir

_ E vaz1 HDeMu) [Tiz1 £ (wi +mj —c(B)A —r(E)A2)

1r
= AT
We write 7" = (C*)? with cohomological variables A}, X} so that H%,(pt) = C[\}, Xj]. Let S’ be
a toric projective surface with a natural action by T’ = (C*)2. Say the fixed points are p1, ..., py
and the Chern roots of the tangent space of S’ at p; are )\gi), )\gi), which live in H, (pt) = C[A], X5].
Suppose that E’ is a T’-equivariant bundle with Chern roots mgi), e ,m%) € H%,(pt) at each
pi such that the fixed locus of Quotg (E’, n) is a finite collection of reduced points for all n.
Let V' be a T’-equivariant bundle on S’ with Chern roots wgi), e ,wﬁi) € H%, (pt). By virtual
equivariant localization, we have
M
/ V)= (Z F (30,3 w@)) |
[Quotg, (B ,n)]¥i i—1 AM=X,=0

Since S’ is compact, the sum on the right-hand side lives in H3(pt) = C[\], \}]. Therefore,
it is indeed valid to set A} =\, =0, and the equality follows from the virtual Bott residue
formula.

If we define Ig(E,V;q):=> " q" f[QuotS(E,n)} f(V), then from the above expansions, we

obtain
M
AR o .
Is(B.V5a)= <Z Is(E, Vi) X=X =) wwm) [y (12)
i=1 ’ =0
Suppose furthermore that the series in the above expression have the following universal
structure
(B Viq)= [ Ulelay @),
w,v,€ partitions
el +[v[+]€]=2
Is(B,Vig)= [ = Unwelg)ls sV See®) (13)

w,v,€ partitions

where [ is given by (4). The exponents ¢, (V')c, (S")ce(E') are regarded as numbers in H2(S").
Exponentiating a series to a power of an element of H3(pt)ioc follows the recipe in Remark 1.6.
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Then (12) implies

’ / ! et f CH(V)CV(S)CE(E)
Is(E',V';q) II el v |
w,v,€ partitions ’ ’ N=0

= H Uy (q)o (Ve (SDee(E)

w,v,€ partitions
|l +[v[+1€]=2

The final sum is only over |u|+ |v| + |£] =2 because if |u| + |v| + [£] # 2, then the term

M
(223 /S cu(V)ew (S)ee(E) X:Xu),m:mm,w:wm>

vanishes for degree reasons. By universality, we conclude that if the series structure (13) exists,
then the series U}V .(q) of Is/(E',V'; q) for the projective case coincide with the series U, ,¢(q)
of Is(E,V;q) whose exponents lie in H{(pt).

- / cu(V')ew (S )ee(E')
S

X=0

3.3 Universal series expansion

A general tactic for studying Segre and Verlinde series is by using a more general genus. In the
non-virtual setting for Hilbert schemes of surfaces, this could be [GM22, (1.1)]. In the virtual
case, we use the invariant (14) defined below. For Calabi—Yau 4-folds, we consider the Nekrasov
genus (35) introduced by [NP19].

For projective surfaces, we define an auxiliary virtual invariant as follows
Ns(E, a;q, 2 Zq" vir (QuotS(E, n),A_Za[”]> ) (14)

The variable z is considered as the Welght of an extra C*-action that is trivial on S and
Quotg(FE,n). We shall refer to this as the Nekrasov genus for Quot schemes of surfaces (cf.
(35)).

We generalize this to the equivariant setting using virtual equivariant localization. On S = C?
for vector bundles, this is given by:

c(@),—r(0)
. M HJ 1 Hmeum [ (=87t oy;2)
NS(E7V q,z Z Ch(A_ (Tv1r|Zu) )

GQ(thh;yl,---,yN)|[q,Z]|- (15)
The following Chern and Verlinde limits are satisfied, analogous to [GM22, Proposition 3.5].

LEMMA 3.3. For S =C?, the Chern series and the Verlinde series can be retrieved from Ng by
taking limits. We have

Cs(E,V;q) = lim Ny (B,V; (-1)NgeN (1 4+e)", (1 +¢)*
e—>

) |Xw—ax,1ﬁw—a1ﬁ,ﬁzw—a7ﬁ7
Vs(E,V;q)=lim Ny (B, V; (—1)"qe" &) .

Here we use the identification of Remark 2.4 with c1(t;) = \;, c1(y;) = m;, c1(v;) = w;.
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Proof. For the Chern limit, first consider the substitutions A; ~ —e\;, w; ~> —ew;, m; ~» —em;.
This turns the term va_l HDeu(J’) I, (1— tIC(D)tQ_T(D)viyj(l +¢)71) into

(wi+mj—c(@A1—r(O)A2)

ININIEE

Jj=10epl i=1

1+5 (1 +e)rlul H H H 1+e — e switmi—e@li—r()ra))

j=10eul i=1

e\ N
_(1+€> TT T 10 - O rO) + wi +my + O(E))

j= IDGM(J)Z 1

For the denominator in the sum (15), we note that for a Chern root x, substituting it by —ex
turns 1 —e =z — %2 +...into 1 — e®* = —¢(x + O(¢g)). Therefore, after the substitution, the
denominator ch(A_1(TV"|z,)¥) becomes

(—)NNI (e(T3r) 4 O(e)).
Substituting back into (15), the Chern limit becomes the limit of

7|pl
YNl il (N=r)a il : :
;( 1)Nlulglulg (1+¢) (1) NN (1 2)7 Al

12 oeuo Timy (1= e(@M — 7(@)As +w; +mj + O(e))
(e(Ty™) + O(e))

=2 o I Toeo Ty (1= (@A = r(©)e +wi +my + O(e))
(e(T3) + 0(:))

which converges to Cs(E,V;q) by (11).
For the Verlinde series, we have

lim NVs(E, V; (—1)"¢e", e ")
e—0

c(O),r(O r —c(O),—r(O _
Hj’V:1 HDeW) tl( )tz( )Hi:1(1_t1 ( )tg ( )Uz‘yj5 Y

— lim (_1)T|u|q|ulgrlu| :

=0 £ ch(A_1(TV[z,)V)
(O r
. ‘ ‘H_] 1H|:Ieum | J )tz “ )vzyj—s)
:hmz K
c50 ch(A_1(TV[z,)V)
=Vs(E, Viq). 0

Before starting the proof for universal series expressions, let us discuss what the expansion of
Ns(E,V:q, z) as a formal Laurent series in the variables X, 17, i, ¢,  would look like. In [Arb21,
Proposition 3.2], Arbesfeld shows that invariants such as [¢"|Ng(F,V;q, z) can be written as a
quotient whose numerator is a Laurent polynomial in £, ¢, 7, z and whose denominator is of the
form [],, (1 —w) for some non-compact weights w in the sense of the following definition.

DEFINITION 3.4 [Arb21, Definition 3.1]. Let M be a quasi-projective scheme with an action by
some torus T. For a weight w € TV, denote by T,, the maximal subtorus of T containing ker w.
If the fixed locus M T is proper, then w is a compact weight; otherwise, it is a non-compact
weight.

23

https://doi.org/10.1112/mod.2025.10007 Published online by Cambridge University Press


https://doi.org/10.1112/mod.2025.10007

ARKADIJ BOJKO AND JIAHUI HUANG

Fasola, Monavari and Ricolfi used this to prove that the K-theoretic Donaldson—Thomas
partition functions on C? are Laurent polynomials with respect to the variables y1,...,yn
[FMR21, Theorem 6.5]. We give an outline of their argument, applied to the invariant Ng for
S = C2. First note that, by (9), for any N-colored partition j, we have

1
ch(A—1(TV¥|z,)¥)

_ 1l ta
G| [Taca, (1 —y; 'yit")

1
1<, j< N, ij [lien, (1 —vi vit*)

for some series A(f ) € Q[t1, t2]ioc and some sets of weights A;;, B;j. We shall show that the
denominator of Ng does not have factors of the form (1 —y; lyjtb) for any i # j and b€ Z2. By
[Arb21, Proposition 3.2], we need to prove that w=y; 1yjtb is a compact weight. Since

kerw = {(t_: Y, ) 1y = yjtb}

is itself a torus, we have T, =kerw. By definition, it suffices to show that Quotg(F,n)™ is
proper. With the automorphism T — T defined by

(t_;yla"'7yj7'"7yN717)'_>(E:y13--'ayjtba"'vyN7’U)a

we identify the subgroup T, as To x {(w1, ..., wn) : w; =w;} x Tg, which contains the subgroup
To=Tox{(1,...,1)}. This gives us an inclusion

Quotg(E,n)™ < Quotg(E,n) .

The quotients in the fixed locus Quotg(E,n)T are all supported at the origin 0 € C2, so the
fixed locus lies inside the punctual Quot scheme Quotg(F, n)o. The punctual Quot scheme is
proper since it is a fiber of the Quot-to-Chow map Quotg(FE,n) — Sym"S, which is a proper
morphism [FMR21, Remark 3.4]. In conclusion, [¢"|Ng(E,V;q, z) is a Laurent polynomial with
respect to the variables y1, ..., yn, so it can be expanded into a power series with respect to the
cohomological parameters mq,...,my.

Furthermore, if w is a weight that contains both ¢; and t5, then we have Ty, = {(t1,t2) : t1ta =
1} x Ty x Ty. The fixed locus of this subgroup remains the same as that of T, as explained in
the next section for reduced invariants. Therefore, w is a compact weight, and the denominator
of N will not contain factors of the form (1 —t4t}) for any a# 0, b# 0. This means that in
cohomology [¢"|Ns(FE, V; q, z) can be expanded into a Laurent series in A1, A2 whose coefficients
are power series in m, w, z, where the degrees on A1, A2 are bounded below individually. We shall
see the importance of this lower bound in the proof of the following theorem.

THEOREM 3.5. Let S=C?. For any rcZ, N >0, there exist universal power series
Auve(q), Buve(q), Cupe(q), dependent on N and r, such that for E=aN 0s(y;) and a €
K+(S) of rank r, the equivariant virtual Segre, Verlinde and Chern series on Quotg(FE,n) can
be written as the following infinite products

Ss(E,a;q) = H AM7V7£(q)fs CM(O‘)CV(S)Ci(E)Cl(S)’
w,v,€ partitions

Vs(B,a59) =[]  Buuelg)ls v SecBlan(s),
w,v,€ partitions

Cs(E,a;q) = H Cpue(g)fs cn(@en(S)ee(Blea(S),

w,v,€ partitions
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Proof. We begin with the case where a is a vector bundle V. Assume V = @!_; Og(v;). At the end
of the proof, we can generalize this to arbitrary T-equivariant bundles by substituting T-weights
into the variables vy, ..., v,.

Begin by expanding log Ns(E,V; q, z) as a Laurent series in A1, Ay as follows:

log Ns(E,Viq,2)= Y Hjr(q, 2 6)M A
(4,k)ez?

for some series H; ;, € Q[q, z;m1, ..., mn; w1, ..., w,]. By the symmetry in wy, ..., w, and the
symmetry in m1, ..., my, this expands to

logNS(E, V’ q, Z) = Z Gu,f,j,k(‘]v Z) A{ASCM(V)CE(E)
w,& partitions
Jk>—1

> Guegrl(a2) - MAeu(V)ee(E)
w,€ partitions
min{j,k}<—2
for some series G, ¢ ;1 € Q[q, 2]

Our goal is to get a universal series expression by exponentiating the above equality. To do
so, we show that the terms in the second summation vanish, using the relations from §3.2. This
proves that Ng(FE,V;q, z) is admissible, from which we deduce the desired expressions by taking
the limits of Lemma 3.3.

Let S’ be a toric projective surface with T’ = (C*)2-action, fixed points p1, . . ., pys and vector
bundles E’, V' as in §3.2. Then (12) applied to N becomes

M
NS’(E,>V,;Q7Z): (HNS(E7V7Q7Z) o

o X:,\(z’)ﬁ:mm,w:wu))
1=

X=0

Instead of taking 7, () as elements in Hz, (pt) = C[N], we could regard them as formal
variables m, W, independent of . This can be done by adding trivial actions by Ty, T5 to S/, and
replacing E’', V' by

E'= &L, 05/(y), V' =&j-10s/(v)),

which are trivial bundles whose equivariant Chern roots at each fixed point p; are, respectively,
m and @, independent of 4. In this setting, the substitutions m =m® @ =w® are no longer
necessary in the above equation for N/, which gives

X:X(i))

Substituting the previous expansion of log Ng(FE, V; q, z), we see that

N =m=15=0

M
Ns(E'\ V5 q,2) = <H Ns(E,V;q,z2)
=1

M
log Ny (B V5ia.2)= | 30 32 Gueanle ) ) (8 eu(Vee( )
i=1 p,§ partitions
J,kEZ

X ==17=0

Again, the reason that we can evaluate N=w=1m=0 on the right-hand side is that, by
compactness of S’, the terms in the brackets are power series in X, ), m. Since the terms
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cu(V), ce(E) form a basis for symmetric polynomials in the variables ), 71, we conclude that each
summand

Z > Guesnla:2)- AT ) (16)

i=1 j,k€Z
is a power series in A}, A}.
Let S’ =P! x P!, with Tg-action
(t1,t2) - ([0 : 1], [yo : y1]) = ([0 : t1z1], [yo, t201]).

We refer to [LYZ02, §3.7] for the following computations of equivariant weights. The fixed points
are

1:0],[1:0]), p2=po1=([1:0

=([1:0]

ps=p1o=([0:1],[1:0]), psa=p1=([0:1 :

The corresponding weights are e A1) = X(00) 5\’(2) = X(Ol), 2B = X0 ,X(4) = X1 where
A = (=1, A = (17

for i, j € {0, 1} for each p, . Substituting into (16), we see that the summands with odd j or k

would cancel each other out, leaving us with

D Gugynla, ) -4 ()"

j,k even

= -

By our previous observation, this expression is a power series in A}, A\, for each p, & and does
not contain negative-degree terms. Therefore, if min{j, £} < -2, we have G ¢ r(q) =0.

Having dealt with the case where j, k are both even, we would like to apply the same argument
to the other cases. To do so, we need to solve the problem that the summands vanish whenever
one of j, k is odd. We claim that if each w; is replaced by w;(I + A1 + A2)? in Ng fori=1,...,r,
where [ is a fixed number, then the resulting coefficients in front of ¢, z are of the form

~ =

F(X, i, ) = /[Q oo U, O, @)oo € HE (00
uot n)|vir

for some series f . The number [ here will be substituted by integers later to get more specific
conditions. Then we may repeat the above argument and get that Zf\i L F (XD m @ 5) e Hi(pt)
is a power series in the variables X, 17, 1. Separating out the coefficients of ¢, (V'), ce(E) as we
did in (16), this gives that the coefficients of ¢, z in

M
DN Grein(a, 2) - MAS - (L4 M+ )|
i=1 jk A=AD
are power series in A, \j.
Let us prove the claim above. Note that the coefficients of ¢, z in Ng(F, V;q, z) are of the
form

F(e; (O, ex () 40
z“: Ch(A 1 (TVir ‘ Zu)

for some series f. Set ¥ = (mj —c(O)A —r(O ))\Q)DG“ . the collection of Chern roots of (’)[ nl
and X = (A + Ag + mj — c(0)A; — T(D)/\Q)De“( v the collection of Chern roots of K[S] Let us
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also denote x = A; + Ag. To prove the claim, it suffices to show that, for any series f, there exists
some series f such that

Fe; (05, (U4 A+ A2)°@) ; oo = Flei( K L), i (OF)), (D)), 1o

We may rewrite the left-hand side and see that this is equivalent to showing

— ~ — —

g(z,e5(Y), ex(W))jr>0 = fles(X), €5 (Y), er())ijr>0

for any series g. This follows from Lemma 3.6 by taking £ ==z, § = Y.
As a result of the previous paragraph, the coefficients of

M
DD Guegn(a ) MAS - (T4 A+ Ag)*W

i=1 jk X=X
2pl M 2l A
:ZZZ < >Gu7£,j,k(q7 2) - M5 P (O 4 ) o
s=0 i=1 4.k § A=\
J7

are power series in A}, A for any integer [ > 0. When p # (0), the matrix formed by the vectors

201\ i (200 21 (20 a2 (2] 0
O bl 1 bl 2 ) b 2|'LL|

for [=1,2,3,... has maximal rank. We may take a linear combination of the above expression
evaluated at different integer values of [, and get that

M
DD Guein(a,2)- MAS - (A1 + Xo)®

i=1 jkez

X=X®

is a power series in A}, A\, for each s =0,1,...,2|u|.
Taking s =2, we get that the following series is a power series in A}, A

M
SN Gregnla, 2) XA (0 +X2)?
i=1 jk A=A®

= D Guejrla.2) -8 (AL
4,k odd

This means the coefficients G, ¢ ; (g, z) vanish for terms (A\})IT1(A\,)¥+1 whenever the degree
j+1 or k+1 is negative, which happens exactly when min{j, k} < —2. Hence, we conclude
Ge,jk =0 whenever j, k are odd, min{j, k} < —2, and p # (0).

If one of j,k is odd and the other is even, continuing to assume p # (0), we take s=1
and get

M
D Gresnla 2) - M- (a4 X))
= X=X
Gegk(a: 2) - 8N (NG)", i j odd, k even,
R G jn(a,2) - 8(N) ()L if k odd, j even.

Although these are not polynomials when min{j, k} < —2, we see there might be some linear
dependence because we may only conclude that

Gu:&»jvk = _G}L,é,jﬁ’l,k‘*l
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for j odd and k even. To solve this issue, we further apply the argument to the s =3 case and
obtain the following dependencies

Gﬂaf»j»k = _GM7€7]+371€_3

for all j odd, k even and min{j, k} < —4. Consequently, G, ¢ jx = G ¢ j+2,k—2 for any j even and
k odd with min{j, k} < —3. Combining these relations we see that, for min{j, k} < —2, there
exist some constants ng ap.p» labeled by the partitions p, £, integers a,b,l and a sign =+, such

that
G 9) = D ((=1Y = (=) a”
a,b
> ab 2ng’a7b’j+kqazb if j even, k odd, j >0,
Za,b —2Czé’a7b7j+kqazb if j odd, k even, j >0,
> ab 2C};§,a7b7j+kqazb if j even, k odd, j <0,
dab —2C;E,a7b7j+kqazb if j odd, k even, j<O.
The reason for the superscript 4+ is due to cases such as j = —1, k=0, where we would have

min{j, k} > —2, so the dependence does not necessarily hold. Because of this gap, we cannot
always relate the coefficient when j > 0 to j <0, resulting in separated cases. By the paragraphs
preceding this theorem, for a fixed a, the degrees j, k on A}, X of the [¢] coefficient are bounded
below. However the above indicates that the constants Cff@ abil only depend on the value [ =

j+ k, and we can make j or k arbitrarily small. Hence Ci& apt =0 whenever p # (0).
With all the vanishings of G, ¢ jx, we write

log Ns(E,Vig,2) = Y Guejnla2)- M- cu(V)
w,€ partitions
k-1

+ Z G0),6.1(0 2) - M5
& partition
min{j,k}<—2

To deal with the terms G ¢ j x(q, 2) for min{j, £} < —2, we apply Lemma 4.1 and find

D.G0)¢,jk(a2) =G )¢ k(g 2) =0,
so G(g),jk is constant with respect to the variable z. Let us attempt to extract the
[qn)\]l)\ISC(O)(V)CE(E)] coefficient of the Chern series from G(g)¢ ; using the Chern limit of

Lemma 3.3. This results in a limit ¢ — 0 of the term e™N—")eléleitk  which does not make

sense when the rank r is sufficiently large, so we must have G q) ¢ = 0 for such r. To generalize
this to arbitrary ranks, we apply [GM22, Lemma 3.3] to Ng, which says that the coefficients of
Ng are polynomials in 7 when r > 0. Now we can write

g Ns(E,Vig,2) = > Gueik(g,2)- M cu(V)ee(B).
w,& partitions
Jik=—1

As noted in [OP22, (31)], the obstruction on Hilb™(S) at a fixed point [Z,] is (Kgn])vlzu. From
(10), we see a copy of K§ =tits is in Kgn] |z, By (9), the obstruction bundle on Quotg (£, n) at
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any fixed point has at least one copy of K¢ as a direct summand. For a line bundle L, we have
ch(A1LV)=1—e B =¢(L)-(1+...)

where ... are some omitted terms in H7%(pt). Therefore, 1/ch(A_;(T")V) has a factor of
e(K¥¢) =ci(S) =X + A2 in its numerator. We also note that this factor does not appear in the
denominator, because if we pass to the subtorus {(¢1,t2):t1t2 =1}, the Zariski tangent space
has no T-fixed parts: by (7), the fixed part can only come from the direct summands with i = 7,
which correspond to the Hilbert scheme case, but, by [Arb21, (1.6)], these summands have no
fixed parts because a(0J), [(J) > 0 for any box [J. Therefore, we may extract this factor of ¢;(.5)
and obtain

log Ns(E,Vig,2) = Y Huejn(a,2)  MA5 - cu(V)ee(E)er(S).
w,€ partitions
Jkz—1
for some series H,, ¢ ;. € Q[q, z]. Furthermore, since j, k are now bounded below by —1, multi-
plying by A1 A2 would give us a power series expansion in A, Ag, allowing us to use the symmetry
in Ay, A2 and write

g Ns(B,Vig.2)= 5. Huuelg.2)- /S ¢u(V)ew(S)ce(E)er(S) (17)
w,v,€ partitions

for some series H,, , ¢ € Q[q, 2].
Finally, taking Chern and Verlinde limits of H, , ¢ as in Lemma 3.3 then exponentiating gives
us series C, ¢, By, ¢ such that

Cs(B.Vig)= ]  Cuwe(g)soVIeSeelBenls)
w,v,€ partitions
V(B Vig)= ]  Buwelg)s #MeSeclBenls),

w,v,€ partitions

and the fact that Sg(E,V;q) =Cs(E, —V; q) implies that there exists series A, , ¢ such that
Ss(EVi= ] Ausela)le o),

w,v,€ partitions

To generalize this to arbitrary K-theory classes o= [V'] — [V"] € K1(S) for equivariant bundles
V!, V" of rank m, [, respectively, we apply [GM22, Lemma 3.3] once more; it states that the
invariants for « are obtained by substituting

rasm—1,  pp(vi,ve, ..., 00) ~ pp(V],vh, ) — pa (V08 v)),

where the p, are the power-sum symmetric polynomials. Hence, the above universal series

expressions hold for all a € K7(5). O
LEMMA 3.6. Let F(Z,¥) be a polynomial symmetric in ¥ = (x1, ..., 2,) and symmetric in §j =
(Y1,...,Ym). Then F' can be written as a polynomial expression of symmetric functions in
{y1,...,ym} and symmetric functions in {z; + y, }f;lfln )

Proof. Note that this lemma is additive and multiplicative on F', meaning that, if the result
holds for F; and Fy, then it holds for F} + F5 and F} - F5. By the additive property, we assume
that F' is homogeneous of degree d. We proceed by induction on d, where the base case of d =0
is trivial.
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We expand F' in the elementary symmetric polynomial basis with respect to the variables
Y1y o5 Ym:

F@Ei= > fu@eud).
p partition
Note that each f,(Z) is symmetric in Z and trivially symmetric in ¢, and has degree strictly less
than F' if p# (0). By the induction hypothesis, we can assume that f,(Z) satisfies the lemma
when 1 # (0). Then, by the additive and multiplicative properties, it remains to prove f(%)
satisfies the lemma.

Since f(o)(7) is a symmetric polynomial, which can be written as a sum of products of
the elementary symmetric polynomials ey (Z), we may apply the additive and multiplicative
properties again and conclude that the result follows once we prove it for ex(Z). Since we are
performing an induction on the degree d of F', we may assume that the result holds for k < d
and proceed to prove it for k=d.

We have

7j=1,....m

ea{wi +y; 12177 ) = K - eq(Z) + G(Z, )

for some constant K € Z, and we have that G is a polynomial symmetric in £ and in ¢ and that
every monomial term in G contains some y;. Moreover, G is homogeneous of degree d, and we
can repeat the previous argument and write

G §)= Y gu@eu(®).

n#(0)
Now each g, () has degree strictly less than d, and induction shows the result holds for each
9,(Z), and consequently for G(Z, ) and eq(Z). O

By the non-equivariant Segre—Verlinde correspondence [Boj21a, Theorem 1.7] and the rela-
tions between the non-equivariant series and equivariant series illustrated in §3.2, we have a
weak Segre—Verlinde correspondence as the following corollary. The same argument as in the
following proof also gives us a weak symmetry in the form of Corollary 1.14.

COROLLARY 3.7. In the setting of Theorem 3.5, we have the following correspondence
Apvela) = Bu,u,ﬁ((_l)NQ)
whenever one of p, v, £ is (1) and the other two are (0). In particular, the degree 0 part satisfies

[ee) 2
Ss0(E, a;q) — VsolE,a; (—1)Nq) = Z ()\I)L\f;)n_g : (/s CI(S)> q"

n=2
for some terms f, € H-?-"_Q(pt) dependent on « through its rank and Chern classes.

Proof. By the last paragraph of §3.2, the universal series in Theorem 3.5, when passed to a
toric projective surface, must give the Segre—Verlinde correspondence of [Boj21la, Theorem 1.7]
in degree 0. Since the degree 0 terms occur only when one of u, v, £ is (1) and the other two are
(0), we have

Ape(q) = Bupe((=1)Vq)

in those cases.
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Note that when we take exp of (17), the total degree 0 part might come from the product
of a negative-degree term and a positive-degree term, but since each term in the integrand is
accompanied by a copy c1(S), we know this difference must be a multiple of ¢;(S5)2. We also see
that the [¢"] coefficients are sums of products of at most n such integrals, giving a denominator
of A\TAS, so we are done.

For illustration, we shall extract this difference, and express it explicitly. This is just a stan-
dard computation. For a partition = (u1, po, . .., ur) of size n with length L, and a sequence
of positive integers k = (ki, ka, . . ., k1), write x|u if each k;|u;. We also associate a set of tuples
of partitions to s by

,u(i), v, f(i) are partitions for each i, s.t.
M= 4 (O W EEL) | Sy k(] 4+ 199] +169] = 1) =0 and
w; =v; =& =0 for some i.

For each n > 0, we would like to find the degree 0 part of the [¢"] coefficient of exp of (17). By
expanding the exponential using definition, we observe that these terms come from products of
integrals labeled by ), v, @) in M, for some tuples x|m for some partition 7 of size n. A more
precise description is given by the following equation. Suppose log(A,, ,.¢(q)) = >0 a,¢:q" and
10g(Bpue(q) = > 001 buwe,ig’- Then we have

[4"](Ss0(E; @; q) —Vso(E a; (=1)"q)

ki
Z Z H H k;! (a“(i)ﬂ/(i)yg(i)yﬂ'i/ki / C,m)(a)C,,m(S)c§<i>(E)cl(S))
S

Ir|=n &l (g,0,8)eM, =1
L(m)>1

() 1 ks
— (=1)Nn Z Z H ka < “Hy()f()m/k/s M(>(a)Cy<>(S)C§<>(E)Cl(S)>

Jrl=n w7 e
pu ki | M| Nn g ki | M|
- Z Z H H am“,u(“,g@),m/ki H b PORORIOR) S
el(tl):>n1 wlm (g gem, =1

£(m) "

C1 S N
T2 o @eno()eeo (£)
i=1 "r M 2

In the summation we have ¢(7) > 1 because M, is empty for any |7 if 7= (n), by definition.

Therefore 2 < Zf(:ﬂl) ki <n. By multiplying the denominator and numerator of the right-hand
side by some appropriate power of AjAs, we can express it as a rational function in A1, Ag, with
denominator AT\ and numerator a multiple of ¢1(S)2. Setting this multiple as f,, € C[\1, Ag]
gives the desired expression. O

Ezample 3.8. The universal series for Mg are known explicitly in the compact case [Boj2la,
Theorem 1.2]. For a smooth projective surface S and « of rank 7, we apply [AJL'21, Theorem

17, (16), (17)] for f(x) =1 — ze”, g(x) = === and get
1— oy 1— c1(S)? 1— c1(S)-ci(a)
s [(2) (250 [
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via the substitution
=g
G
As mentioned in the introduction, when N =1, we shall set y; =1, and omit the subscript & for

H, ¢ The formula above allows us to compute H(y) )(g, 2) and H ) (1)(q, z). For a smooth
projective surface S and « of rank 0, we have

1—qg— c(S)-ei(a)
Ns(Os, ., q,2) = <(1_q)q(1_zz)> :

The exponent is interpreted as an intersection product, which in the toric case corresponds to
the equivariant push-forward

/ c1(a)er (S).
S
Therefore, for rank 0, we have the following series from expansion (17)
1l—q—=
H =log —-—+——, H =0.
(1),(0)(q, 2) =1log A—i-2) 0),(1)(g,2) =0

We take the Chern limit of Lemma 3.3 by substituting ¢ ~ —qe, z ~» (1 +¢)~! and get
Cay,0(@)=1+q.

Replacing a by —a in the Chern series to get the Segre series for a, we see

_ 1
Ay, 0)(9) = Cryoy(@) " = Thq
On the other hand, the Verlinde limit yields
1
Bay,o)(@)=1— .

The Segre—Verlinde correspondence of Corollary 3.7 is indeed satisfied.

Ezample 3.9. Let S=C? n=N=2, E=0g{y1) ® Os(y2) and L= Og(v). The T;-fixed locus
of Quotg(FE, n) is the disjoint union of

Hilb%(S) x Hilb?(S), Hilb!(S) x Hilb'(S), Hilb?(S) x Hilb’(S).

Denote by Z,, the point in Hilbi(S )To corresponding to a partition ju, then the T-fixed points of
Quotg(C?,2) are

(Zs, Z(2)), (Zg» Zany),  (Zay, Zy),  (Zi2y, Zg),  (Zaay, Zg)-
Therefore, by (7), the virtual tangent bundles at these five points are, respectively,
(5 4+t — s +y; ) 1+ 1771,
(5 -+t —tits +y; y2)(1+570),
(t1 +ta — tita) (L +yy 'y2) L+ 195 1),
(] +ta — tit2 +ayy (1 +111),
(5 +t1 — tat3 +yayy (1 +157").
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The equivariant Chern roots of ol at these points are, respectively,
{ma +w, mas — N\ + w},
{ma +w, mg — Ao + w},
{m1 4+ w, mg + w},
{m1+w,m; — A1 + w},
{mi1+w,m; — Ay +w}.
The contribution to the Segre numbers at each of these fixed points are
(2A1 + A1) (A1 + A2)
2(my —ma + A1) (m1 —ma)(ma — A1 + w1 + 1) (ma + w1 + 1)( A2 — A1)A3N

()\1 + 2)\2)()\1 + )\2)
2(m1 — Mmoo + )\2)(m1 — m2)(m2 — Xy +wi + 1)(m2 + w; + 1)()\1 — )\2)/\1)\%,

()\1 + Ao +mq — mg)(/\l + Xy —my + mg)()\l + )\2)2
(m1 — mo + )\1)(7711 — Mo — /\1)(m1 —mo + /\2)(m1 —mo — Ag)(ml + wl+ 1)(m2 + wl+ 1))\%)\%7

(2)\1 + )\1)()\1 + )\2)
2(my —ma — A1) (m1 —ma)(m1 — Ap + w1 + 1) (my +wi +1)(Aa — A)A2A

()\1 + 2)\2)()\1 + )\2)
2(my —ma — A2)(m1 — ma)(m1 — g + w1 + 1) (my +wy +1)(A1 — A) A A3

Summing them up, we have

+3>\1)\§+Ag+m1)\1w+m2)\1w72/\%w+m1)\2w+m2>\2w76)\1 >\2w72)\%w
FArwZFrowZFmiAr+mars —222 F+mgAe+mada—6A1 A2 =222 4201 w2 A wH A1+ A2

2(m1 — A1 +w+ 1) (m1 — Az +w+1)(m1 +w+ 1) (m2 — A1 +w+ 1) (m2 — A2 +w + 1) (ma +w + 1)AZAZ”

<m1m2)\1 —m1A? —maA? + A3 + mimads — 3miAide — 3madide + 3X2 Xy —miA3 — mz,\g)
(A1 4+ A2)

[4*]5%(as q) =

A similar computation yields another complicated expression for the Verlinde number. We are

interested in the total degree 0 part of their difference in the variables A, m, «. This computes to

(3m1m2 — M A+ 3miw + 3mow + 3w2) (M + )\2)2
3AIN3

[4*](Ss.0(F, L; q) — Vso(E, L; q)) = —

- (309 -2 - B - ) (fLas)

Note that even though the expressions for the Segre and Verlinde numbers are complicated, their
difference in degree 0 simplifies tremendously and satisfies Corollary 3.7.

3.4 Reduced virtual classes and invariants

As mentioned previously, the obstruction for Quotg(E,n) at Z contains at least one copy of
K. For K-trivial surfaces, this causes the Euler class of T Vir to vanish. Therefore, the virtual
Verlinde and Segre numbers both vanish. One can instead study the ‘reduced’ versions of these
invariants. By [Lim20, Proposition 9], when S is a K-trivial surface, n >0, and E a torsion-free
sheaf, there is a reduced obstruction theory that is perfect in the sense of Definition 3.1. The
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reduced (virtual) tangent bundle in this case is given by adding a trivial summand to the usual
virtual tangent bundle:

Tred _ Tvir + OQuotS(E,n)-

In this section, we study the equivariant analogue where S = C? with the natural action of
the 1-dimensional torus

TO = (C* == {(tl, tg) : tltg = 1}
We write
Hr,(pt) = ClA1, Aa]/ (M1 + Ag) = C[A],

K, (pt) = Z[t7 15 1]/ (2 — 1) = Z[t*).

Using the argument of [CK17, Lemma 3.1], we see that the T = (To x T x Tg)-fixed locus of
Quotg(F, n) stays unchanged, and the Zariski tangent space at each of the fixed points has no
fixed parts, by (9). The equivariant reduced Segre and Verlinde series Sred and Vred are defined
in the same way as the virtual ones by replacing TV with 774, Here we omit the subscript since
we are only interested in the S = C? case.

red C(a[n]‘z)
S E @; (] ZC] Z 6(T§ed) ’

n>0 ZeQuotg(E,n)T

ch(det(al
Vred E o q Zq Z ( ( ’Z))

red\VY "
n>0  ZeQuotg(E,n)T Ch(Ail(TZ ) )

Note that we do not include the n =0 term because condition 2 of [Lim20, Proposition 9] is only
satisfied when n > 0.

The same strategy as used in the previous section can be applied to study these invariants.
For E =Y ,0s(y;) and V =a&"_, Os(v;), we define

— ¢—c(@+r(0)
Z MHHJ IHz 1(1 t vyz).

Nred E V ,
(B, Vg2 T

p#(0) Oen
Again note that the [¢°] coefficient is 0. We can think of the reduced obstruction as remov-

ing a copy of K¢ from the usual obstruction in Z[tfl, téﬂ], then passing to the quotient ring

Z[tE 151/ (tita — 1). This gives us the following corollary.
COROLLARY 3.10. For n > 0, the [¢"] coefficient of N'** can be obtained from the non-reduced
version by taking the following limit:
Ns(E,V;q, )
1—e a9 |\ x=a
o Ns(E Vig )
“Xo—oA=A A+

[q"IN™YE,V;q, 2) =[q"]

=[q"]

Using Remark 1.6, we may expand the universal series expression from Theorem 3.5 and

obtain
=1
Ss(B,05q)=) 5+ )" | D log Auve(a) / u(@)en(S)ee(E)
i=1 JIR783
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Using the above corollary to extract the reduced coefficients, we see the terms with ¢>1 all
vanish and

SN E,a;q)=> log Auuelq / (), (S)ee(B).
8RS
The Chern and Verlinde cases are similar, and thus we have the following result.

THEOREM 3.11. When S = C?, the equivariant reduced Segre, Verlinde and Chern series for
E=0Y,0s(y;) and a € K1(9) are

SU(E 0 0) = 3108 (Anela)) - [ culeen(S)ee(E)

NS

VB, i) = 3108 (Bu0) - [ cu(@)en(S)ce().
TN 29

C*YE, a;q) Zlog une(@)) - / p(@)ey(S)ee(E)
NS

where A, ¢, By, ¢ and C, ¢ are the same series as in Theorem 3.5.

The integrals in the above theorem labeled by u, v, £ have degree |u| 4+ |v| + |£| — 2, which is
one degree lower than the integrals in the non-reduced expressions. Therefore, we have a Segre—
Verlinde correspondence in degree —1 for the reduced setting. However, the results for degree
—1 have no compact analogues since they automatically vanish in the compact setting. In §4.2,
we compute some of the universal series explicitly, giving us some Segre—Verlinde relations in
non-negative degrees for the reduced case.

4. Explicit computations of universal series

4.1 Virtual Segre number in rank r = —1
In this section, we first consider the non-virtual equivariant Chern series I¢(a; ¢) at rank r =
rank(a) = 2 for Hilbert schemes of S = C?, given by (1). We will assume that a = [V] is the class
of a rank 2 vector bundle V. After the proof of Lemma 4.1, a closed expression for I€(a; q) will
be used to compute the equivariant virtual Segre series Sg(Og, ; q) at rank r =rank(f) = —1.
This latter series is equivalent to the virtual Chern series Cs(QOg,v; q) at rank r =rank(y) =1,
where we can take v = [L] to be the class of some line bundle L.

Consider the Chern series I¢(V;q) for r=rank(V)=2, which has universal series
structure

rvig= [ Guulgfs+V®, (18)
v partitions

for some series G, as a result of [GM22, (2.6)] and Proposition 2.7. On the other hand,
expanding (1) using (4) gives us

_Non (V| )
= Z q Z @)
=0 ze(mibr(s))”

If Z corresponds to a partition y, the numerator ¢(VI"|z) in HZ(pt) lies in degrees 0 to 2|u| = 2n,
while the denominator e(T7) has degree exactly 2|u| = 2n. Hence, the total expression I¢(V; q)
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ranges over the degrees —2n to 0. From this observation, we conclude that the series G,
must vanish for |u| + [v| — 2> 0. Otherwise, expanding (18) using Remark 1.6 would give us a
positive-degree term in I€(V; q).

For a smooth projective surface ', let IS, (V; q) = Yoo d" inlb”(S/) s(V["]) denote the ordi-
nary (non-equivariant, non-virtual) Chern series for Hilbert schemes. By [MOP21, Remark 6], if
rank(V') =2, then

I&(Vig) = (14)=").

By the argument of § 3.2, the universal series for I g, coincides with the degree 0 universal series
for I¢, which are G, for ||+ [v| —2=0. Therefore G(g) o) = (1+q) and G(g)2)=G(1),1) =
G1,1),0) = G(0),1,1) = 0. We have seen before that G, vanishes for degrees |u|+ [v]—2>0.
Thus in order to compute I¢ for S = C2, it remains to find the universal series G, with |p| +
V[ =2<0, Le. Gy 0): Gy, Gro).(0)-

As previously mentioned, Gottsche and Mellit used an invariant similar to the Nekrasov
genus Ng(Og,V;q, z), denoted by Is v (g, z) in [GM22, (1.1)], for S’ a smooth projective toric
surface. To match the notation we use, we shall write this as

o
1Y(Vig,2)= Y (=a)"x (Hilb"(8), (A V") @ det(0F) 7).
n=0
The equivariant analogue on S =C? is given by Q(q; ze®", ..., ze"r; eM, e*?) in [GM22, §3.2],
which we denote by IN(V; q,z) = IN(vl, ..., Ur; q, z) where v; = e"i. As in Lemma 3.3, the Chern
series I is recovered from IV by taking the Chern limit as in the first equation of [GM22,
Proposition 3.5]; that is,

I(V;q) =lim IV (750 em0 e (1 o), (14 ) Dy

Since we are interested in the universal series for I¢ in negative degrees, let us compute N in
negative degrees.
The invariant IV admits a universal series structure by [GM22, §3.4] given as follows:

log IN(vl, Uiy 2) = Z Hji(q; ze™, ..., ze“”))\{)\g.
Here, H; .(q; 21, - - - , 2r) are series labeled by integers j, k, symmetric in 21, . . ., z,. The expansion
[GM22, (3.12)—(3.13)] states that
Hoy a(g 2e™, .., 26%) = Colq, 2) + Ca(g, 2)er (V) + Calgs 2)es(V) + Craer (V)2 + ..,
H_10(g;2ze", ..., 2e"")=Do(q,z) + Di(¢q,2)ci (V) + ...,
where the omitted terms have positive degrees in Hy(pt). The series C, C1,1, D1 can be computed

explicitly using [GM22, (3.16)], which expresses them in terms of another collection of series
Go, G1, G3 given by [GM22, Theorem 1.1]. We have

1 1—qz?

Cy=log(l—gqz), Di1=Ci1==1lo .

p=log(l—qz), Di1=Ciy S loe T
We are now in a situation to apply Lemma 4.1. We take the series H(zi,...,z2,)
in the lemma to be H_1_1(¢;21,...,%) and the variables z1,...,2, to be wi,..., w,.
The above formula for H_;_; shows that H(q;ze"™,...,ze") satisfies the expansion

2 i partition Hpu(2) [T e (wr, . wy) for Higy=Co, Hiyy=C1, Hpyy=Cy, Hgy=Ci1 and
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H,, =0 for any other index p. Lemma 4.1 states that
D.Co(q,z) =2C1(q;2) D.Ci(q,2) =Ca(q, 2) +4C1,1(q; 2).
Similarly, applying this to H_; o yields D,Dy = 2D;. Therefore
Co(a, z) = Colg, 0) — Lis(¢z®) + 2Lis(q2), Ci(q, 2) = —Lia(q2?) + Liz(g2),
Dolg, 2) = Dolg, 0) ~ 3Lis(g2?) + Lin(a2).

Here Lig(z)=Lis(2) =3 52, 2%/k* denote the polylogarithm functions. The terms Cp(g,0)
(respectively Dy(g,0)) are obtained by extracting the coefficients of \] '\, * (respectively A or
A5 1) of log IV via the expression [GM22, (2.5)]. We get

Co(g,0)=~Lis(a).  Dola,0) = 5Lin(a).
Finally, by the Chern limit (19) for rank r =2, we see
log G(g),(0)(q) =lim e+ (=€) - C1(=q(1 +¢)*, (1 +2) ") =log(1 +¢).
Similar limits for Gy o) (respectively G g) 1)) using C1 (respectively Do) yield log Gy, 0) =

log(1+¢) and log G g1y =0. Exponentiating, we get G 1) =1 and Gg) 0)(q) = G1),0) =
1+ q. Hence

16(V;9) =(1+@)fs 2 (1 + ) 2V (14 g) s V)
—(1+4 g)fs V) (19)

for any T-equivariant bundle V' of rank 2.

LEMMA 4.1. Suppose r >0 and let H(z1, ..., 2,) be a power series in z1, . . . z, whose coefficients
are series in some other variables q1, qo, . ... If H is symmetric in z1, . .., z, with an expansion
(p)
H(zexl,...,zexr): Z H#(Z>He/,¢7,<x17"'7m'r’)v
p partition i=1

then for any k >0, we have
r
Dhg) =k Y (1)
T\
wilpl=k

where (;) denotes Hf(:“l) (:), and D, =z
Proof. We begin by claiming that the statement is closed under polynomial expressions; that
is, if the equality holds for both F(z1,...,z2,) and G(z1,...,2.), then it holds for F'-G and

aF + G for any a € Q[q1, g2, . . .]. The additive part is straightforward, and we shall prove the
multiplicative part of this claim. Expand

F(ze™, ... ze") = Z Fu(z)eu(xq, ..., zp),

p partition

G(ze™, ..., ze") = Z Gu(2)eu(x1, ..., xr),

1 partition
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then H = F' - G can be expanded as
H(26931"”,Zef0r): Z HN(Z)eﬂ(xlv"'axr): Z FI/(Z)GE(Z)GM('Ila-'-axT)7

1 partition v+E€=up

where by v+ ¢ we mean combining them as sequences to get a partition of size |v|+ |£| with
length £(v) + £(§). Suppose the statement holds for both F' and G, then we have

DEH g)(2) = D¥ (Fo)(2)G(0)(2))

E .
= <.>D;F(O)D§_1G(O)
1

1

(’:) il(k — i) V|:i%::ki (Z) F, (2) Ge

MY <T>HM.

2

I
..
I Mw
I

lul=k K

Since H(z1, ..., z) is symmetric, by the above observation, it suffices to prove the statement
when H is the power-sum symmetric polynomial py(z1,...,2,) =27+ ...+ 2. For each n >0,
we expand

r i
, n
H(ze™, ..., ze" ) =pp(ze®, ... ze") = Z 2"t = 2" <7‘ + Z Wpi(ml, e ,mr)> .
j=1 1>0
This means Hg)(2) =rz" and
k k
D7 Hg)(z) =rn"2"
Fixing r > 1, we write
Prn(X1,. .., @) = Z Cueu(xy,. .., zp)
|ul=n
for some constant terms C,. Evaluating at 1 =... =z, =1, we get
r
_— (M> 0,
|u|=n
Hence
r r
k! Z <#> H,(z)=2"n" Z (M) C,=rnf" = DgH(O)(z).
lul=k lul=k

A quick calculation for the k=0 and r =0 cases finishes the proof. O

Now we proceed with the virtual case. Recall that, on Hilbert schemes, the obstruction theory
at a fixed point [Z,] is given by (Kk[gn])vuw Sl0)

I (K] 2) _ (_1)|M|e((Kgn}) z,)
e(T%Lr) e(Tz,) e(Tz,)
Let L =0g(vi) be an equivariant line bundle, and V =L & Og(v2). Apply (19) to V and we

have
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IC(V;q) = (14 q)ls V) = (1 4 g)ls(MHwrtwatuwiws)
Set wy = c1(Kg) — 1 and replace ¢ by —¢g. Then this becomes
(V5 =) e (1) -1 = (1 — g)s PV (F55),
On the other hand, we have by definition
IV =@ ws=e (K5)-1

o pyll el 77 A — e(@)A = r(0)A2) (e (Ks) — c(E)Ar — r(0)A2)
=20 L a0 o) + D - e

Oep

(L) 7 )e((K 5N\ 2,)
= Z(—l)'“'q‘“‘ e(T|Z“)S

m

= Z q|u‘| C(L[n] ZM)
N e(Tvu“ZM)

Therefore we conclude

=Cs5(0s, L; q).

1 fs c(L)ei(S)
Cs(Os, L w) = (1 — g)fs cDeals) <1> .
—q

In particular, restricting to the lowest degree part in the variables A1, Ao, w;, we obtain the
following Corollary.

COROLLARY 4.2. For S = C2, the following equality holds:

° 1 (A1+2X2)
qn / 1:= — = e M2 q‘
nzl [Hilb™ ()] z e(Ty")

ZeHilb™(S)T

4.2 Segre—Verlinde correspondence in non-zero degrees

Recall that we use the notation H,, , ¢ for the series from (17) describing the virtual Nekrasov
genus for Quot schemes on S = C2. Note that Ny satisfies

Nsr, -« ynivr, .00 ¢,2) = Ng(yr, - yng ze™, oo 275 g,1)
=Ng(ze™, ..., ze™ 01, ...,0:5q, 1).
Applying Lemma 4.1 to H, , ¢ in the variables wy, ..., w, gives us, for r >0,

_ T
D¥H gy (g, 2) = rDF Hyy (g, 2) =K1 Y ( )Hﬂ,%(q, ),

lul=k
and applying in the variables mq, ..., my yields
- N
DEH}L,V,(O) (Qv Z) = ND]; lH,u,l/,(l) (Qa Z) = k! Z ( )H.Uﬁljvg((:b Z)- (20)
€=k
When the rank r is negative, we consider a = —[V] where V =&, Og(v;). Write

10gN5(E, _[V]§ q, Z) = Z Hu,u,{(qa Z) ' /S’ Cu(V)CV(S)CE(E)Cl(S)'

w,v,€ partitions
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Then the same argument as used in Lemma 4.1 applies, and, for all r #£ 0,

DEHoy (0. = D8 a2 =1 Y (M) Hvelan ) (21)
u=h N

Observe that when r >0, the Chern limit of H, , ¢ returns the universal series for the Chern
invariants log C), , ¢, and the Verlinde limit returns log B, , ¢. On the other hand, when r <0,
the Chern series retrieves the rank —r Segre invariants log A, , ¢, but the Verlinde limit does
not give the Verlinde series. This is because H,, , ¢ is associated to c,(V'), whereas log B, ¢ is
associated to ¢, (a) = ¢, (—[V]). This results in a change of basis for the symmetric series in the
Chern roots of V', and Lemma 4.1 no longer applies for these negative ranks.

Our goal in this section is to apply Chern and Verlinde limits to (20) and (21) for k>0,
then obtain relations for the Chern and Verlinde series for various p, v, and £&. We may obtain
explicit expressions for when |u| + |v| 4 |£] =1 from the compact setting. For a smooth projective
surface S’, a torsion-free sheaf E’ of rank N, and a K-theory class « of rank r, the universal
series structure for Mg can be obtained from [Boj21a, (5.1), Theorem 5.1] by setting

F)=1-z¢, glt)=—"

This gives us

N ci(S)ei(a) , N Tei(S)ei(E)
Ns(B, 054,2) = (H F<Hi>> (H F<Hz~)> G(R) ",
=1

i=1
where
f
R=frgN, F=——.
£(0)
The series H;(q) are Newton—Puiseux solutions to
H{Y = qR(H;),
and G(R) is given explicitly by [Boj21a (4.24)]. Therefore
Hy,0),0 (@ |210gF
N
Hp),(1),(0)(¢, 2) =log G(R),  H(0),(0),1)(4; Z log F(H. (22)
=1
The sign ﬁ in the first line appears as a result of ¢;(=V) = —c; (V).

4.2.1 The Chern limit. We begin with the case v =
gives a term-by-term expression for (22), by setting f(t)

nN
nN— 1 ot o tynr—1 t
H(l)( 0),(0) q, |T“ Z t { ze (1 28) (1—6_t> } (23)

By (20) and (21), we have, for kl, kg 0 and k:=ky + ko >0,

w2 3 () (o

|n|=k1 |€|=Fk2
=|r[ DX~ H 1y (0),(0)

€=(0). Apply [B0j21a (4.17)], which
=1—ze! and g(t) = We have

T—et e*f
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o0

1 nianN— — tynr— ¢ "
:TZEQ [t N 1] {DI; 1(—zet(1—26) 1) (1—€t) }

n=1

nN
=r Z tnN 1 {(_1)k(1 - Zet)nr_kpn,k(zet) (1 _te_t> } (24)

where p, . is a polynomlal of degree k. We may show inductively that p, (1) = (nr —1)4_1).
With this expansion, we would like to apply the Chern limit of Lemma 3.3. In the expansion
of universal series (17), the series H,, (g) oy are multiplied by a term in X, w, m of homogeneous
degree |u| — 1=k — 1. When taking the Chern limit, we need to make substitutions

Xns —EX, W~ —EW, 1~ —Emm.
Therefore, we need to multiply by a factor of (—&)*~! when taking the limit of H,, (0),0)

Furthermore, we substitute ¢~ (—1)Nge¥ ="(1 4 ¢)" and 2~ (1 +¢)~!, and the right-hand side
of the above expansion becomes

_ —r)+k— nr— ¢ ! "
TZ tnN 1 {(_l)nN 1€n(N )tk 1(1—|—€—€t) k(1+5)kpn,k <1+€> <1_e—t> }

tanl

coefficient of the function inside the curly bracket, we may
fficient of the function inside th ly bracket
)*N=1 " which gives us

_ N
r Z tnN 1 €k7nr(1 4e— efst)m"fk(l +€)kp k e . —&t !
"\ 1+e 1—et '

Since we are extracting the [
replace t ~» —et and divide the function by (—¢

Taking € — 0, the term p, x (exﬁ)(;;t)) converges to pp (1) = (nr —1)(;—1). Thus the limit
gives us
o) 1 00 TLT— 1 (k b [ nr k
N1 k -
Py N = Dy (1 = S (mv_l)qn'

n=1 n=1
We further apply the following identity:
nr—k

(nr —1) (1) <n N 1) — (n(r—N))_1) (:]Q__ 11> '

The Chern limit of the left-hand side of (24) will be the Chern series of rank r for » > 0 and the
Segre series of rank —r for r < 0. Therefore, for all r» > 0,

s 3 5 ()2t § 0 )

1| =F1 [€]=k-

Z—TZ "t (=l + N)) ey (L)

(25)

kilk! Y > < ><§)log0 i:: = <n]:7_—11> B

|ul=F1 |€|=F2
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4.2.2 The Verlinde limit. We apply a similar argument for the Verlinde limit using (22).
To simplify the computation, we consider a different change of variable. Let

f[i =1- G_Hi .
Then the H; are the Newton—Puiseux solutions to

(1—Hy)
Also,
F(H) l—zeH_ 1—IjIZ—z
’ -2z  (1-H)(1-2)
SO
N ~
1—HZ'—Z
H q, log F(H log ———————.
(1),(0),(0 |Z g ||; g(l—Hi)(l—Z)

Apply the Lagrange inversion theorem of [Boj23, Corollary 5] with ¢(t) =log((1—t—z)/
(1—-t)(1—2))and R=(1—t—2)"/(1—1)", we have

Ralkal 3 > (M>< ) 1.(0).€

lul=F1 [€]=k:

=[r|D¥ H 1) 0),0)

R N (e (R
= Z tnN 1 {D];_l (—z(l it z)nr—l) (1 _ t)—nr—l}

_rz N (DR = = ) g () (- T

Here ¢, 1(2) is a polynomlal of degree k in z whose coefficients involve the variable ¢, and its
leading coefficient is (nr)*~!. To take the Verlinde limit for r > 0, we substitute

g~ (=1)"ge", z~e !

then take ¢ — 0 and get

Bkt S0Y ()( >logB :riiq N )]
n=1

| =k [§|=k-
Observe that the Verlinde series for aw € Kt1(S) only depends on ¢i(a) by definition, so the
universal series are non-trivial only when = (1), := (1, ..., 1) has k copies of 1. We can therefore

simplify the left-hand side of the above equation and get

key Voo lrkr Z (‘]g) log B1y,., (0).¢ —”Z n[gnN=1] {(W)H(l_t)fwfl}

|§|=F:
k nN 1,k—2 —nr—1Y ,
= ) 26
r g (nN_l)q (26)
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By [GM22, Lemma 3.3|, the universal series are polynomials in 7 for r > 0. Therefore, the
above results hold for the rank r = 0 case as well.

4.2.3 The degree —1 case. When k=0, the argument from above still applies, where
D;!(—) denotes the anti-derivative of %(—) with respect to z. However, this would result in
an undetermined constant term from the integration, so we deal with this case separately. We
compute A (0),0): B(0),0),0)s C(0),(0),(0) using expressions for H gy (0),0), which we shall denote
as A, B, C and H, respectively. Since these series are associated to the part of their respective
invariants independent of the weights of «, we have

N,r N,—r
A0).0.0) = €0).0).0
and by the second part of [GM22, Lemma 3.3, A, B, C, H are polynomials with respect to r for
all r € Z.

By Lemma 4.1, D, H = |r|H (1) (0),(0)- Taking D! of (23) with respect to z, we get

H(g, Z [N {(1zet)m“ (1_tet>nN}

=: Ho(q) + Hi(q, 2)

for some Hy(q) independent of the variable z.
We apply the result of §4.2.1 with k=0. We see that Hi(q) admits the following Chern

limit:
£
n2\nn-1)1"

Write Ho(q) = 1 hng™. Then its Chern limit is
o0

lim hn(_l)nN—lgn(N—r)_l (1+2)™gn.
e—0 —r

When N — r <0, we must have h,, = 0 for all n, since otherwise we would have negative powers on
e and the limit does not make sense. As each h,, is polynomial in r, we conclude that Hy(q) =0.
Hence, for all r € Z,

=1 —nr n
10gz4(q):zng<nN_1>q ,
log C(q Zn2< >q”.

When 0 <r < N — 1, the formula for C(q) is consistent with Conjectures 1.20 and 1.21.
Similarly by §4.2.2, the Verlinde limit of Hq) (0),(0) is

1 —nr—1
1 B — - nN 1 n
el =3 L0 (N )
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Combining the results of the above sections, we have the following theorem.

THEOREM 4.3. For rank r >0 and integers ki, ko > 0 with k:= ky + ko, the universal series of
Theorem 3.5 satisfy

= (=n(r+N))g-1) [(—nr —1\ ,
kp!ks! Z Z ()( >logA“(0)£ T‘Z (nN—l)q’

p|=F [€]=k: n=1

N > —nr—1 n
k‘llk‘gl’rkl Z <£> 10g B(l)kl,(O)ﬁ T‘ank 2<nN— 1> ((—1)Nq) .

|§|:]<;2 n=1

Furthermore, we have

s 3 () w5 2 (e

lul=k1 |€]=k:
which can be compared to the identities above by replacing r with —r.

When k =2, we have the following Segre—Verlinde correspondences in degree 1.

COROLLARY 4.4. For rank r >0, the universal series of Theorem 3.5 satisfy the following

correspondences
—(r=1)

—r r+N
A1,1),00),00)(@) " A),0),00 (@) 2

= Ba, o0 (D)%),
)T+N

Aw.0.0(@ " =By, o.m (D))" ,and

—r(N=1)

A),0),1,1)(@) ™ Ay 0),2) (@) 2

N(r+N (N—-1)(r+N)
=By, (DY) " By o ((DVe)

Remark 4.5. As mentioned in the introduction, combining Theorem 4.3 with Theorem 3.11
yields the corresponding relations for reduced invariants. In particular, Corollary 4.4 implies a
correspondence in degree 0 for reduced invariants, which could provide insight into the reduced
invariants for K3-surfaces in the compact setting.

4.3 Universal series via Lagrange inversion

Let 7> 0. Consider (25) and (26) from the previous section. The right-hand sides of these
identities are linear combinations of series of the form

— 1
Z Eqn[tanl] {nkfl(l + t)fnrgpl}
n=1
for p(t) =log(1l+t) and k> 0. The goal of this section is to express these series without the
process of extracting coefficients.
By Lagrange inversion theorem [Boj23, Corollary 2|, we have

LN b )
n=1
_qucfl i - n[tanl} {(1 _i_t)*m”gp’}
n;l N
=DE1 Y ((H) — (0) = DE Y o(Hy)
i=1 i=1

44

https://doi.org/10.1112/mod.2025.10007 Published online by Cambridge University Press


https://doi.org/10.1112/mod.2025.10007

EQUIVARIANT SEGRE AND VERLINDE INVARIANTS FOR QUOT SCHEMES

where D, = qd% and H; are the Newton—Puiseux solutions to

HY =q(1+H;)™". (27)
Note that
d dH;
Dyp(Hi) = qd—qgo(HZ-) =q¢'(H;) - dq =¢'(H;) - DgH.

Here H;(qV ) is a Puiseux series, and by dH;/dq we mean (dq/dH;)~!. Differentiating both sides
of (27) with respect to H; yields

dH,; dH,;
NHN 12— (1 4+ H) " —rq(1+ H;) 71—
i dg (1+ H;) rq(1+ H;) dq
dH, dH,;
NgH ' =1—rq(1+ H;) ' ==
aHi g rq(1+ H;) a7
1
D, H; =

NH;? +r(1 + H;)1
Let ¥(t) = Nt~ +7(1+¢)~L, then D,H; = ( - Define Dy = l 4 We conclude that
qp(H;) = (Dyp) (Hi)

for arbitrary power series p(t). Therefore

o0 N
1 N[N IN — — nr
> g {nk L1 4+4)" <p’} S (DE ) (Hy).
n=1 =1
Theorem 4.6 follows directly by applying this to (25) and (26).

THEOREM 4.6. Let o(t)=log(1+1t) and (t)=Nt~'+r(1+t)"!. Define the differential
operator

d

< | =

Furthermore, use the HOtatiOﬂ
k k — —
LES’)_( (7’ l‘)Ew)(kflﬁ £1(}) rk 1[51 '

for k>0, where D;l(—) denotes integrating 1 - (—) assuming a constant term 0. In the setting
of Theorem 4.3, we have the following relations

45 B0 Sl
B (?) log B(1),, (0).¢ (=1 i:v:(D(k )

|€|=F2
where the H; are the Newton—Puiseux solutions to HY¥ = q(1 + H;)™"

Ezample 4.7. We shall compute log B(1 11),(0),(0) using the above theorem. Set k; =3, ko = 0. We
have

D2 Nt(1+1)
(N+r)t+N)*
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Hence

log B(1,1,1),0),0) (w1 q) = = Y _ (D7) (H;)

-N& H (14 H)
G ;((N+T)Hi+zv)3'

Ezample 4.8. Similarly, we may compute Z\u\:3 (;) log A, (0),(0):

.
> (u) log A,,,(0),(0)

=3
:% (((r+ N)2D% + (r + N)Dr) @) (H;)

n=1
_ —r(r+N) x— Hi (N +7)?H? +3N(N +7r)H; + N(2N + 7))

6 Z; (N +r)H; + N)?

Again, the H; are the Newton—Puiseux solutions to H¥ = q(1 + H;)™".

N

4.4 Strong Segre symmetry and weak Verlinde symmetry

Let » > 0. According to Theorem 4.3, the following identity holds for the Segre series:

13 (1) 10w 455 (170 =1 3 () o A7 (-1

=k €=k
:(_1)”N—1%(—n(r +N))(e-1) (;%:f)
—(—1)nN-1l (crr— 1) (cn(r+ N) —k+2)
n (nN —1)!
-0 4 )+ k- 2y ()

The right-hand side does not change if we swap r and N; that is

r r,N N o r N,r r
Z (’u) IOgAM7(0)7(o)((_1) q) = Z <N) IOgA(o),(O),M((_l) q).

|ul=k |u|=Fk

This is consistent with the strong Segre symmetry of Conjecture 1.15. We have checked that this

conjecture holds when
n=1,for N <5,r <3,
n=2,for N <3,r <3,
n=3,for N <3,r <2,
n=4,5"for N<2,r=1.

As for the Verlinde series, the weak Segre symmetry of Corollary 1.14 together with the
weak Segre—Verlinde correspondence of Corollary 1.9 would imply a weak Verlinde symmetry.
However, calculations using a computer program show the ‘strong’ Verlinde symmetry does not
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hold for S = C?. This can also be observed from the fact that the equivariant Verlinde series only
depends on V' through ¢; (V') but depends on E through c¢i(E), ca(E), ..., cn(E), thus breaking
the symmetry.

5. Segre and Verlinde invariants on C*

Consider X = C* with a (C*)*-action by scaling coordinates
(tla tQ? t37 t4) : (:1;17 x2,T3, $4) == (tlﬂfl, t2x37 t3x37 t4$4)'

Let To = {(t1,t2, 3, t4) : t1tatsty = 1} C (C)* be the subtorus which preserves the usual volume
form on X, making X a smooth quasi-projective toric Calabi—Yau 4-fold. As in the surface case,
we include two additional tori

Tl — (C*)N, -|—2 — ((C*)T+S,

where T; acts naturally on CV, and Ty acts naturally on C" x C*. Set T=Tg x Ty x T, and
consider E =@ Ox (y;), a = [®]_, Ox (v5)] — [®]27, 1 Ox (vi)]. Write

Kr(pt) =2z 65 57 eyt oy ot L) (titatsta — 1),

H—T—(pt) = C[)\l, Ao, A3, Ag;ma, ..., MN; W, ..., errs]/()\l + Ao+ Az + )\4)

By [HTO08, Theorem 4.1] the truncated Atiyah class of the universal subsheaf Z defines an
obstruction theory
R‘%mp(zv I)E]/[_l] - L(.Quotx(E,n)7

where RJ%om, = Rqg, o R7#m, and (-)¢ denotes the trace-free part. Note that the obstruction
theory is T-equivariant by [Ric21, Theorem B]. The virtual tangent bundle is then

V" = —R#om,(Z,T)o € K1(Quot x (F,n)).

5.1 Cohomological virtual invariants

When X is a projective Calabi-Yau 4-fold, the virtual fundamental class involves a choice
of orientation on Quoty(E,n). Let £=detR#om,(Z,Z) be the determinant line bundle. An
orientation o(L) is a choice of square root of the isomorphism

Q:LOL— OQuotX(E,n)

induced by Serre duality. A virtual class [Quoty (F, n)]‘o’zrﬁ) € Hopn(Quot y (E,n),Z) was con-
structed in [Boj2la, §2.1] for X a strict Calabi-Yau 4-fold and E a simple rigid locally free
sheaf. For v € H>V(Quot x (E,n)), the holomorphic Donaldson invariants are defined to be

o= | 3
[Quot y (E,n)]

o(L)

For the non-compact X = C*, similar to the surface case, we have, by [CK17, Lemma 3.6], that
TV has no fixed parts and the T-fixed locus of Hilb™(X) consists of only finitely many reduced
points. Thus one can define these invariants equivariantly using Oh and Thomas’ localization
formula [OT20, Theorem 7.1]. For a fixed orientation and any SO(2k)-bundle B, one can define
its Edidin-Graham square-root Euler class \/e(B) [OT20, §3]. Consider the self-dual resolution
(33) of TV

¢ B* — LéuotX(E,n)
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Ix

F1GURE 3. Framed quiver with four loops at one node.

where B®* = (T — B — T*) and B is a SO(6n?)-bundle. Set [0T20, (115)]

viry . c o\ . eT(T)
N

For computational purposes, we consider a square root \/TV*|z € K1(pt) for each fixed point Z
such that

Tvir|Z — \/Tvir’Z + TVir’Z, (29)

where (-) denotes the involution ¢; + ¢, *. The existence of this square root follows from TV|,
being self-dual and containing no fixed part (see discussion before [CK17, Definition 3.15]). This
allows us to compute the square-root Euler class at the cost of a sign dependent on the choice

of orientation o(L)
Ve(T¥7) = %e (ﬂ) .

As each fixed point is reduced, Kool and Rennemo [KR] show that their virtual fundamental
classes constructed with respect to the fixed parts of the obstruction theory are given by further
signs determined by an orientation on B°®. We will denote the product of the two signs at each
Z € Quot y (E,n)T by (—1)°F)lz,

DEFINITION 5.1. For n >0, v € H3(Quotx (£, n)), the holomorphic Donaldson invariants are

Q(X,E,n,v):= Z (—1)°E)lz vz

ZeQuot  (En)T 6( \ TVir‘Z)

The authors of [KR] also gave an explicit description of the moduli space Quoty (E,n)
when X =C* as a vanishing locus of an isotropic section. This allowed them to derive the
signs (—1)°9)lz by knowing £ and TV". For the purpose of the Verlinde invariants from the
introduction, we recall their approach here.

Consider the quiver with four loops and N framings as in Figure 3. After imposing the
relations

i, 2] =0, (30)
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its representations with dimension vector (1, n) consist of a one-dimensional complex vector space
C and an n-dimensional vector space V together with N morphisms f;:C—V fori=1,..., N
and 4 morphisms z; : V — V satisfying (30).

The space of all representations without requiring the relations is

R=End(V)® @ Hom(E, V),
where we use the suggestive notation £ =CY. This carries an SO(6n?) vector bundle B that is
trivial with fiber
A*C* @ End(V)
and pairing

(—A=)@tr(—o-)

b: A’C* @ End(V) ® A2C* @ End(V) A'C* @ End(V) =End(V).

The existence of an isotropic section

s:R— B, (f,_)HZ(eiAej)®xioxj
i#]
connects it to the local toy model of [OT20, (1)].

To construct the Quot scheme, we need to take a quotient by the GL(V')-action on R defined
for each g€ GL(V) by (Z, f)— (goZog~t,go f). One can also extend it in a natural way to
an action on B. In particular, after defining R® C R as the open subscheme of representations
satisfying

Cley, ... za] - C{f1(1), ..., fn (1)) =V,

the vector bundle B and its section s restrict and then descend to the non-commutative Quot
scheme

A=NCQuot y(E,n)=[R"/GL(V)].
The usual Quot scheme is identified with the zero locus
Quoty(E,n)=s"1(0)C A. (31)

We will always use the letters B and s to denote the vector bundle and section on R, R°, their
descent to NCQuot (E, n) and their restriction to Quot y (£, n) without distinguishing the four
cases.

To make it all equivariant, one uses the action of Tg x T1 on R by

—

&9 - (T f) = (t1- 21, ta - 2o, t3 - 23, ta - 24391 - f1,- -, YN - [N),

which commutes with the action of GL(V') so that it descends to one on Quot y (E, n). If we use
T to denote the tangent bundle of A, which at each point is the cokernel of some injective map

End(V) < R (32)

obtained by differentiating the action of GL(V) on R, then there is a Ty x Tj-equivariant
resolution of R.#om,(Z,T)y[—1] given by

B*=(T %5 B % 1),
49
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which gives the natural Ty x Ti-equivariant obstruction theory
OF B* _>LQuot (Emn) -

Note that the first term in (32) has trivial weights.

The choice of orientations o(L£) was shown in [OT20, Proposition 4.2] to be equivalent in
this setting to choosing a positive isotropic subbundle | of B. This is done explicitly in [KR] by
constructing | as a trivial bundle with the fiber

(v) A (v) @ End(V) (33)

for some non-zero vector v € C*." We will not go further in recalling the explicit derivation of
o(L)|z in [KR], as we only do computations up to a fixed order n to formulate conjectures, the
proof of which we leave for the future.

DEFINITION 5.2. Let X =C*, a=[®_,0x(v)] - [®17, 0x(v;)] € K1(X), and E=®Y,

Ox (y;). The equivariant Segre and Chern series for a choice of signs o(L) are, respectively,

])
Sx(E, a: q) ¢ (_1)o(c>|z5(0‘7?
; ZGQu(%(E,n)T € (\/ TVlr|Z>

C(Al,)\g,)\g, )\4;m1, oo, My Wy, .. ,wr+5)[ ]
(A1 4+ A2+ A3+ \a)

[n}, )
Cx(E, a;q) q (_1)0(5)|zc((17.z.
Z: ZeQuc%;(E,n)T e <\/ TV“|Z>

I

5.2 K-theoretic virtual invariants

In the setting where the moduli space M is a zero locus of an isotropic section s of an SO(2m)
bundle B on some ambient space A, just as in (31) above, [0T20] give a simpler construction of
O"I relying on their equivariant localized K-theoretic square-root Euler class

Ver(E, s): Ko(A, Z) = Ko(M, Z[27Y))

defined after choosing orientations on M.
When B admits an isotropic subbundle | compatible with the choice of orientation, then the
push-forward under the inclusion

LM =5"10)— A
becomes just tensoring with the equivariant K-theoretic square-root Euler class
(VT (B, 5)) = @y/er(B) = (1) er (") Vdet(I"),
where et (I*) = A_qI*. In fact, \/e7(E, s) can also be written as the product
VeT(E, 5) = (=1)™er (I, s)V/det (1),

where et (1%, s) is some localization of et(I*) to M =s~!(0) constructed using Kiem and Li’s
cosection localization in K-theory [KL20]. Their equivariant twisted virtual structure sheaf OV'*

'n fact, the particular choice of signs compatible with the existing literature corresponds to setting v = e4 for the
fourth vector of the canonical basis of C*.
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is then constructed as
O — \/er (B, ) ([0 Vael(T")
=(=1)"er(I", 8)([O4]) Vdet(T* +17) .
For our case of M = Quotc.(E, n), we can use (32) and (33) to show that
4
det(T) = det (End(V))®* H £ det (Hom(E, V)) = det (Hom(E, V))
i=1

and det(l) = ti”z. This implies that the only term in the construction of O¥'* that does not admit
a square root is

det™'(Hom(E, V)) = det~*((EV)[)
=(y1...yn) "det N (V).
This gives further motivation for the definition of the untwisted virtual structure sheaf
O =0T @E:, E=det((EY)M) (34)
that appeared in [Boj21b, Definition 5.10], [Boj21a, §1.4]. Here, the superscript (—)% refers to

taking the uniquely defined square root of a line bundle (see [OT20, Remark 5.2]). From the
above discussion it is clear that the following integrality statement holds.

PRrOPOSITION 5.3. The untwisted virtual structure sheaf is an integral class:

0" € Ko(Quotea (E, n), 7).

Using OV' and OV, we define the following twisted and untwisted Euler characteristics:
)A(Vir(QU‘OtY(Ea n)> _) = X(QuOtY(E7 ’fl), @vir ® (_))7

XVir(QuOtY(Ea n)v _) = X(QUOtY(E7 n)a OVir ® (_))
For compact X and o€ K%(X ) the Verlinde series [Boj21a, §1.3] is then defined by

x (E, a;q) Zq” vir (QuotX(E,n),det(a["]))

= Z A (QuotX(E, n), det(a) @ @((EV)["}D .

Using the virtual RiemannfRoch formula and the equivariant localization of Oh and Thomas
[OT20, Theorem 6.1, Theorem 7.3], we have the following twisted equivariant virtual Euler
characteristic for X = C*:

Avlr(QU_OtX(E n) ) Z (_1)0(£)|Ze (_ /Tvir‘Z> \/a (Tvir‘Z) ChT(Oé)
ZeQuot  (En)T

where v/td is the the square-root Todd class satisfying

VIA(TVE|2) =td <\/TV7]Z> ch (@ﬂv>

D iy
- (A_l\/WV)Ch (\/@ V|, )
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Following the notation used in [CKM22, §0.1], we write
: : - —V —1 —V
K — det(T")Y, VEW = detVT¥ ', VE#: = Jde/Tv .
Substituting into the above equation, we have
ch (N/Kvif\f)
1)Lz

X (Quotx (E,n), ) = > (-1) .
ZeQuot y (E,n)T (jl(Afl\/Tww‘Zv)

Now including the twist of (34), we may define the equivariant Verlinde series as follows.

ch(a|z).

DEFINITION 5.4. The equivariant Verlinde series for a choice of signs o(L£) is

00 Ch(\/KVir|Zz) ch (\/ det((E’V)["”Z))
Vx(B,a50):=Y ¢" Y (=1)%0 —
n=0 ZeQuoty (E,n)T ch (A—l V TVH‘Z )
@t s t2, 13,145y, - - - YN VL, - -+, Urgs
c ( 1,102,103 1 1 + )[[q]]
(titatsts)
The relation between Segre and Verlinde numbers in the compact case is studied in [Boj21a
using the Nekrasov genus for Hilbert schemes, introduced for the 3-fold case by [NO14]. We

consider the following Quot scheme version, originally defined as an instanton partition function
in [NP19, (2.7)], then rephrased as follows in [CKM22, Remark 0.4]:

ch <\/K"ir|zé> A
x(E, a;q) q (—1)°O)lz : ch ( 1 a["]\z> .
Z ZGQutg);(E,n)T ch (A—l /Tv1r‘ZV) vdet

Remark 5.5. Recall that in [CKM22], the Nekrasov genus for Hilbert schemes involves a variable
y coming from a trivial C*-action on X. This is exactly the N =1 case for the above definition,
where we have the parameter y; from the Ti-action on E.

ch (det(a["”Z))

(35)

5.3 Vertex formalism

The invariants in the previous section can be calculated for Hilbert schemes using a vertex
formalism developed by [CK20], based on the method introduced in [MNOPO06a] for Calabi-Yau
3-folds. We generalize this to Quot schemes using the computations from [Boj2la, §2.1]. First,
when N =1, the T-fixed points of Hilb™(X) correspond to monomial ideals of C[xy, x9, x3, z4]
[CK17, Lemma 3.1}, which are labeled by solid partitions 7 of size n where

Oz =
We denote by @, the character of Oy _:

Clz1, To, w3, 24] /17 = span{ztabasz? : (a,b, ¢, d) e w}.

Z[t 650 1]

(titatsty — 1)

Qe= Y %"t € K5(pt) =

(z’]7k‘?l)€7r
As in the surface case, for E= @Y 0x(y;) the T-fixed points for Quoty (E,n) are labeled by
N-colored solid partitions m = (7r(1), . ,W(”)) of size n, i.e. sequences of the form

Ze= (|21, [Za), . .., [Zn]) € Hilb™ (X) x ... x Hilb™ (X)

such that each Z; corresponds to the solid partition 7(?).
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Let Q; be the character of Og,. The virtual tangent bundle at Z is

N N
Ty =Ext | @ Iz (wi), P Iz, ()
i=1 j=1

0

Ox @ (1—P(Iz)P(Iz))y; 'y

=

<
Il
—_

I
™M=

(Q; + titatstaQ; — titatstaPiosa@QiQ;) vi 'y, (36)

.
Il
—

I
.MZ

5]

where P(I) is the Poincaré polynomial of I defined analogously to (8), and Py :=[],.,(1 —¢; ")
for the set of indices I. Specializing to titatsts =1, we get the following (non-unique) square
root

\THE = Z — P13QiQ;) y;

5,j=1

in the sense that it satisfies (29). The reason for this choice of square root is that
ch (\/Kvﬂzﬁ) =ch | J] det((@5 — PrasQsQ)y "v)?)
1,]

=ch [ ] Vdet(@))viy; ")

7:7j

1
b (Vaet((EV)]z,))
matches our twist in (34), and this simplifies our computation as we now have

REPIS U
Ch <A71\/TVir|Zﬂv>

In this case, the signs (—1)°%) are described in [Mon22, KR] as follows: for any solid
partition T,

o(L)|z. :=|m| +#{(G,i,i,5) em:i<j};

and for any N-colored solid partition ,

N
L= o(L)|z
=1

The fiber of V1" = 17:1(9&?} (v;) over Zp = (Z1, ... Zy) is the rn-dimensional representation
v, @ @ Oz, (viy;) Z Z Z viyt] Pttt 4 | € K (pt).
=1 j5=1 =1 j=1 (a,b,c,d)en()
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Therefore, for any point Z corresponding to an N-colored solid partition 7, we have

N T
C(V[HHZW):H H H(1+wi+mj_a/\1—bx\z—c)\3—d)\4)’
j=1 (ab,c,d)en i=1

det(VI| ) :H 11 Hvly]tl R

=1 (ab,c,d)en( i=1

1 N

. 2 A a b c d

oh /5, ch( Ay, ) I I i
det2 b
!

(a,b,c,d)em

b ¢ d
H( y]2t1t2t3t4—v y]t12t22t3 2t )
=1

Using these expressions, we see that the Chern and Verlinde series can be extracted by taking
limits of the Nekrasov genus, as in the surface case. Also, it follows that

Q(t%,té,té,ti) +1 +1 41 +1
(titatsty — 1) |[q’y1 YN UL 2}] '

The argument of [CKM22, Propositions 1.13 and 1.15] can be applied to show that Nx(E,V;q)

in fact lives in wﬂq, yfé, - ,yié,vl %, . ,vrié]]. This enables us to talk about

(brtatsta—1)
admissibility (up to specializing to t1tetsts = 1) in the sense of Definition 2.6.

NX(Ea VvQ) €

5.4 Factor of c3(X)

In the surface case, we saw that the powers in the universal series of virtual invariants are
multiples of ¢1(S). In the X = C* case, we shall show that if the universal expressions exist, then
they are multiples of ¢3(X), by showing that

()

has c3(X) = —(A1 + A2)(A1 + A3) (A2 + A3) in its numerator. This factor of c3(X) and the weak
Segre—Verlinde correspondence and Segre symmetry of Corollaries 1.7 and 1.14 in the surface
case motivate Conjecture 1.19. This is because the only degree zero contribution linear in c¢3(X)
is expected to come from [ ¢3(X)ci(a), which was already studied in the compact case in
[Boj21a, §5.3]. We do not expect any additional terms with exponential [ c3(X)ec1(a) coming
from the equivariant setting, just as we did not have any in the case of a surface.

It suffices to show that this term vanishes when we set \; = —\; for i #j in {1,2,3}. By
symmetry, we may assume ¢ =1, j =2. Recall that e is the top equivariant Chern class, which
vanishes if its input has a trivial summand. The process of setting A\; = —\s in cohomology is
the same as setting t1 =t ! in K-theory. Therefore, we would like to show that —+/7TV|; has a
trivial summand when we set t; =1, ! i.e. the character of \/TVi'|; in K1(pt) having a strictly
negative constant term. This occurs if and only if the image of T}iﬂr in

Z6 6 5 ] (tity — 1 tsta — 1)

has a strictly negative constant term (which is necessarily a negative even integer). From (36),
we see that it suffices to show this for the term
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Qnr + titatstaQr — titatsta Pro3aQ-Qx

whenever 7 is a non-trivial solid partition.
LEMMA 5.6. For any non-trivial solid partition 7w, the expression

Qnr + titotztaQr — titatsta P1o3aQQr
has a strictly negative constant term when viewed in the quotient ring

Z [ e 5] (it — 1 sty — 1),
Proof. Let x =t; = i, y=t3= i, so that
Z [ 65 5 ] (e — 1ty — 1) = Z[zH, y ).

Let Py be the image of Q, in Z[z*!, y*!]. Then

TV"|z. = Py + Py — Py Pr(1 — 1) (1—31) (1—1) <1—;>. (37)

Write
Pr= Z pi 'y’
i,jEZ
The image of Q is then
P = Z iy
1,JEL

We see that the constant terms of P, and P, are both Po,0- By definition, all monomial terms
in @ have positive coefficients, and @ has constant term 1, so pgo > 0. We need to find the

constant term of P Pr(1 —x)(1 — %)(1 —)(1 — %)
Observe that

1 1 1 1 1
(1—2x) <1—) (1-1y) (1—) :4—2<x+y++> +<ﬂzy++x+y> .

T Y r y ry 'y x

We write F' =3 f; jz'y?. The constant term of F - (1 —z)(1—2)(1—y)(1— %) is equal to
4fo0 —2(foq + fro+ fo—1+ f-10) + (fra+ fi—1+ [0+ fo1,-1) (38)
If we set F = Py Py, then
fig =Y PapPed-
a—c:i

b—d=j
In particular,
2
Joo= Z Pabs
a,beZ
for+ fro+ for+ F10= Y Pab(Parb+Patib+Pab1+Papi),
a,beZ
fir+ i+ faa+faa= Z Pabp(Pat1,p+1 + Pat1,6—1 + Pa—1,p—1 + Pa—1,b+1)-
a,beZ
99
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We write
Sa,b = 4pa,b - 2(pa71,b + Pa+1b + Pap—1 + pa,bJrl)
+ (Pat1,4+1 + Pat1b—1 + Pa—1,b-1 + Pa—1,+1),

++ _
ab =Dab — (pa+l,b +pa,b+l) +pa+l,b+la

+ = DPab — (pa+1,b +pa,b—l) +pa+1,b—1a
=Dab — (pa—l,b +pa,b+1) +pa—1,b+1a
8; — (Pa—1,b + Pajp—1) + Pa—1,-1;

+ E : ++ —+ - —
ST = DPapSqp +pa+1,b5a+17b + Dab+15, py1 +pa+1,b+15a+175+17
a,b>0

- } : - — ++ —+
ST = PabSyp +pa+1,b5a+17b ‘*’pa,b—lsa’b,l +pa+1,b—15a+1yb,17
a>0,b<0

- ¥ —+ 4+ - +—
ST = PabSp + Pa+1,65,41p + Da,b+15, p11 + Pa+1,0+15411 p117

a<0,b>0
- _ E - +- —+ ++
S = pa7b8a7b +pa+1,bsa+17b +pa,b+18a7b+1 +pa+1,b+15a+171)+1'
a,b<0

Then (38) becomes
> pussan= D pap- (Si5 50y +s0p o)
a,beZ a,beZ
=Stt 48T 9 T4 5.
For the remainder of this proof, we shall show that S™F > pgo. The same will hold for the
summands ST, 57T, ST~ by symmetry. We conclude that the value of (38) is at least 4pg..

Hence, by (37), the constant term of TV|z_ is at most —2pg o < 0, and we are done.
Recall that

QTK’ = Z til tJQt’?ftilv

(17.77k7l)€7r
SO
§ : i—3, k=l
P7T = x' ]y 3
(Z’]7k7l)€ﬂ.
and

Pap=F#{(i, 4, k1) em:i—j=a,k—1=>}.

Fix k and [, and then the set {(4, ) : (i, J, k,l) € v} is a plane partition. By property (5) of solid
partitions, for fixed b=k — I, we have p,j > py41, when a > 0. For the same reason, we have
Pa,b = Pa,p+1 When b > 0. Therefore, the numbers (pgp)qp>0 are non-increasing as the pair (a, b)
move away from the origin.

We apply induction on max{a:p,o7#0}. Suppose for all sequences (gqp) with
max{a: gq0 # 0} <max{a:p,o#0}, we have

S++(qa,b) = qo,0
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whenever the sequence (gqp)qp>0 satisfies the property that g, is non-increasing in a,b. The
base case is simply when ¢, ; =0 for all a, b, which sums to 0. Let g4 = pa41,5, then

S++ (pa,b) = Z (pa,b — Pa+1,b — Pa,b+1 +pa+1,b+1)2
a,b>0
=S (qap) + > _(P0s — PLb— P0bt1 + Pros1)’
b>0
>p1o+ > (P0s— PLs— Dost1 +Pror1) (39)
b>0

where the first equality follows from the definition and the inequality is by the induction
hypothesis.

Now apply another induction on the value of max{b:pg;#0}. The induction hypothe-
sis is that for any sequences (q,p) with ¢,p non-increasing in a,b and max{b:qp # 0} <
max{b:pop # 0}, we have

> (g0 — @16 — Gop+1 + G1511)” = G00 — q1.0-
b>0
Again, the base case is trivial, and we can apply the hypothesis to g, = pqp+1, giving us
> (Pob = Prs— P01+ P1Lo41)” = D01 — Pr1.
b>1
So we have the following inequalities
(Po.0 — Pro—Dpo1 +p11)’ + Z(po,b — PLb — P01 + Prp+1)” — (Po,0 — P10)
b>1
>(poo — P10 —po1 +p11)° — (P00 —P1o —Po1 +Dp11)
>0
where the last inequality is due to pgo — p1,0 — po,1 + p1,1 being an integer. Therefore,
Z(po,b — P1b = Pop+1 + PLo+1)” = P00 — PLo;
b>0
which finishes the second induction. By (39),
ST (pap) = P10+ (P00 — P10) =Poo
which finishes the first induction and the proof. O
We checked the statements in Conjecture 1.19 using a computer program. The source code
is available at [Hua23]. The correspondence part was checked with a computer program for

n <6, for N,r <1,
n <3, for N,r <2,

n <2, for N,r <3, (40)
n<2, for N,r <4.
The symmetry part was checked for
n<4, for N=r=1,
n<3, for N=1,r=2, (41)

n<2, for N=r=2,
n<2, for N=1,r=3.
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5.5 Cohomological limits

Recall that the proof of Theorem 3.5 mainly involved showing that the genus Ng on the surface
S =C? is admissible in the sense of Definition 2.6. Also, by Proposition 2.7, universal series
expressions for the Nekrasov genus, and therefore the Segre and Verlinde series, can be obtained
if and only if the Nekrasov genus is admissible. Thus one might ask when the Nekrasov genus
N for the Calabi-Yau 4-fold X = C* is admissible. For the rank r = N case, we shall show that
admissibility is a consequence of the following explicit formula, as conjectured by Nekrasov and
Piazzalunga [NP19, §2.5]. We write

[x] = z:—37n,
The conjecture is in regards to any toric Calabi-Yau 4-fold X (see [CKM22, p. 3, footnote
1]). Say the maximal dense open torus (C*)* C X contains the torus To = (C*)3 that preserves

the volume form. This gives a T-action on X similar to the C* case with weights labeled by
t1, ... ta, Y1, .-, YN, V1, - . . U as before.

CONJECTURE 5.7 (Nekrasov-Piazzalunga). Let X be a toric Calabi-Yau 4-fold. There exists
some choice of signs o(L£) such that for E= @Y Ox(y;), V=N ,0x(v;),

o) = Exp [ [rt2llt2ts]ltits]  [s]
NlE Vi) = p( el ] [séqus—;q])

with a change of variables s = HZ]\L 1 YiVi.

PRrOPOSITION 5.8. Nekrasov and Piazzalunga’s Conjecture 5.7 implies that the Nekrasov genus
Nx of rank r = N is admissible with respect to the variables ti,ta, 3, t4.

Proof. Expanding the term inside the plethystic exponential, and specializing with the relation

t1totsts = 1, we have
[tltg][tgtg][tltg] [S] o (1 — tltg)(l — tgtg)(l — tltg) ) [S]

][t ta[tal[s2q)[s 2q] (1 —t)(A—t2)(1 —t3)(1 —ta) [siq][s 2q]
Recalling Definition 2.6, we have that

S
L= (1—t1t2)(1 —tat3)(1 — tit3) — [ ]71
[s2q][s™24]
1 +1 41 +1
is a series in q,y; *,...,yy",v; %, ..., v ° whose coefficients are polynomials in 21, t2, 3, t4, as
required. [l

Lastly, we prove the claim made in the introduction that Conjecture 1.20 is a consequence
of Conjecture 5.7 in the X = C* case.

PROPOSITION 5.9. Let X =C*. If Conjecture 5.7 holds for some choice of signs, then
Conjecture 1.20 holds for Y = X.
In particular, we may retrieve the following well-known identity from Conjecture 5.7

) 0 1
ngo [Quotca (E,n)}th T;) ZEQu(%(E,n)T eT < \/@)

(A1+*2)(/\1+/\3)(/\2+/\3)q
{e A1 A2x3 (A1 +A2+A3) , when/N =1

1, otherwise.
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Remark 5.10. One can compare this to the 3-fold case, where [FMR21, Theorem 7.2] states

-N A1+22) (A1 +A3) (Ao +A3)

> d" / 1=M((-1)"q)
n—=0 [Quotcs (E,n)]v™

Here M denotes the MacMahon function.

Proof. We shall compute the following limit using both the definition and the expression from
Conjecture 5.7, and then compare the two sides:

lim Ny (E, vV, Q)
e—0

WN

Wy —00 Xi~reN;,my~e(14m;),wi~~ew;

Let V =@ ,0x(v;) be a rank N bundle, then for any Z, € Quoty(E,n)T, we have
chy ( V/KYE|z, 2
’ At yipy
- v ChT V ‘Z'rr
cht (A,1 \/ ’_Z—'VIF|Z7r )

vdet

_ 5Nn—Nn eT(V[n”Zw) + O(E)

- er (\/T57) +0(e)

B T T1 T apedyenco (14 wi 4 my — adi = bAg — cAg — dg) + O(e)
N eT (\/Ef) +O(¢) ‘
Take the limit € — 0 and let QQ =myq, then
' cht <\/K‘”—Y|ZW;) At
gg% cht (A—1 \/TViT‘ZWv> < <\/QV |Zﬂ>
_ [, 155 Hpeaeno (L +wi+mj —ars —bla —cAz —dA)
B T TES T apeayeno (1+wi +m; — adi — bhg — eAg — dAs)
‘ ()

<1 4 mj a)\l b)\Q C)\3 d)\4> Qn

Ai~red;,mi~e(14m; ) wi~ew;

3

q

AirseN; mi~e(14m; ) wi~>ew;

WN WN wN wN wN

N
11
=1

Now take wy — 0o and substitute into (35). Let V' = &N 1 Ox (v;), then

a,b,c,d)em(@)

:CX(Ev VI; Q) (42)

Ai~seN; mi~e(14m;) wi~ew;

lim Ny <E, 748 Q)
e—0

WN

wWN—>00

On the other hand, we apply the same procedure to

[tito][tats][tits]  [s]
[ta][ta][ts)[ta] [s2q][s2q] )

Nx(E,V;q)=Exp (
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For n > 1, we have

NG o G TTyv!]

waN_—>>OOO [t’,ln] [tg] [tg] [tZ] [H yf’[)5 qn] [H y; 75 q } )\iwg)\hmiwg(]_«kmi)’wiwswi
— lim (en)? (A1 +A2) (A1 + Az) (A2 + A3) + 0( °) (en) 3o,(1+ms +wi) +O(e)

ws—_>>000 (5n)4)\1)\2)\3()\1 + Ao+ )\3) + 0(65) (q% — qu)Q
~ lim (AL 4+ A2) (A1 4+ Ag) (A2 + Ag) Zi(1+mi+wi)(%)”

wxv—00 A AaA3(A1 + A2 + A3) (1— (%)n)Z

A1F+A2) (A1+A3) (A2 +As
= ( >\1)\21\(3(>\1+>\2+>\3 )Q’ when 7 =1
0, otherwise.

Note that the right-hand side is independent of the weights on V. Together with (42), we have

(*1+*2)(*1+*3)(*2+*3) Q

Cx(E, V/; Q) A1x223(A1+A2+A3)

oo (e [ o).
X
This is exactly Conjecture 1.20.

With the same method, we can take limits

lim Ny <E v
e—0
wyN—>00

for 1 <i< N and V of rank N — 7, and get
In particular, when ¢ =N and N > 1, we have

/ -1
e 0 [Quotca (E,n) Z‘(TL) [

)
WNWN-T - - - wNi+1>
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