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BOUNDARY VALUE PROBLEMS SINGULAR IN THE
SOLUTION VARIABLE WITH NONLINEAR BOUNDARY DATA

by DONAL O’'REGAN
(Received 3rd November 1994)

Existence results are established for the equation y”+ f(t, y) =0, 0<t < 1. Here f may be singular in y and f is
allowed to change sign. Our boundary data include y(0)=y'(1)+ky(1)=0, k> —1 and y(0)=y'(1)+cy*(1)=0,
c>0.

1991 Mathematics subject classification: 34B15.

1. Introduction

This paper discusses problems of the form

V' +f(t,y)=0,0<t<1
y(0)=0 (1.1)
y' (1) + up(¥(1))=0, =0 a constant

where f is not a Carathéodory function due to the singular behavior of its y variable.
Here ¢ may be nonlinear and includes for example the Sturm Liouville boundary
condition y'(1)+ky(1)=0, k> —1 and Stefan’s condition y'(1)+cy*(1)=0, ¢>0. Also
our nonlinearity f is allowed to change sign.

Our study is motivated by the problem

2 2
y”+<3;y2 - %)=0, O<t<1

J(0)=0 (1.2)

2y'()—(1+v)y(1)=0,x>0and O<v<1
which arises in nonlinear mechanics; see [1, 9] and their references. The problem models
the stress in the spherical membrane of a spherical cap.
The literature [2—4, 7-8, 10-12] on singular problems of the above type is almost
totally devoted to the Dirichlet problem

505

https://doi.org/10.1017/50013091500023269 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500023269

506 DONAL O'REGAN

{y”+f(t,y)=0,0<t<l
y(0)=0=y(1),

usually when f(t,y)=0 for te(0,1) and y>0. Very little seems to be known concerning
the class of problems (1.1), which includes (1.2). In this paper we obtain a general
existence theory for problems of the form (1.1).

The analysis used throughout rely on fixed point methods. We state, for convenience,
the two fixed point theorems we will use.

Theorem 1.1. (Schauder [11]). Let K be a convex subset of a normed linear space E.
Then every compact map F: K — K has at least one fixed point.

Theorem 1.2. (Nonlinear Alternative [5, 11]). Assume U is a relatively open subset of
a convex set K in a normed linear space E. Let N:U—K be a compact map with peU.
Then either

(i) N has a fixed point in U; or

(ii) there is a ue dU and a A€(0, 1) such that u=ANu+(1—A)p.

Remark. By a map being compact we mean it is continuous with relatively compact
range. For later purposes, a map is completely continuous if it is continuous and the
image of every bounded set in the domain is contained in a compact set in the range.

2. Existence

Several existence results are presented for the singular problem

V' +f(t,y)=0,0<t<1
y(0)=0 .1

y(1)+p(y(1))=0, £ =0 a constant.
Our first two results were motivated by the boundary value problem (1.2); in particular
by the boundary condition 2y'(1)—(1+v)y(1)=0. By a solution to (2.1) we mean a

function ye C[0,1] n C*(0,1] n C?(0,1) which satisfies the differential equation on (0, 1)
and the stated boundary data.

Theorem 2.1. Suppose the following conditions are satisfied:
£:(0,1) x(0, c0)—R is continuous (2.2)

Y:R—R is continuous with Y(x)<0 for x=0 (2.3)
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|/ (6, )| £ 4:(98(») +a2()h(y) on (0,1) x (0, c0) with g>0
continuous and nonincreasing on (0, c0), h=0 continuous

on [0, o0) and h nondecreasing on (0, 00); here q;€ C(0, 1),
g
i=1,2 with ;>0 on (0,1) and {§gi(x)dx < oo

let ne{3,4,...} and associated with each n we have a constant

p, such that {p,} is a nonincreasing sequence with lim,_, , p,=0

and such that for 1§ t<1-— ! we have f(t,p,) =0
n n

there exists a function «€C[0,1] n C*(0,1] n C?*(0, 1) with
a(0)=a'(1)+ pu(ax(1)) =0, >0 on (0, 1) such that
f(6y)+a"(1)>0 for (t,y)e(0,1) x {y€(0, 00): y <a(t)}

jl' qi(x)g(a(x))dx< c0, u=1,2
1/2

Jor any R>0, é is differentiable on (0, R] with g'<0 a.e.

renl1/2
and & pr eL1 [0, R]; in addition | I——J—gg()t) dt=0o0
0

and
there exists a constant M >0 such that for z>0,
tdu _[ps+uly*2)]
—= +]x xdx+ xq,(x)dx +
| s O [t dn 28 Franans | 5
implies z< M,
here

W), z=a(l)
4 (Z)_{l//(oc(l)),z<a(l).

Then (2.1) has a solution in C[0,1]n C'(0,1] n C%(0,1).
Remark. Note y*(z)<0 for zeR,

Proof. Fix ne{3,4,...}. We begin by showing that
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Y'+f(t,y)=0,0<t<1
y(0)=p, (2.10)"
Y (1) +up(y(1)) =p,

has a solution in C![0,1]~ C?(0,1). To show (2.10)" has a solution we consider the
family of problems

Y'+Af*(t,»)=0,0<t<1,0<i< 1
y(©0)=p, (2113
Y () +Apy*(y(1)=p,
where i
S5y y2p,
1

1
S (6 pn) +Pn~ Y, Yy <pn and;§t§1— -

1

f(l,p..>+p,.—y,y<p,. and 0=st<-—
n n

fHey) =

A

f(l_'%apn>+pn_y’y<pn and 1_%§t§1

v

We first show that
y)zp, tel0,1] (2.12)

for any solution yeC![0,1]1n C?*(0,1) to (2.11)]. To see this suppose y—p, has a
negative minimum at t,€(0, 1]. If t,€(0, 1) then y'(t,) =0 and y”(t,) =0. However

[ | 1
—)“[f(IO’pn)'i'pn-y(tO)] if ;§to§1— ;

'(to)= = 21 *(ta: ¥(to)) = 1 —l[f (i,pn)m—y(zo)] if 0Stos

L n

ie. y'(to) <0, a contradiction. It remains to consider the case t;=1. Then y'(1)=0.
However

Y(1)=p,—App*(y(1))>0,
a contradiction. Thus (2.12) holds.

Suppose the absolute maximum of y occurs at say t,. Note we take t,€(0,1]. There
are two cases to consider, namely ¢,€(0, 1) and t,= 1. Notice for x&(0, 1) we have
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—y'0) H(y()
o) ST+ 7 213

Case (i) t,€(0,1).
Then y'(z,) =0. Integrate (2.13) from t(t<t,) to t, to obtain

Y@ | TI=gu 2d T d h(y(t,)) i
g(y(t))+'!-{ 22(y(x) }[y ()] X§!ql(x) X+ 2O ] jqz(x) X,

and so

YO T o oades PO Ty
£ =1 OB gy 1

Integrate from O to ¢, to obtain

o gy L LT
f ()—jx‘h() 20 ))jx‘h() x+

Consequently (2.9) implies

2 du
glu)
y(t,) S M. (2.14)*
Case (ii) t,=1.
Now since y'(1)=p,— Auy*(y(1)) we have
[y (D= ps +uly*(y(D)]. (2.15)

Integrate (2.13) from ¢ to [ to obtain

yo _ vy h(y(1)) !
g(y(1) g()’(l))é;‘ x)dx + gy (1)).[‘12(

and so

Y(©) [ps+uly*
gy®) = g(y(1)

h(y(1) ¢
gy(1) ¢

+§ql( Ydx +— =5 [ gy(x) dx.

Integrate from 0 to 1 to obtain

Y du _[ps+plyr ()]
0 g(u) g(y(1)

M) | i g

+_[xq (x)dx+ () | |

Consequently (2.9) implies
)=y =M. (2.14)**
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Thus in both cases
SYt)EM for tef0,1]. (2.16)

Also the mean value theorem implies that there exists t€(0,1) with |y'(t)|=|y(1)— y(0)|
<2M. For te[0,1] we have

|y’(t)|§|y’(r)|+~j £4(% 90 |dx]

h(M)
g(M)

1
<2M +g(p,) g[ql(x)+qz(x) ]de M.

Define the mappings
L,F:C; [0,1]1-C,[0,1] xR
by

Ly®)=(y'(®)=y'(0),p,—y'(1)) and Fy() =<—(I) SH(x, y(x)) dx, #l//*(y(l))>-

Here C,[0,1]={ueC[0,1}:u(0)=0} and C}[0,1]={ueC'[0,1]:u(0)=p,}. Now F is
completely continuous by the Arzela—Ascoli theorem. Also if Ly=(u(t),y) then

y(t)=pn+(p..—v—u(1))t+(f)u()c) dx;

hence L™! exists and is continuous.
Solving (2.11)] is equivalent to finding a fixed point of y=AL"'Fy=ANy where
N=L"'F: C} [0,1]1-C; [0, 1] is completely continuous. Let

U={ueC}[0,1]:|u|, <max{M,M,}+1}, K=C: [0,1] and E=C"'[0,1];

here |u|, =max{|ulo,|#|o} and |u|o=supo, ;|u(t)|. Now Theorem 1.2 implies that (2.11);
has a solution y,e C'[0,11~ C?(0,1). Also p,<y,(t)<M for te[0,1]. Next we obtain a
sharper lower bound on y,, namely we will show

at) Sy ()M for te[0,1] (2.17)

If this is not true then y,—a would have a negative minimum at say toe(0,1]. If
to€(0, 1) then y,(ty) —a"(ty) 20. However since 0 < y,(to) <a(ty) and y,(¢o) = p, we have

Yn(to) —a"(to) = —[f (o, yu(to)) + " (t0)1 <O,
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a contradiction. It remains to consider the case t,=1. Then y,(1)<a'(1) and O< y, (1)<
a(1). However

V(1) —a(1)=p,— p*(y(1)) + p((1))
—mwp(a(1)) + (1)) = p, >0,
a contradiction. Hence (2.17) is true. In particular y,(1)=a(l) and consequently
y.€ C'[0, 1] n C?(0,1) is a solution of (2.10)".

We shall now obtain a solution to (2.1) by means of the Arzela—Ascoli theorem, as a
limit of solutions of (2.10)". To this end, we will show

{ya}2. 5 is a bounded, equicontinuous family on [0, 1]. (2.18)
Of course {y,} is uniformly bounded by (2.17). To show equicontinuity, some more

estimates are needed.
The differential equation yields

) S8 {0+ 492G for xe(@.1) .19

Also y,(1)=p,— up(y,(1)) together with (2.17) yields

ya(D|Lp3+u max |Y(z)|=K,.
ze[0, M]

Divide (2.19) by g(y,(x)) and integrate from 0 to 1 to obtain

(1) Ly ! {—g’(yn(x»} . [ h<M>] o 0
20n0) 2l I B0 (DA xS [ @@l 1dx. - (2.20

Then since y,(0)=0 (note y,(0)=p, and y,=p, on [0,1]) we have

0 —g'(yn(x))} L. K [ M]d .
g{gZ(yn(x)) [yn( )] dx< (M)+j ‘11(X)+q2(x) (M) x = Kl ( . )

Now consider

du.

1/2
o-{ "

Notice I is an increasing map from {0, o) onto [0, c0) with I continuous on [0,Q] for
any Q>0. For t,5s€[0, 1] we have from Holder’s inequality that
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i [—g'(ya(x)]"?

O [ g/ ]2 ‘ ,
I | = du|= d
)=t =| T LEWIZ )| L0254
1 o 1/2
lesp(] {gf—(;f("f‘%”}[y;(x)rdx) <KiPfe—s|'.

It follows from this inequality, the uniform continuity of I~} on [0,1(M)] and

[Yu®) =yl | =17 Uy =17 U (yu(5)|
that {y,} is equicontinuous on [0, 1]. Thus (2.18) is established.
The Arzela-Ascoli theorem guarantees the existence of a subsequence N of integers
and a function ye C[0, 1] with y, converging uniformly on [0,1] to y as n— oo through

N. Also y(0)=0 and a(t)<y(t)<M for te{0,1]. Now y,, neN, satisfies the integral
equation

1
V) =y D+ (ya(1) = p)(1 =) = [ (x =0 f (x, y(x))dx  for te[0,1]. (2.22)

We would like to let n— oo through N in (2.22). First notice

1 1 h(M)
JZ | £ (%, yax))| dx < 1;2 g(x(x)) {ql(X) +42(x) m} dx < co.

Fix te(0,1]. Let n—oo through N in (222), and so the Lebesgue dominated
convergence theorem implies

Y(&)=y(1) + (D)1 =) = [ (x—1) f(x, y(x)) dx.
Also for te(0,1] we have
Y (@)= —up(y(1)) + f(x, y(x)) dx (2.23)

so ye C'(0,1]. In addition —y"(t)=f(t, y(2)) for te(0,1) and ye C%(0,1). Finally (2.23)
implies y'(1) +uy(y(1))=0. ]

The next theorem is a “general upper and lower solution theorem” for singular
problems with nonlinear boundary data.

Theorem 2.2. Suppose (2.2)2.8) hold. In addition assume
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there exists a function fe C[0,1] n C*(0,1] n C*(0, 1) with B(0)=p,,

B(1)+ mp(B(1))> p3, B2 p3 on (0,1) and B(1)>a(1)
such that f(t, B(t))+B"(t)£0 for te(0,1)

is satisfied. Then (2.1) has a solution in C[0,1] ~ C*(0,1] n C?*(0, 1).

Proof. Fix ne{3,4,...}. We first show
y'+ f(t,y)=0,0<t<1
y(0)=p,
y(O)+wp(y(1)) = p,
has a solution. The idea is to look at
Y+ f**(t,y)=0,0<t<1
y(0)=p,
Y (D) +up**(y(1)=p,
where

(St B@)+r(B(®)—y),y2 B(1)
ft.y),p, 2y =B(1)

1 1
St pa) +1(pn—¥), <Py and;été 1— -

=1 1
f<_apn)+r(pn_)))1y<pn and 0§t§;
n

f(l_l’pn>+r(pn_y)9y<pn and 1_;11'§t§1
L n

Y(B(1), 2> B(1)
Y**(2) =9 ¥, a(l) =z = B(1)
Y(a(1)),z<a(l).

and r:R—[—1,1] is the radial retraction defined by

u if |u|§1

r(u)= .
(u) L otherwise.

Jul
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Remark. Notice y**(z)<0 for zeR.
Let C,[0, 1], C. [0,1] be as in Theorem 2.1 and define mappings

L,F:C![0,1]1-C,o[0,1] xR
by

Ly =(/()) = YO, p—y(1)) and Fy(t)=(—£f**(x,y(x))dx,mﬁ**(y(l))>-

Now L~! exists and is continuous as in Theorem 2.1. Notice also that F is compact.
Hence solving (2.26)" is equivalent to finding a fixed point of y=L 'Fy=Ny where
N=L"'F:C, [0,1]1-C]} [0,1] is compact. Theorem 1.1 implies (2.26)" has a solution
y,€C'[0,1] n C%(0,1). Essentially the same reasoning as in Theorem 2.1 yields

ya()Zp, for te[0,1]. (2.27)
Next we claim

ya()=B(z) for tef0,1]. (2.28)

If (2.28) is not true then y,—pf would have a positive maximum at say t,€(0,1]. If
to€(0, 1) then y,(to) — B"(to) £0. However since y,(to) > B(t,) we have

Yalto) = B"(to) = — [ f (o, B(to)) +r(B(to) — yalto)) + B(£6)]1 >0,
a contradiction. If t, =1 then y,(1)= #'(1). However since y,(1)> B(1) we have
Yu() =B (D) =p,— mp**(y, (1)) = B (D) =p, — [ (B()) + B (1)] < py—p3 20,
a contradiction. Thus (2.28) is true. Consequently
nSY()£B(t) for te[0,1]. (229

Essentially the same reasoning as in Theorem 2.1 establishes

a(t) Sy (t)SB() for te[0,1]. (2.30)
In particular a(1)<y,(1)<B(1) so y,eC![0,1]n C?*0,1) is a solution of (2.25)". The
reasoning in Theorem 2.1 (from (2.18) onwards) now establishes that (2.1) has a

solution. O

We now discuss condition (2.6). One can usually “construct” a« explicitly from the
differential equation; see [2, 10, 11]. However if (2.5) is replaced by the conditions
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let ne{3,4,...} and associated with each n we have a constant

p, such that {p,} is a decreasing sequence with lim,_, , p,=0,

(2.31)
and there exists a constant k, >0 such that for 'll <t=<1-—-and
n
O<y<p, we have f(t,y) 2k,
and
Y(0)=0 (2.32)

then we can construct an explicit a off the sequence of constants {p,}; this is a standard
argument, see [6] for example.
The details are as follows. Let 0<x <1 and

1, & 11 11
-1 1 —— | k=4,5,..
ro(x)= ”“(" k>+,,,=z,‘:+1p"'(m—1 m>’ xe(k’k—l] >

0, x=0.

Remark. Notice ro(x)=[5@(s)ds for 0=x=<3 where ¢:[0,5]—-[0,0) is the step
function defined by

0, t=0
H(0)= 1
kel-,—— |, k=4,5
pk’ E<k,k— :I
Here roe C[0,4] and notice
ro) S P(t)<p, for te L k=4,5,....
oT=TE Kk—1/ ’

Next define

0()=] fro(x)dxds for 0=t=<
00

W] =

Notice 6(t) < p, for te(%’k—ll:l’ k=4,5,... and so

[t )zko for (z,y>e(o,§]x {ye(0, 0): y<0(0)}. (2.33)
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0(t),0<t <4
a¥(t)=1 q(1),55t<3
0(1—1),3<t<1.

Here g: [§,3]—’(O ps] is such that geC?[5,3] with 43)=03)=49(3), ¢(3)=0(F)=

—4q'(3) and ¢"(3)=60"(3) =¢"(3).
Notice since 0<q(f) < p; for te[4,3] we have

ft,y)2ko for (¢, Y)E[— 2] x {y€(0, 0): y<q(1)}. (2.34)

Consequently (2.33) and (2.34) imply

ft,y)Zko for (t,y)€(0,1) x {ye(0, 0): y<a*(t)}. (2.35)
Finally define
a(t) =na*(t) (2.36)

n=min{ #}
"[(*) o +1

Now ae C?[0, 1] with «(0)=0 and «>0 on (0, 1). Also since a(t) <a*(t) we have

where

S y)zko for (t,y)€(0,1) x {ye(0, c0):y <a(2)}.

In addition for (t,y) €(0,1) x {y €(0, c0): y <a(t)} we have

£t ) +a() Zko+a"() 2o~ J%?lﬂ ko—ko =0,

Finally since (a*)'(f)= —{§ 'ro(x)dx for 3<t<1 we have (a*)'(1)=0 and so «'(1)+
w(a(1)) =0+ wpy(0) =0 since (2.32) holds.

Consequently we have constructed an a which satisfies (2.6). However since (2.7) must
also be satisfied it is desirable to construct the “best” a. Usually it is possible to obtain
an explicit a from the differential equation. We now provide a general result for the
boundary value problem

y'+f(t,y)=00<t<1
»(0)=0 (2.37)
y(1)—puy(1)=0,0=pu<1.

Remark. Note (2.37) is a special case of (2.1); here Y (u)= —u.
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Theorem 2.3. Suppose (2.2), (2.4), (2.8) and (2.31) are satisfied. In addition assume

there exists a function fe C[0,1]n C'(0,1] n C?(0,1) with B(0)=p;,
B'(1)—pup(1)>p3, B2 p3 on (0, 1) and B(1)> p; (2.38)
such that f(t, () +p"(1)<0 for te(0,1),

and

there exists t€(0, 1) with f(t,y)>0 for te[z,1) and 0<y=< _-ﬁ (2.39)

are satisfied. Then (2.37) has a solution in C[0,1] n C*(0,1] n C?(0, 1).

Proof. Let y denote the o given above (i.e. as in (2.36)). Without loss of generality
assume 1 <1 <%, Define

(1), 05t <3
w(t),i<t<t

MO @0 -pa -0
l—p(l-7) ~° 7
and
a(t) =nu (1) (2.40)
where

|o+1

Here w:[$,1]-(0, p;] is such that we C?[4,1] with

o) =130 =y 30" =1 (B0 =300/ () = 2D and 0 (9 =0

Remark. Notice

(1) P3
" a9 S Tu =)

We now claim that « satisfies (2.6). First notice a(0)=a'(1)—pua(1)=0. Also «>0 on
(0,1) since 0= u< 1. Also from above

S,y +a"()>0 for (t,y)e(0,7)x{ye(0,0):y<a(t)}. (2.41)
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Now for t>1 we have a”(t)=0 and also

(1) P3
M 0= ST =0

Consequently
S+’ @O=f(t,y)>0 for (t,y)e[r,1)x{ye(0,00):y<a(t)}. (2.42)

Thus (2.41) and (2.42) imply that o satisfies (2.6). Notice also that (2.7) is trivially
satisfied since u,(t)=y(r) for t>rt. Existence of a solution is now guaranteed from
Theorem 2.2. O

Example 2.1. (Membrane response of a spherical cap).
The boundary value problem

2 2
y"+<3;y2 — %)=0,0<t<l

$(0)=0 (2.43)

Y(1)—uy(1)=0,0=pu<1,x>0

has a solution.
We will apply Theorem 2.3. First choose nye {3,4,...} such that

1 < 1—u
2no(8 +x2)  2(1+ )k

Notice that (2.31), with

1
T 2(ng+n)(k2+8)12

Pn and ky=1,

. . 1 1
is true since for —-<t<1— - and O<y=<p, we have
n n

1 K (k*+8) &

> > =1.
SN2 g2 3 8

Now let

B)=5-+ps.

Notice f=p; on [0,1] and £'(1) — pB(1) > p,
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.1 1 . 1-
(1.e. 5; —[1(5'; +p3>>p3) SINCE P33 < ii-}-—;:);

In addition f(t, B(£)) + B"(t)=f(¢t, B(t)) £0 on (0, 1) and so (2.38) holds. Also let
K2
()= ,g(y) y 4a(0)= n and h(y)=1

so (2.4) and (2.8) are clearly true. Let

! so for t<t<1and O<y<—F3

" (no+3)(1—p) = S 1—u(1—7)

we have

2(1—pu(1=1))2 K2 _41%(1 —p)(no+3)2(8+x?) «?
>TU—pd=7)) K7, _®¥_1>0
JtNz——=;3 g = 32 g

and so (2.39) is satisfied. Existence of a solution to (2.43) is now guaranteed from
Theorem 2.3.

Our next two results are modelled on the Stefan boundary condition y'(1)+cy*(1)=
0,c>0.

Theorem 2.4. Suppose (2.2), (2.4), (2.5), (2.6), (2.7) and (2.8) hold. In addition suppose
the following conditions are satisfied:

V:R-R is continuous and nondecreasing with Y(0)=0 and Y(4)>0 for u>0 (2.44)
and

there exists a constant M >0 such that for z>0,

j' xq,(x)dx + ? (2.45)

z d 1
s =1 B+ 2

()

implies z< M.

Then (2.1), with >0, has a solution in C[0,1]~ C'(0,1] n C?*(0, 1).
Remark. The case u=0, is included in Theorems 2.1 and 2.2.

Proof. Fix ne{3,4,...} and look at
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V' +f(t,y)=0,0<t<1
y(0)=p, (2.46)"
Y1)+ (y(1)) = wh(p,)-

To show (2.46)" has a solution we consider the family of problems

Yy +Aif*t,y)=0,0<t<1
y Q) =p, (2.47);
Y (1) +y(1) + A X(y()=p,

where f* is as in Theorem 2.1 and

ﬂ[l//(Z) —‘l/j(pn)] +pn_z,ngn

w:(z>={0’ -

We first show

y(O)Zp, tel0,1] (2.48)
for any solution yeC![0,1]n C?(0,1) to (247)%. To see this suppose y—p, has a
negative minimum at t,€(0,1]). If ¢,€(0,1) then we obtain a contradiction as in

Theorem 2.1. It remains to consider the case to=1. Then y'(1)<0. However since
‘y(1) < p, we have

y()=p,—y(1)— W x(y(1))=p,— y(1)>0,

a contradiction. Thus (2.48) holds.

Next suppose the absolute minimum of y occurs at ¢,e€{0,1]. In fact we may take
t,€(0,1), and so y'(t,)=0. To see this notice if y(t,)=p, then y=p,. Next if y(t,)>p,
then if t,=1 we have y'(1)20 and so

Y'(1)=p,—y(1) — A 2(y(1)) =(1 = AY(p,— y(1)) + 2ul¥(p,) — ¥ (y(1))] <0,

a contradiction.
For x€(0, 1) we have

() h(y(x)
20y =N+ 0

Integrate from #(t<t,) to t, and then from O to ¢, to obtain

yltn)

1 p3
j U < [ xqy(x) dx+ =2 du
0

@.

h(y(t)) ¢

( ( )) .‘.qu( )dx+
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Consequently (2.45) implies
Z<YHEM for te[0,1]. (2.49)
Define the mappings
L,F:C; [0,1]-C,[0,1]xR
by

Ly()=(y(9-y(0), p,—y'(1)— (1)) and Fy(t)=(—£ f*(x,y(X))dx,d/,f(y(l)))

If Ly=(u(t),y) then

y(t)=p,— %<y+u(1)+ju(x) dx> +j' u(x) dx;
0 1]

hence L~! exists and is continuous. Also F is completely continuous. Essentially the
same reasoning as in Theorem 2.1 implies (2.47)7 has a solution y,e C'[0,1]n C%(0, 1).
Also p, 2y, ()M for te[0,1], so y, is a solution of (2.46)".

Next we show

)<y ()M for te[0,1]. (2.50)

If this is not true then y,—a would have a negative minimum at say t,e(0,1]. If
to€(0,1) then we obtain a contradiction as in Theorem 2.1. If t,=1 then y,(1)<a'(1)
and O0<y,(1)<a(1). However

Ya(1) =o' (1) = i (pn) — i (ya(1)) + i (2(1)) 2 b () > O,

a contradiction. Hence (2.50) is true.
Essentially the same reasoning as in Theorem 2.1 (from (2.18) onwards) now
establishes the resuit. O

Theorem 2.5. Suppose (2.2), (2.4), (2.5), (2.6), (2.7), (2.8) and (2.44) hold. In addition
assume

there exists a function Be C[0,1]n CY(0,1]n C%(0,1) with
B2p3 on [0,1], B(1)+up(B(1)) 2 uy(p;) and such that (2.51)
S, (1) +B"()=0 for te(0,1).

Then (2.1), with u>0, has a solution in C[0,1]~ C'(0,1] n C*(0, 1).
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Proof. Fix ne{3,4,...} and look at (2.46)". The idea is to first consider

V' 4+ **(t,y)=0,0<t<1
y(0)=p; (2.52)
Y1)+ y()+yr*(y(1))=p,

where f** is as in Theorem 2.2 and

rlY(B() —¥(p)]+p,—B(1), 2> B(1)
Yr*(2)=9 uly(@)—¥(p)]+p,—z,p, <2< B(1)
0, z<p,.

Let
L,F:C, [0,11-Co[0,1]1 xR
be defined by

Ly®) =0 —y(0), p,—y(1)—y(1)) and Fy(t)=<—(f) f**(x,y(X))dx,!ﬁ,’.‘*(y(l)))-

Now F is compact so essentially the same reasoning as in Theorem 2.2 implies (2.52)"
has a solution y,e C'[0,1] n C%(0, 1).
The reasoning in Theorem 2.4 yields

ya()Zp, for te[0,1]. (2.53)
Next we claim

y(O<B(t) for te[0,1]. (2.54)

If (2.54) is not true then y,—p would have a positive maximum at say t,€(0,1]. If
to€(0,1) then we obtain a contradiction as in Theorem 2.2. If t5,=1 then y,(1)2f'(1)
and y,(1)> B(1). However

YD) =B (M) =[P — yu(1) —¥**(ya())]+ b (B(1)) — ¥ (p3)
=(B(1) = yu(1) — u[Y(B(1) = ¥(p,)]) + u(B(1)) — b (p3)
=B(1) — yu(1) + 1Y (p.) —¥(p3)] <O,

a contradiction. Thus (2.54) is true.
Hence y, is a solution of (2.46)". The same reasoning as in Theorem 2.4 establishes

a(t) 2y ()= p(e) for te[0,1].
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Essentially the same argument as in Theorem 2.1 (from (2.18) onwards) now
establishes the result. O
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