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CHOQUET BOUNDARY 

1 
M a r v i n W. G r o s s m a n 
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In [6] J . Ra inwa te r obtained the following t h e o r e m . 

THEOREM. Let N be a n o r m e d l inea r space , {x ) a 
n 

bounded sequence of e l e m e n t s in N and X€ N . If l im f(x ) = f(x) 
n n 

for each e x t r e m e point f of the unit ba l l of N* , then {x } 

c o n v e r g e s weakly to x . 
Now le t X be a compac t Hausdorff space and H a l i nea r 

subspace of C(X) (all r e a l - v a l u e d continuous functions on X ) 
which s e p a r a t e s the poin ts of X and conta ins the cons tan t 
func t ions . If x e X , then M (H) denotes the s e t of pos i t ive 

x 
l inea r funct ionals u on C(X) such that u(h) = h(x) for al l h in 
H . VTjrX , the Choquet boundary of X r e l a t i v e to H , i s the se t 

H 
of x in X for which M (H) conta ins only the evaluat ion 

x 
funct ional on C(X) at x ( i . e . , the D i r a c m e a s u r e at x ). Note 
tha t V-PC = Vç=X w h e r e H is the sup n o r m c l o s u r e of H . The 

c l o s u r e of V X coinc ides with the Silov boundary 8 X of X 
H H 

r e l a t i v e to H , that i s , the s m a l l e s t c losed s u b s e t E of X such 
that sup h(E) = sup h(X) for a l l h in H (see [ l ] for d e t a i l s ) . 
H i s the se t of f in C(X) such tha t jji(f) = f(x) for a l l x e X and 
j i€ M ( H ) . 

An appl ica t ion of the Choque t -B i shop-de Leeuw t h e o r e m and 
the Lebesgue bounded conve rgence t h e o r e m g i v e s : 

1 
This r e s e a r c h was suppor ted in p a r t by NSF G r a n t G P 4413, 

Canad. Ma th . B u l l , vo l : 10, no . 1, 1967. 

109 

https://doi.org/10.4153/CMB-1967-012-6 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1967-012-6


THEOREM 1. Let X be a compact Hausdorff space and 
H a separating linear subspace of C(X) which contains the con
stant functions. If {h } CH is a uniformly bounded sequence 

n 
which converges pointwise to h € H on V X , then { h i con-

o H nJ 

verges pointwise to h on X . Equivalently, {h } converges 
o n 

weakly to h o Proof. Let xeX and u. be a measure on the cr-ring — x 
generated by V X and the Baire sets such that u (V X) = 1 

H x H 

and J h d u = h(x) for all he H (see [2, Theorem 5. 5] or [4]). 

Since {h } converges to h almost everywhere u , by the 
n̂  o ' x 

Lebesgue bounded convergence theorem, 

/ h du converges to f h du , i . e . , 
J n *x J o *x 

h (x) converges to h (x) 

The purpose of this note is to show that the above theorem 
is equivalent to Rainwater 's theorem. 

U will denote the positive face of the unit sphere of H* ri 
(the conjugate space of H where H has the sup norm) . Equip 
H* with the w*-topology and let L :X-*H* be defined by 

TJ TT 

L(x) = cb where <b (h) = h(x) for all h in H. Then L maps X 
x x 

homeomorphically onto L(X) and L(V X) = 6(U ) where ^ 
ri ri 

denotes the set of extreme points (see [ l , Hilfssatz 8] or 
[2, Lemma 4 . 3 ] ) . 

The following statements a re equivalent: 

I. Theorem 1 

II. Let K be a compact convex subset of a locally convex 
Hausdorff space E and ÛC the family of continuous affine 
functions on K . If {A } C OC is a uniformly bounded sequence 

which converges pointwise to AzOt on é(K) , then {A } con-
n 

verges pointwise to A on K . 
i n . Let X and H be as in Theorem 1 . If {h } C H is 

^ n' 
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uniformly bounded and converges pointwise to 0 on V X , then 

there is a sequence of convex combinations of the h which 
n 

converges uniformly to 0 on V X . 
IV. Let K and OL be as in II. If {A }GOtis uniformly 

bounded and converges pointwise to 0 on ê(K) , then there is a 
sequence of convex combinations of the A which converges 

uniformly to 0 on è(K) . 

V. Rainwater 's theorem. 

Proof. Let <*C be the class of continuous affine functions 
on E ( i . e . , functions of the form i +a where i is a continuous 
linear functional on E and a is a rea l scalar) res t r ic ted to K . 
By a resul t of Bauer [ l , Korollar, p . 119], °^ is a separating 
linear sub space of C(K) which contains the constant functions 
and ^ K = €(K) . Bauer has also shown [ l , Korollar, p . 117] 
that £ = ÛZ. . Consequently, V ^ K = V^K = Vg K = É(K) . 

(Alternatively, ^ ^ K = Vp K since <£ is uniformly dense in ÛZ. 

[ 4, p . 31] . ) It follows that Theorem 1 implies II and III implies 
IV. 

We note that under our general setting if we set 
-1 -1 -1 

H • L = {h° L : hcH} , then H ° L is exactly the r e s t r i c 
tion of the continuous affine functions on H* to L(X) . (cf. [3, 
Theorem 3, p . 18]) . Since L( V X) = 8(U__) , II implies I and 

ri ri 
IV implies III. 

If {h } C H is uniformly bounded and converges pointwise 

to 0 on 7̂ X, then by I, {h } converges pointwise to 0 on X . ri n 
It is well-known that then the zero function on X can be uniformly 
approximated on X by convex combinations of the h (see 

[5, 2.1 ] for a non-measure- theoret ic proof). Thus, I implies III. 

If III holds, then by a resul t of Ptâk [5, Theorem 5.3] 
h \d X converges weakly to h |8 X where 8 X is the Silov 

n H H H 
boundary of X relative to H . Since H is isometrical ly 
isomorphic to Hid X , h converges weakly to h • 

H n 

Statement II provides exactly the crucial step in Rainwater 's 
proof (see [6]) so that II implies V . 

I l l 
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Now suppose V holds and le t {h ) be a un i fo rmly 
n J 

bounded s e q u e n c e in H which c o n v e r g e s po in twise to he H on 
VTTX . By h y p o t h e s i s , <bH (h )->d>H(h) for a l l x € V X . 

H x n x H 

Since L( VRX) = É(U R ) , ^(hj* n(h) for a l l u € € (U R ) U E ( - U R ) 

If (JL € H* is such that || JJL || = 1 and ji i s n e i t h e r pos i t ive nor 
nega t ive , then JJL is not an e x t r e m e point of the uni t ba l l of r r , 
F o r le t v be a H a h n - B a n a c h ex t ens ion of JJL to C(X) . Since 

C(Xf i s an (AL)- s p a c e , v = ||v + || ( ~ ~ V ) + II v" || ( ^ ~ ) 
l|v+ | | | |v - | | 

+ 
w h e r e y , y denote the p o s i t i v e and nega t ive p a r t s of v • 
Consequent ly , v | H = |JL = Xu + (1 - X)(i w h e r e • 0< X < 1 , 

Li, € tJ and LI e ~UTT * Thus , the se t of e x t r e m e po in t s of the 
1 H 2 H 

uni t ba l l of H* i s conta ined in 6(U ) M € ( - U ) , It fol lows 

f r o m V tha t h -*- h weakly in H so tha t V i m p l i e s I , . 
n 

P r o b l e m . F ind an e l e m e n t a r y n o n - m e a s u r e - t h e o r e t i c 
proof of T h e o r e m 1 o r of R a i n w a t e r 1 s t h e o r e m . 

A r e a s o n for hoping tha t a so lu t ion m i g h t e x i s t i s P t a k ' s 
T h e o r e m 2. 1 which p r o v e s III, wi thout using m e a s u r e theory , 
when V X i s c l o s e d . T h e o r e m 5. 3 in P t a k ' s p a p e r m a y be u s e -

H 
ful h e r e . 

We s t a t e nex t two c o r o l l a r i e s of T h e o r e m 1 which follow 
i m m e d i a t e l y f r o m known c h a r a c t e r i z a t i o n s of V X . 

ri 
COROLLARY 1, Le t £ be a bounded open se t in E n and 

{h } a un i fo rmly bounded sequence of r e a l - v a l u e d funct ions 
n _ 

cont inuous on SI and h a r m o n i c in SI . If ( h ) c o n v e r g e s 
L nJ 

po in twise on the s e t of r e g u l a r po in t s of the b o u n d a r y of H to h 
cont inuous on SI and h a r m o n i c in SI , then {h } c o n v e r g e s 

— nJ 

po in twise to h on SI . 

P roo f . If H is the s e t of funct ions in C(S2) which a r e 
h a r m o n i c in SI , then V fl co inc ides with the s e t of r e g u l a r 

H 
po in t s of the b o u n d a r y of SI (see [1 , Satz 16]). 

COROLLARY 2 . L e t A be a s e p a r a t i n g , un i fo rmly closed 
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subalgebra of the algebra of all complex-valued continuous 
functions on the compact met r ic space X with 1 € A . If {f } 

is a uniformly bounded sequence of functions in A which con
verges pointwise to f € A on the set of peak points for A , then 
{f } converges pointwise to f on X . 

Proof. If H = {Re f : f€ A} , then V-^X coincides with 

the set of peak points for A (see [2, Theorem 6.5]), 
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