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Abstract

The second dual of the vector-valued function space Cy(S, A) is characterized in terms of gen-
eralized functions in the case where A* and A** have the Radon-Nikodym property. As an
application we present a simple proof that Co(S, A) is Arens regular if and only if A is Arens
regular in this case. A representation theorem of the measure wk is given, where p € C3(S, A),
h e Lo(|p|, A**) and wh is defined by the Arens product.

1991 Mathematics subject classification (Amer. Math. Soc.): 46 G 10,46 J 10.

1. Introduction

Let A be a Banach space and let S be a locally compact Hausdorff topological
space, #(S) be the o -algebra of all the Borel sets of S. The space of continuous
functions from § to A vanishing at infinity, endowed with the uniform norm,
is denoted by Cy(S, A). The second dual of Cy(S, A) is considered in the case
where § is compact and the dual A* has the Radon-Nikodym property in [3],
and for the case where S is locally compact and A is a Banach algebra with a
positive cone satisfying certain conditions in [5]. When A = C, the complex
numbers, the second dual of Co(S, A) is characterized by means of generalized
functions in [12].

In Section 2, a characterization of C3*(S, A) by means of generalized func-
tions is given, in the case where A* and A** have the Radon-Nikodym property.
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Recall that both A* and A** have the Radon-Nikodym property if any one of the
following conditions is satisfied:

(i) A isreflexive,

(ii) A™ is separable,

(ili) A**/A is separable (see [6, p. 219], for example).

Let A be a Banach algebra and F, G be in C§*(S, A). Denote by FG and
F.G the left and right Arens products of F and G in Cj*(S, A) respectively. A
Banach algebra is called Arens regular if the two Arens products coincide. It
has been shown recently in [11] that if S is compact and A is Arens regular, then
C(S§, A) is Arens regular. Since the technique used in [11] is quite complicated
and Cy(S, A) is a very important Banach algebra, as an application of the results
in Section 2, we present a simpler proof of the Arens regularity of Co(S, A)
in Section 3, assuming of course A* and A** both have the Radon-Nikodym
property.

Let T : Co(S, A) — C be a bounded linear operator. The representing
measure m : J8(S) — A* is a weakly compact measure and it is shown in [8,
p. 54] that the total variation |m| and the semivariation m of m are the same in
this case. Let MW (S, A*) and D(S, A*) be the collection of all weakly compact
measures and dominated measures respectively. Then

Cy(S,A) =MW(S, A") = D(S, A"

(see [2] and [5], for example). Since |m|(S) = m(S) = |T| is finite, we see
that |m| € M(S), the space of all bounded regular Borel measures on S [2,
Theorem 2.8].

Ifue MW(S, A*)andh € L (Ju|, A**), then h can be viewed as an element
in C3*(S, A) (see Lemma 3) and wh defined by the right Arens product is an
element in CJ(S, A). A representation theorem for wh, when considered as a
measure, is given in Section 4.

Throughout this paper we assume that A* and A** have the Radon-Nikodym
property and we follow the standard notation of Arens product used in Duncan
and Hosseinium [9]. The bilinear integration theory used in this paper is de-
veloped in Dinculeanu [8].

2. The dual of MW (S, A*)

Let L,(Jm|, A*) be the space of all the equivalence classes of A*-valued
Bochner integrable functions defined on S. Then the dual

Li(Im|, A*)" = Loo(Jm|, A™)
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if and only if A** has the Radon-Nikodym property (see, for example, Diestel
and Uhl [6], where L, (Jm|, A**) stands for the space of equivalence classes of
A**-valued Bochner integrable functions defined on § that are |m|-essentially
bounded, that is, such that

| f lm,c0 = inf {sup{|| f(x)|| : x & N} : |m|(N) = 0}
=inf{c>0:iml({x € S: | fX)] > c}) =0} < 0.

Consider the product linear space [ [{L(|m|, A**) : m € MW (S, A*)}. An
element f = (f,)memw(s.a in this product is called a generalized function on
S provided

@  Nfll=sup |l fullmeo : m € MW(S, A") < oo,
(i) ifu,ve MW(S, A*) are such that |u| < |v|, then f, = f, |u|-a.e.

Here [11] <« |v| means |u| is absolutely continuous with respect to |v|. It is
easy to see that condition (ii) above is meaningful for the equivalence classes of
functions.

Let GL(S, A**) denote the linear subspace of A**-valued generalized func-
tions on S. It is easy to verify that GL(S, A*) is a Banach space with norm
/1l = sup{ll full .o - 1 € MW(S, A%)}.

DEFINITION. Let , v : #(S) —» A*bein MW (S, A*). lim,g)~o V(E) =
0, then v is called | |-continuous and is denoted by v < |u].

THEOREM 1. for each bounded linear functional F € MW (S, A*)*, there is
a unique generalized function f € GL(S, A*) such that

F(u) = / fudu (e MW(S, A"))
and |F|| = || f].
PROOF. For u € MW (S, A*), F induces a bounded linear functional F,, on
Li(lul, A") ={ve MW(S, A") . v < |ul},

since A* has the Radon-Nikodym property. Let v <> f” be the correspond-
ing mapping. Now, since A** has the Radon-Nikodym property, we see that
Li(lul, A*)* = Loo(|pe|, A**) and that there is f, € Lo (|1t], A**) such that

Fo(v) = F(v) = f (FY £ dlul,
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forany v € L, (i, A*) [6, pages 98-99]. Since

W(E) = f £ dil,
E

and the countably valued functions in L., (Ji|, A**) are dense in L (ju], A*)
(see [6, p. 97], for example), we see that

[ paai = [ foav.

In particular F(u) = [ f.dp.

We shall show that f = (f,).cmws,.a+) 1S a generalized function. Let u, v €
MW (S, A*) such that || <« |v|. For y € L(Ju|, A*), we have vy < |ui,
y < |v|. Hence

[ fody = Fur = F) = Rt = [ foay.
Thus f, = f, |ul-ae. Also, for u € MW (S, A*),
I fullnoo = NFull = sup{|F,(w)| : v € Li(jul, A%, vl <1} < I FJl.
On the other hand,
IFll = sup{|F (V)| : v € Li(Jul, A%), lvll <1}
= SUP{I/fvdvl tv e Li(lul, A7), vl = 1)
< sup{li fullv.oo - IVI} < I FIUI-
Hence f € GL(S, A*) and | F|| = | fI.

Let i be the identity of A. It is shown in [4, Lemma 2.4] that (15 ® i) is
the identity of C3*(S, A). Let I = (I,),emw(s.a- be defined by I, = i for all
n € MW(S, A*). Then [ is the identity in GL(S, A*).

THEOREM 2. Let T : GL(S, A*™) - MW(S, AY)* be defined by

T5@ = [ fudn  ue MW(S, A, f € GLES. A

Then T is an isometric isomorphism of GL(S, A*) onto MW (S, A*)* and
TI =(15®1i).
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PROOF. Let f € GL(S, A*). For u,v € MW(S, A*), we see |ul|, |v| €
M(S). Let x* be any element in A* with ||x*|| = 1. Set 7 = (|i] + |v])x*. Then
T € MW(S, A*). Clearly |u +v| < |T], |u] L |7, |v] <« |7|. Hence

Tf(u+v) = / Frand (i +v) = f fod(u +v)

=ffrdu+ffrdv
=ffudu+/fvdv

=Tf(W) +Tf)

and, fora € C,
Tf(au) = f fund(@p) = @ f Fundi
=a [ fudu=aTf(.

since || < |ept|. Thus T f is linear. Now

1Tl = sup{|Tf ()| : u € MW(S, AY), |lull = 1)
< sup{ll fulluoo - llell = Nall = 1} < [ £1.

Thus Tf is a bounded linear functional on MW (S, A*). Since T is onto,
Theorem 1 shows that it is an isometric isomorphism.
Furthermore, for u € MW (S, A*),

(T1HY(w) =/Iu du = i(un(S)) = u(S)i
=pu"(s®i) = (s @) (W)

(the above first equality is implicitly implied in the proof of [2, Theorem 2.2]).
Thus 71 =15 ® .

3. Arens regularity of Co(S, A)

Although L., (Ju|, A**) consists of equivalence classes of functions, the next
lemma shows that we can view each element in L, (|}, A**) as an element in
Cy (S, A).
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LEMMA 3. Every element f in L. (|1|, A*) can be considered as an element
finCy*(S, A). If F,G € C3*(S, A), then u**(F) = u**(G) if and only if F
and G agree on L (||, A*), where u** is the second adjoint of u, as a linear
functional on C3*(S, A).

PROOF. Since A* and A** have the Radon-Nikodym property,

Loo(lul, A*) = Li(|pl, AM*,
Li(jul, A*) ={ve MW(S, A") : v < |ul}
C MW(S, A) = C(S, A).

Thus by the Hahn-Banach theorem, each f € L, (||, A**) can be extended to
an element in C;*(S, A). For simplicity we again use f to denote the extension.
Note that the extension is not unique and that all these extensions agree on

Li(lul], A).
Suppose now that F, G € C;*(S, A) agree on L,(|u|, A*). Then, for any
complex number «,

w*(F)(@) = F(u*(a)), w* (G () = G(u'(a)).

Now for every h € Co(S, A), w*(a)(h) = au(h). We conclude that u*(a) K
2], and so

w7 (F)(@) = F(p* (@) = G(u'(@) = u™(G)(a).

Thus u**(F) = u™(G).
On the other hand, suppose now that u**(F) = u**(G). Let f,g €
GL(S,A*)suchthat Tf = F,Tg = G. Then,

Tf(u) =/fudu, Tg(w) =/gudu-

Letv € L,(|u|, A*). Then v & |u| and so
F(v)=Tf(v)=ffvdv
=/fﬂdv (vl < ul),
G(v) = Tg(v) =/g,,dv

- / gedv (vl < lu.
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Since u**(F) = u**(G), we see that f, = g, |ul-a.e. Now v € L;(|u|, A*)
implies that f, = g, |v|-a.e. Thus

F(v):/fudv=fgudv=G(v),

completing the proof.

REMARKS 4.

(1) If f and g belong to the same equivalence class in L, (¢}, A**), they
must agree on L;(|u|, A*).

2) Foru e MW(S, A", f € GL(S, A*), Theorems 1 and 2 imply, in
view of Lemma 3, that

nw” (o) = fuli)
= f fudp  (Loo(lul, A™) = Li(lnl, A))
=Tfw).
Conversely, if k € C3*(S, A) and f € GL(S, A*) are such that Tf = h, then

W) = hw) =T7G0 = [ fudu=u"(f.
From Lemma 3, we see that f, = hon L,(Ju|, A*) foreach u € MW (S, A*).

DEFINITION. For F, G € C§*(S, A), there are f, g € GL(S, A*™) such that
Tf = F, Tg = G by Theorem 2. For u € MW(S, A*), define F x u €
C3* (S, A) by

(F x p)(h) = u™(hfu), (h € C37(S, A)).

Then F x u € C§(S, A) in particular. Note that the above definition is
independent of the extension of f, to C3*(S, A). In fact, if F = F’ and
G =G on L ,(|u|, A*),then FG = F'G and FG = Fg’ also on L,(|u|, A*)
because Gu is in L,(ju|, A*) and Gu = G'u (since uf € L,(|u|, A*) for
[ € Co(S, A)). Let F x G be the element in MW (S, A*) defined by

(F x G)(u) = F(G x ), (n € MW (S, A™)).

THEOREM 5. Let F,G € C3*(S, A). Then F x G = FG, where FG is the
left Arens product in C3*(S, A).
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PROOF. For 1 € MW(S, A*), (F x G)(n) = F(G x p) and (FG)(n) =
F(Gu). Forany h € Cy(S, A),

(G x u)(h) = u*(hg,) = (hg)(u) = h(guu) = (guu)(h),

and

(Gu)(h) = G(uh) = Tg(uh) = f g d(uh)

= [sudumy  quhl <
— (h)™(8,) = gu(uh) = (guu)(h).  (Remark 4(2)
Thus F x G = FG.
Similarly, for u € MW(S, A*)defineu ® F € G (S, A) by
ML ® F) = w™(fuh),  (he (S, A)).

Then u @ F € Cj(S, A) in particular. Define F ® G € C}*(S, A) by
WF RG) =G(u®F). Then F® G = F - G, the right Arens product
in C3*(S, A).

THEOREM 6. Cy(S, A) is Arens regular if and only if A is Arens regular.

PROOF. We shall show that F x G = F @ G for F,G € MW (S, A*)*. Let
f.8€GL(S,A"")besuchthatTf = F,Tg = G. Foryu € MW (S, A*),

TfxTg)(w)=Tf(Tgxu)= / frexud(Tg x p)

= f fud(Tgxp)y  (Tg x pul < fluh)
= (Tg x W*™(fu) (Remark 4(2))
= (Tg x wW(f) = u™(f.8u)-
On the other hand, T (fg)(u) = w**(f.8.), by Remark 4(2). Thus Tf x Tg =

T(fg)-
Now we shall showthat Tf @ Tg =T(f - g),
W(TfRTg) =Tgu®TS) = /gu®Tf du®Tf)
=/gud(u®Tf) (u®Tfl K Iunh
= @W®TSf)=u"(fugu)-

https://doi.org/10.1017/51446788700035515 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700035515

[9] The second dual of Cy(S, A) 311

On the other hand, T(f - g)(u) = u**(f,-g.) by Remark 4(2). ThusTf®Tg =
T(f-8).

Since A is Arens regular and f - g take valuesin A™, (f - g)(x) = (fg)(x).
We conclude that Cy(S, A) is Arens regular if A is. The rest of the proof of the
theorem is clear.

4. Representation theorems

It is easy to verify that if Fy, F, € C3*(S, A) agree on L (|u|, A*) C
C; (S, A), then the left and right Arens products satisfy Fiu = Fou, uF; = uF,
respectively. Thus if h € L, (Ju|, A**) and we consider it as an element in
C3*(S, A) by Lemma 3, then the left and right Arens products, Ax and ph, are
well-defined.

Similarly, if G, G, € C3*(S, A) agree on L;(Ju|, A*) then G, F(n) =
G, F(u) and ()G - Fy = (W) G,- F,, respectively. Thusif f, g € Lo(|n], A™),
the values of the Arens products (u) f - g and fg(u) are uniquely determined.

DEFINITION. Forue MW(S, A*),h€ L,(Ju|, A**),define u, e MW (S, A*)
by

/gduh =/hgdu (g € Co(S, A))
by the Riesz Representation Theorem.
THEOREM 7. Let h € Loo(|1t|, A*). Then pu, = ph.

PROOE. Let g € Cy(S, A) and let 7 be the canonical embedding of Cy(S, A)
into C3*(S, A). Then

(@)uh = (gu)h = h(n(g)n) = hn(g)(n) = u*(hr(g)),
since gu = mw(g)K.

On the other hand, we see from Remark 4(2) that u,(g) = f hgdy =
p**(hg). Thus p, = ph.

THEOREM 8. For g, h € Loo(|ul, A**), [ gd(uh) = [h-gdu, whereh-g(s)
is defined by the right Arens product in A**, that is , h - g(s) = h(s).g(s) for
ses.
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PROOF. We see that from Remark 4(2) that

f gd(uh) = (uh)*(g)
=uh)g=Wh-g
= u™Ch-g) =fh edp.

Similarly, let ;0 € MW (S, A*) be defined by

fgd(hu) =fghdu (g € Co(S, A)).
Then we have

THEOREM 9. Let n € MW (S, A*) and let g, h € L(|ul, A**). Then ,u =

hu and
[ st = [ gha.

where gh(s) is defined by the left Arens product in A**.

REMARKS 10.

(1)  Since the A**-valued simple functions are in L (ju], A**) it is not
difficult to verify that Theorems 8 and 9 hold for g € L (lul, A*), h €
L,(Jju], A**) or vice versa.

Q) Ifh e Cy*(S,A) and f € GL(S, A*) are such that h = Tf, then
h = f, on Li(Ju|, A*) by Remark 4(2). Thus uh = uf, and hp = f,pu
respectively. Hence Theorems 8 and 9 are valid for h € C§*(S, A), that is,

[eawn=[-gaun.  [gaom = [sfan.

(3) Theorems 8 and 9 are not valid for general g, h € L,(Ju|, A**), since
hg need not be in L, (||, A*) even for A = C.
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