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THE POSET OF PERFECT IRREDUCIBLE
IMAGES OF A SPACE

JACK R. PORTER AND R. GRANT WOODS

1. Introduction. We begin by briefly summarizing the contents of this paper;
details, and some definitions of terminology, appear in subsequent sections. All
hypothesized topological spaces are assumed to be Hausdorff. The reader is
referred to [13] for undefined notation and terminology.

A perfect irreducible continuous surjection is called a covering map. Let X be
a space, let f and g be two such functions with domain X, and let Rf denote the
range of f (i.e., the set f[X]). Then f and g are said to be equivalent (denoted
f = g) if there is a homeomorphism 4 : Rf — Rg such that hof = g. We
identify equivalent covering maps with domain X, and then denote by IP(X)
the set of such covering maps. (Note that |[IP(X)| < 2%l.) A partial order <
can be defined on /P(X) as follows: g < f if there exists a continuous function
h : Rf — Rg such that hof = g. (The antisymmetry of = follows from the fact
that we have identified equivalent covering maps.) It turns out that (/P(X), <) is
a complete upper semilattice. Our principal result is the following:

THeOREM 1.1. Let X and Y be k-spaces without isolated points. Then
(IP(X),=) and (IP(Y),=) are order-isomorphic if and only if X and Y are
homeomorphic.

In fact we prove a generalization of this (Theorem 3.10) that is not as suc-
cinctly expressed. This generalization has Magill’s theorem (see 1.4) as a corol-
lary.

The remainder of the paper (Section 5) contains partial results concerning
when IP(X) is a lattice. It is already known that IP(X) is a complete lattice if
and only if the set of non-isolated points of X is compact and nowhere dense
(see 5.1). We show that if X is not countably compact, or is a compact metric
space without isolated points, then IP(X) is not a lattice.

Evidently 1.1 describes a situation in which the topology of a space is de-
termined by the order structure of an associated family of mappings. Theorems
of this sort are not new; for twenty years topologists have been studying the
order structure of families of extensions of a space, and obtaining theorems like
1.1. Our investigations were motivated by a desire to see if similar results could
be obtained by considering a naturally occurring, but quite different, poset as-
sociated with a topological space. To set the stage for what follows, we briefy
summarize the theory of extensions and quote some of the above-mentioned
theorems. See 4.1 of [13] for more details.
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Definition 1.2. (a) An extension of a space X is a pair (i,S) where S is a
space and i : X — § is a dense embedding.

(b) Two extensions (i,5) and (j,T) of X are equivalent if there is a homeo-
morphism & : S — T for which hoi =.

(Note that if X is a dense subspace of S and of T, and if i and j are inclusion
maps, then (b) above reduces to requiring that #|X be the identity on X.)

Henceforth we identify equivalent extensions of X. Let E (X) denote the set of
extensions of X. (Note that since equivalent extensions are identified, and since
we consider only Hausdorff spaces, we have |E(X)| = exp(exp(exp |X])).) A
partial order = can be defined on E(X) as follows: (j,T) = (i,S) if there
is a continuous function # : S — T such that h oi = j. (The identification
of equivalent extensions of X enables us to prove that = is antisymmetric.)
The following results are well-known (see 5.3(c) of [13], for example; (b) is
essentially due to Herrlich and van der Slot [8].

THEOREM 1.3. Let X be a space. Then:

@) (E(X),=) is a complete upper semilattice.

(b) If P is a closed-hereditary, productive topological property, and if Ep (X)
is defined to be

{G,S) € EX): S has P},

then (Ep (X), =) is also a complete upper semilattice (provided it is non-empty).

Suppose that P is as in 1.3(b) above, and let (i, Y»X) denote the largest
member of Ep (X). Many authors have investigated the relationship between the
order structure of Ep (X) and the topological structure of YpX\X. The earliest
and best theorem of this sort is due to Magill [10], as follows: 8X denotes the
Stone-Cech compactification of K. Let X denote the property of being compact.

THEOREM 1.4. Let X and Y be locally compact spaces. Then Eq (X) and
Eg (Y) are order-isomorphic if and only if BX\X and BY\Y are homeomorphic.

Other results in a similar vein appear in [11], [14], and [16]. The results we
will obtain in Section 3 below bear a strong resemblance to these results.

2. The poset of covering maps with fixed domain. In this section we
assemble some preliminary results on /P (X). Our new results appear in Sections
3to 5. Recall (see [13] or [17]) that a function f : X — Y is perfect if it is closed
and point-inverses are compact. A perfect function f : X — Y is irreducible
if f[X] =Y but f[A] # Y if A is closed in X and X\A # 0. Covering maps
are perfect continuous irreducible surjections. (Covering maps are important in
the study of absolutes and their generalizations; see chapter 6 of [13], [15], [2],
and [17]). In Section 1 we introduced the notion of equivalent covering maps
(with common domain) and defined /P(X) to be the set of covering maps with
domain X (with equivalent maps identified). We defined a relation = on IP(X)
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and asserted that it is a partial order with respect to which /P(X) is a complete
upper semilattice. We now investigate these claims in more detail.

THEOREM 2.1. Let g : X — Z and h : Z — Y be continuous surjections.
Then:

(@) hog : X — Z is perfect if and only if h and g are perfect.

(b) hog is acovering map if and only if h and g are.

(Part (a) is 3.7.3 and 3.7.10 of [3], and (b) is a straightforward consequence
of (a)).

CoroLLARY 2.2. Let X be a space and f,g € IP(X). Then f < g if and only
if there exists a covering map h : Rf — Rg such that hof = g.

Proof. This follows immediately from the definition of = on IP(X) (see Sec-
tion 1) and from 2.1(b).

Note that precisely one member of /P(X) is a homeomorphism onto its range;
this is the largest member of (IP(X),<). We will assume that this member is
the identity function idy on X.

TueEOREM 2.3. Let X be a space. Then (IP(X), =) is a complete upper semi-
lattice.

Sketch of proof. First verify that = is a partial order. Reflexivity is triv-
ial. Transitivity is an immediate consequence of 2.1(b). To prove antisymmetry
suppose f,g € IPX),f = g, and g = f. By 2.2 there exist covering maps
h:Rf — Rg and k : Rg — Rf such that hof = g and ko g = f. Thus
hokog = g and as g is surjective, hok = idg,. Similarly ko h = idgy, and so k
and h are homeomorphisms. As equivalent covering maps are identified, f = g.

Now we must show that each non-empty subset of (IP(X),=) has a least
upper bound. This is essentially the contents of 3.3 of [7]; also see 8.4(f) of
[13].

There is an order isomorphism from /P(X) onto a certain set of partitions of
X, and this correspondence will be useful in what follows.

Definition 2.4. (a) A covering partition of a space X is an upper semicontin-
uous partition P of X into compact sets such that if V is a non-empty open set
of X, then there exists P € P such that P C V.

(b) If f is a covering map with domain X, define P (f) to be

{f~0):y €Rf}
and define P(f) to be
{AeP(): Al 22}

(c) if A is a covering partition of X, define 4 : X — 4 by defining ¢4 (x)
to be the unique member of 4 to which x belongs.
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THEOREM 2.5. (a) Let f and g be covering maps with domain X. Then f and
g are equivalent (as defined in Section 1) if and only if P(f) = P(g).

(b) The map f — P (f) is a bijection from IP(X) onto the set S(X) of all
covering partitions of X. If S(X) is partially ordered by “is refined by, then
this map is an order isomorphism; explicitly, f < g if and only if P (f) is refined
by P (g).

Sketch of proof. (a) One direction is obvious. For the other, suppose P (f) =
P(g). If x € Rf, define A(x) to be the unique point y of Rg for which f(x) =
g7 (). It is straightforward to prove that /4 is a homeomorphism for which
hof =g.

(b) By (a) the map is one-to-one. To show it is onto, let 4 be a covering
partition of X and give A4 the quotient topology induced by ¢g. Then ¢4
is easily seen to be a covering map, and hence equivalent to, and hence the
same as, a member of /P(X). Obviously P(¢4) = 4, so our map is onto. The
preservation of order is easily verified.

Note that an extension of X was defined to be a pair (i,§) consisting of a
space S and a dense embedding i : X — S. To emphasize further the analogy
between ‘E (X) (defined in Section 1) and /P(X), we could have defined members
of IP(X) to be ordered pairs (f,S), where f : X — § is a covering map and S
is a space. This seems unnecessarily complicated and hence was not done.

When we generalize 1.1 we will wish to consider certain subsets of /P(X), as
follows.

Definition 2.6. Let U be an open subset of a space X. Then IP(X,U) is
defined to be

{f €IPX):Vx € U,|f~(fx)| = 1}.

Note that IP(X) = IP(X,{)). Furthermore, observe that if g € IP(X,U), f €
IP(X),and g < f, then f € IP(X,U). Hence we infer:

TueoreM 2.7. Let U be an open subset of X. If ¢ # G CIP(X,U), then VG
(the supremum of G in IP(X)) belongs to IP(X,U). In particular, IP(X,U) is
a complete upper semilattice with respect to the order defined on IP(X).

3. The main results. The topology of a space X obviously determines the
order structure of IP(X); i.e., if X and Y are spaces and # : X — Y is a
homeomorphism, then there is an order-isomorphism

@ IP(X) — IP(Y).

We want to know when the converse is true. In other words, suppose X and Y
are spaces and

@ IPX)—IP(Y)

https://doi.org/10.4153/CJM-1989-011-7 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1989-011-7

PERFECT IRREDUCIBLE IMAGES OF A SPACE 217

is an order isomorphism. Does it follow that X and Y are homeomorphic?
Theorem 1.1, together with some limiting examples, provides an answer.

Example 3.1. Let i(X) denote the set of isolated points of the space X. It is
easily verified that if x € i(X) and f € IP(X) then

[f~(fon =1

Hence if |X\i(X)| = 1, it follows that /P(X) contains only one element, namely
idy. Hence for any two such spaces X and Y, IP(X) and /P (Y) are trivially order-
isomorphic. Let IN be the countably infinite discrete space, D the discrete space
of cardinality X;, a/N (resp. aD) the one-point compactification of IN (resp.
D), and LD the one-point Lindelof extension of D (i.e., LD = D U {p}, and
neighborhoods of p are {p} UA, where |D\A| = X). Then IP(aIN), IP(aD),
and IP(LD) are order-isomorphic while oIN, aD, and LD are pairwise non-
homeomorphic.

The above example makes it clear that X cannot have a lot of isolated points
if the order structure of /P(X) is to determine the topology of X. We now turn
to some positive results.

Definition 3.2. A bijection f from a space X onto a space Y is called a cn-
bijection if {f[A] : A is a compact nowhere dense subset of X} = {B : B is a
compact nowhere dense subset of Y }.

Our proof of 1.1 can be split into three parts, as follows. First we show that if
X and Y have no isolated points, and if /P(X) and /P(Y) are order isomorphic,
then there is a cn-bijection from X onto Y (see 3.5). The proof of this is sketched
only, as it is essentially identical to Magill’s proof of 1.4. Second, we show that
if X and Y are compact spaces without isolated points, then a cn-bijection from
X to Y is a homeomorphism. Finally, we prove the same assertion for k-spaces
(rather than compact spaces). The proofs of the latter two assertions involve a
number of new techniques.

Definition 3.3. Let X be a space without isolated points and let f € IP(X).

(a) f is primary in IP(X) if P (f) has at most one non-singleton member.

(b) f is dual in IP(X) if f is primary and P (f) contains (precisely) one
doubleton.

One can easily adapt the proofs of Lemmas 9 and 10 of [10] to prove:

ProposiTioN 3.4. Let X be a space, let f € IP(X), and f # idx. Then:

(a) f is dual if and only if there is no g € IP(X) such that f < g < idy.

(b) f is primary if and only if whenever g and h are distinct dual members
of IP(X) for whichf Ng =f Nh#f, then

Kk € IP(X): k = g AR} =5.
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Note that one consequence of 3.4 is that dual and primary members of /P(X)
can be characterized in purely order-theoretic terms.

Using 3.4 and exactly the same techniques used in the proof of theorem 12
of [10], we obtain the following result (whose proof we do not include).

THEOREM 3.5. Let X and Y be spaces without isolated points, and let ¢ :
IP(X) — IP(Y) be an order isomorphism. Then there is a cn-bijection F : X —
Y such that if f € IP(X), then

P(p(f)) = {FIAl : A € P(f)}.

It is clear from 3.5 that in order to prove 1.1 we need only show that the topol-
ogy of a k-space without isolated points is completely determined by its family
of compact nowhere dense subsets. To this end, we now show that cn-bijections
between k-spaces without isolated points are homeomorphisms. (Recall that a
space X is a k-space if whenever A C X and AN K is closed in X for each
compact subspace K of X, then if follows that A is closed in X.) We begin with
a technical lemma and then give a characterization of k-spaces without isolated
points.

Originally this lemma was proved only for compact spaces, and by a different
means. We are grateful to the referee for suggesting the proof below, which
applies to countably compact T3 spaces.

LemMa 3.6. Let X be a countably compact T3 space without isolated points.
Suppose A is a subset of X satisfying this condition.

) If B C A and clyB is nowhere dense in X then clxB C A.

Then A is a closed subset of X.

Proof. Suppose x € clyA\A. Let V' be a maximal family of pairwise disjoint
non-empty open sets of A for which

xg€WclkU :U € V}.

Let V be an open set containing x, and let W be open such that x € W C
clxW C V. Let

W ={U€eV  :WnNU # 0}.
If W is finite, then
xeW\U{clxyU:UeW}=T.
Let a € TN A; as X is Hausdorff there exists an open set S of X such that

x€ESCclkSCT and ae€T\clkS.
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Then ¥ <1 U{S NA}, contradicting the maximality of /. Thus W is infinite.
Choose x; € WNU for each U € W, and let

D:{XleEW}.

Then D is a discrete subset of A, and as X has no isolated points, it follows
that clyD is nowhere dense. Thus by hypothesis clyD C A. As X is countably
compact, there exists y € clyD\D. Evidently y € A\ U ¥, and since clyD C
clyW, it follows that

VNE@A\UY)£0.
Thus
x €cly(A\UY).

The maximality of ¥ implies that cly(A\ U V) is nowhere dense, so by hy-
pothesis

cly(A\U ) C A.

Hence x € A, which is a contradiction. Hence A is closed as claimed.

Examples 3.7. (a) The referee has pointed out that 3.6 fails if “countably
compact” is replaced by “pseudocompact”. To see this, let T denote the set of re-
mote points of /R. Then T is dense in BIR\IR (see 42 of [1])andso Y = IRUT
is pseudocompact (see 3.1 of [4] and 17.1(d) of [1]). By definition of “remote
point”, no point of T is in the Y -closure of a closed nowhere dense subset of
IR. Hence IR satisfies the hypothesis on A in 3.6, yet IR is not closed in Y.

(b) Lemma 3.6 also fails if “countably compact” is replaced by “H-closed
and semiregular”; the space (BQ)(D?) discussed in example 8 of [12] provides
a counterexample.

Now we establish that the compact nowhere dense subsets of a k-space without
isolated points completely determine its topology.

THEOREM 3.8. Let X be a space without isolated points. The following are
equivalent

(@) X is a k-space.

) If X C X and if clyB C A whenever B C A and clxB is compact and
nowhere dense, then A is closed in X.

(c) If A is a subset of X such that ANK is closed in X for each compact
nowhere dense subset K of X, then A is closed in X.

Proof. (c) = (c) This is trivial.
(b) = (c) Suppose that A C X and that A N K is closed in K whenever
K is a compact nowhere dense subset of X. Suppose that B C A and that
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clyB is compact and nowhere dense. By hypothesis ANclyB is closed in X; as
B C ANclyB, it follows that clyB C A. It follows from (b) that A is closed in
X. Hence (c) follows.

(a) = (b) Suppose that X is a k-space without isolated points, A C X, and
that clxB C A whenever B C A and clyB is compact and nowhere dense. We
must show that A is closed in X; by hypothesis, it suffices to show that if L is
a compact subset of X then ANL is closed in X. Let

K = cly(L\cli(L))

(see 3.1 for notation). Then K is a compact subset of L with no isolated points.
Observe that

¢)) ANL=[ANcLi(L)]JU[ANK].

We claim that ANK is closed in X. As K is compact it suffices to show that
ANK is closed in K. To show this, by 3.6 it suffices to show that if B C ANK
and clgB is nowhere dense in K, then clxkB CANK. If B C ANK and clkB
is nowhere dense in K, then clgB = clxB (as K is compact) and so clxB is
nowhere dense in X. By hypothesis on A, clxB C A, i.e., clgB C A. Obviously
clkB C K, so clgkB C ANK. Hence ANK is closed in X as claimed above.

Let M = cl i(L). Arguing as in 3.6 we see that the compact set M is nowhere
dense in X. Thus clx(A N M) is a compact nowhere dense subset of X. By
hypothesis on A,

clx(ANM) C A.
Thus

cxANM)CANM
and so ANM is closed in X. By (1) ANL is the union of two closed subsets of
X and hence is closed in X. The theorem follows.

We now can prove the main result of this section.

Proof of 1.1. Obviously if X and Y are homeomorphic then /P(X) and
IP(Y) are order-isomorphic. Conversely, suppose IP(X) and IP(Y) are order-
isomorphic. As X and Y have no isolated points, by 3.5 there is a cn-bijection
f X —Y (obviously f~ : ¥ — X is also a cn-bijection). We will prove that
f is a closed map. By symmetry f~ will also be closed, and hence f will be a
homeomorphism.

Let M C X and clxM be compact and nowhere dense. First we show that

flclxM] = clyfIM].
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Since f[clyM] is compact and nowhere dense, then
clyf[M] C flclxM]

and clyf[M] is compact and nowhere dense. So, f[clyf[M]] is compact and
nowhere dense. Since

M C fclyfIM]],
it follows that
cixM C f[clyfIM]]
and that
flelxM] CclyfIM].
Next, we show that f is closed. Let C be a closed subset of X. Suppose that
B C f[C] and that cly B is compact and nowhere dense. By 3.8 (a) and (b), since

Y is a k-space without isolated points, to show f[C] is closed in Y it suffices
to show that clyB C f[C]. By the assertion at the beginning of the paragraph,

fTlclyB] = clxf[B].
As f7[B] C C and C is closed, it follows that
fTlelyB] CC.

Hence, clyB C f[C]. This completes the proof that f is closed and by symmetry,
[ is closed. Thus, f is a homeomorphism.

The above proof essentially consisted of showing that a cn-bijection between
two k-spaces without isolated points is of necessity a homeomorphism. To show
that this result can fail if the spaces involved are not k-spaces, we present the
following example.

Example 3.9. Recall (see [1]) that r is a remote point of O (the space of
rational numbers) if

r € BO\ U{clgpA : A is a closed, nowhere dense subset of Q}.
It is known [1] that

[{r € BO\Q : r is a remote point of Q}| = exp(exp No).
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Since
{h: Q — Q : his a homeomorphism}| < exp(Ro),

there are remote points p and g of Q such thatif 4 : Q — Q is a homeomorphism
and 4% : BQ — BQ is the continuous extension of 4, then h?(p) # q. Define

f:oU{p}—0QU{q}

by f(x) = x for x € Q and f(p) = q. Let C be a closed nowhere dense in
QU {p}. If p £ C, then

fICI=CCQ and q¢clyy,C.

So, C is closed and nowhere dense in Q U {q}. If p € C, then f[C] = (C N
0)U{q} is closed and nowhere dense in Q U{g}. If C is also compact, then so
is f[C]. A similar argument shows that f~ preserves compact, nowhere dense
sets. However, f is not a homeomorphism; in fact, QU {p} and QU {q} are not
homeomorphic. Thus cn-bijections between spaces without isolated points need
not be homeomorphisms.

The similar form of 1.1 and 1.4 suggests that they might have a common
generalization. In fact they do, but its statement is rather cumbersome. We
briefly sketch this generalization.

Suppose that X is a space, U is an open set of X (possibly empty), and
i(X) CU. As noted in 2.7, IP(X,U) is a complete upper semilattice. The same
technique of proof that we indicated for 3.5 can be used to prove the following:

THEOREM 3.10. Let X; be a space, U; be open in X;, and i(X;) C U;(i = 1,2).
Suppose

¢ IP(X,Uy) — IP(X2, Uy)
is an order isomorphism. Then there is a bijection

F 1 X\Uy — X \Us
such that {F[A] : A is a compact nowhere dense subset of X; and A C X,\U,} =
{B : B is a compact nowhere dense subset of X; and B C X;\U,}; and if

f e IP(X,Uy) then

Plo(f) = {x}:x € Us)JU{F(A) : A € P(F)and A C X,\U, }.

Note that 3.5 is the special case of 3.10 in which U; = U, = {.
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Lemma 3.11. Let X be a locally compact space. The function
Y IP(BX,X) — Ex (X)
defined by

Y(f) = BX /P (f)

is an order isomorphism (here 3X [P (f) is the obvious quotient space of 3X).
(See 1.3 for notation.)

Proof. Define ¢ : IP(3X,X)S (X) (the set of covering partitions of 3X) as
follows: ¢(f) = P(f). It follows quickly from 2.5(b) that ¢ is an order iso-
morphism onto its image. By Lemma 1 of [10], there is an order isomorphism

A plIP(BX, X)) — Ex (X).

Then A o ¢ is the required 1.

We can now deduce the non-trivial half of 1.4 as follows. If X and Y are
locally compact and if Ex (X) and E (Y') are order-isomorphic, then IP(8X, X)
and IP(BY,Y) are order-isomorphic by 3.11. By 3.10 there is a bijection

F:BX\X — BY\Y

such that A is a compact nowhere dense subset of 83X contained in 8X\X if and
only if F[A] is a compact nowhere dense subset of 3Y contained in BY \Y. As
all closed subsets of BX\X are nowhere dense in BX,F is a closed map. By
symmetry so is £, and so F is a homeomorphism.

Hence 1.1 and 1.4 can both be viewed as consequences of 3.10.

4. Other uses of /IP(X). By 3.5, we know that if X and Y are spaces without
isolated points and if /P(X) and IP(Y) are order-isomorphic, then there is a cn-
bijection between X and Y. In this section, we show that the converse is false.
We are thankful to the referee for many suggestions, some of which led to the
results in this section.

Let X be an infinite space without isolated points and let /P;(X) denote
{f € IP(X) : Py(f) contains only one member, and this member is a doubleton}.
An ideal point of IP4(X) is a subset A of IP,(X) satisfying (1) f, g € 4 implies
f A g exists and is primary and (2) 4 is maximal with respect to (1). The set
of ideal points, denoted by S(X), is determined by the poset IP(X).

For each x € X, let

e(x) = {f €IP4X) : x € UB(f)}.
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Another path to establishing 3.5 is to start with the next result which is easy to
verify.

ProposITION 4.1. Let X be an infinite space without isolated points. Then e is
a bijection from X onto S(X) such that if x,y € X are distinct, then e(x) N e(y)
is a singleton and if f € e(x)Ne(y), then UP,(f) = {x,y}.

For B C S(X), let B* = {f € IP4(X): there are 4,4’ € B such that 4 # 4’
and f € 2 N 2'}. Now, we show that the order structure of /P(X) determines
the compact nowhere dense subsets and the convergent sequences of X.

ProposiTION 4.2. Let X be an infinite space without isolated points and let
A C X have at least two points.

(a) A is nowhere dense and has compact closure if and only if (e[A])* has a
primary lower bound.

(b) A is compact and nowhere dense if (e[A])* has a primary lower bound
and if g € IPy(X) and g 2 N(e[A])*, then g € (e[A])*.

(c) Let A= {x,:n € wyU{y} where y # x, for n € w. Then (x,) — y if
and only if A and A\{x,} are compact and nowhere dense sets for n € w and
A\{y} is not compact and nowhere dense.

Proof. The proof is straightforward and left to the reader.

Example 4.3. Consider the infinite space X = QU {p} where p € (clzoN)\Q
and the infinite space ¥ = Q U {q} where g is a remote point. The function
which takes p to ¢ and is the identity on Q is a cn-bijection from X onto ¥ (use
the same argument as in 3.9).

Assume there exists an order-isomorphism ¢ : IP(X) — IP(Y). By 3.5, ¢
induces a cn-bijection F : X — Y such that

P(p(f) = {FIA]: A € P(f) for f € IP(X)}.

By 4.2, we have that (r,) — r in X if and only if (F(r,)) — F(r) in Y. Since
no sequence converges to p or ¢ and sequences converge to every point of Q, it
follows that F[Q] = Q and F(p) = q. Also, F|Q : Q — Q is a cn-bijection; by
the proof of 1.1, F|Q is a homeomorphism. Thus, F[N] is a closed and discrete
subspace of Q and hence of Y since ¢ is a remote point. For each n € w, let
fn € IP4(X) such that Po(f,) = {{2n,2n+1}}. Assume that A{f, : n € w} exists
and is denoted by f. Since the elements of P,(f) are compact and only finite
subsets of N have compact closure in X, it follows that an element of P(f)
meets N in a finite set. Let D € P (f) be the element such that p € D: so, DNN
is finite. Note that D\{p} is compact, for if not then D\{p} is a closed subset
of Q such that D is its one-point compactification. As Q is normal, D\{p}
is C*-embedded in Q and hence in Q; thus D\{p} would be C*-embedded
in D. No countable space has its one-point compactification as its Stone-Cech
compactification (see 6J of [6], for example), so this is a contradiction. Hence
D\{p} is compact as claimed. Similarly, N is C*-embedded in Q; hence,

A={2n:new}\D and B =N\(AUD)
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have disjoint closures in 3Q. Thus, there are disjoint open sets U and V in X
such that

clyACU, clxkBCV, and D\{p} cCw
where
W = X\ClX(U uv).

Now, p € clyAUclyB. If p € clyA, then D C W UU. As P(f) is an upper
semicontinuous decomposition of X, there is an open set R such that

DCRCWUU and R=U{E € P(f): ENR+# ¢}.

So, p € RNclyA and for some n € w, 2n € R such that 2n+ 1 € B (the
latter assertion is true since D NN is finite). There is some E € P(f) such that
{2n,2n+ 1} C E; so, 2n+ 1 € R. This is a contradiction as 2n+ 1 € V and
V MR = ¢. Similarly, the assumption that p € clyB leads to a contradiction.
This completes the proof that {f, : n € w} has no lower bound in IP(X).

For n € w, let g, = w(f,); so,

TZ(gn) = {{F(QJZ),F(Q’I + 1)}}
Let
P ={{FQ2n),F2n+ 1} :newU{{y}:y € Y\F[N]}.

Since g & cly F[N], it is straightforward to verify that P is a covering partition
of Y. There is some k in IP(Y) with P = P (h). Now g, = h for each n € w
implying that

fo=9"(gn) 2 ¢~ (h) forevery n € w.

So, {f, : n € w} has a lower bound in /P(X). This is a contradiction to the
assumption /P(X) and IP(Y) are order-isomorphic.

5. When is /P(X) a lattice? Unfortunately we do not have a complete answer
to the above question. However, non-trivial partial results of interest appear in
5.1, 5.2, and 5.9. Although not stated in this form, 5.1 appears as theorem 2 of
[5]. We includee a proof for completeness. We thank Professor A. W. Hager for
calling this paper to our attention.

THEOREM 5.1. The following are equivalent for a space X
(a) (IP(X), =) is a complete lattice.
(b) The set X\i(X) of non-isolated points of X is compact and nowhere dense.
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Proof. (a) = (b). Suppose X\i(X) is either non-compact or has non-empty
interior. In either case, if f € IP(X) then f[X\i[X]] contains distinct points p
and ¢q. Let H be the quotient space of f(X) obtained by identifying p and ¢ and
let

g fX)—H

be the corresponding quotient map. Then g of € IP(X) and g of < f. Hence
(IP(X) =) has no smallest member and hence is not a complete lattice.

(b) = (a). If X\i(X) is compact and nowhere dense, identify it to a point; let
H be the resulting quotient space and f : X — H be the corresponding quotient
map. Then f € IP(X). If g € IP(X) and x € i(X), then

le gl = 1;

from this it follows that f is the smallest member of /P(X). But a complete
upper semilattice with a smallest member is a complete lattice (see 2.1(e) of
[13], for example), so we are done.

Tueorem 5.2. Let X be a space. If X\i(X) is not countably compact, then
IP(X) is not a lattice.

Proof. If X\i(X) is not a countably compact space, it contains a countably
infinite closed discrete subset D = {x, : n € IN}. Let

A ={{xn1,xm}:n€IN}U{{y}:y € X\D} and
B = {{xa,x2mn1} :n €IN}U{{y}:y € X\D)U{x1}}.

It is easy to verify that 4 and ‘B are covering partitions of X, so ¢z and
pg € IP(X) (see 2.5(b)). If g € IP(X), g = ¢4, and ¢ = ¢35 then by 2.4(b)
A and ‘B both refine P (g). It follows that D is a subset of some member of
P (g), and hence is compact. This is a contradiction, and so ¢4 A ¢3 cannot
exist. Thus /P(X) is not a lattice.

Theorems 5.1 and 5.2 in some sense deal with the two “extreme cases”. Next
we show that /P([0, 1]) is not a lattice. This is done by exhibiting two specific
covering partitions 4 and B of [0, 1] for which the corresponding covering
maps ¢4 and g (which will belong to IP([0, 1])) have no common lower
bound in /P([0, 1]). We first record some preliminary facts.

ProrosITION 5.3. Let K be a compact metric space.
(a) Let f : K — L be a covering map. Then there is a dense Gg-set G of K
such that

IfIf@)l =1 for each x € G.

(b) If P is a covering partition of K then {z € K : {x} € P} is a dense
Gs-set of K.
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Proof. Part (a) follows from 2.1 of [[9] and part (b) is an immediate conse-
quence of part (a).

ProposiTiON 5.4. Let (X,d) be a metric space and let P be an upper semi-
continuous decomposition of X into closed sets. If 6 > 0 let

P @) ={P € P : diam (P) 2 §}.

Then UP (6) is closed in X.

Proof. Suppose r € cly[UP (6)]\UP (§). There exists Q € P such that r € Q.
Since O ¢ P (§), it follows that diam (Q) = o < §. Let € = (§ — 0)/4; then
€ > 0. Let

V =U{S(e,q): q € 0},

where S(J,y) is the open sphere of radius A about y. If a,b € V there exist
q(a), g(b) € Q such that

d(a,q(a)) <e and d(b,q(b)) <e.
Thus

d(a, b) < 2¢ + d(g(a), q(b))
< 2e +o0;

therefore d(a, b) < 6 — 2¢. It follows that diam (V) <6 —e.
Since Q C V and Q € P, there exists a P -saturated open set W such that
QCWCV.So
r € WNclx[UP $)],

and there exists P € P (§) for which W NP # (. As W is saturated, P C W.
But then

6 £ diam(P) = diam(V) £ § —e.

This contradiction implies no such r exists, and it follows that U®P () is closed.

Definition 5.5. For n € IN, let
D, = {m/2" : m is an odd integer and 1 = m = 2" — 1}
Let

D=U{D,:n€lIN}.
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The set D is just the dyadic rationals in (0, 1); it is obviously dense in [0, 1].
We will construct two covering partitions 4 and B of [0, 1], each of which will
consist of singletons and doubletons. Each doubleton will be a subset of D,, for
some n, and the corresponding covering maps ¢4 and ¢ will have no lower
bound in /P([0, 1]). To prove that 4 and B are upper semicontinuous, we will
need the following elementary number-theoretic fact.

LEMMA 5.6. Suppose that n,s,j,m € IN and that m is odd. Suppose s Z n+2
and 1 < j <2572, Then:
(@) m/2" < 4j — 1/2° implies m/2" < 4j —3/2°, and
(b) m/2" > 4j —3/2° implies m/2" > 4j — 1/2°.
Proof. We sketch the proof of (a); (b) is proved similarly. The hypothesis of
(a) implies that
0<4j—1/2° —m/2" = 4j — 1 — (4m)(2* " %) /2".

Thus 4(j —m - 2°7"%) — 1 is a positive integer and hence is at least as big as
3. Thus

4(j—m-2°""2)—3>0.

The conclusion of (a) quickly follows.

Definition 5.7. For each n € IN, let

A, ={{4m—3/2"4m—1/2"} :m €IN and 1 S m = 2"?},

By ={{4m—1/2"4m+1/2"} :m €IN and | Em < 2" ? — 1},
A =U{4,:neIN}U{{x}:x €10,1]} and

x g U{A: A € 4, for some n},

and

B=W{B,:necIN}U{{x}:x€[0,1] and

x ¢ U{B : B € B, for some n},

LemMma 5.8. 4 and ‘B are covering partitions of [0, 1].

Proof. Evidently 4 and ‘B are partitions of [0, 1] into compact sets. Only
countably many points of [0, 1] belong to some non-singleton member of 4
(resp. B), so if A4 (resp. B) is upper semicontinuous, then it will be a covering
partition (see 2.4). It remains to prove upper semicontinuity. We do this for 4;
the proof for B is similar.

Let A € 4 and let 4 = {r,s} (where r and s can be distinct or equal).
Suppose V is open and A C V. As D is dense in [0, 1] there exist n € IN, and
m,k € {1,3,...,2" — 1}, such that

AC (m/2m+2/2)U(k[2" k+2/2") CV
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(these intervals are chosen to be disjoint or equal according to whether |A| = 2
or |[A] = 1). Let

W =m/2",m+2/2"YU(k/2", k+2/2"),
let

S={Cea:.Cnw#b#C\W},
and put § = US. It follows from 5.6 that

SCU{F:1=jsn+1},

and so S is a finite collection of closed sets. Hence S is closed and so W\S
is open. Evidently A C W\S C V, and W\S is an A4 -saturated open set. It
follows that A4 is upper semicontinuous. (This argument needs obvious and
easy modifications if A = {0} or {1}.) Thus A4 is a covering partition of [0, 1];
a similar argument shows that B is too.

THeorem 5.9. IP([0, 1)) is not a lattice.

Proof. Let 4 and B be as in 5.7. Suppose g € IP([0,1]) with ¢ = g4
and g = pg (see 2.4(c) and 2.5(b)). As P (g) is refined by both 2 and B, it
is evident that for each n € IN there exists P, € P(g) for which D, C P,.
But diam(D,) =1—1 /2"‘l for each n € IN; hence diam(P,) 2 1/2 whenever
n 2 2. Thus

W{R € P(f):diam(R) 2 1/2} DU{D, :n =2} = D\{1/2},
which is dense in [0, 1]. It follows from 5.4 that
WH{R € P(f): diam(R) = 1/2} = [0, 1].

Hence P (g) has no singleton sets, which contradicts 5.3(b). Thus ¢4 and p3
have no common lower bound, and /P([0, 1]) is not a lattice.

ProposiTION 5.10. Let X be a space, let f € IP(X), and suppose IP(Rf) is
not a lattice. Then IP(X) is not a lattice.

Proof. Suppose g,k € IP(Rf) have no common lower bound. Observe that
gof,kof € IP(X). If h were a common lower bound of g of and kof in
IP(X), there would be covering maps i : Rg — Rh and j : Rk — Rh such that
iogof =jokof. As f is surjective it follows that io g = j ok, and so
iog S g,iog =k,and iog € Ir(Rf). This contradicts our hypothesis; hence
IP(X) is not a lattice.

CoRrOLLARY 5.11. If X is a space and f : X — [0, 1] is a covering map, then
IP(X) is not a lattice; in particular IP(C) is not a lattice if X is either the
Cantor set or the absolute of [0, 1].
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Proof. The first assertion follows from 5.9 and 5.10. The absolute of a T3
space Y is mapped onto Y by a covering map (see 2.1 of [17] or 6.6(e) of [13],
and the Cantor set can be mapped onto [0, 1] by a covering map (seee 61 of
[13], for example); this verifies the second assertion.

We conclude this paper by generalizing 5.9 and proving that if K is a compact
metric space without a dense set of isolated points, then /P(K) is not a lattice.
This will not render 5.9 redundant, as we will use 5.9 to prove its generalization.

The following result is well-known and easily verified.

LemMA 5.12. Let X be a space, let f € IP(X), and let U be open in X. Define
FHU]Y to be RF\FIX\U). Then f*[U] is open in Rf and

I Un=u{p e 2(f): PCU}.

Lemma 5.13. Let K be a compact space without isolated points and let f , g €
IP(K). Suppose that

UIR(f) N PR(g)] = [UR(NH] N [UP(L)]-

Then f A g € IP(K) (see 2.4(b) for notation).

Proof. First observe that

UR(HIN[UP(g)] = ULP(f) N Pa(g)]

if and only if whenever A € P (f), B € Py(g), and ANB # {, then A = B.
Now let

P = B(HUREU{{x}:x € K\UB) U UP())]}-
By hypothesis and the preceding sentence, P is a partition of K into compact
sets. To show that P is upper semicontinuous, suppose that P € P, U is open
inK,and P C U. Let

V=1 g I lomn.
By 5.12 V is open in K and

VCgTlluncu.
If P is a singleton set, obviously P & P»(g) so

P C ¢ lg"Ull
by 5.12. Hence P C V (also by 5.12). If P € P5(g), then

P C g lg"Uun
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by 5.12. By hypothesis (see the first sentence of this proof) either P € P,(f),
in which case P C V by 5.12, or else f[f(x)] = {x} for each x € P, in
which case P C V. If P € P(f), a similar argument yields that P C V. Thus
P CV CU. An argument essentially identical to the above also shows that V
is P -saturated. Hence P is upper semicontinuous.

If W is a non-empty open subset of K, there exists P € P(f) such that
P C W (since f is a covering map). As P (f) C P, it follows that W contains a
member of P, and so P is a covering partition. By 2.5(b) p» = f and pp = g
as P(f) and P(g) refine P (see 2.4(c) for notation). Obviously pp =f A g
from the construction of P.

Lemma 5.14. Let K be a compact metric space without isolated points, and
let f,g,h € IP(K). Suppose that g A\ h does not exist and that

[(UP(8)) U (UB ()] N [UP(f)] = 0.

Then IP(Rf) is not a lattice.
Proof. Our hypotheses imply that

UP () N(UP() = U Pa(h) N Pa(f)),
and similarly for ¢ and f. Hence by 5.13 f A h € IP(K) and so there exists
m € IP(Rf) such that mof = f A h. Similarly f A g € IP(K) and there exists
n € IP(RF) such that nof = f A g. If m A n existed in IP(Rf), then

mof Z(mAn)of.
Thus

hZfAh=mof Z(mAf)of
and similarly

gZfAg=nof Z(mAn)of.

Thus g and 4 have a common lower bound and so g A & exists by 2.3, in
contradiction to hypothesis. Hence m A n cannot exist in /P (Rf), and the lemma
follows.

THEOREM 5.15 Let K be a compact metric space without isolated points. Then
IP(K) is not a lattice.

Proof. As noted in the proof of 5.11, there is a covering map ¢ : C — K.
(Here C denotes the Cantor set.) By 5.3(a) the set

{recC @yl =1}
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contains a dense Gs-set of C, say G. There is a covering map f : C — [0, 1]
such that UP,(f) is a countable dense subset of C (see 3.2B of [{3]). By 5.9
and its proof there exist g,h € IP([0, 1]) for which g A i does not exist and
[UP,(g)]U[UP,(h)] is a countable dense subset of [0, 1]. It follows that [UP,(ho
PHIUIUP (g of)] is a countable dense subset of C. Let D be a countable dense
subset of G. By 4.3H of [[3] there is a homeomorphism & : C — C for which

k[D] = [UPs(h o f)]U[UP(g o f)].
By our choice of G it follows that
[(UP(hof 0 k) U(UB(g of o )N (UP(1) = .

By 5.11 (g of ok) A(hof ok) does not exist in /P(C). Hence by 5.10 IP(Rt)
is not a lattice, i.e., IP(K) is not a lattice.

CoROLLARY 5.16. Let K be a compact metric space. The following are equiv-
alent:

(a) K has a dense set of isolated points.

(b) IP(K) is a complete lattice.

(¢) IP(K) is a lattice.

Proof. (a) =(b). This follows immediately from 5.1.
(b) =(c) is obvious.
(c) =(a). Suppose (a) fails; let

L = clg(K\clki(K))

where i(K) is the set of isolated points of K. It is immediate that L is a compact
metric space without isolated points, so by 5.15 there exist f,g € IP(L) for
which f A g does not exist in /P(L). Let

A=P(f)Uu{{x}:xeK\L} and B =P(g)U{{x}:x € K\L}.

A straightforward calculation verifies that 4 and ‘B are covering partitions of
K. If (c) were to hold, there would be a space Y and covering maps

s:R(pa)—Y, t:R(pp)—Y
for which s o ¢ 7 =t o ¢g. Then (up to equivalence)
so(pall)=f and so(pg|l)=g

(in IP(L)), which is a contradiction. Hence (c) must fail, and so (c) implies (a).

The authors wish to thank the referee for his or her numerous helpful sug-
gestions.
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