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Abstract. In this paper, by using the fixed point index method first we obtain
some existence and multiplicity results for sign-changing solutions of an (e;, B)-limit
increasing operator equation. The main results can be applied to many non-linear
boundary value problems to obtain the existence and multiplicity results for sign-
changing solutions. We also give a clear description of locations of these sign-changing
solutions through strict lower and upper solutions. As an example, in the last section
we obtain some existence and multiplicity results for sign-changing solutions of some
Sturm-Liouville differential boundary value problems.
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1. Introduction. As is well known, when studying non-linear problems, better
results may be established if the non-linear terms are assumed to have some
monotonicity properties. For instance, when studying non-linear differential boundary
value problems, if the non-linear terms are increasing and there exists a pair of well-
ordered upper and lower solutions, then the differential boundary value problems
always have maximal and minimal solutions on the ordered interval defined by the
well-ordered upper and lower solutions. For another instance, recently some authors
obtained the existence results for critical points by combing the lower and upper
solutions method with the descending flowing invariant set method; see [6, 27] and
the references therein. In order to establish these results, the authors of these papers
always assume that the non-linear terms satisfy some kinds of monotonicity properties.
However, in many cases the non-linear terms may not have any monotonicity
properties. In order to overcome this difficulty, in [13] we introduced a new concept of
(e1, B)-limit increasing operator and studied the existence of solutions of (e;, B)-limit
increasing operator equations under the condition of pairs of paralleled upper and
lower solutions.

The sign-changing solutions have attracted much attention in recent years; see [1—-
12, 21-30] and the references therein. Generally speaking, there are three approaches
to establish the sign-changing solution results. They are critical point theory, the
topological degree method and the global bifurcation theory. In our papers [8-11],
we established some existence results for sign-changing solutions of some differential
boundary value problems via the topological degree method and the global bifurcation
theories. Concerning the method of global bifurcation theories, we also refer readers to
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Rabinnowitz’s classical results [29, 30]. Since there are explicit geometrical significance,
recently the method of critical point theory has been employed extensively to find sign-
changing solutions. Bartsch and Wang [27] established an abstract critical point theory
in the partially ordered Hilbert spaces by virtue of critical groups and studied sign-
changing solutions of some elliptic boundary value problems. Concerning the method
of critical point theory we also refer readers to Refs. [1-7, 21-26, 28]. Moreover,
there were some interesting results in Zou’s recent monographs [28] concerning sign-
changing critical point theory. However, we should point out that in many cases this
method is invalid because a suitable variational setting can not be found for some non-
linear boundary value problems, e.g. impulsive differential boundary value problems,
multi-point differential boundary value problems etc.; nevertheless we may establish
existence results for sign-changing solutions for these differential boundary value
problems by using the methods of the topological degree or global bifurcation theories.
The main purpose of this paper is to study the sign-changing solutions of (e, B)-
limit increasing operator equations. Some existence and multiplicity results for the sign-
changing solutions of an equation of (e;, B)-limit increasing operator are established
and the locations of these sign-changing solutions are clearly described in terms of
the cone structure of the space. The abstract theorems are applied to the Sturm-—
Liouville equations to obtain the existence results for sign-changing solutions. Of
course, the abstract theorems may also be applied to many other non-linear boundary
value problems to obtain sign-changing solutions, such as impulsive differential
boundary value problems and multi-point differential boundary value problems.

2. Main results. Let (X, | -|lx) and (Z, | - ||z) be the two real Banach spaces,
and P and P; normal cones of X and Z, respectively. Denoted by <, the both partial
orderings in X and Z are induced by the cones P and P, respectively. For more
discussions about cone and partial ordering we refer the reader to [20]. Let ug, vgp € X
and [up, vo] = {x € X|up < x < vo} denote an ordered interval of X. In this paper we
will consider the existence of solutions of the operator equation

Lx = Fx, 2.1

where L : domL C X +— Z is a linear operator and F : X — Z is a continuous and
bounded operator.

Let B: X + Z be a linear bounded operator such that B : P\{0} — P1\{0}, e; €
Pi\{0}, ey = L~'e; € P\{6)}. For any x, y € X, denote by x < y if there exists § > 0
such that y — x > dey. For any x, y € Z, denote by x < y if there exists § > 0 such
that y — x > 8e;. Let N denote the set of all natural numbers, and N* = {0} UN.

First recall the concept of (e, B)-limit-increasing operator.

DEFINITION 2.1. Let D C X be a bounded and closed set, and F: D~ Z a
bounded and continuous operator. Then F is called an (e;, B)-limit-increasing operator
on the set D if there exist a sequence of continuous operators {F,}°2, and a sequence
of positive numbers {M,}>, such that for alln e N,

1 1
——e1 < Fu—Fu< -e, Yuel, (2.2)
n n

G,v > Guu, Vv, ueD, v>u, (2.3)
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where the operator G, : D — Z is defined by G,x = F,x + M, Bx for all x € D and
n € N. An (e;, B)-limit-increasing operator F on a bounded closed set D whose interior
is non-empty is called locally increasing at an interior point xy of D if there exists ry > 0
such that U(xy, rp) C D and

Fu=Fu=Fu=---=Fu=---, Yue U(xg,r). 2.4

REMARK 2.1. The concept of (e, B)-limit-increasing operator was put forward
in [13, 18, 19]. However, there are some subtle differences between the concept of
(e1, B)-limit-increasing operator in this paper and those in [13, 18, 19]. In this paper,
we will always assume that (2.2) and (2.3) hold if we assume that F : D+ Z is an
(e1, B)-limit-increasing operator.

DEFINITION 2.2. ([15]) An operator T : 2(T) C Z — X is called e-continuous at
xo € 2(T) if for every ¢ > 0, there is number § > 0, such that

—ge < Tx—Txy < ce

for every x € 2(T) N U(xy, §). An operator T is called e-continuous on 2(7T) if T is
e-continuous at every x € Z(T).

DeFINITION 2.3. ([13]) Let @9 and By € X. Then «y and Sy are said to be strict
lower and upper solutions of (2.1), respectively, if Loy <; Fap and FBy <1 LBy.

DEFINITION 2.4. ([13]) Let «p and By be strict lower and upper solutions of (2.1),
respectively. Then oy and By is called a pair of well-ordered strict lower and upper
solutions of (2.1) if gy <¢ Bo.

DEFINITION 2.5. ([16]) Let ¢ € P\{#}. An operator T : 2(T) C Z — X is said to
be e-positive if for any u € P; \ {0}, there exist « = a(u), 8 = B(u) > 0 such that

e < Tu < Be.

DEFINITION 2.6. Let X be a non-zero solution of the operator equation (2.1). If
Xxe(—P)(orx e P,orx € E\ (PU(—P))), then X is called a negative (or positive, or
sign-changing) solution of (2.1).

From [14, Lemma 5.2] we have the following result.

LEMMA 2.1. Let E be an ordered Banach space with solid cone P. Let K : E+— E
be a compact, e-positive, linear operator and let F : E — E be a map such that for some
uy € E, uy = KF(up). Suppose F is Gateaux differentiable at uy with strictly positive
derivative F'(uy). Denote by r(T) the spectral radius of the operator T = KF'(uy) and by
hg the positive eigenfunction of T corresponding to r(T). Then there exists a 1y > 0 such
that for all 0 < t < 10,

KF(uy + thy) > ug + thy,

T)>1 impli
(1) > 1 implies {KF(uo — 1hy) < uy — thy,

and
KF(uy + thy) < up + thy,

n(T) <1 implies {KF(uo —tho) > ug — th.

From [17, Theorem 19.2] we have the following Lemma 2.2.
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LEMMA 2.2. (Krein—Rutman) Let E be a Banach space, P C E a total cone and
K € L(E) a compact positive with r(K) > 0. Then r(K) is an eigenvalue with a positive
eigenvector.

For convenience, let us introduce the following conditions to be used in the sequel.

(Hy) There exists a pair of well-ordered strict lower and upper solutions uy and vy of
(2.1) such that ugy, vy € P.

(H3) F is (e1, B)-limit increasing on any bounded set of X and is locally increasing
at 0, F(0) = 0, F is Fréchet differentiable at 0, F'(0) = ByB, and F is e|-continuous on
[ug, vol, where By > 0.

(H3) For each M >0, Ky :=(L+ MB)™':Z+ X exists and is completely
continuous, Ky is eyr-continuous and eys-positive on any ordered interval of Z for some
ey € P\{0}, the algebraic multiplicity of each positive eigenvalue of Ky B is 1.

(Hy) There exists a pair of well-ordered strict lower and upper solutions, u; and v,
of (2.1) such that uy, vy € X\(P U (—P)) and uy <o u; <o v1 <g vo.

Assume in the sequel that the positive eigenvalues of KB decreasingly are {A,}2,,
where K := K. Then we have the following main results.

THEOREM 2.1. Suppose that ( Hy)—( H3) hold, By € (% L), where ny is a natural
IXO

’ )Llno+l
number. Then (2.1) has at least one sign-changing solution. Moreover, (2.1) has at least

one positive and one negative solution.

Proof. The proof is achieved in the following six steps:

Step 1. Since F is an (e, B)-limit-increasing operator, which is locally increasing at 6,
there exist a sequence of continuous operators {F,}, a sequence of positive numbers
{M,} and ry > 0 such that (2.2)-(2.4) hold, where xo =6 and D = [ug, vo]. For
brevity, let us denote Fy = F, Gy = F, My = 0 and K,, = K}, for each n € N in the
sequel of this section. Now, since 1 and v are strict lower and upper solutions and
F is ej-continuous on [ug, vo], by (2.2) and the Definitions 2.1 and 2.3, for sufficiently
large enough 7 € N (assume without loss of generality that for all n € N), we have

Lu() <1 Fnuo, ano <1 LU().
Since F'(0) = By B, we have

|Fx — F6 — ByBx| 2
xeX, |xlly—0 llx]lx

=0.

By (2.4) we have for each n € N,

1 KnGnx — KnGub — (Bo + M) Ky Bxll 2

lim
xeX, |xlly—0 llxIx
) K llFx — FO — BoBx
< lim 1K 1] BoBx| z —0.
xeX, ¥l x—0 Il x

This implies that K,G, is Fréchet differentiable at 6 for each n e N*, and
(K,G,) (0) = (Bo + M,)K,,B. Let 1 be a positive eigenvalue of the linear operator
(Bo + M,)K, B and x,, be the corresponding eigenfunction, that is

(Bo + Mn)Kanu = KXy
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Then, we have
(Bo + Mn)Bxu = uw(L + MnB)x/u

and so

I

KBx, = ——x,.
n 130 + (1 - H“)Mn Fu

Since the positive eigenvalues of KB are {);}, there exists i, such that

Ay = o
o :30+(1 _/'L)Mn’
and so
)"io(ﬂo +Mn)
= . 2.5
W M, (2.5)

On other hand, we can easily prove that every positive number u satisfying (2.5) is
an eigenvalue of the linear operator (8o + M,,)K,B. Thus, the sequence of positive
eigenvalues of the linear operator (8o + M,)K, B is

{ )\i(/gO + Mn) }OO
1+aM, |,
Step 2. For each n € N, let

St = {x € [up, vol|x > 0, x = K, G,x},
S, = {x € [ug, vollx < 0, x = K,,G,,x}.

By (Hj3), there exists e, € P\{6} such that, for each n € N*, K,,B is e,-positive and
e,-continuous. Now we shall show that for each n € N*, there exists ¢, > 0 such
that

Sler 2 gnéna S; g _é.nén- (26)

Let xy € S;F. Now, since G, x¢ > G,0 = 0 and K, is e,-positive, there exists ,3&? >0

such that xo = K,,G,x¢ > 8;) ¢,. On the other hand, since G,, : X — Z is continuous
(n)
and K,, : Z — X is e,-continuous, for ﬁT" > 0, there exits ry, > 0 such that for any

x € U(xo, ry) NS},
Lo L
_Eﬁ €n < Knan - KnanO g Eﬁ €n,

X0 X0

and thus, for any x € U(xo, ry,) N S;7, we have

Obviously, {U(xo, ry,)|xo € S} is an open cover of S}. Since P C X and P, C Z
are normal, (2.3) implies that G, is bounded on [ug, vy] for each n € N. Thus,
St = K,G,S} C X is a relative compact set for each n € N* (note Gy = F also
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is bounded). Therefore, there exist finite subsets of {U(xo, ry,)|xo € S;}, say,
U(x1,ry,), ..., Ulxx,, 1, ), such that

k!l
Shc U U(xi, ry,).
i=1
W) _ 1) 1 () 10 +
Let By =min{58x,, 3Bx, .- 3Px,} >0 for each ne N*. Then, we have
St > ﬂ:')én. Similarly, there exists ﬂ@ > 0 such that S, < —ﬂ(,")én. Let g =

I min{g{", B}, then (2.6) holds.
Step 3. Let n € N* be fixed at present. The spectrum radius of (K,,G,,) (0) = (Bo +

M,)K,B is
)\1(.30 + Mn)
M)K,B) = ~220 T o,
(o + MK, B) = “ 0 >
By Lemma 2.2, there exists /, € P\{6} such that
(ﬁO + Mn)Kthn = V((,B() + Mn)KnB)hn- (27)

Since K, is e,-positive and B : P\{0} — P;\{#}, by (2.7), there exist a(h,) > 0 and
B(h,) > 0 such that

a(hn)En < hn < ,B(hn)én- (2'8)
By Lemma 2.1, there exists 7, > 0 such that for any t € (0, 7],
—th, > K,G,(—1hy,), K,G,(th,) > thy,. 2.9

By (2.6), (2.8) and (2.9), we may take 1, > 0 small enough such that

Uy < Vo <0 <upy < v, (2.10)
St >up S, < v (2.11)
and
Un < KnGnuZ,n, KnGnUZ,n < U2, (212)
whereu, , = t,h, and vp, = —1,/1,. Since 1 isnot an eigenvalue of the linear operator
(K, G,) (0), there exists 7, > 0 such that K,,G,, has the unique fixed point 6 in U(6, 7,),
and
deg(I — K,G,, U0, 7,),0) = (—1)* = 1. (2.13)

Assume that 7, > 0 small enough such that v, ,, u2, &€ U(6,7,), U(B,F,) C [uo, vo)
and 7, < 7y < rp.
Step 4. For each n € N, let

Q.n = {x € [up, vo]|there exists T > 0 such that K,,G,x < K,,G,v2,, — T€,},

<
Q5. = {x € [ug, vo]|there exists T > 0 such that K,,G,,x > K,G,uz,, + t€,}.
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It is easy to see that uy € Q;, and vy € Q2,,,. By the é,-continuity of K,,G,, it is easy
to see that €, and 2, , are open subsets of [ug, v9]. Now assume that 7 is a fixed
natural number. Now we shall show that for any x € 9}, 4,)21,, and ¢ € [0, 1],

x # tK,Gpx + (1 — Hup. (2.14)
If (2.14) is not true, then there exists Xy € 9[,,1,)1,, and ¢ € [0, 1] such that
xo = 10K, Gpxo + (1 — to)up. (2.15)
Notice that xo € 9[y,1,]€21,4, SO We have
K,Gpxo < K,Gpvz ) < 020

It follows from (2.10) and (2.15) that x¢ < v,,. Thus, by the e,-positivity of K, we
have

KnGnU2,n — K,Gyxo = Kn(GnUZ,n - GnXO) = a(GnUZ,n - Gn-XO)én,

where a(G,v2, — Gyxo) > 0. This implies that xo € €, ,, which contradicts x¢ €
uo,v01$21,»- Thus, (2.14) holds, and so

(K G, Q1 1, [uo, vo]) = 1. (2.16)
Similarly, we have
(K, G, Q.. [0, vo]) = 1. (2.17)
Obviously, we have
(K Gy, [uo, vo], [uo, vo]) = 1. (2.18)

From (2.3.5) of [20], we have
i(K,G,, U6, 7,), [uo, vo]) = deg(I — K,,G,, - 1, U(B, R,) Nr~ (U6, 7,)),0), (2.19)

where r : X + [u, vo] is a retraction and R, > 7. It is easy to see that each fixed
point of K,,G,, - r in U(0, R,) N r~1(U(8, 7,)) must belong to U(H, 7,,). Thus, by the
properties of the Leray—Schauder degree,

deg(I — K, G,, U(6,7,),0) = deg(I — K,G,, -1, U®, R,) N r~ (U8, 7)), 0). (2.20)
It follows from (2.13), (2.19) and (2.20) that
(K, Gy, U, 7), [1o, vo]) = 1. (2.21)
By (2.16)—(2.18) and (2.21), we have
i(Kn G, [0, vo]\(Cliug, 011,10 U Clig 00120 U U0, 7)), [o, vo]) = —2. (2.22)

By (2.16), (2.17) and (2.22), K,,G,, has three fixed points x; , € Q1 ,, X2, € Q2, and
X3 € [0, VO]\(Cliug,00121.0 U Cliug, 1020 U T (O, 7)), respectively. Let us show that

Xinllx =70, i=1,2,3. (2.23)
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We only show that ||x3,||x > 7o. By contradiction, assume that ||x3 ,|x < 7o < ro.
Since

X3y = Knan3,n = (L + Mn)_l(FnXS,n + Man3,n)y

we have x3, = KFx3,. Now, since 6 is the unique solution of KF in U(6, 7y), we
see that x3 ,, = 6, which contradicts x3,, & B(@, 7,,), and so (2.23) holds.

Step 5. Since [ug, vo] is bounded and F : [ug, vo] — Z is bounded, there exists R’ > 0
such that | Fx; .||z < R'. It follows from (2.2) that

1
0 < Fyx1,— Fx1,+ —ep < —ep < 2ey,
n

S|

and so

1 1
”anl,n”Z ”anl,n - Fxl,n + L€l lz+ ”Fxl,n - ;eIHZ

<
<2pllerllz + 1Fxi0 — Lellz
< 2pollelllz + 1Fx1allz + lleillz
< Cw+ Dllerllz+ R,

where yy > 0 is the normal constant of the cone P;. Since x;, = KF,x;, and K is
a linear completely continuous operator, {xi ,}oc, is a relatively compact set. Thus,
there exist a sub-sequence of {x1,,}, (assume without loss of generality that the

sub-sequence is {x1 ,}:2, itself) and x} such that x; , — xj(n — o0). Since

1
—-e < Fyxyp — Fxpp, < piil

we have F,x;, — Fx;, - 6(n— oc0) and so K(F,x;,— Fxi,) — 6(n — 00).
Consequently, we have

KFxl,n = K(Fxl,n - anl,n) + Kanl.n
= K(Fx1, — FuX1,,) + X1, = X](n — 00).

On the other hand, KFx; , - KFx}(n — oo). Therefore, x{ = KFx},and so Lx] =
Fx}, that is, x] is a solution of (2.1). Similarly, there are two sub-sequences of
{x2,,}32, and {x3,}2, (assume that the two sub-sequences are themselves) and x7,
x5, such that x, , — x3 and x3 , = x5(n — o0). Then, x5 and x3 are two solutions
of (2.1).

Step 6. Note that x; , € €., so we have

Xln = Knanl,n < KnGnUZ,n —T1e, <V, <0

for some 7 > 0, and so x7 < 6. It follows from (2.23) that ||x}||x > 7o. Thus, x7 is
a negative solution of (2.1). Similarly, x3 is a positive solution of (2.1). Finally we
shall show that xj is a sign-changing solution of (2.1). By contradiction, assume
that x3 is not a sign-changing solution of (2.1). It follows from (2.23) that xj is not
a zero solution of (2.1). Assume that x} is a positive solution of (2.1), then by (2.6)
we have

x§ = oep. (2.24)
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It is easy to see that

X3 — X3 = KFyx3,, — KFX}
= K(Fyx3, — Fx3,) + K(Fx3,, — Fx})
> —1Ke| + K(Fx3, — Fx3)
= —12) + K(Fx3,, — Fx3).

(2.25)

. .o . o .
Since % — 0, x3,, > xj(n - o0) and K is &-continuous, for 5 > 0, there exists

n; > 0 large enough such that
1_ 1
— @ + K(Fx3, — Fx3) > —5506’0- (2.26)

It follows from (2.24)—(2.26) that

1 _ 1 _
X3 = X3 — 54“060 > Eé“oeo,

that is, x3,, € S;f'. From (2.11), we have for any x € S andn € N,
x = KyGpx = Ky Gtz > U,
and so by (2.2) and the e,-positive property of K,,, we have
K Gux — KyGuun,n 2 a(Gux — Guz, ),

where a(G,x — Guuz ,) > 0. This implies that x € Q,,, and so S;7 C Q,, for each
n € N. Similarly, we have S, C €, for each n € N. Hence,

X3, € [Llo, UO]\(Cl[uo,vo]Ql,n] U Cl[uo,vO]Qz,n] U [_](9, 7’,1])) C [uo, UO]\(S;: U Sn_l),

which is a contradiction. Therefore, x} is a sign-changing solution of (2.1). The
proof is complete.

O

THEOREM 2.2. Suppose that ( Hy)—( Hy) hold, By > /\1—1 Bo # Alfor alln > 2. Then
(2.1) has at least four sign-changing solutions. Moreover, (2.1) has at least one positive
and one negative solution.

Proof. In a similar way as that of Theorem 2.1, take a sequence of continuous
operators {F,}, a sequence of positive numbers {M,} and ry > 0 such that (2.2)—-(2.4)
hold. Let S; and S, be defined as in Theorem 2.1. Then there exists £, > 0 such
that (2.6) holds. A similar argument as in Theorem 2.1 shows that K,G, is Fréchet
differentiable at 6, and »((K,G,)'(0)) > 1. Thus, there exist u» ,, v2, such that (2.10)-
(2.12) hold. Foreach n € N*, take 0 < F,, < Fo < ry small enough such that uy ,,, v, &
ue,r,), U@®,7,) C [uy, vo], K,G, has the unique fixed point 6 in U(0, 7,), and

(K, Gy, U(O, 7). [uo, vol) = deg(I — K, G,, U0, 7,), 0) = (=) = £1, 2.27)
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where k is the sum of all algebraic multiplicities of eigenvalues of (K, G,) (0) larger than
1. Since F is e;-continuous, we may take 8y > 0 small enough such that %; <¢ 7, and

Lﬁl <1 FZZ], F'I\)] <1 LE].

where 7 = u; + 8pep and V; = v; — 8peg. This means that %, and ) is a pair of well-
ordered strict lower and upper solutions of (2.1). Assume without loss of generality
that foralln e N,

Lﬁl <1 Fnﬁl, Fn’ljl <1 L’171, (228)
Lu1 <1 Fnul, anl <1 Lvl, (229)
Luy <1 Fouy, F,vg <1 Lvy. (2.30)

Foreachn e N, let

Oy, = {x € [uy, vo]| there exists T > 0 such that K,,G,x > K,,G,, + 1¢&,},
Q5. = {x € [up, vo]| there exists T > 0 such that K,,G,x > K, G,uz , + te,},
Q3. = {x € [uo, vo]| there exists > 0 such that K,,G,x < K,G,v2., — 1€y},
O4., = {x € [uy, vo]| there exists T > 0 such that K,,G,x < K,,G,v; — t¢,},
Q1., = {x € [uo, vo]| there exists > 0 such that K,,G,x > K,G,u; + te,},

< K,

Qu., = {x € [up, vo]| there exists > 0 such that K,,G,x G,v — 1e,}.

Similar to the proof of Theorem 2.1, we have

i(KyGry Q. [0, vo) =1, i=1,2,3,4,n¢eN, 2.31)

i(KnGnv Oi,ih [u07 UO]) = 1’ l: 17 45 ne N (232)

Obviously, vy € Oy, N Q5,. Next we shall show that for any x € 9jy,1,(O1,, N 22.)
and ¢ € [0, 1],

x # tK,Gyx + (1 — t)vy, (2.33)

Suppose this is not the case. Then there exists xg € 9, v](O1., N R2,,) and ¢y € [0, 1]
such that xo = #K,G,x + (1 — f)vg. Now we have three cases: (1) xo € (Ijuy,0]O01,2) N
Q2.5 (1) xo € 01, N 3[,40’”0]92,”; (iii) xo € 3[,40’1,0]01,” N 3[,40’1,0]92,,,. Similar to the pI‘OOf
of (2.14) in Theorem 2.1, we can get contradictions for the above three cases, and so
(2.33) holds. Thus, we have

(K, Gy, O1,, N Q2. [Uo, vo]) = i(vo, O1., N Q2. [Uo, v0]) = 1. (2.34)
Similarly, we have

u + 7

i(KnGny Ol,l’l m 04,”7 [an UO]) = l( ’ OlJl m 04,}15 [u()v UO]) = 17 (235)
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i(KnGm 04,n N Q3,n’ [u07 vO]) = i(uO’ 04,n N Q3,na [MQ, vO]) = 1, (236)
. U+ v
(K, Gy, O1, N Q24 , [, v0]) =i ( 7 O1,n N Qa4 p, [uo, UO]) =1, (2.37)
‘ fur + 70
(K, Gy, Og N2y, [Ug, vo]) =1 (T, O4.,, N Q4 y, [Ho, v0]> =1. (2.38)

Let

Dl,n = Ol,n\(Cl[uo,va](Ol,n N Q4,n) U Cl[uo,vo](ol,n N QZ,n))v
D2,n = 04,n\(Cl[uo,vo](O4,n N Ql,n) ) Cl[uo,vo](04,n N Q3,n))-

It follows from (2.32)—(2.34) and (2.36)—(2.38) that

i(KnG}’h Dl,n’ [an UO]) = _11 (239)

(K, Gy, Doy, [Ug, vo]) = —1. (2.40)

By (2.34)—(2.40), K, G, has fixed pOiIltS Xin € 01’,, N2y, X2 € O4, N Q34, X34 €
01, N O4py X4y € D1y, X540 € Dy yy. Similar to the proof of (2.23) in Theorem 2.1, we
have

Ixinllx = 70,i=1,2,3,4,5,neN.

A similar argument as in Step 5 of Theorem 2.1 shows that for each i =1,2,3,4,5
there are sub-sequences of {x;,}7, (assume without loss of generality that the four
sub-sequences are {x;,}2, themselves) and x} such that x;,, — xj(n — oo). Then, x}
is a solution of (2.1) for each i = 1, 2, 3,4, 5. Moreover, by a similar argument as in
Step 6 of Theorem 2.1, we see that x] is a positive solution of (2.1), x5 is a negative
solution of (2.1) and x3, x} and x?¥ are three sign-changing solutions of (2.1). Since
X3 € O1,, N Oy, there exists T > 0 such that

X3pn = Knan3,n < KnGnEl —T€, < KnGnle < T)'1

and so x} < ;. Next we shall show that x} # xj. Suppose this is not the case. Then
X; <71 = v —&oey. On the other hand, a similar argument as in Step 6 of The-
orem 2.1 shows that
X4 — Xy = KFyx4, — KFX]
= K(an4,n - Fx4,n) + K(Fx4.n - FXZ)
< rllKel + K(Fx4, — Fx})
= 12y + K(Fx4, — Fx3).

(2.41)

Since F is ej-continuous and % — 0(n — 400), there exists n; > 0 large enough such
that

. 1
—ey + K(FX4J,1 - F)C4) < 55060.
n

https://doi.org/10.1017/5S0017089511000115 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089511000115

546 XU XIAN

Then, by (2.41) we have

1 1
Xap < xj + 55050 <v — 550@0 < V1. (2.42)

Since K, is €,,-positive and G,, is strictly increasing, we have
Km Gn1 x4,n1 g Km Gn1 v — a(Gnl v — Gnlx4,}’l1 )El’ll ) (243)

where a(Gy,, vi — G, X4.,) > 0. This implies that x4 ,, € Q4 ,,, Which contradicts x4, €
D ,,,, and so x§ # xj. Similarly, x§ # x%. From x4, > %, we have x} > 1 = u; + 8o&o.
Then, we can show that x¥ # xj. Thus, x3§, x} and x% are three distinct sign-changing
solutions of (2.1).

Now we show the existence of the fourth sign-changing solution. For each n € N,
let us define ©2;,(i = 1, 2, 3, 4) as above. For each n € N, we have

(K Gny Q1 N 20, [u0, vo]) = 1, (2.44)
i(Ky Gy Q30 1) Dty [t v0]) = 1, (2.45)
(K Gny Qa4 N Q21 0, [u0, v0]) = 1, (2.46)

I(Kn Gy, [uo, vol, [uo, vo]) = 1. (2.47)

Let

T)l,n = Ql,n\(Cl[uo,uo](Ql,n N Q4,n) U (Cl[uo,uo](gl,n N Qz,n))’
D2,n = Q4,11\(Cl[u(),vo](g21,n N Q4,11) U (Cl[uo,vo](Q4,n N Q3,n))-

It follows from (2.31) and (2.44)—(2.46) that

i(Ky Gy, Dy, [0, vo]) = —1, (2.48)

i(Ky Gy, Do [0, vo]) = —1. (2.49)
By (2.27), (2.31) and (2.46)—(2.49), we have

i(KnGna [uo, UO]\(Cl[uO.vo]Bl,ﬂ U Cl[uo,vo]ﬁzyn U Cl[uo,vo](Ql.n N Q4,71) U CZ[VO»UO]QZJI
U Cliug, 01230 U U@, ?n)), [uo, vo]) =1-(-D-(C-1)—-1—-1—-1—-(£1)==F1.

Therefore, for each n € N, K,,G,, has a fixed point

Xe.n € [uo, vO]\(Cl[uo,vo]bl,n U Cliay v D20 U Cliug g (R1.0 N R4.) U Cliy 001220
U Cl[uo,vo]an U (_](9, 7’n)).
Then, by the method of Theorem 2.1, we see that || x¢ ,||x = 7o for each n € N. Similar
to the proof of Steps 5 and 6 in Theorem 2.1, we see that there exist a sub-sequence

of {x¢,,}32, (assume without loss of generality that the sub-sequence is {x¢ ,} 2, itself)
and xj such that xi , — xg as n — oo and xj is a sign-changing solution of (2.1). A
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similar way to that of showing (2.41)—(2.43) yields that x is different from x3, xj, x%.
Thus, x3, ..., x{ are four sign-changing solutions of (2.1). The proof is complete. []

REMARK 2.2. In [10] we obtained some existence results for sign-changing solutions
of a three-point boundary value problem. The method to show the main results in [10]
are different from that of this paper. We obtained the main results in [10] by using
the modification functions technique and the Leray—Schauder degree method. But in
this paper we obtained the main results by using the fixed point index method and the
(e1, B)-limit-increasing operator method.

THEOREM 2.3. Suppose that (Hy)-(H4) hold, By < ;—l Then (2.1) has at least

four sign-changing solutions. Moreover, (2.1) has at least two positive and two negative
solutions.

Proof. The proof is similar to that of Theorem 2.2. For completeness, we will
sketch the proof. Take {F,}, {M,} and ry such that (2.2)—(2.4) hold. Then K,G, is
Fréchet differentiable at 6, 1 is not an eigenvalue of (K, G,) (0) = (8o + M,,)K,B and
r((K,G,)(0)) < 1 for each n € N. By Lemma 2.1, there exists 7, > 0 such that for any
7 € (0, 7,

—th, < K,G,(—1hy), K,,G,(th,) < thy,,

where £, is the eigenfunction of (K,G,)'(0) corresponding to the eigenvalue
r((KuGn)'(9)).
Foreachn e Nandi € N, take ¢; € (0, 7,] small enough such that

u2n L vy, u; £ v2n,

Uo <ug) <0 < vg)n < vp,

and &; — 0 as i — oo, where u(zl)n = —¢ihy, v2 » = &ihy. Similar to the proof of The-

orem 2.2, we may take &y > 0 small enough such that L, <y Fuy, Fv, <1 Lv; and

U <o U1, where u; = u; + 8pep and vy = vy — 8pep. Assume without loss of generality
that (2.28)—(2.30) hold for all » € N. For eachn € Nand i € N, let

Q1.n = {x € [uo, vo]| there exists > 0 such that K,,G,x > K, G,u; + té,},
Q(zi,)n = {x € [ug, vo]| there exists T > 0 such that K,,G,x > K, G,,u(z")n + te,},

9(3{)” = {x € [ug, vo]| there exists T > 0 such that K,,G,,x < K, G,,vé’;)n — te,},
Q4. = {x € [ug, vo]| there exists T > 0 such that K,,G,x < K,G,v; — te,},
O1., = {x € [uo, vo]| there exists T > 0 such that K,,G,x > K,,G,u; + te,},
O4., = {x € [uy, vo]| there exists T > 0 such that K,,G,x < K,G,v; — te,},

DY, = 01\ (Cliuy ) (010 N Q4 ) U Cligy 01014 N 25),)),
(1) = 04 n\(Cl[uo vo](04 n N QI 11) ) Cl[uo vo](04 n N Q(l) ))7

D(3i,)n = Qgi?n\(Cl[uo,uo](Q4,n n Qgi?n) U Cl[uo,vo](QB,n N Q(zl;)n)),
DY = QP \(Cliug (R0 N Q) U Clig (R0, N Q).
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Similar to the proof of Theorem 2.1, we can show that for each n € N and some iy € N,

i(KnGn, Ol,n N 04,,1, [u(), v()]) =1, (2.50)
i(KuGu, DY, g, wol) = —1, j=1,2,3,4. (2.51)

By (2.50) and (2.51), K, G, has fixed points x;, € O1, N O4p, X2.» € D(li"’,z and x3, €

("’) . Moreover,

i(KnGns [u09 U()], [u09 U()]) = 11 (252)
i(Ky Gy 25", [0, vo]) = 1., (2.53)
(K, Gy, Qa4.p, [Uo, vo]) = 1. (2.54)

It follows from (2.51)—(2.54) that

i(K”G"’ [u0, UO]\(CZ[MO’UO]Q(ZHQ U Cl[uo v]$24.n U Cl[uo vo]D(IO)
U Cluy oy DY%) . g, vol) =1 = 1= 1 = (=1) = (=1) = L.

Therefore, K,,G, has a fixed point
(i) (io) (io)
X4.n € [0, UO]\(Cluo UQ]Q U Cl[uo uo]Q4 nJ Cl[uo vo] D3 2 Y Cluo o] D4 n)

Since [0, vg] C SZ(") and [ug, 6] C Qgi",z, we easily see that xy ,, X2.1, X3.0, Xa.0 € X\(P U
(=P)).Bya smnlar way as that of Theorem 2.2 we can show that for each n € NT there
exists 7, > 0 such that 7, < 7y < ry and K,,G,, has the unique solution 6 in U(8, 7,).
Then as the proof of Theorem 2.1, we can show that ||x;,|lx > 7 fori=1,2,3,4
and n € N, and there exist sub-sequences of {x;,}52,(i =1, 2, 3, 4) (assume without
loss of generality that the sub-sequences are {x;,};2,(i = 1,2, 3,4) themselves) and
xf(i=1,2,3,4) such that x;,, > x7 asn — oo for each i = 1, 2, 3, 4. It is easy to see
that x7, x5, x5 and xj are four distinct sign-changing solutions of (2.1).
Next we shall show that (2.1) has at least two positive solutions. It is easy to see
that for each i,n e N,

i(KyGr, O, N QS [ug, vol) = 1. (2.55)

Then K,,G, has fixed point x(’) € O1,N Q(Z)n Similar to the above argument, we see
that ||x5 nllx 7o for all i, n € N. Since x , €01, N ana we have

) = KGxl) > Ky Gl + 1, > Ky Gl > u). (2.56)

A similar argument as given in Theorem 2.1 shows that there exist a sub-sequence
of {x } (assume without loss of generality that the sub-sequence is {x; @ ) itself) and

X0 such that x(’) — x?¥ as n — oo. Obviously, x? is a solution of (2.1), and so X =
KFx(S’) From {x5)|l =1,2,...} C [uo, vo], we see that {x(’)|l =1,2,...} is bounded.

Thus, {x(’) li=1,2,...}isarelatively compact set because K is a completely continuous
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operator. Assume that x5 — x%asi— oo, then xi = KFx%, that is Lx} = Fx%. This

means that x7 is a solution of (2.1). It follows from (2.56) that x% > 6. Since ||x(') lx >
7o, X% is not a zero solution of (2.1). Thus, x% is a positive solution of (2.1).
Also, we can show that for each i € N and n € N and some j, € N,

i(Ky Gy, sz;?n\(cz[uo,%](sz;{; N QYN U Clluy (25, N Q1.0). [0, v0]) = —1.

Thus, K,,G, has a fixed point x € Qg’)n\(Cl[u0 vl (Q(z’)n N 9(3’03) U Cliug o] (522 N Q21,)).

Similar to the above argument, we may assume that x6 = xg) asn — oo and xg’) — X}

asi — oo. Then x{ isa positive solution of (2.1). It is easy to see that x # x%. Therefore,
X% and x{ are two positive solutions of (2.1). Similarly, we can show that (2.1) has at
least two negative solutions, x5 and x3. The proof is complete. ]

REMARK 2.3. In Theorems 2.2 and 2.3 we not only obtained multiplicity results
for sign-changing solutions but also made a clear description of positions of these
solutions of the non-linear operator equation (2.1). In order to show the main results,
we have constructed some strict upper or lower solutions of (2.1). Some pairs of these
strict upper and lower solutions are well ordered and others are not well ordered.
Especially, some pairs of strict upper and lower solutions are parallel to each other.
For other discussions concerning the parallel pairs of upper and lower solutions, the
reader is refereed to [10, 13].

3. Applications of the abstract results in differential boundary value problems. In
this section we will apply the main results of Section 2 to study the Sturm—Liouville
differential boundary value problem

—(p) — q(Du = f(t,u(r)), tel,
Ro(ut) := au(0) — bu'(0) = 0, 3.1)
Ri(u) := cu(l) + du'(1) = 0

where I = [0, 1], p(1) € C'(I), q(1) < 0,p(t) > OVt € I),a, b, c,d > 0,a> + b*> # 0, +
d’> #0.

Let X = C(I) denote the Banach space of all continuous functions on 7 with the
maximum norm || - ||y, and Z = X x R?. For each X = (x(¢), [, m) € Z, let

IXllz = lIx()llx + |11 + |m].

Then (Z, || - ||z) is the real Banach space. Let P = {x = x(¢) € X|x(¢) > 0,7 € I} and
P ={X=(x(1),l,m) € Z|x(t) € P,] > 0,m > 0}. Then P and P, are normal cones of
X and Z, respectively.

Now let us introduce the following conditions to be used.
(A)) f e CU x R',RY, f(1,0) = 0, and f(¢, x) is locally continuous differentiable
with x at x = 0.
S, x

(A;) There exists Sy > 0 such that hng)

(A3) There exist uy(?), vo(?) € X, up(t) < 0x< vo(?) forallz € I, up, vy are strict lower
and upper solutions of (3.1).

(A4) There exist u;, v € X such that u; and v; are sign-changing on I and u(z) <
u (1) < v1(t) < vo(¢) for all ¢ € I, uy, vy are strict lower and upper solutions of (3.1).

= Bo uniformly with ¢ € 1.
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Let {),} denote the decreasing sequence of the positive eigenvalues of the linear
problem:

~p0uY gl = -u, 1€, 1),
Ro(u) = Ri(w) =0.

The following Lemmas 3.1-3.3 can be found in Section 3 of [13].
LEMMA 3.1. For each M > 0, let oy (f) and rpy(t) satisfy

(P(D@Y (D) + (q(t) — M)y (t) =0, tel, (3.2)
em(l) =d, ), (1) = —c, '
POV, (D)) + (q(t) — M)Yu(t) =0, tel, (3.3)

respectively. Then we have
(i) o (t) is non-increasing in [0, 1) with ¢, (¢) > 0(¢ € [0, 1)).
(ii) ¥rp(¢) is non-decreasing in (0, 1] with ¥ () > 0(z € (0, 1]).
(iii) @y and Yy are linearly independent.
(iv) p()em (DY, () — @), (VM (1)) = w, where w is a positive constant.
(v) Ro(pm) # 0, Ri(pu) = 0.
(vi) Ro(¥m) =0, Ri(Y¥m) # 0.

LEMMA 3.2. Let g € C(I), m,[ € R". Then u € C*(I) is a solution to the following
boundary value problem

—(p(uy —(q() = Myu=g(1). 1€l
Ro(w) =1, Ri(u) = m,

if and only if
= l G ’ d | |
“O=Roo " R T /0 (t, $)g(s)ds, tel
where
Gu(t,s) = 1 fou@Puls),  s<t,
o | eu($)Yum(n), s>t

LEMMA 3.3. Forany M >0, x € P, l,m > 0, let

~ ou() V(1) !
»() = Ro((pM)l+ Rl(WM)m+/o Gy, )x(s)ds, tel.

Then
y(@) = lIyllxem(r), tel,

where 21 (1) = = ou (YD), yar = max{llgallx. 1¥arlx}
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THEOREM 3.1. Suppose (A))—( A3) hold, and By € (= L), where ng is a natural

Az g+
number. Then (3.1) has at least one sign-changing solution. Moreover, (3.1) has at least
one positive and one negative solution.

Proof. Let us define the linear operators L : dom L = C?() C X +— Z,B: X — Z
and the non-linear operator F : X — Z by

Lx = (=(p()x'(1)) — q(0)x(1), ax(0) — bx'(0), ex(1) + dx'(1)),
Bx = (x(1),0,0), Fx = (f(z, x(1)), 0, 0),

respectively. Then, we need to consider the operator equation
Lu=Fu, uedomlL.

For each M > 0, by Lemma 3.1-3.3 and a method in [13] we can easily show that
(L + MB)™! exists, (L + MB)~! is &-positive and €,,-continuous (the details of the
proof, one can find in Section 3 of [13]). By the well-known Sturm-Liouville theory of
linear boundary value problems, we easily see that the algebraic multiplicity of each
positive eigenvalue of Ky, B is 1. Thus, (H3) holds.

Since f(z, x) is locally continuous differentiable with x at x = 0, there exist ry > 0
and 7y > 0 such that

St x2) —f(t,x1) = —19(x2 — X1), VX2, x1 € [—10,F0], X2 > x1, te€Ll

Let Ry > ro. Now since /" : I x [ro, Ro] = R' is continuous, for any n € N, there exists
2" 1 I x [ro, Ro] ~ R! infinitely differentiable such that

1
If(z, x) — g(ln)(t, x)| < o Y(t, x) € I x [ro, Ryl
Let

guat, x) =206, x) = @1, r0) — £ (1, 10)), V2, x) € T X [ro, Ryl

Then, g;, is infinitely differentiable with x, and g; (¢, ro) = f(, ro)(Vt € I). For any
n € N, we have

n n 1
(1.%) = 1. 0] < V(1) =8P 01+ 8]0 r0) = o)l <~ V() el
x[ro, Ro]-
Since g, is infinitely differentiable with x, there exists t; , > 0 such that

gl,n(ls Xz) - gl,n(lv xl) > _Tl,n(xz - xl)v v(ts xl)s (tv x2) E I X [r07 RO], x2 > xl'

Similarly, there exists g» ,(¢, x), which is continuous on I x [— Ry, —ry] and infinitely
differentiable such that g, ,(¢t, —ro) = f(¢, —ro)( V¢ € I), and

i 1
If(l7 X) - gz,n(lv X)| < Z’ V(lv X) € I x [_R()v —r()].
Also, there exists 12, > 0 such that

oty X2) — gou(t, x1) > —T25(x2 — X1),  VY(2, X2), (£, x1) € I X [=Ry, —rq], X2 > x1.
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For eachn € N, let f;, : I x [—Ry, Ry] — R! be defined by

gl,n(t» X), (lv X) el x [VO,R()];
Jult, x) = { f(2, %), (1, x) € I x [=ro, rol;
g2,n(t7 x)’ (tv x) € I X [_R()’ —}’0].

Then, f,, € C(I x [—Ry, Ro]), and foreachn € N,

If (2, x) — fult, x)| < % Y(t, x) € I x [—Ry, Ro].
Let M, = 71, + ©2., + 70. Then we have
In(t, x2) = fult, X1) > =My(x2 — x1),  V(£,x2), (¢, x1) € I x [=Ro, Ro], x2 > x1.
Define F,, : X — Z by

an = (fn(t’ X(l)), 0! 0)

Then we have
1 1
——e1 < Fypx — Fx < —eq,
n n

where Xo(t) = 1(Vt € I) and e; = (Xo(1), 0, 0). For each x € U(0, ry) we have
F,ox=Fx,n=12,....

Therefore, F is (¢, B)-limit increasing on any bounded set of X and is locally increasing
at 0. It follows from (A,) that F is Fréchet differentiable at 6 and F'(0) = ByB. We see
from the continuity of f that F is ej-continuous. This means that (H;) holds. From
(A3) we see that uy and v are strict lower and upper solutions of (3.1), respectively.
This means that (H;) holds. Thus, all conditions of Theorem 2.1 are satisfied. Now the
conclusion of Theorem 3.1 follows from Theorem 2.1. The proof is complete. O

By Theorems 2.2 and 2.3 we can show the following Theorems 3.2. and 3.3.

THEOREM 3.2. Suppose that (Ay)—(A4) hold, By > % Bo # Alfor alln > 2. Then
the boundary value problem (3.1) has at least four sign-changing solutions. Moreover, the
boundary value problem (3.1) has at least one positive and one negative solution.

THEOREM 3.3. Suppose that (A;)—(Ag) hold, By < /\i] Then the boundary value
problem (3.1) has at least four sign-changing solutions. Moreover, the boundary value
problem (3.1) has at least two positive and two negative solutions.

REMARK 3.1. In Theorems 2.2 and 2.3 we have employed a condition of a pair of
well-ordered strict lower and upper solutions that are sign-changing. As pointed out
in [10], it is very difficult to construct a pair of well-ordered strict lower and upper
solutions. However, a concrete numeral example shows that such a pair of well-ordered
strict lower and upper solutions does exist, see [10].

REMARK 3.2. In Theorems 2.1-2.3, by combining the fixed point index method
and the concept of (e1, B)-limit-increasing operator we have obtained some multiplicity
results for sign-changing solutions. Obviously, if we combine the critical point theory
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method with the concept of (e, B)-limit-increasing operator, we may obtain some inter-
esting results for sign-changing critical point of non-linear boundary value problems.
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