COLLINEATIONS OF PROJECTIVE
MOULTON PLANES

WILLIAM A. PIERCE

1. Introduction. In the article “Moulton Planes” (10), I studied F. R.
Moulton’s construction over any field containing a multiplicative subgroup
of index 2. In “Collineations of Affine Moulton Planes” (11), I determined
the collineations between two arbitrary affine Moulton planes.

The purpose now is to describe the collineations between two projective
Moulton planes. Since the affine collineations are known from (11), we are
concerned with collineations mapping ideal lines onto ordinary lines. Notations
and conventions of (10) and (11) are retained. We treat the collineations
from M,(F) onto My(K), Moulton planes over the respective fields F and K,
relative to the respective maps ¢ and ¢. Functions ¢ and ¢ are order-preserving
on their respective domains; and for arbitrary negatives 79 € F, n,’€ K,
the maps

x— [p(x) — nex] and x — [Y(x) — n'x]

map F onto F and K onto K respectively. Both ¢ and ¢ are ‘“‘normal” in the
sense that they fix 0 and 1 (10, Lemma 1). Neither ¢ nor ¢ is the identity.
(Otherwise, one of the Moulton planes would be Desarguesian, and the
collineations, if any, classical.)

I wish to thank Professors Pickert and Ostrom for helpful comments. In
particular, the latter has corrected oversights in Theorems 4 and 3. Mr.
H. C. Gallagher has drawn the figures in §4 and in (10).

2. Collineations mapping Y_ onto Y.. In a (non-Desarguesian)
Moulton plane, the ideal point of the y-axis is the only point Q on /, (the ideal
line) for which the plane is Q — [, transitive. Since Q — [, transitivity for
distinct choices of Q on [/, implies the Little Desargues’ Theorem from 1, it
would imply in this case the full Desarguesian condition; cf. (10, Theorem 4).

Since the ideal point on the y-axis plays a unique role in the affine geometry
of a Moulton plane, every affire collineation from My (F) onto My(K) maps
Y, ={x=0} NI, onto ¥V,/ = {x" =0} NI, . The projective situation is
quite different! In the first place, there exist planes My(F) and My(K) and
collineations of M,(F) onto My(K) sending Y, to Y, but failing to map /,
onto /.. (An example is provided by the Moulton plane over the near-field
of order 9, which will be treated separately in Theorem A.) In the second
place, a projective collineation need not even map Y, onto V_.’'. (Examples
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are provided by the generalized Moulton planes of Pickert (9, p. 93); cf.,
also J. C. D. Spencer (12, Theorem 8).) I shall prove (Theorem 3) the sur-
prising result that the Moulton-Pickert planes are the only ones (up to iso-
morphism) from which M4(F) and My(K) may be chosen if a collineation
of M4(F) onto My(K) is to exist mapping Y, onto a point other than V'

The case of order 9 is exceptional. If F has order >9, a collineation from
M,(F) onto My(K) cannot map Y, onto V.’ unless it maps the pair ({x = 0},
1,}) onto ({x" = 0}, 1."). This property will be established by Lemmas 2 and
3. In reading those Lemmas, it may help to consider the following example.
Let ¢ be any sign-preserving automorphism on F, with x — [¢(x) — nx]
“onto’” for every negative n, € F. (If F is finite and ¢ ‘“‘normal’” so that
¢(0) =0, ¢(1) =1, as in (10, Lemma 1), ¢ is necessarily an automorphism;
sign-preservation and the “‘onto’’ property being automatic for ¢ (10, Corol-
laries 1 and 2).) Fix # < 0 (no € F); for x ¢ 0, map (x,y) onto (x',y’),
where x' = ¢7(no/x), ¥ = ¢7(y/x); 7 being & (the identity) or ¢! according
as x > 0 or x < 0; map (0, ¢) onto the ideal point that corresponds to slope
¢/no; and map the ideal point of slope 7 onto (0, ¢(r)). Substitution in 3y’
= b + m o x’ shows that a collineation is obtained on M,(F).

LeEMMA 1. Suppose that o is a non-affine collineation from My(F) onto My(K)
such that a(Y,) = Y./, ¢ (and hence ¢) being non-trivial. Then o = By, where
B is a collineation of My(F) onto My(K) for which B(Y,) = Y.', B({y = 0})
= {y’ =0}, B(L,) = a(l,), Bl(x,y)] has the same abscissa as a[(x, y)] for all
(ordinary) points (x,y) € My(F); v is a collineation on My(K) fixing V'
while mapping an ordinary point (x,y) onto (x,y + a o x + k), for appropriate
constants a, k € K, and the ideal point of slope r onto the ideal point of slope
(r + a).

The plane My(F) is necessarily (Y, Y. )-transitive and My(K) (Y,/, V))-
transitive; the left-distributive law, (@ + b) od = aod + bod, holds in both
F and K; functions ¢ and ¢ are additive on their respective domains.

If no confusion arises, the symbol o will be used to denote either the operation
on F relative to ¢ or the operation on K relative to y. Where necessary, a
distinction will be made: a o) b for the Moulton-product “‘a times 4"’ on F;
a oy b for the corresponding product on K.

Proof. By (10, Theorem 3), My(K) is (V.',l.')-transitive. A non-affine
collineation from My(F) onto My(K) mapping Y. onto Y.’ but /., onto a
line # [ ensures that My(K) is (Y.', !')-transitive for distinct choices of
! through Y_’. This implies (V,', Y_.’)-transitivity on My(K). Since there
exists a collineation of My (F) onto My(K) under which ¥Y_ and Y./ correspond,
My(F)is (Y, Y,)-transitive. The left-distributive laws for o and the additivity
of functions ¢, ¢ follow from (10, Theorem 5).

Using the left-distributive law, one checks easily that v (as defined in the
Lemma) is a collineation on My (K), for any constants a, 2 € K. Choose a
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and k such that {y’ = aox’ + k} is the a-image in My(K) of the x-axis in
M4(F). Then ay~! is a collineation satisfying the requirements for 8. Put
B = ay~1, and the proof is complete.

LEMMA 2. Let « be a collineation of My(F) onto My(K) such that a(Y,) = Y, '.
If a(l,) =1, of a(l,) = {x’ =0}, or of a({x = 0}) =1, then o maps the
set ({x = 0},1,) onto ({x’ =0},1.)).

Proof. (1) If a is affine, then a({x = 0}) = {«’ = 0} (11, Lemma 5).

(ii) Suppose that «(l,) = {&' = 0}. Let p be a collineation on My(K)
which sends (', ') to (px’, py’), for some p >0, 1 # p € K, ./ being point-
wise fixed. The conjugate apa! is affine on My (F), hence fixes {x = 0}. This
is impossible unless a({x = 0}) = 1./.

(iii) Suppose that a({x = 0}) = 1. Apply (ii) to o, with My(F) and
My (K) interchanged. We conclude that «(l,) = {x’ = 0}.

LeMMA 3. Any collineation of My(F) onto My(K) which carries Y, onto
Y. maps the set ({x = 0},1,) onto ({x’ =0}, 1."), provided F has order >9.

Proof. Suppose a collineation fails to map ({x = 0}, /) onto ({x" = 0}, 1.").
By Lemma 2, it either carries {x = 0} onto {x’ = 0} and I, onto a ‘‘finite”
line; or it carries neither {x = 0} nor /, onto a line of the pair ({x’ = 0}, 1./).
If such a collineation, say o*, exists, then o*(l,) = {¥’ =1} and o«*({x = 0})
= {x’ =k} where ] # 0,k € K. Choose p > 0 € K with p #£ 1, p == (k/]),
and (in case k #% 0) p % (I/k). (This is possible since K has more than three
distinct positives.) Define a = a*p(a*)~!, where p is the collineation on My (K)
which sends (x/,y') to (px’, py’) but fixes I pointwise. If o*({x = 0})
= {x’ = 0}, then a({x = 0}) = {x = 0}, but « displaces /.. If o*({x = 0})
= {x’ = k # 0}, then @ maps ({x = 0}, /) onto a pair of lines both distinct
from {x = 0} and /.. In the rest of the proof, we confine our attention to such
a collineation @, on My(F), and show that its existence would provide a con-
tradiction. By Lemma 1, we may assume that a({y = 0}) = {y = 0}.

Given any positive ¢, 1 5% ¢ € F, a map 8: (x,y) — (gx, ¢v), with ideal
points fixed, defines a collineation leaving (0, 0) linewise invariant but fixing
no other elements. For each such B8, we can form a collineation v = o8,
with « as in the preceding paragraph. If «[(0, 0)] = (so, 0) and a (X)) = (uy, 0),
the collineation vy (for each choice of B8) fixes (so, 0) linewise and {x = u,}
pointwise, but has no other fixed elements.

Let {y =& + 7 ox’} denote the y-image of a line {y = b + rox} for
any b,7 € F. Since {x = u,} is pointwise fixed,

@ b+ rouy =0 4+ 7 ou,.

Since v fixes (so0) linewise, moves I, to {x' = wo}, and moves {x = 3}
to I; we have

) ¥ +7 owy=rowy — 7050
and

(lll) b+7’020 = 7’,020 - 7'080.
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These three relations determine 7’ and &’ as functions of 4 and r; for &, r € F.
From (i) and (iii), using the left-distributive law (Lemma 1),

b=b 4+ (@ —r)ous= (" —1r)oz — 7 os,.
Combining this with (ii), we obtain
O = —(roso)) — (" —rowy=—"0s0) + (¥ —7)oz— (" — 7)oup
For r =0, {y = 8} = (uo b) \U X, corresponds in one-to-one fashion to
{y) =7 ox’ — 7 owe} = (o, d) J (wy, 0).
Thus, with » = 0,
roso+ 7 oug =7 owy + 7' o 2,

for all ' € F. The product so#o can be assumed >0. (Otherwise so o < 0,
and the condition for r = 0 takes the form

do-o(r") + eo? =for(r') + g0 7,

with do, eo, fo, go constants € F; the (unordered) pair {do, eo} being {so, %o},
and do # fo. Thus, ¢(r') = A7’ for all ¥ € F, where 4 is a constant € F;
putting 7 =1 = ¢(1) gives 4 =1 and ¢ = &, a contradiction.) In order
that so#o > 0 for every choice of v, the product # wy must also be non-
negative, where (£, 0) = v[(0, 0)].

It is convenient to note that any collineation on My(F), say 8, which fixes
Y, and maps ({x =0},/,) onto ({x =a}, {x =d}) with ad > 0 must
satisfy a = —d, so that —1 > 0. (By Lemma 1, we can take §[(0, 0] = (a, 0)
and §(X,.) = (d,0). Let B¢ denote the collineation fixing ideal points and
sending (x, y) to (dx/a, dy/a), in particular, (e, 0) to (d,0). The map 88y6~!
sends (0, 0) to X,; hence X, to (0,0), by Lemma 2. This is possible only if
Bo sends (d, 0) to (a,0); d* = a?; and (since ¢ # d) d = —a).

The two remaining possibilities for v = a~18a are:

(I) souo > 0, in which case so = —uo (taking § = a);

(I1) souo = 0, which occurs only if %o % 0 and s, = 0.

In Case I, the relation

' osg+ 1 ouy =1 owy+ 7 o2, for all ¥ € F,

reduces to 0 = ¥ owy + 7 0 2. Since ¢ # § we have wozo > 0. Thus 0
= 7"(wo + 20) or 0 = ¢(r')- (wo + 20). Since 7' does not vanish identically,
we have wo = —2o.

Case I,. If wo = 2y = 0, v (hence also B) interchanges two distinct points.
It follows that 8 is given by (x,y) — (—x, —y).

Case Iy. If wo = —z0 % 0, woto > 0. (We have noted that wo ¢, > 0. Since
v fixes no values of x other than u#, and so, it follows that £, % 0.) Taking
v =8,a = t, d = w, (as above), we conclude that —¢y = wy, = — 2, whence
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1y = 2. Thus ¥2[(0,0)] = X,,; and v2(X,) = (0, 0), by Lemma 2. The inter-
change between (0, 0) and X, under v2 implies the interchange of two abscissae
under %, possible only if 82 maps each ordinary point (x, y) onto (—x, —y).

In Cases 1, and 1,, we have shown that either 8 or $% is given by (x,y)
— (—x, —y). Hence, B8 sends (x,y) to (ex, ey), for e > 0 € F, with e* = 1.
Since the field F has order >9, F contains more than four distinct positives,
and B can be chosen as follows: B[(x, ¥)] = (gx, ¢¥), with ¢ > 0in F but
¢* # 1. This yields a contradiction.

In Case II, the identity

" oug =1 owy+ 7' o3, for all ' € F,

again gives ¢ = & unless ug, wo, 20 have a common sign. (None of the three
is 0, because sp = 0.)

Since ¥[(0, 8)] = (0, ¥’), the intercept & depends only on 5. A relation
between b’ and b derives from the fact that ¥ maps (0, b) \J (u, b) onto
(wo, 0) \J (w0, b): any point (x',y’) with x'se > 0 on the image of {y = b}
satisfies

¥ = [b/(uo — wo)]-x" + bwo/ (wo — uo),
whence b’ = bw,/(wo — uo). Since
'Y[(ZO, b + ro ZO)] = Poo(rl)r

the invariance of lines through (0, 0) gives ' = r + (b/20) or 7 + (¢~1(b/20)),
the latter using additivity of ¢, according as %, (hence also z,) > 0 or u,
(and hence 2;) < 0. Furthermore, invariance of lines through the origin shows
that (x,y) and (x/,y") {= v[(x, y)]} are related by y' = x'- (y/x) if xx’ > 0;
and by ¥ =x"-¢(y/x) or ¥ = x'-¢~1(y/x) if xx’ < 0, according as x > 0 or
x < 0. Choose x, so that xy %o < 0, letting x be the image of x, under %.
Substitute for ', 7' in y' = b’ 4+ 7 ox’, putting ¥y = b 4+ 7 o %0, ¥’ = x,’ with
y’" determined (as above) by xo, xo’. The result is ¢(45) = Bb or ¢~1(4b)
= Bb (all b € F) according as x¢’ < 0 or xo/ > 0, the constants being

A = I/Zo and B = (1/3(30) —_ 'wo/[xo’-('wo - uo)] if QCoxol >0
A = l/xo and B = (1/20) + 'ZII)o/[Xo,'(‘wO _ uo)] lf Xo xo' < 0

Putting 4b = u, and using ¢(1) = 1, we get ¢ = &, a contradiction.
This completes the proof of Lemma 3.

3. The Moulton plane of order 9. In (11), all affine collineations of non-
Desarguesian Moulton planes were shown to be sign-preserving or sign-
reversing on x, except for planes of order 9. The extension from affine to pro-
jective collineations is likewise exceptional on My (Fy); and again the reason
is a shortage of elements from which to make a certain choice. Since there is
only one (non-Desarguesian) Moulton plane of order 9 (except for notational
changes), we consider the group of collineations on one such plane.
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TureoreM A. Let ¢ denote the automorphism x + jy —x — jy (x,y € the
prime subfield, Fs) on Fo, the field of order 9. As in (11), Fy consists of elements
x + 7y, where 72 = —1. The group C of collineations on M,(Fs) consists of
all the affine collineations, together with the products wa,, for all w € A (the
affine group on My(Fy)), and corresponding to each q € Fy one o, that maps
I, onto {x' = q}. The general affine collineation wis a succession: (x,y) — (x', y')
followed by (x', y") — (x"', ¥''). The functions x’ and y' are given by y' = lk-a(y),
x' = 1l-alx) or [(k)a(x)]/o(R), according as a(x) > 0 or a(x) <;0 I, k being
arbitrary non-zero elements of Fy, and o an arbitrary Fs-linear transformation
of Fy onto itself. The map (x',y") — (x", y"") involves x" = «', 9" =y 4+ dox’
+ ¢, with d and c arbitrary in Fy. On 1, w sends P, (r) to P_lk-a(r) + d] or to
P {olka(r)] + d} according as I > 0 or [ < 0.

If ¢ = 0, o, may be defined as a map interchanging (0, v) with P, [¢(v)]and
otherwise sending (x,y) to (x', "), with ' = 1/[¢(x)] or 1/x,v" = ¢(y/x) or
y/x, each according as x > 0 or x < 0.

If ¢ # 0, o, may be defined to map P (r) onto (g, —rq), (—j, ¥) onto P, (jy)
or P [¢(Gy)] according as ¢ > 0 or g < 0, otherwise sending (x,y) to (x',y").
Here

o =q@—i/E+7), ¥ =—/+)) x>0 (nd= —j),
= —qx —j)/le() —jl,
v = =g+ qlGx + De/[e) =51 = <0.

The Group C comprises 10 right cosets of A, one for each admissible image of
l,. Point Y is fixed by all collineations € C.

Proof. The affine group 4 was determined in (11), where M, (F,) was treated
separately. Given w; € A and a collineation v; on M4 (F,) that displaces [,
the product w; v is a collineation sending I, to vi1(/,). Conversely, if v, v2
are collineations of My (Fy) for which v;(I.) = v2(l.), then v1 v;! € A. Hence,
the collineations mapping /. onto a given line form a single right coset of 4,
completely determined by any one of its members. It will, therefore, be suf-
ficient to verify the collineation-property for o,, as defined above, provided
we show that Y, is fixed by every map € C.

If ¢ =0, we substitute for ¥’ and y in {y = 4 ' ox’}, with x’ 0,
and (using the automorphism property of ¢) obtain {y = ¢ (') + [¢(8')] 0 x},
for x £ 0. This is consistent with the interchange (0, y) + P [¢(y)].

If ¢ # 0, the collineation property for ¢, is implied by the property for o;:
In fact, for each ¢ # 0, ¢, is the product of o, followed by (x, y) — (gx, qy);
I, being pointwise fixed in the latter if ¢ > 0, but P_(r) being interchanged
with P_(¢(r)) in the latter if ¢ < 0.

Let us verify that ¢, is a collineation. The formulae relating x’ to x show
that x — x' fixes the negatives setwise, also the set of non-negatives and «.
For x > 0 (x * —j), substitution of
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==/t ¥ =-y/+j
in {y =¥ 4+ r'x'} gives
fy=—0"+rx+j0 —¥)}.
For x < 0, we substitute

x' = (x — 7)/[—¢x) + jl,
and

y = —yi + [(x + Do)/ [¢(x) — j]

in {y =b + (') -x"}. Replacing y by —[¢( + 7)]-x + j(»' — ¥'), and
o(y) by — (@ +7')-¢(x) — jl¢ (¥ — &’)], we obtain an equation that holds
identically for all negative x (easily checked if we use the fact that ¢(x)
= —1/x, for all x < 0):

[i¢(x) + 1]-[—o (" + 7')-x +j(r' — )]
—Ux + DA=Q@ + 7)) —jlo( — )]}
=0 -[—¢&) + 71+ o) (x —j).

The definition of ¢; on [, and {x = —j) is consistent with the calculation just
given; and ¢, is one-to-one on the points of M, (F,). Hence, ¢, is a collineation—
and so is a,, for all non-zero ¢ € F.

Unless Y, is fixed by all collineations of My (F,), there is a collineation v
for which v(Y,) # Y. Since M,(F,) is (¥, Y,)-transitive (10, Corollary 3),
the plane is also (y(Y,.), v(Y,))-transitive, thus Desarguesian—a contra-
diction.

This completes the proof.

Remark. The order of C is 311,040.—This agrees with the known order of C
over the near-field of order 9, also with the order over the almost-field whose
plane is dual to My(Fy); cf. (5, Appendix II and 1, p. 139).

Proof. The general affine collineation w can be chosen in 31,104 ways (eight
choices for each non-zero constant [, k; six choices for «(j) and hence for «
itself; eighty-one choices for (¥, 3") = (x', ¥ + dox’ + ¢)). The ten cosets
of 4 in C contain (31,104)-(10) = 311,040 collineations.

4. Moulton planes of order >9. If the order of F exceeds 9, (11, Theorem
1) gives a necessary and sufficient condition for the existence of an affine col-
lineation from M, (F) onto My(K) and its general form. Hence, the existence
and general form of all collineations from M,(F) onto My(K) can be settled
by treating the non-affine collineations. Theorem 1, below, gives a necessary
and sufficient condition for the existence and general form of those non-affine
collineations which map Y, onto Y_’. Theorems 2 and 3 determine all other
non-affine collineations and characterize the Moulton planes from which such
non-affine collineations may arise.
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THEOREM 1. (Part 1,). Let ¢ be non-trivial on a field F of order >9. A non-
affine collineation mapping Y., onto Y.’ exists from M,(F) onto My(K) if and
only if ¢ is additive and there is a sign-preserving isomorphism a(from F onto K),
together with non-zero constants by € F, so € K, such that

(1) a(d/b1)] oy {Soa[ru(br 1) /0:]} = soalr,(bu)/b:],  for all b, u € F;

7. being & (on F) or ¢~ according as u > 0 or u < 0, and \ being § (on K) or
Y1l as so >0 or 5o <O.

(Part 1y). The most general non-affine collineation, from My(F) onto My(K),
which maps Y, onto Y.’ has the form v = vd, with § on My(K) given by (x,y)
— (x,y +aox+ k) for some a, k € K and the ideal point of slope r moving
to that of slope (r + a); v, from M4(F) to My(K), given for constants by € F,
so € K, by

(x, ) = &, 9") = (u(x), soa[r:(v/x)/b1]),

if & #0, where u(x) = soa{[r.(b1/%)]/b1}, and a satisfies the ideniity (1) in
b and x # 0. The ideal point P_(r), for r € F, is mapped by v onto (0, ')
= (0, soa(r/b1)). The point (0,b) is mapped by v onto P_(r"), where 7'
= \a(b/by).

Proof of 1,. By Lemma 3, every collineation of M4(F) onto My(K) which
sends Y, to Y.’ must map ({x =0}, /,) onto ({x' =0},1.). Let v be a
non-affine collineation, from My(F) onto My(K), mapping Y onto V_'. It
follows that ¥ maps {x = 0} and /., onto .,/ and {x’ = 0} respectively. By
Lemma 1, functions ¢, ¥ are additive; and v = »§, where §, on M, (K), moves
the ideal point of slope 7 to that of slope (r + @) and sends (x, y) to (x,y
+ aox + k), line {3 = a ox’ 4 k} being the y-image [in My(K)] of {y = 0}
in M4(F); and where v is a collineation of M,(F) onto My (K) sending the x-axis
of My(F) to the «'-axis of My(K). Conversely, let § be defined on My(K) by
(x,v) > (x,y + aox + k) (with the ideal point of slope » moving to that
of slope (7 + a)); let » be a non-affine collineation sending Y, to Y.’ and
{y = 0} in My(F) to {y’ = 0} in My(K). It follows that v = »8 is also non-
affine and sends Y, to Y.’. Hence a non-affine collineation mapping Y., onto
Y.’ exists if and only if there is one mapping Y, X, and O = (0, 0) of M,(F)
onto the respective points Y./, 0" = (0, 0), and X' of My(K).

Let »: (x,y) — (/, ") determine such a collineation. Since Y, — V', «’
depends only on x. Since ¥’ (for x # 0, «) depends only on the slope of (x, v)
U (0, 0), v is given, for x # 0, », by &' = u(x), y = or,(y/x); with 7, = &
(the identity on F) or ¢! according as x > 0 or x < 0, and ¢ a single-valued
function from F onto K.

Let us verify that o is additive (cf. Figure 1). Given v, w € F, denote by
VvV, W, Z, P, U, the respective points (1, v), (1, w), (1,2) = (1,v + w), (0, w),
{y =vox} NI, of My(F);and by V', W', Z', P, U’, their respective images
under v in My (K). Because 2 = v + w, lines PZ and OV are “parallel.” (That
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0 (S,,0)
[s, may be posiﬁde or neqative]

MY(K)

Ficure 1

is, P, Z, U, are collinear.) Denoting u(1) by so, the points V’, W, Z’ are
given by (so, o(®)), (so, o(w)), (so, o(2)) respectively. Using »[(0,0)] = X_.’,
v(X,) = O, the collinearity of X/, V', U’ follows, also that of P/, W', O';
we conclude the collinearity of U’, Z’, P, (whence O'W” is parallel to U’Z’),
and ¢(2) = ¢(v) + o(w). Since z = v + w, o(v + w) = ¢(v) + o(w), and o is
additive.

Calling {y" =& + #' oyy 2’} the image under » of a ‘‘non-vertical” line
{y = b4 7oy x}, we see that &’ is a function of 7 alone; and # a function
only of b. For any » € F, v carries {y = 7 o) x} onto {y’ = '}. Hence, putting
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Y =or(y/x), x =1, y =7, and 7, = & gives o(r) = b'. For any b € F,
v carries {y = b} onto {y = 7’ oy «'}. Hence, putting v' = o7,(y/x), x = 1,
y=20b and 7, =& in ¥ =7 oy x' gives ¥ oy u(l) = 7' oy so = a(b). It
follows that 7' = A (a(d))/so], with A = & (the identity on K) or ¢y~ according
as so > 0 or so < 0. Thus necessary relations of 4’ to  and of 6 to #’ are known
in terms of . Since » maps {y = b} onto {y = 7' ox’}, we conclude that
7 oyy m(x) = or,(b/x), for all x € F. From this equality, u(x) is obtained
explicitly by putting ' = 1 and letting 8, be the value of b corresponding to
v =1: ' = ulx) = or,(by/x), for x # 0, . Note that so = u(1) = o(by).
Substitution for y’, 7, and " in ¥’ = #’ o ¥’ shows the necessity of the condition

M (0(8))/50}H] oy [o72(81/%)] = o72(8/x),
for all b and all non-zero x € F. Putting 1/x = u, we get
*) M (a(d))/s0}] oy [o7u(B11t)] = a7, (but), for all & and for all u € F

(even for u = 0, since ¢(0) = 0).

Assume, conversely, that ¢ is additive; and let ¢ denote a one-to-one additive
function from F onto K, with b; # 0 a fixed element of F and sy = ¢(4,) € K,
such that (*) holds, 7, and \ being defined as above. We shall construct a
one-to-one map v of My (F) onto My(K) (carrying O, X, YV onto the respective
points X_/, O’, V'], and check that v is a collineation.

For x # 0, o, define ¥’ = u(x) = o7,(b1/%),y" = or,(y/x), and let » map
(x,y) onto (x’,9"). (Note that wu(l) = o(b)) = so.) Given b € F, define
»[(0, b)] = P (r"), the ideal point of slope 7’ in My (K), where v’ = N[ (a(d))/s0]-
Given r € F, let P_(r) be the ideal point of slope r in M4(F) and define
v[P,(r)] = (0,a(r)). We note first that ¥y =7 ox’ if and only if y = b,
7’ having the required value A[(c(d))/so]: in fact, ' = ¢’ o ¥’ amounts to

orz(y/x) = M(@(8))/sol} 0wy {o72(01/x)},

for all non-zero x € F, whence the identity (*) gives v = b for all x 5 0;
v[(0, 8)] = P,(r") and v(X.) = »[P,(0)] = (0, 0), by definition of ». Finally,
we substitute ¥ = o7, (y/x), b’ =0o(r), and Y ox’ = o7, (b/x) in ¥y =1V
+ 7' o &/, for x'[#0, =] € K. Using the additivity of ¢ and ¢! we obtain:

o(v/x) = olr + (b/x)], if x>0 in F;
o~ (y/x) = a¢ o (r) + (b/x)], if x <0 in F.

Thus, for all non-zero x € F, vy = b + 7 o x. Since »[(0, b)] = P_(+') for
all b € F, and v[P_(r)] = (0,8") = (0, 0()) for all » € F, v is a collineation.
We have now proved a necessary and sufficient condition for the existence
of the collineation v in terms of ¢, b; € F, and sy = ¢(b;). It remains to show
that this condition is equivalent to the one stated in the Theorem.
Assume that ¢ is a one-to-one additive function from F onto K, with b, 5 0
a fixed element of Fand so = ¢(d;) € K, such that (*) holds, 7, being & (on F)
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or ¢! according as # > 0 or # < 0, and A being & (on K) or ¢! as 5o > 0
or so < 0. Define a(t) = (1/s0)-0(bit), for all ¢ € F. The identity (*), with
[0(d)]/s0 replaced by a(b/b1), o7,(bit) by sea[r,(biu)/bi], and or,(bu) by
soa[r, (bu)/b1], becomes the formula (f). Clearly, «(0) = 0 and «(1) = 1.

The proof that « is a sign-preserving isomorphism is nearly the same as
that for o in (11, Theorem 1). It will be sketched here—detailing only the
steps which involve changes.

To conclude that « is an isomorphism, it will be enough to know that «
is multiplicative. Let S be the set of all positive x for which a(x) > 0. If
s € S, then 7, = &, and the basic identity (*) becomes

a(b/by)-a(s) = a[(b/b))-s] for all b € F,

regardless of the sign of so. Thus a(xs) = a(x)-a(s) for any s € S and any
x € F. Asin (11), S forms a multiplicative subgroup of P, and we may assume
the existence of go > 0 in F with a(go) < 0. As before, P — S forms a single
coset (goS): in fact, given any positive ¢; for which a(q:) < 0, the basic
identity gives a(gs! 1) = Yalgi™) -alq) or ¢y la(gi!)-a(q) as so > 0 or
so < 0; in either case qi 1 q: € S since a(gs!) and «a(g:) are both negative.
The rest of the proof that « is multiplicative and the proof that o preserves
signs proceed exactly as in the quoted theorem.

Assume, finally, that « is krnown to be a sign-preserving isomorphism of
F onto K, with b; € F and sy € K non-zero constants, such that () holds,
X and 7, being as above. Define o(x) = so-a(x/b;) for all x € F. Clearly, o
is one-to-one from F onto K, and ¢(b;) = so. Replacing a by the corresponding
expression in ¢ transforms the assumed condition to

M (@(8))/s0}] 0@y [o7u (bre)] = o7 (bus),

for all b, u € F. This condition is necessary and sufficient for the existence
of », hence also for the required collineation v = »é.

Proof of 1,. The explicit determination of » in v = »§ is obtained at once
if we rewrite the known formulae in terms of a rather than of o.

CoROLLARY 1. The group C of collineations fixing Y in a plane My(F) s
either (2) the affine group A or (i) a group comsisting of the affine collineations
and one coset of non-affine collineations which interchange {x = 0} with I..

The group C 1s larger than A if and only if ¢ is additive and there is a sign-
preserving automorphism o« on F, together with mon-zero comstants by, so € F
such that

Ma(d/b1)] o) {sea[ry(bsu)/b1]} = Soa[r,(bu)/b4],

for all b,u € F, 7, being & (on F) or ¢~ according as u > 0 or u < 0, and
\ being & (on F) or =L as so > 0 or so < 0.

Proof. The group structure of C follows at once from Lemma 3.
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The condition for the existence of non-affine collineations that fix ¥ is
obtained by specializing ¢ = ¢ and F = K in Theorem 1.

Remark. The explicit collineations fixing Y, are easily found by specializing
My(F) = My(K) in (11, Theorem 1) and in the above theorem.

COROLLARY 2. If there is a non-affine collineation from My(F) onto My(K)
sending Y, to Y./, then My(F) is (Y, Y,.)-transitive and My(K) is (V,/, Y.')-
transitive.

Proof. Since ¢ and ¢ are additive, the corollary follows from (10, Theorem 5).

ExampLEs. (i) The collineation oo on My(Fy) (Theorem A of this paper)
involved

(x,3) = (&', y") = (¢7(go/x), ¢7(y/x)),
x#0,0; 7= or ¢~Las x>0 or x <O0; with an appropriate interchange
of I, and {x = 0}.
(ii) On an arbitrary Moulton plane My(F), the formulae

¥ = ¢r(q/x), ¥ =¢r(y/x), for x#0

and qo an arbitrary negative (positive) constant, determine a collineation if and
only if ¢ is an automorphism (an automorphism of order 2).

Proof. Substitution for %',y in ' = b’ + ' o x’ gives:
for go > 0: y =bx+ go-p(+) or

y =x-[¢"{d + r'-$(qo/x)}] as x < 0 or x > 0;
and for ¢, < 0: y = b'x + qor’ or
y =x-[¢7Hd + ¢(r')-¢(qo/x)} as x <0 or x > 0.

Thus, a collineation is determined if and only if:

{71 (V) + [6(r)-qo/x]} =¥ +7"-¢(q/x)  if g0 >0,
o{e71 (1) + [r'qo/x]} = b + ¢(r)-d(qo/x)  if g0 <O,

for all ¥',7, and x > 0 € F.

If go > 0, the values 8’ = 0, x = go give the necessity of ¢ = ¢~ In either
case, b’ = 0 gives ¢(uv) = ¢(u)-¢(v) for all « € F and v such that vge > 0.
The additivity of ¢ follows at once.

To show that ¢ is an automorphism, we shall check that ¢ (u; us)
= ¢ (u1)¢ (us) for u, go < 0and us go < 0. Choose 7o < 0 such thatn, + 1 > 0.
(Unless this is possible, 1 + # < 0 forallz < 0; while 1 + (1/5) = (n + 1)/
n > 0 for all » < 0; a contradiction because 1/# ranges over the negative
as n does.) Using

d{no- (no + 1)} = ¢(no)-¢(no + 1)
and the additivity of ¢, we have
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d(no?) + ¢(no) = ¢p(ne* + n0) = ¢{ne- (no + 1)} = ¢(no)-¢p(mo + 1)
= ¢(no) - [¢(no) + 1] = [¢(n0)]* + ¢ (no).

Subtraction of ¢ (%) from the extremes proves that ¢(no?) = [¢(n,)]2. With
Uy = nov; and us = neve (so that v;¢ > 0 and v, gy > 0), the required
conclusion is obtained:

o (uyus) = ¢(n? v1v2) = d(ne?) P (v1) ¢ (v2) = [P(10)]> ¢ (v1) - & (v2)
= [¢(n0) ¢ (@1)]- [¢(10) ¢ (@2)] = ¢ (o v1) - (mov2) = ¢ (u1)-p(us).

Remark. The remaining case for a collineation from M,(F) to My(K) is
that in which Y does not map onto Y. Such a situation can arise. In fact,
J. C. D. Spencer (12, Theorem 8) has proved the existence of collineations on
M4 (F) displacing Y, if M,(F) is the generalized Moulton plane of Pickert
9, p. 93), i.e., if Fis an ordered field and if ¢(m) = m for m > 0 in F, ¢(m)
= gom for m < 0in F, ¢o (1) being a positive constant in F.

The theorems in this section describe the most general planes My (F) and
My(K) that admit a collineation from M, (F) onto My(K) failing to map Y,
onto Y_'. The totality of collineations from M, (F) onto My(K) will be deter-
mined for this case. Perhaps the most striking new result is an extended
‘“‘converse’’ of Spencer’s theorem—viz., there cannot exist a collineation from
M4 (F) onto My(K) that fails to map Y, onto Y.’ unless F and K are ordered
(under the given pseudo-orders) and My(F), My(K) are isomorphic to a
generalized Pickert-Moulton plane.

THEOREM 2. Let F be an ordered field with a, h arbitrary elements and p, g
arbitrary positives in F. For x € F, define

_Jpe—-hm+a .. x—h>0,
d)(x)—{pg(x—h)—{-a o x — h <0.

Then ¢ preserves the ordering of F; x — ¢(x) — mnox defines a map of F onto
itself for each no <0 € F; and ¢ determines a Moulton plane My(F), which is
Desarguesian if and only if ¢ = 1. No generality is sacrificed by assuming that
¢(0) =0 and ¢(1) = 1.

Proof. The function ¢ is one-to-one from F onto itself, since ¢ is the resultant
of the maps x =t =x — h, t—>w = pt or w = pgt according as ¢ > 0 or
t <0, w— w4 a. (The “one-to-one onto’’ property for ¢ — w uses the fact
that » and pg are both positive.) The function ¥ — ¢(x) — #ex, for arbitrary
no < 0 € F, is likewise the resultant of x ¢t =x — b, t > w = (p — n)t
or w = (pqg — mo)t according as t >0 or t <0, w—w+a — noh. (The
‘“one-to-one onto’’ property for ¢t — w uses the fact that p — n, > 0 and
pq — no > 0.)

By (10, Theorem 1), a Moulton plane M, (F) will be determined if ¢ pre-
serves the ordering of F. From the definition of ¢, the latter will preserve the
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ordering if [¢(u) — ¢(v)] has the sign of (¥ — v) for each choice of « and v
satisfying v« — & > 0, v — b < 0. We have, for such u, v,

o) — ¢@) = pu —h) — pglv — h),

which is positive since p(u — k) is non-negative and —pg(v — h) is positive;
u—9v=(w—h)— (v —h) is positive since u — k is non-negative and
— (v — h) is positive.

The plane M4(F) is Desarguesian if and only if ¢ =1 (10, Theorem 4,
interpreted for a function ¢ which may not be normalized; cf. 10, Lemma 1).

By (10, Lemma 1), M,(F) is isomorphic to a plane My (F) with ¢'(0) = 0,
¢'(1) = 1. In fact, the transformation used to normalize ¢ in that lemma
changes the given ¢ to a function ¢’ of the same form. Thus, no generality is
lost if we assume that ¢(0) = 0, ¢(1) = 1.

Remark. The type of plane constructed in Theorem 2 may appear to
generalize the Pickert-Moulton planes, reducing to the latter if ¢ = & = 0.
The next Theorem shows, however, that all planes of the type given in Theorem
2 are isomorphic to Pickert-Moulton planes.

The concept of Lenz-Barlotti substructure (3; 6; 9, pp. 70 and 93; 12, pp.
253-255) will be useful in what follows. The substructure S(«) of a projective
plane 7 includes a point P of = if and only if there exists a line ¢ through P
for which = is (P, ¢)-transitive and includes a line ! of = if and only if there
exists a point Q for which = is (Q, I)-transitive. It is easily shown (9) that for
every choice, in the plane, of a line [ through a point P, the plane is (P, I)-
transitive if and only if P and I both belong to S(=). It is also easy to show
that S(r) contains all the lines of a pencil if it contains two distinct lines
thereof; and, dually, S(7) contains all points of a range if it contains two distinct
points of it.

Any collineation of a projective plane = onto a plane 7=’ maps S(r) onto
S(x"), substructure being intrinsic.

THEOREM 3. Let My(F) and My(K) be (non-Desarguesian) Moulton planes;
assume the existence of a collineation, from My(F) onto My(K), which fails to
send Y onto V. .

(Part 3,). Every non-affine collineation v, of My(F) onto My(K), is given by

= raf3, where 7 is a translation of My(F), B is an affine collineation from
M4 (F) onto My(K) (determined by (11, Theorem 1)), and « is a collineation
on My(F) fixing (0,0) linewise and {y = hox} pointwise, for some h € F;
a is defined as follows:

' =1/{{M + 1)/x)] — [(A(R)) o x]/x},
¥ = /OGO + 1)/2)] = [(A®B)) o x]/x};

provided x # 0 and y + 1 # hox; with N = & (the identity on F), ¢, or ¢,
according as x'x > 0, x > 0and ' <0, 0r x <0 and x’ > 0;
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a[(0,] = 0,y/(y+ 1)), unlessy = —1;

_P.[h— (1/%)] L. x>0,
et~ 1+ o0l {50 4y ¥ 220
o0 —D] = Vi a(¥) = 0,1  alPal)] = P(h)
and

Y S (r—=h),r/(r — h)) .. r—h>0,
olPa(n] = {<1/[¢<r> ol s(/60) —s®) T r—h<o

Equivalently, the general non-affine collineation of My(F) onto My(K) can
be written B'a't’'; with B’ an affine collineation from My(F) onto My(K), v a
translation of My(K), and & the collineation on My(K) analogous to .

(Part 3,). The fields F and K are ordered (under their given pseudo-orders).
Both M4(F) and My(K) are planes of the type described in Theorem 2: for each

x € F,
d)(x)_{pg(x——h)—l-a f x—h <O0;
p>0,1%qg>0,a,h being constants in F. For each x’ € K,
N _ P& —=h)+a . =N >0,
!'I/(x)_{p’q’(x’—h')—{—a'z x’—k’<0;

p' >0, 1% ¢ >0,d,k being constants € K.

The planes My(F) and My(K) are isomorphic to a Pickert-Moulton plane
M, (F), with n(x) = x or gx, for all x € F, according as x > 0orx <0 (1 £ ¢
> 0 being the same as in the formula, of the preceding paragraph, for ¢).

There also exists a Pickert-Moulton plane over K, isomorphic to My(F) and
My (K).

(Part 3,). The substructure S[My(F)] consists of the points on the range
{x = 0} and the lines of an ideal pencil [P (h)].

The substructure S[My(K)] consists of the points on {x' = 0} and the lines of
[P (B)].

The substructure S[M,(F)] consists of the points on {x* = 0} and the lines
of [X.*].

Proof of 3,. Since there is a collineation v of M, (F) onto My(K) for which
vy(Y,) # Y./, the plane M,(F) supports a collineation (for example, yoy™!
with ¢ a non-trivial translation on My(K)) displacing V..

By (10, Theorem 3), S[M,(F)] includes Y, and I.; but S[M,(F)] contains
no further ideal points (to prevent My(F) from being a translation plane—
hence Desarguesian (10, Theorem 4)). It follows that a collineation displacing
Y. must map Y, onto an ordinary point. The only ordinary points which
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may belong to S[M4(F)] are those on {x = 0}. (Otherwise an elation (x, y)
— (px, py) (1 # p > 0) would provide distinct points of the substructure
on a line not through Y, and hence an ideal point # Y on S[M,(F)].)
Using an M (F)-collineation that displaces Y, and applying translations, we
see that S[M(F)] does include all points of {x = 0}, and at least the lines of
one ideal pencil.

Construction of a. The origin and {y = & o x}, for some %k € F, are collinea-
tion-images of Y. and [, respectively. Hence, there exists a collineation «
fixing (0, 0) linewise and {y = % ox} pointwise. Using (0,0) — {y = hox}
transitivity on the points of the y-axis, we can suppose that a[(0, —1)] = ¥V,

and a[{y = —1 + hox}] =1,. From the linewise invariance of (0,0), we
determine @ on {y = —1 4 hox}.
Assuming (x,y) ¢ {y = —1 + hox}, let a be given by (x,y) — (¥, y").

For x # 0, ¥’ and y' may be calculated from the fact that

maps onto (x',y) = {(x,¥) U (0,0)} N {x’ = z}, where z is the abscissa of
{y =hox} M {(x,y) U (0, —1)}. (This is the construction used by Spencer
(12, p. 254) in her proof of Theorem 8.) Simultaneous solution of {¢ = % o s}
and ¢t = [N((y + 1)/x)]-s — 1, with X as in the Theorem, gives the formulae
for &', y’. Since each of the functions &, ¢, ¢! is order-preserving, {[\((y
+ 1)/x)] — [(\(%)) o x]/x} (when non-zero) has the same sign as x/(y + 1
— hox). Thus, given (x, y) restricted as above, the sign of (y +1 — hox)
determines the sign of x’, and the appropriate formulae for x’ and ¥’

To obtain a on f{x =0}, let {3/ =0 4+ 7 ox’} be the a-image of
{y=047rox} with b % —1, 7 £ h Thesignof 0 +1+rox —hox)is
positive for at least two distinct non-zero values x = x1, x2; and the corre-
sponding points (x;, y:) [ =1,2] on {y = b+ r ox} are related to their
respective a-images (x;, v/) on {y = + 7 ox’} by

¥ =x/(y+1—hox),y =y/(y+1—hox).
Substituting these for ¥, ¥ in 3’ = b + ' o x’ gives

y=1[0/0 =)+ [ox—0b(hox)]/(1 —0).
Thusa[(0,0'/(1 — ¥'))] = (0, '); which amounts to«[(0, )] = (0, y/(y + 1))
unless y = —1 or ¥ = 1. It follows that a(l,) = {y =1+ hox'}; a(V,)

= (0, 1); and the linewise invariance of (0,0) gives the expressions for
alP_(n)].

The general collineation from My(F) onto My(K). If 7,a, 8 and 7/, d/, 8’ are
as given in the Theorem (Part 3,), it is immediate that 7a8 is a collineation
M4(F) onto My(K) and that fa’7" is too.

Conversely, let v be any non-affine collineation from M4 (F) onto My (K).
Then v(V,) # V. . Otherwise, by Theorem 1, v would map {x = 0} onto
l.', a contradiction since S[M4(F)] contains all points of {x = 0}, while
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S[My(K)] contains only one ideal point, Y.’. The order of F exceeds 9
since « displaces V.

If 7 is a translation on My(F) for which 7[y"1(V.)] = (0, —1), then r«
maps v 1(Y.’") onto Y, so that (ra)~'-y sends Y, to Y_'. By Theorem 1,
(ra)~1-y maps ({x = 0}, ) onto ({x’ = 0}, L), in fact, I onto /' since the
range {x = 0} lies in the substructure, while /.’ does not. Putting (ra)~1-y = 8

gives v = 7af, as required. Similarly, v can be written as g'a/7'.

Proof of 3y. Letting (P, (k)) denote a fixed pencil in S[M4(F)], we define
n(x) = [¢(h + x) — o(W)]/[¢(h + 1) — ¢ ()],  for all x € F.
Clearly, 7 is one-to-one from F onto F, 7(0) = 0, and 5(1) = 1. Since
1) —2@)] = [¢(h +u) — ¢ + 0)]/[6(h + 1) — ¢ (B)],

which has the sign of (2 + u) — (b 4+ ) = v — v, the function % is order-
preserving. The map x — 5(x) — nox, for fixed #y < 0, and all x € F, is
“onto’’; being the resultant of

x—t=¢h+x)— (9 + 1) — ¢(h)-no- (h + x),
itself “onto’ since (¢ (& + 1) — ¢(h)) -no < 0 by (10, Theorem 1), followed by
t—={[t —oMW)]/[e(h + 1) — ¢(W)]} + no k.

Thus, 5 determines a Moulton plane M,(F), again by (10, Theorem 1).

For any point (x,y) in My(F), define B[(x, y)] = (x*, y*), where v* =1y
—hogx;and x* =xif x > 0, x* = [¢(1 + &) — ¢(h)]-x if x < 0. For any
r € F, define B[P (r)] = P, (r*), where r* = — h. The map B is one-to-one
from My(F) onto M,(F). To establish the isomorphism between M,(F) and
M,(F), we shall prove that 8 is a collineation. Clearly, the lines through
Y., in M,(F), are mapped onto the lines through Y_* fo M,(F). Let {y*
= b* + r* o(; x*} denote any other line of M,(F). Substitution for x* and y*
gives the (3 pre-image of this line:

y=b+ (h+rx if x >0, y=>b+4 [p(h + r)]x if x <O.
Since B[P.(r)] = P,(r — k), B is a collineation. Since B[P, (k)] = P,(0)
= X, ¥ in M,(F), and since @ carries the y-axis onto the y*-axis, S[M,(F)]
includes the range {x* = 0} and the pencil (X,*). The construction for a,
applied to M,(F), gives a collineation o* on M,(F). The formulae for o* are
essentially those for @, with # = 0 and ¢ replaced by 7.

To determine 7, let {y* = b* + r* o x*} be the image of {y = b + 7 o x}
under o*, with & # —1, b* £ 1. Since the ideal point on slope r moves to
(1/r,1) if » > 0 and to (1/9(r), 1) if » < 0, r > 0 implies

1 =0+ (*/r) = /(b + 1)) + (*/7),

which, solved for 7, gives r = (b 4+ 1)r*; while » < 0 implies

L =20+ (a(r*)/a() = @/ + 1)) + &(*)/n(r)),
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whence 7(r) = (b + 1)-n(r*). The pre-image of the ideal point on slope r*
is (—1/r*, —1) or (—1/9(r*), —1) according as —7r* > 0 or —r* < 0; sub-
stitution of this pre-image in y =&+ rox gives r = (b + 1)r* or 5(7)
= (b + 1)-9(r*) according as —r* = (—r/(b+ 1)) >0o0r —r/(b + 1) < 0.
Let 7 be an arbitrary negative element of F, and choose b so that — (1 + )
= n. For such b, either » > 0 and —7/(b + 1) < 0,0or7 < 0and —7/(b + 1)
> 0. Hence the relations between 7 and 7* give » = (b + 1)-7* and 7(r)
= (b + 1)-9(r*) regardless of whether » > 0 or r < 0. It follows that

n(—nr*) =q[(6+ 1)-r*] = &+ 1)9(r*) = —n-n(r*),
for arbitrary negative #, for appropriate b, and for all »* € F. With * = 1,
we get n(—n) = —n for every n < 0. Moreover, —1 < 0 to avoid a contra-

diction: If —1 were positive, # < 0 would imply —#z < 0 and n(x) = x for
all x < 0. Since —np < O0forn < 0and p > 0, —np = n(—np) = —n-5(p),

the latter obtained by putting 7* = p in n(—nr*) = —n-9(r*); hence, n = &
on the positives.

From 9(—n) = —n, for n < 0, and from —1 < 0, it follows that % fixes the
positives elementwise. The value r* = —1 in n(—nr*) = —n-n(r*) gives

n(n) = g-n for all n < 0, where ¢ = —9(—1) # 1.

To prove that Fis ordered, let xo and y, be arbitrary positive elements of F.
Using the fact that o* maps {x = x0} onto {y* = (—1/x) o x* + 1}, recal-
culate the abscissa of (x¢*, y¢*) = a*[(x0, y0)] as the intersection of

{y* = (—1/x0) ox* + 1},

with {v* = (yo/x0) 0 x*}: x0* = %0/ (¥o + 1) or x0* = x¢/(y0 + ¢) according
as x¢*¥ > 0 or x0* < 0, i.e. as (yo + 1) is positive or negative. From the for-
mulae for a*, xo > 0 implies xo* = xo/(yo + 1) or xe* = 1/9[(vo + 1)/x0]
= x9/[q(yo + 1)]asyo + 1 > 0or < 0. From ¢ # 1, it follows that yo+ 1 > 0.
Since y, is any positive, p1 + p2 = p1-[L + (p2/p1)] > 0 for arbitrary positives
p1 and ps. This shows that F is ordered under its given pseudo-order.

The definition of %, with x replaced by # — %, now gives:

_ypu—h)+a .. wu—h>0,
¢(u)_{pq(u——h)+a T —n<o

Here ¢ = ¢(h) and p = [¢(h + 1) — ¢(h)]. The uniqueness of % will be
proved in 3.

That My(K) is isomorphic to M,(F) follows from the fact that M, (K) is
isomorphic to My(F). That ¢ has the form given in Theorem 2 and that K
is ordered follow at once, since an isomorphic Pickert-Moulton plane could
be constructed, starting from the latter plane instead of from M,(F).

Proof of 3.,. We have shown that S[M,(F)] contains exactly the points of
the range {x = 0}, and at least the lines of an ideal pencil [P, (%)], for some
h € F. According to the isomorphisms v of M4(F) onto My(K) and B8 of
M4(F) onto M,(F), S[My(K)] consists of the points on {x’ = 0} and at least
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the lines of [P, ()], while S[M,(F)] consists of the points on {x = 0} and
at least the lines of [X_*]. To complete the proof, it will be enough to show
that S[M,(F)] includes no lines except those of the pencil [X_*].

Suppose a line not through X_* belonged to S[M,(F)]. Then all lines of
M,(F) would belong to the substructure; in particular M,(F) would be (V_*,
Y _*)-transitive, and 5 additive (11, Theorem 5). That is impossible: in fact,
forn <Oand u >0 € F, ¢(n) + ¢(u) = gn + u while ¢(n + u) is equal to
n+u or gln + u), g 1.

This completes the proof of Theorem 3.

Remark. That the form of o* given in Theorem 3 is sufficient to define a
collineation had already been proved by Spencer (12, pp. 254-255) for the
case of Pickert-Moulton planes.

COROLLARY 3. Assume that a (non-Desarguesian) Moulton plane My(F) is
isomorphic to My(K) under a collineation v for which v(Y,) % V_'. Then F
is ordered (under its given pseudo-order);

_ jp(x —h) +a

\pg(x — h) +a
and My(F) supports a collineation o given, for y # —1 + hox, by (x,v)
— (&', 5"), with

X —h >0,
¢ () ¥ 20

x y _
y+1—hox y+1—hox y+1—hox >0,
D P — ,={Pq(y—hx)+ax i x > 0and
T o r i) Y T e Fl-m Y yr1-m<o,
___px Yy — ax + phx x < 0and
y+1—ax y+1—ax y+1—ax <0;
_ P — (1/%)] x>0,
(575
P A r—h >0,
AP =4 T if

1 pq(r—h>+a> .
<pq<r—h>’ 4G — B) r—h<0;

a[P,(h)] = Py(h);  o[(0,=1)] =Y. anda(Y,) = (0,1).

Proof. This is essentially Theorem 3,, restated in terms of the formulae for ¢.
The expression for @ on {x = 0} has been incorporated into the formulae for
%' and y’. The case (y + 1 — hox) > 0 is immediate, since A = §. Let
(y+1—hox) <0. Then

[0+ 1D/x] =2 <0 .. x>0,
[0+ 1)/x] —a>0 x <0.
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The alternative x > 0 implies that
o[y + 1)/x] = pg-{[(v + 1)/x] — k} + a;
also (y/x) — h < 0, since F is ordered and since
(0 + 1)/x] =k =[(y/x) — k] + (1/x) <0  with 1/x >0,

so that
o(y/x) = pg{ (y/x) — h} + a.

If x <0, then [(y +1)/x] —a = [(y + 1)/x] — #(h) > 0. Hence (y/x)
— ¢(k) > 0, since

[0+ D/x] — o) = [00/x) —¢MW] + (1/x) >0  with (1/x) <O.

Here we substitute

o fh =) . u— () >0,
¢ (“)"{H[(u—a)/pq] iy — s <o,

The equations for @ on {y = —1 + kox} and on [, are easily obtained.
The collineation problem for Moulton planes is now completely solved.
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