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Abstract

Let G be a finite group of order pk, where p is a prime and k ^ 1, such that G is either cyclic,
quaternion or generalised quaternion. Let V be a finite-dimensional free /TG-module where A" is a field
of characteristic p. The Lie powers L"( V) are naturally KG-modu\es and the main result identifies these
modules up to isomorphism. There are only two isomorphism types of indecomposables occurring as
direct summands of these modules, namely the regular KG-module and the indecomposable of dimension
pk — pk'[ induced from the indecomposable ^//-module of dimension p — 1, where H is the unique
subgroup of G of orderp. Formulae are given for the multiplicities of these indecomposables in L"( V).
This extends and utilises work of the first author and R. Stohr concerned with the case where G has
order p.

2000 Mathematics subject classification: primary 17B01; secondary 20C20.

1. Introduction

Let G be a group, K a field and V a ^TG-module. Let L(V) denote the free Lie algebra

on V, that is, the free Lie algebra which contains V as a subspace and which has

every basis of V as a free generating set. For each positive integer n, let Ln( V) be

the homogeneous component of degree n in L{ V). The action of G on V extends

naturally to L(V), so that G acts on L(V) by Lie algebra automorphisms. In this

way L( V) becomes a ATG-module with each L"{ V) as a submodule, called the nth Lie

power of V.
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Suppose now that G is finite and V is finite-dimensional. If the characteristic of
K is zero then each L"( V) is semisimple and the character of this module is given
in terms of the character of V by Brandt's character formula [3]. Thus L"( V) may
be determined up to isomorphism, at least in principle, by the character orthogonality
relations. In the case where K has prime characteristic p, and p divides the order
of G, it is much more difficult to obtain information about the module structure of
L"( V). Recent progress is described in [4] and [5]. The reader is also referred to [4]
or [5] for further details of the background and underlying concepts.

The main result of the first author and Stohr in [5] is a description of L" (V) in the
case where K has prime characteristic p, G is cyclic of order p and V is a finite-
dimensional free ATG-module. The module L" (V) decomposes into a direct sum of
modules isomorphic either to the regular ATG-module or to the indecomposable of
dimension p — 1. Here we extend this result to the case where G is an arbitrary cyclic
p -group or (when p = 2) a quaternion or generalised quaternion group.

THEOREM 1. Let G be a finite group of order pk, where p is a prime and k ^ 1,
such that G is either cyclic, quaternion or generalised quaternion. Let H be the
unique subgroup of G of order p. Let K be afield of characteristic p and let V be a
finite-dimensional free KG-module. Then, for each positive integer n, L"(V)isa direct
sum ofr(n) copies of the regular KG-module and s(n) copies of the indecomposable
KG-module of dimension pk — pk~l induced from the indecomposable KH-module
of dimension p — 1, where

* ^~^ yy/d
npk~ d

p\d\n

andr(n) = p~kdimLn(V) - (I -

In the equation for s(n), fi is the Mobius function, dim V denotes the dimension
of V as a AT-space, and the summation is over all positive divisors d of n which are
divisible by p. The second equation yields r(«) because of Witt's formula for the
dimension of L"(V):

dimL"(V) = - yV(rf)(dim V)n/d.

Theorem 1 will be derived from the following more general result.

THEOREM 2. Let G be a non-trivial finite p -group, where p is a prime, and let
H be the subgroup generated by all elements of G of order p. Let K be afield of
characteristic p and let V be a finite-dimensional free KG-module. Then, for each
positive integer n, L"(V) is isomorphic to a module induced from some KH-module.
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Theorem 2 shows that there is a K//-module U such that L"( V) = U\G. Thus, to
find L"( V) up to isomorphism it is sufficient to find U. However,

If we assume that H is central in G then U\G\,H is isomorphic to the direct sum of
[G : H] copies of U. Thus we can find U up to isomorphism if we can find L"( VlH).
However, ViH is a free ^//-module. Thus, when H is central in G, Theorem 2
reduces the problem of finding Lie powers of free ^TG-modules to the same problem
for//.

Under the assumptions of Theorem 1, H is central in G and has order p. Thus
Theorem 1 can be obtained from Theorem 2 by means of the main result of [5].
When G is any finite abelian p -group, Theorem 2 makes a reduction to the case
where G is elementary abelian. At present, however, we are not able to deal with
an elementary abelian p-group of order greater than p. The representation theory of
such a group is complicated by the fact that it has infinitely many isomorphism types
of indecomposable modules over a field of characteristic p.

The authors are grateful to Dr L. G. Kovacs, Dr A. I. Papistas and Dr R. Stohr
for helpful discussions on the topics considered here. In particular, Dr Stohr kindly
pointed out a substantial simplification that could be made to our original proof of
Lemma 3. The special case of Theorem 1 with p = 2 was obtained in the second
author's Ph.D. thesis [7] and the special case where p = 2 and G is cyclic was also
obtained independently by A. I. Papistas in unpublished work.

2. Preliminaries

Throughout the paper K denotes a field, and in this section K is an arbitrary field.
All Lie algebras are Lie algebras over K, and all tensor products are taken with respect
to K. By a KG-module, where G is a group, we mean a right module for the group
algebra KG. As mentioned in Section 1, if V is a ̂ TG-module then the free Lie algebra
L( V) acquires the structure of a ̂ TG-module.

For any Lie algebra L, [u, v] denotes the product of elements u and v of L, and
expressions of the form [u\,u2,..., un] denote left-normed products: thus, for n ^ 3,

- [[Mi, . . . , Wn_i], Un]

For subspaces U\, U2,... , Un of L, [U\, U2,..., Un] denotes the subspace of L
spanned by all elements [u{, u2,..., un] with «, € f/, for / = 1 , . . . ,« .

By a graded vector space over K we mean a A"-space V with a distinguished
AT-space decomposition V = V\ © V2 ® • • • . A graded subspace of V is then a
subspace W such that W = (W n V,) © (W n V2) © • • • .
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Let L be a free Lie algebra over K and, for each positive integer n, let Ln be the
nth homogeneous component of L with respect to a given free generating set for L.
Then L is a graded vector space, L =• L\@ L2® • • • • A subalgebra of L is called
graded if it is graded as a subspace. By the theorem of Shirshov and Witt (see [8,
Theorem 2.5]), every subalgebra of L is free on some free generating set. If Q is a
subalgebra of L and W is a subspace of L such that Q is freely generated by a basis of
W we say (with slight abuse of language) that Q is freely generated by W and write
Q = L(W). In this case every basis of W is a free generating set for Q. The notation
L(W) is used for the subalgebra of L generated by a subspace W only in the case
where L( W) is freely generated by W.

LEMMA 1. Let Q be a graded subalgebra of the free Lie algebra L and write
Q= Q\ © Qi © • • • where Qj = Q<~) Li for all i. For i ^ 1 let /?, be the subalgebra
of Q generated by Q\ © • • • © Qt and let Ro = 0. Let W be a subspace of Q which
has the form W = Ws © W2 © • • •, where Wt = W n Qt for all i ^ 1. Then Q is
freely generated by W if and only if

(2.1) Qi = (/?,_, n Qt) 0 W, for all i ^ 1.

PROOF. For the purposes of this proof, if X is any subset of L we write KX for the
subspace of L spanned by X and {X)L for the Lie subalgebra of L generated by X.
For i ^ 1, let E,•, = Q, © • • • © G, and let Eo = 0. Thus, for all i ^ 1, /?,-_, = (£,--i)L.
Also, write £,' = E, n #,_,. Then

£,' = Qx © • • • © G,_i © (K,-_i n G,)-

If (2.1) holds, then any basis X, of W; is a basis for £, modulo E\. Hence, by the
proof of Theorem 2.5 of [8], Q is freely generated by Xx U X2 U • • • . Thus £ is freely
generated by W.

Conversely, suppose that Q is freely generated by W. For each i ^ 1, let X, be a
basis of Wi and let X = Xx U X2 U • • •. Since Q = (X)L> £ is spanned by the set of
all Lie monomials formed from elements of X. For i• ^ 1, G, is spanned by all such
monomials which belong to L,. Therefore,

Qi•. = (X, U • • • U Xnh n L, + KXh

However, X is a free generating set for Q, and so

(2.2) Q, = (X, U • • • U X,_,)z. n Li © KXh

Hence Qj C (X,U- ••UX)>L fory = 1 , . . . , i - 1,and so /?,_, = (X, U- • •UXi. , ) 1 .
Thus (2.1) follows from (2.2). D
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For subspaces U and V of any Lie algebra, let V i U denote the subspace defined by

Vi U= V + [V, U] + [V, U,U]+--.

The following lemma is a version of 'Lazard elimination' (see [2, Chapter 2, Sec-
tion 2.9, Proposition 10]) and it appears in [4, Lemma 2.2].

LEMMA 2. Let G be any group and let U and V be KG-modules. Consider the
free Lie algebra L(U © V) as a KG-module. Then U and V i U freely generate free
subalgebras L(U) and L( V i U), and there is a KG-module decomposition

) = L(U)@L(ViU).

Furthermore,

ViU=V®[V,U]@[V,U,U]®---

and, for each n ^ 0, there is a KG-module isomorphism

[V,U,...,U]=V® i/<8>---<8> U

under which [v, U\, u2,..., un] corresponds to v (8) w, ® u2® • • • <8» un for all v e V

and all U\,..., un € U.

We apply Lemma 2 to obtain two further results.

LEMMA 3. Let G be any group and let V\,..., Vm be KG-modules, where m is a
positive integer. Consider the free Lie algebra L{ V\ © • • • ffi Vm) as a KG-module. Let
Q be the ideal of L( Vx © • • • © Vm) generated by the subspaces [Vh Vj] with i ^ j .
Then there is a KG-module decomposition

Furthermore, Q is a free Lie subalgebra of L{ V, © • • • © Vm) of the form Q — L(W),
where W = W2 © W3 ffi • • • such that, for each n ^ 2, Wn is a KG-submodule
of L"(Vi © • • • © Vm) equal to the direct sum of all subspaces [Vh, Vh,..., Vin]
with J'I > i2 ^ /~3 ^ • • • ^ in- Furthermore, [Vh, Vh,..., V̂ J is isomorphic to
Vh (8) Vh 18) • • • <g> Vin as a KG-module.

PROOF. By Lemma 2,
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where Z\ is the direct sum of the subspaces V2,..., Vm and the subspaces

[V,,,y,, . . . , v,]

with i] > 1 and «i > 0. Also,

[V,,, V,, . . . , V,]= Vj, ®y t ®---® V,

as ATG-modules. Using the summand V2 of Zi we obtain L(Z0 = L( V2) © L(Z2),
where Z2 is the direct sum of the subspaces V3,..., Vm and the subspaces

[v,,, v , , . . . , v , , y 2 , . . . , v2]

with either fi > 1, ni > 0, n2 ^ 0 or ij > 2, Hi = 0, n2 > 0. Also

[vtl,ylt. ., V , , v 2 , . . . , v 2 ] = y , , ® y i ® - - - g > y i j ( » y 2 i 8 > - - - ® y2j

ni n2 n, H2

as tfG-modules. Continuing in this way we obtain

(2.3) L(V, 0 - - - 0 Vm) = LiVi) ® • • • ® L(VJ ® L(W),

where W is the direct sum of the subspaces [Vh, Vh,..., y,-J with n ^ 2 and /t >
'2 < «3 < • * • < '«• AISO,

[y , , ,y , 2 , . . . ,y , j = vit <s> y,2® • • • ® y,n

as ATG-modules. Clearly, [ y/t, y,2,. . . , Vt J is a submodule of L" (y, © • • • © Vm). Thus
W can be written in the required form.

It remains to show that L( W) = 2> where (? is defined as in the statement of the
lemma. Clearly L( W) c Q. Let D be the Lie algebra direct sum,

formed from the Lie algebras L(V\),..., L{Vm) with componentwise multiplication.
Let

n : z , ( y , © - - - © y m ) - + D

be the Lie algebra homomorphism given by un = u for all u 6 VI U • • • U Vm: this
exists because L( V, © • • • © Vm) is free on Vj © • • • © Vm. As is well known, Q
is the kernel of n. The restriction of 7r to the subspace L(VX) © • • • © L(Vm) of
L( Vi © • • • © Vm) is clearly one-one and onto. Hence

• • • © Vm) = L( V,) © • • • © L( Vm) © Q.

Since L( W) c g we obtain L( W) = (2 by (2.3). D
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LEMMA 4. Let G be any group and let V be a KG-module. Let Q be a subalgebra
of L(V) which has the form Q = L(Ur © Ur+l © • • •) for some positive integer r,
where, for each i ^ r, UiisafreeKG-submoduleofL'{V). Let n be a positive integer
such that n ^ r. Then, for each i ^ r, there exists a free KG-submodule X, of L'(V)
such that Q = L{Xr) © L(Xr+l) © • • • © L(Xn) © L(Xn+i © Xn+2 ©•••)•

PROOF. By Lemma 2,

£ / r + 1 © • • • ) = L{Ur) © L((Ur+[ ®Ur+2®---)i Ur).

Also, (Ur+i © Ur+2 © • • • ) ' Ur is the direct sum of the modules Ur+I i Ur for i ^ 1,
and Ur+i i Ur is the direct sum of the modules

[Ur+,,Ur,...,Ur]

m

for m ^ 0. Furthermore,

[ Ur+i, £ /„ . . . ,£ / , ] = Ur+i ® t/f ® • • • (g t/, ,

so this module is a free KG-submodule of Lr+i+mr(V). Thus we may write

L(Ur © Ur+i ©•• • ) = ^ ( W © ^(K+i © K+2 © • • •) ,

where, for i ^ 1, Vr+, is a free KG-submodule of / / + ' ( V ) . The result follows by
induction on n — r. D

3. Main results

Let G be a non-trivial finite p -group, where p is a prime, and let H be the subgroup
generated by all elements of G of order p. Let K be a field of characteristic p . For
any KG-module V we write V\,H for the KH -module obtained by restriction, and
for any K//-module U we write U\G for the KG-module obtained by induction. We
say that a KG-module is H-induced if it is isomorphic to a module induced from a
K//-module. Clearly any direct sum of //-induced modules is //-induced.

PROOF OF THEOREM 2. Let V be a finite-dimensional free KG-module. Write
L = L{V) and Ln = L"(V) for all n ^ 1. We must prove that Ln is //-induced for
all n. We use induction on n. Since L, = V, the module Lx is free. Thus it is induced
from a free KH -module. Hence we may assume that n ^ 2 and that the result is true
for all smaller values of n.
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Let m be the index of H in G and let { c 1 ( . . . , cm) be a (right) transversal for H in
G, where q = 1. Since V is a free ATG-module, there is a subspace Y of V such that
V = Y(KG) ^Y®KG. Write Vt = Y(KH)c{ for i = 1 , . . . , m. Then, since H is
normal in G, each V; is a free KH-module isomorphic to Vx. Also, V = V, © • • • © Vm

and V= V,tG.
By Lemma 3 applied to the group H, we have a X"//-module decomposition

L = M © Q, where M = L(V,) © • • • © L(Vm) and Q is the ideal of L generated
by the subspaces [Vt, Vj] with i ^ j . The subspaces [V ,̂ V}] are permuted under
the action of G. Therefore Q is a ATG-submodule of L. Also, L(Vt) = L{Vx)ct for
i = 1 , . . . . m, so that M is a ATG-submodule of L. By Lemma 3, Q — L(W) where
IV is a graded subspace of L. Thus Q is a graded subalgebra of L. Clearly M is a
graded subspace of L. It follows that Ln = (Ln n M) © (Ln n 0 . Thus it suffices to
show that Ln D M and Ln n Q are //-induced.

It is easily verified that L"( V;) = L"( V,)c, for i = 1 , . . . , m and

It follows that LnHM = L"( V,)fG. Therefore LnDM is //-induced.
By Lemma 3, W = W2 © W, © • • • where, for / ^ 2, W; is a free K/Z-submodule

of Li. We also write W\ = 0. Since Q is a graded subalgebra of L, it has the form
Q= Q\® Qi®-- where Q, = QH L, for all i. Clearly Q, = 0. For i ^ 1 let
Ri be the subalgebra of Q generated by Q\ © • • • © Qt and let Ro = 0. Since Q is a
£G-module, (?, is a ATG-module for each i ^ 1, and /?,_i n Q, is a submodule. Thus
Qi/(Ri-i n g,-) is a A:G-module.

By Lemma 1, £>, = (/?,-_, Pi (?,) © W, for all i ^ 1. Since Wt is a free A"//-
module, ((?;/(/?,-i n 2,0)4-// is a free tf//-module. Therefore, by the definition of
H, (Qi/(Ri-\ n <2,))4-£ is a free AT£-module for every elementary abelian subgroup
E of G. Therefore, by a theorem of Chouinard, [1, Theorem 5.2.4], Q,/(/?,_i n £,) is
a projective ATG-module. Since G is a /? -group, this module is free (see, for example,
[6, Theorem VII.7.15]). Therefore, for each i ^ 1, there is a ATG-submodule (/, of
Qt such that U{ is free and (2, = (Ri-\ n G/) © ^ - Note that [/, = 0 and write
U = U2 © U3 © • • •. By Lemma 1, Q is freely generated by £/, that is G = L([/).

By Lemma 4, we may write

Q = L(X2) © L(X3) © • • • © L(Xn) © L(Xn+1 © Xn+2 ©• • • ) ,

where each X, is a free ATG-submodule of L,. It follows that Ln n <2 is the direct sum
of the modules L"^d(Xd) where d ranges over the divisors of n in the set { 2 , . . . , n).
By the inductive hypothesis each summand is //-induced. Therefore Ln D Q is
//-induced, as required. •
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PROOF OF THEOREM 1. Now let G have order pk, with k ^ 1, and suppose that G
is either cyclic, quaternion or generalised quaternion. Thus the subgroup H is central
and is cyclic of order p. We write Jp to denote a regular K//-module and Jp_x to
denote an indecomposable K //-module of dimension p — 1 (this is isomorphic to the
augmentation ideal of KH).

Let V be a finite-dimensional free ^G-module and let n be a positive integer. By
Theorem 2, there exists a K //-module U such that L"( V) = Ufc. Therefore

Since H is central in G, Uy\GlH is isomorphic to the direct sum of/?*"' copies of
U. However V\,H is a free A"//-module. Therefore, by [5, Theorem 1], L"(V\,H) is
isomorphic to the direct sum of rn copies of Jp and sn copies of Jp_\ where

' * ~ ^ \n/d

p\d\n

and prn + (p — l)sn — dim L"(V). It follows that U is isomorphic to the direct sum
of p~<k~[)rn copies of Jp and p~(k~l>sn copies of Jp-\. Therefore the induced module
L"( V) is isomorphic to the direct sum of p~{k~^rn copies of 7 p t c andp"'*""^ copies
of/p-,tG-

Clearly 7ptG is a regular ATG-module and is indecomposable (see [6, VII.5.2]).
Since 7P_, remains indecomposable under any field extension it follows from Green's
indecomposability theorem (see [6, VII. 16.6]) that Jp-\

/[G is an indecomposable
K'G-module. Clearly it has dimension pk — pk'\ In the notation of Theorem 1,
r(n) = p~ik~l)rn and s(n) = p~(k~l)sn. This gives Theorem 1. •
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