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A Necessary Condition for Multipliers of
Weak Type (1,1)

Michat Wojciechowski

Abstract. Simple necessary conditions for weak type (1, 1) of invariant operators on L(R?) and their
applications to rational Fourier multiplier are given.

In this note we give necessary conditions for a multiplier operator acting on L' (R)
to be of weak type (1,1). These conditions can be applied to rational multipliers,
which arise naturally in the theory of spaces of differentiable functions (see [2]). For
example, the multiplier ¢(x, y) = % was considered in [2] and was shown not
to be of weak type (1, 1). The proof in [2] is based on the fact that the kernel of the
operator corresponding to a multiplier that is defined as a function of the product xy
(such as ¢) is itself a function of the product of variables. The main difficulty in [2]
was to find the kernel of the multiplier. Our approach in this paper is simpler and
more general. Our proof remains entirely on the multiplier side and does not use the
algebraic properties of the multiplier. However it gives no satisfactory information
of the asymptotic of the norm of the multiplier transform in L? as p tends to 1.

Let G be a locally compact abelian group, I' its dual. For ¢ € L°°(I") denote
by T, the L*(G) multiplier transform defined by ¢, i.e. Tyf = (¢ V. We put
N™(¢) = sup,_, ¢ - | {t : |Tsf(t)] > c}|. We say that T is of weak type (1, 1) iff
Ni(w)(¢) < oo.

Proposition 1 Let ¢: R? — C be a bounded continuous function. Assume that there

exist a € RY, a sequence (a; 1 C R? and C > 0 such that

() lim [(a,aj)| = oo,
j—o0
(2) |paj)| >C forj=1,2,...,
(3) lim ¢(x£ta;) =0 forx# Aa.
j—oo

Then Ty is not of weak type (1, 1).

Corollary 1 Let f: R — C be a continuous non-constant function satisfying
limy;| o0 f(t) = 0 and let ¢(x, y) = f(xy). Then Ty is not of weak type (1, 1).
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Proof Puta = (1,0),s # O such that f(s) # 0and a; = (j,sj~ ") for j =1,2,....

Example 1 The multiplier transform of the function ¢(x, y) = xy(1 + x?y?)~!is
not of weak type (1, 1).
The proof of Proposition 1 is based on the following lemma.

Lemma 1 Suppose that there exists a sequence (p j)f.il C Ry withlim, o py, = 00

and that for every n = 1,2,... and € > 0 there exists a sequence (b;)7_; C R?
satisfying |bjs | > 3|bj| for j = 1,2,...,n — 1, with the following property. Put

Ay ={eb+ - +ebyie;,=0,1,—1forj=1,2,...,n}\ {0}

and
By = {£by,...,£b,}.
Then
(4) > ¢ > pa,
X€EB,
and
(5) |p(x)| <& forx e A, \ B,.

Then T, is not of weak type (1, 1).

Proof Fixn € 7, and e < 37", Let (by)}_, be a sequence satisfying (4) and (5), and
let p € 7, be such that all coordinates of vectors pby are integers fork = 1,2,...,n.
Define R,,: TY — C by

R,(€) = [ (1 + cos(pbu, €)).

=1
Clearly ||R,|l; = 1and || Ty : L'(T%) — L'(T9)| = 1. Put ¢,(z) = ¢(p~'2). Obvi-
ously N{W)(gbp) = N"(¢). Let A = ®»|2?. By the weak type transference theorem
(c¢f. [1], [3, Proposition 1]), X is a weak type (1, 1) multiplier on L!(T¢) with norm
Nl(w)()\) < wa)(¢). Therefore Ty o Ty is of weak type (1,1) and
(6) NP (AR,) < N™(9).

Define now the function g: Z¢ — C by the formula

o(m) = {qu(m)Ién(m), ifm=p- Z;’l:l gjbjand Z;’l:l lejl >2

, otherwise.
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By (5),
> lgm)| < sup [gp(m)] - > [Ry(m)| <e-3" =1
mezd §(m)70 mezd

Hence ||T,: L'(T9) — L'(T9)|| < 1. Thus, by (6), the operator T o Ty — Ty is of
weak type (1, 1) and

7) NMOR, — g) < 2(N™(¢) + 1).

But p, = AR, —g = ¢,1u,, where M, = {0, pby, —pby, pbs, —pbs, ..., pby, —pb,}.
Fix now 0 < g < 1. It is well-known that every operator of weak type (1,1) is
bounded from L' to L1. Therefore there exists C > 0 such that for every f € L!(T%)
andn=1,2,...,

(8) 1T, fllg < Cllfll1-

Clearly M,, = M;; U{0} UM, where M and M, are Hadamard sequences such that
the ratio between any two of their consecutive elements is greater than 2. Therefore
M, isa A(2) set, i.e.

9) 1l <Kl fllq

for every f with supp f C M,, and the constant K > 0 does not depend on n =
1,2,.... Formulas (8) and (9) yield together that || T,,,: L'(T¢) — L*(T%)|| < CK for
n=1,2,.... This leads to a contradiction, because for every finite set E C 7% there
exists a trigonometric polynomial h € L'(T%) with ||A||; < 2 such that i(m) = 1 for
m € E. Taking M,, as E we get by (5),

3> o) > pu — oo

j=1

C?K2||R|[t > || T,,h

Proof of Proposition1 Assume that (1)—(3) holds. Obviously, since ¢ is continuous,
we can assume that all coordinates of all points a; are rational, and moreover, the
pairs of vectors a and a; are linearly independent for j = 1,2,.... Leta; = A\ja+d;
where (a,d;) = 0. Thend; # 0for j = 1,2,... and, by (2) and (3), we get |d;| — 0
as j — oo. We define the subsequence (b;)’_, inductively. Let us suppose that we
have already chosen by, by, . . ., b,,—1 with properties (4), (5) and, additionally

a and b are linearly independent forb € A,,—;.
Then, by (3),lim;_, |¢(b=+a;)| = 0foreveryb € A,,_;. Since A,,_, is finite, we can
choose k such that [¢(b + ax)| < € for b € A,,_,. Moreover, since lim;_,, |dj| = 0

choosing k big enough we get that for every b € A,,_, the vectors a and b + a; are
linearly independent and |ai| > 3|b,,—1|. Then we put b,, = a. [ |
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Lemma 1 has a wide range of application. We show two other possibilities.

Proposition 2 Let ¢ € L°(R?) be a continuous function on R% \ {0}. Suppose that
there exist: a € RY, a sequence (aj)i2, C R? with lim;_,oo |(a,a;)] = oo, and a
continuous positive function 1: R — R satisfying lim,_, o ¥(t) = 0, such that

(10) le (a,a,) = oo,
(11) |p(a)| >C >0 forn=1,2,...,
(12) nl;ngo |p(x £ a,)| < ¥ ({a,x)) foreveryx € RY.

Then Ty is not of weak type (1, 1).

Proof Assume that (10)—(12) hold. Since ¢ is continuous, we can assume that all
coordinates of all points a; are rational. We are going to select the sequence (b;)7_;
inductively. Suppose that by, by, . . ., by are already chosen and they satisfy

|p(bj)| >C forj=1,2,...,k

and
[{(a,x)| > r. forx € Ay.

where 7. is such a number that |¢(t)| < ¢ for || > r.. Then we put by, = ay where
N is sufficiently big to satisfy:

[(a,an)| > 2 sup |{a,x)| + ..
xEAk

Then, by (12), |¢(x)| < € for x € Agyy. Clearly for (b;)j_; defined in this way we get
> ven, [P > Cn. .

Example 2 Let f: R — R be an odd increasing unbounded function such that

lim,—y00 f(x)x~! = 0. Then T, is not of weak type (1, 1) for ¢(x, y) = H)'—IW

Proposition 3 Let R = RP x R? and let ¢ € L>°(RY) be a continuous function on
R\ 0. Suppose that there exists an odd function X\: RP — R such that

(13) l‘irlninf}gb(x,)\(x)) | >0,
X|— 00
and for everyci,cp,y ..., ER(k=2,3,... ) with0 < |¢1| < |z < -+ < |ck)>

(14) fim qs(zcjx,ZA(cjx)) —0.

|x|— 00

Then Ty is not of weak type (1, 1).
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Proof Assume that (13) and (14) hold. Let x; = 3ix, € R? and a; = (x]-, )\(x]-)) S
R? for j = 1,2,.... Weare going to show now that the sequence defined by by = a .

fork = 1,2,...,nsatisfies (4) and (5) provided j is chosen sufficiently big. Indeed,
(4) follows directly from (13) and for (5) we have for x = Zzzm €xbr # 0

¢<Xn: ekbk) = d)(zn: ekak+j)
k=1 k=1
- ¢(i kXt js i >\(€kxk+j)>

k=1 k=1
= ¢(Z 6k3kx]', Z )\(ek3kxj))
k=1 k=1

By (14) the last expression tends to 0 as j — oo. Thus we can find an index j such
that ¢(x) < € for every choice of (e). [ |

Corollary 3 Let A: R — Rand p: R — R satisfy: (i) X is an odd and increasing
function, (i) that foreveryci,...cc € R(k=2,3,...), with0 < |¢| < || < -+ <
|cxl,
, p(x)
lim =0
Il —oo A €jx) — > Alcjx)
Then for every continuous function f: R — R with lim_, o f(x) = 0 the multiplier

transform of the function ¢(x,y) = f y;(’l()x)) is not of weak type (1, 1).

.1 . 12 .
Example 3 The multiplier transform of the function ¢(x, y) = Wm}w is

not of weak type (1, 1).
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