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REPRESENTATION OF CERTAIN LINEAR OPERATORS
IN HILBERT SPACE

BERNARD NIEL HARVEY

1. In this paper we represent certain linear operators in a space with in-
definite metric. Such a space may be a pair (H, B), where H is a separable
Hilbert space, B is a bilinear functional on H given by B(x,y) = [Jx, ], [, ]
is the Hilbert inner product in H, and J is a bounded linear operator such that
J=J%and J? = I. If T is a linear operator in H, then ||7]| is the usual
operator norm. The operator J above has two eigenspaces corresponding to the
eigenvalues +1 and —1.

In case the eigenspace in which J induces a positive operator has finite
dimension k, a general spectral theory is known and has been developed
principally by Pontrjagin [25], Iohvidov and Krein [13], Naimark [20], and
others. These spaces are called Pontrjagin, or II;-spaces. Operators 4 whose
domain is H, with A* = JAJ, called J-self-adjoint, have a k-dimensional non-
negative invariant subspace. By a non-negative subspace we mean a subspace
of II; in which B(x, x) = 0. Also such 4s as above have at most k pairs of
non-real eigenvalues symmetric about the real axis.

Operators U whose domain is H, with U* = JU-Y, called J-unitary, also
have a k-dimensional non-negative invariant subspace, and at most & pairs of
eigenvalues symmetric about the unit circle but not on it.

All this depends on the fact that for IT;-spaces, % is the highest dimension of
any non-negative subspace and is finite.

When both eigenspaces of J are finite-dimensional, one can find the complete
theory of Jordan canonical forms for these operators in a book by Mal’cev [19].

When both eigenspaces are infinite-dimensional, the spectral theory is largely
unknown. In this paper we investigate special 4s and Us in this third case. All
results are for ‘“‘cyclic’’ operators, i.e., operators for which certain integral
powers applied to some vector in H generate a dense subspace of H.

The methods we employ include those of Liv8ic (18] and Kalisch [14], using
the concept of “Characteristic Function” and the theory of complex variables
in the unit disc and the upper half plane [6;22; 26].

Basically, we characterize four concrete operators abstractly. These opera-
tors are given by:

1) Mf@) = @),
@) Nf(t) = e"f (1),

12
(8) aV + r, where Vf(¢) = f f(s) ds and a and 7 are real numbers,
0
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12

(4) Uf(t) = e™f(t) — 2iae™ f e 1079 gs,

0
all occurring in suitable L2-spaces. This last is a Cayley transform of V. In the
present work we exhibit operators J for which the above concrete operators are
J-self-adjoint or J-unitary. Also we characterize abstractly operators similar to
one of the above models in such a way that the similarity preserves the
indefinite metric.

2. In this section we make a few preliminary definitions. We usually denote
B(x,v) by (x,y) and reserve the notation [, y] for the Hilbert inner product.
With this notation, we define a J-self-adjoint operator to be an everywhere
defined linear transformation 4 such that (4x,y) = (x, Ay) for all x and v in
H, where (H, B) is a J-space. Also a J-unitary operator in a J-space (H, B) is an
everywhere defined linear transformation U of H onto H such that (Ux, Uy) =
(x,9) for all x and y in H. We remark that J-unitary operators have a spectrum
that is symmetric about the unit circle, i.e., if zis in the spectrum of a J-unitary
operator U, then 7% is also in the spectrum of U. This is due to the equation
(U —2)")*= (JUJ —2)7' =J(U! —2z)"J. A similar equation shows
that z is in the spectrum of a J-self-adjoint operator 4 if and only if Z is also in
the spectrum of A. A space with indefinite metric will hereafter be referred to as
a J-space. A subspace of a J-space is called positive if (x, x) = 0 for all x in this
subspace. Two elements x and y of a J-space are called J-orthogonal if (x,v) = 0
and two subspaces are J-orthogonal if each element of one subspace is J-ortho-
gonal to every element of the other subspace. A subspace of a J-space H is
non-degenerate if none of its members other than 0 is J-orthogonal to it. Note
that any J-space is non-degenerate in itself, since (x,y) = 0 for all ¥ in H
implies that [Jx,y] = 0 for all y, and so Jx = 0 and x = 0. If M/ and NV are
linearly independent subspaces of a J-space H that are J-orthogonal, then we
write M @ N for the algebraic direct sum of M and N. By a negative subspace
we mean a subspace such that (x,x) = 0 for all x in the subspace. Let
H, (j = 1, 2) be J-spaces and let the indefinite metric in H; be given by (, );.
Then a J-isomorphism between H; and H, is an everywhere defined linear
transformation .S of H; onto H, such that (Sx,.Sy): = (x,v); for all x and y
in Hy. We say that two famailies T1 and T's of operators in J-spaces Hy and Ho,
respectively, are J-isomorphic if there is a J-isomorphism S of H; onto Hs such
that SW; = WoSforall W,in T; ( = 1, 2).

3. We now prove some preliminary facts about J-isomorphisms and
J-isomorphic families of operators.

ProrosiTioN 1. Let S be a J-isomorphism of a J-space H onto a J-space K.
Then S s tnvertible and both S and S~ are continuous. In particular, J-unitary
operators are bounded.
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Proof. By a well-known theorem of S. Banach, a closed operator which is
defined on a complete metric space and whose range is in a complete metric
space is continuous. Therefore it suffices to prove that .S is closed.

Let x, be in H forw =1,2,... and x, > %, Sx, vy as n — o, Now «x
is in H and y is in K. Let z belong to K. Then, as n — 0, (Sx,, 2) — (v, 2);
(Sx,, 2) = (2, 5712) — (x,5'2) = (Sx,2). Thus (y,2) = (Sx,32), (y — Sx,2) = 0,
i.e., the vector y — Sx is J-orthogonal to all K. Since K is non-degenerate,
y = Sx.

LemmA L. Let {T;: 7 = 1,2, ..., n} be a commuiing family of bounded J-self-
adjoint operators (J-unitary operators) in a J-space H. Assume that
(@) Theset{TPv:j=1,2,...,n,p =0,1,2,...) generates the space H for

some v in H,

(b) There is a set of commuting bounded J-self-adjoint (J-unitary) operators
{M;:7=1,2,...,n} in a J-space K such that the set { M e:j = 1,2,...,n,
p=0,1,2,...} generates the space K for some e in K,

(¢) (A (T; — 2))"w,0) = (Iljy (M, — 2,)7e, ) is a function analytic
near infintty in all variables,

(d) If gx(x1, %2, « . . , %) 1S @ polynomial in n variables for each positive integer
kythen ||qu(T1, Ty ..., To)o|| = 0if and only if ||qe (M1, Mo, ..., My)e|l| =0
as k approaches infinity.

Then we conclude that the families {T}} and { M} are J-isomorphic.

Proof. Consider the Neumann expansion about infinity of both sides of the
equation in condition (c) above. We equate the coefficients of the like powers
and use the J-self-adjoint (J-unitary) character of the 7'; and M, to obtain:

1) (Tyw™® .. Tyn™0, Ty .. Ty o)
= (Mj(nm(l) “e M,(,)'”(’)e, Mi(l)"(l) - Mi(s)n(s)é’).

This equation holds for all positive integers r and s between 1 and #, all sets

mQ),m?2),...,m(r)) and (n(1), n(2),...,n(s)) of non-negative integers,
and all subsets (¢(1), 2(2), ..., 2(s)) and (5(1), 7(2),...,7(»)) of the set of
integers from 1 to #.

Define S(Z) = S(Zc(m, ..., m)T,;y™® ... T,;;»™"v) to be equal to the
element Zc(my, ..., m)M;y™ V... M;»™"e. The map S is well-defined,
since £ = 0 implies that (2, 2) = 0 for any linear combination
= Z2dM, ..., n)T:»"P ... Tys"9v. By expanding the inner product and

using (1) above we see that
(S(E), Zd(nl, ce ey ns)Mi(l)”(D P Mi(s)n(s)e) =0

and so (S(Z), 2”) =0 for all linear combinations of the type
3= 32dmy, ..., ) M"Y ... M;y"Pe. As these linear combinations are
dense in the J-space K, then S(Z) = 0. A similar calculation shows that S is
one-to-one. Condition (d) of the hypothesis ensures that .S and S~! are con-
tinuous as linear transformations of a dense subspace of H onto a dense
subspace of K. Therefore we extend S to a J-isomorphism of H onto K.
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The equations ST; = M;Sforj = 1,2,...,n result from the equations
STjEC(ml, ey m,)Tj(l)m(l) e Tj(,)”‘(’)v
= M,SZc(ml, ey m,)Tj(l)”‘(l) e Tj(,)m(r)’l),

and from the fact that the linear combinations above are dense in H.

4. In this section we prove some representation theorems about J-self-adjoint
operators.

First, we give the following definition. A bounded J-self-adjoint operator A
in a J-space H will be called regular if H = P ® N, where P is a positive
closed subspace of H and N is a negative closed subspace of H and P is
invariant under 4.

PRroPOSITION 2. A regular J-self-adjoint operator A in a J-space H has real
spectrum. Also, ((4 — 2)~,v) = f(t — 2)~1dm (v:t) for each v in H, where m
is a finite real-valued signed measure on the real line.

We call m (v:t) the measure associated with A and v.

Proof. This proposition is a trivial consequence of the spectral resolution of
self-adjoint operators.

THEOREM 1. Let A be a regular J-self-adjoint operator in a J-space H such that
{A™:n = 0,1,2,...} generates the space H for some v in H. Assume thal
% (42| = 0 if and only if [ |pi(t)|? dlm| converges to O as k approaches infinity,
where {pi(t)} is a sequence of polynomials in t and m is the measure associated
with A and v. Then A is J-isomorphic with the J-self-adjoint operator M in the
space L2(|m|), where Mf (¢) = tf () and Jf(t) = X (&) f(¢) with X = dm/d|m)|.

Proof. By Proposition 2 we have ((4 — 2)~lv,v) = f(t — 2)~"ldm(t), where m
is a real-valued finite signed measure. Consider the space L2(|m|) with indefinite
metric (f, g) = [fgdm and Hilbert inner product [f, gl = [fzd|m|. Let
Jf(t) = X(@) f({t), where X = dm/d|m|. Since m is real, X (!) = =1, and so
J? = Tand J = J* Also [Jf, g] = (f, g). Thus L2(|m|) is a J-space. A calcula-
tion shows that the operator M given by Mf (¢) = tf (¢) is J-self-adjoint and
that ((M — 2)7le, e) isequal to ((4 — z)~!w, v), where e is the identity function
in L2(|m]).

At this point all the conditions of Lemma 1 are satisfied except condition (d).
For the operators A and M of this theorem, that condition is that
[ 1px@®)|2 dlm|(t) — 0 if and only if |[p%(4)v|| — 0. The integral here is equal to
|| (M)e||2. We assumed this last condition. Thus by Lemma 1, 4 and M are
J-isomorphic.

PRroPosITION 3. Let A be a bounded J-self-adjoint operator in a J-space H with
spectrum on the unit circle such that ||p(A)|| £ c||p(4)||sp, where ||p(A)]|sp 25 the
spectral norm of p(A), p is any trigonometric polynomial, and c is a real constant
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independent of p. Then
(=29 = [ @ = o) am(e,3)
0
for all x and vy in H where m (¢:x,y) is a finite function of bounded variation on

[0, 27]. Also m is unique if properly normalized.

Proof. By [30], since 4 is power bounded (take p(¢) = #* above to obtain
[|l4%|| < cforn = 0,1,2,...), there is a self-adjoint bounded invertible linear
operator Q such that 4 = Q~'7°Q, where T is a unitary operator in H. From the
spectral resolution of 7" we know that

27

((T - Z)_lxy y) = 0 (6“ - Z)_ldm(t:x! y)

for all x and v in H, where 7 (¢:x, ) is a finite function of bounded variation on
[0, 27]. Also, if 7 is normalized so that #(0) = 0, and m(t) = @ (¢t + 0) for
0 <t < 2m, then # is unique. Now, for any x and y in H we have
(4 = 2)7%9) = (Q(T =270 %, y)
= (T -2707x, Q%)

2r

= (" =) dm(t:Q 7y, Q'y)

0
27 )

= e = amG, ),
0

where m (t:x, v) = m(t:Q x, Q'y). Here Q' = JQ*/J.

In the following, a J-self-adjoint operator 4 will be called J-complex-self-
adjoint if its spectrum lies on the unit circle and if ||p(4)]| = ¢||{p(4)]|sp for all
trigonometric polynomials p, where ¢ is a real constant independent of p. The
measure m of the above proposition will be called the measure associated with
A, x, and y.

PRroPOSITION 4. Let
2w
1@ = | et - am),
0

where m is a real-valued function of bounded variation in [0, 27]. Assume that the
equation f(2) = f(2) holds. Then, for all integers n, we have

o 2T
[ e diml@y = [ amio,
0 0

where |m| is the total variation measure of m.
Proof. From [22], we know that

14
m(t) = lim f u(re®) ds,
r>1 0
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where # is the real part of f. From [6] we also know that

t
|m| () = lim f lu(re®)| ds.
751 0
Both of these formulas are valid almost everywhere. Now f () = f(z) implies
that 4 (8) = u(2).
Choose a sequence of numbers 7, T 1. Let

mq| (8) = J; lu(re™)| ds.

Then |m,|(0) = 0 and there is an M such that

2r

, dimy| = M
for all ¢, since
27
f lu(re®)|ds < M
0

for some constant m > 0 and for 0 < » < 1. Each |m,| is of bounded variation
on [0, 27]. Since for each ¢, the function |u(r.e®)| is continuous, then
dlm,| (8) = |u(re™)| dt.

Now

27 2
f e™ dlm,|(t) = f e™ |u(re™)| dt.
0 0

The change of variables from ¢ to 2o — ¢ implies that

2r 2
f e™ dlm,|(t) = f e lu(re™)| dt
0 0
and this equals
2T
f e ™ lu(re ™| dt
0

since #(2) = u(z). Therefore we have

fe abm @) = . " G )

for each g. Now we apply the Helly theorem [26] to each side. There is a subse-
quence (g;,) of the sequence (g) such that |m,,|(¢) — |m/|(t) as j — o for each ¢
in the closed interval [0, 27] and

27 2r

8@ dimy |0~ | e aiml )
for all continuous functions g. The result now follows.

THEOREM 2. Let A be a bounded J-complex-self-adjoint operator in a J-space H
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such that the set {A™: n = 0, &1, £2, ...} generates H for some v in H. Assume
that ||px(A)v|| — 0 of and only if

S et aml @) o,

where m s the measure associated with A, v, and v, and each p,(t) is a polynomial
in t and t71. Then A is J-isomorphic with J-self-adjoint operator M acting in the
space L*(|m|), where Mf(t) = e'f(t) and Jf(t) = X(t)f(2x — t) with
X = dm/d|m]|.

Proof. We have

27

(4 — 2)7%,9) = . (" — 2) dm(t)

since 4 is J-complex-self-adjoint by Proposition 3. Also m is a real-valued
function of bounded variation that gives rise to a real finite signed Borel
measure in [0, 27] again denoted by 7. From the Neumann expansions of each
side of this equation about 0 and o0 and the identity principle of complex
variables, we have that for all integers #, the equation

21
(A", v) = j e™ dm(t)
0

holds. Since 4 is J-self-adjoint, we have (4", v) = (v, A™) = (4", v) and this

is equal to
2 )
f e "™ dm(t).
0

2 A 2T
f e™ dm(t) = J e ™ dm(t)
0 0

for all integers #. Now consider L*(|m|) and Mf (¢) = e"f(t). Let Jf(t) =
X (¢) f (2w — t) where X = dm/d|m|. Let the Hilbert inner product be given by

Therefore

el = J. 5050 dlml ).
Then

U el = |, F@x — 050 am)

and \
U, 78 = [ 1@ =B amo.

Let f(t) = e™ and g(t) = e* where k and ¢ are integers. Then [Jf, g] =
[f,Jg]. Since the set {e™:n =0, £1, £2,...} generates L2(|m|) [28],
[Jf, g] = [f, Jg] for all pairs f and g in L2(|m|). Therefore J = J*,
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To show that J2 = I, it suffices to show that [Jf, Jg] = [f, g] for all f and g
in L2(|m|). Again we need only show it when f (t) = e¢** and g(t) = ¢ where k
and ¢ are integers. We have

F, el = [ e dml 0 = [0 aml ) = 1,4

by Proposition 4. This now implies that X 27 — ¢) = X (¢) and that L2(|m|)
with the indefinite inner product (f, g) = [Jf, g] is a J-space.
A calculation shows that M is J-self-adjoint and that

2

(M —2)7e,¢) = , (" —2)7dm@t) = (4 = 2)"v,9),

where e is the identity function in L2(|m|). Also, {M": n = 0, 1, £2, ...}
generates the space L2(|m|). By hypothesis, ||p;(4)v|| — 0 if and only if

1oy aiml) = lipsanelt —o.

Therefore by Lemma 1, the sets { M, M~} and {4, A~1} are J-isomorphic and
the theorem follows.

In what follows we shall call a bounded J-self-adjoint operator in a J-space H
a J-Volterra-self-adjoint operator if it has a one-point spectrum r and if
A + A* — 2r1 has one-dimensional range spanned by a vector v with Jv = v
and ||v|| = 1. ({ is the identity operator in H.) We will refer to the operator 4
as a J-Volterra-self-adjoint operator with spectrum r and vector v.

THEOREM 3. Let A be a J-Volterra-self-adjoint operator with spectrum r and
vector v in a J-space H such that the set {A™: n = 0, 1, 2, ...} generates the space
H. Then A is J-isomorphic with the operator aV 4 rl, operating in the Lebesgue
measure space L2(0, 1), where

o = J 6 as,

and Jf (t) = f(1 — t). The real number a is given by (A + A*)v = (a + 2r)v.

Proof. Let B = A4 — rl. Then B has a one-point spectrum 0, is a bounded
J-self-adjoint operator, and B + B* has one-dimensional range spanned by .
Also (B 4+ B*)v = av. Let F(2) = 1 — a((B — 27')7', ). Since (%, ) = [u, Jv]
for all # and v in H and Jv = v, then F(z) = 1 — a[(B — z71)~'v, v]. We now
refer the reader to [14]. From [14, the proof of Theorem 8], F(z) = e*=.
Furthermore,

(o1 + 22) 2 2% [B%, B'%] = (1/a) (F)F(a) — 1),

P,q¢=
where 2; and 2, are complex variables in the finite plane. Here F is analytic in
the finite complex plane.
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Consider a V and J as above in L2(0, 1). The Hilbert inner product is given by

1 ——
el = [ r0e@
Thus

[Jf, gl = fo F( = D)g(t) de.

By a change of variables ¢ to 1 — ¢, the last integral becomes

J; fgl — ) dt

which is [ f, Jg]. Therefore J = J*. Also J? = I. Thus L%(0, 1) is a J-space with
indefinite metric (f, g) = [Jf, g]. Let e be the identity function in L2(0, 1).
Then since aV satisfies all the conditions that B does, we have

((@V — g™ 1le, e) = F(2).

And also we have

(21 + 22) ZO 21728 [(aV)’e, (aV)%] = (21 + 22) ZO 21°22°[B"v, BY].

2,q= D,q=

By the identity principle of complex variables, [(a1V)?e, (aV)%] = [B?v, Bw] for
all non-negative integers p and g. Therefore ||pz(B)v|| — 0 if and only if
llpx(@V)e|l| = 0 where {p;} is a sequence of polynomials. Also the set
{(@V)e:n =0,1,2,...} generates the space L2(0,1) and the set
{Bw:n =0,1,2,...} generates the space H. A calculation shows that aV is
J-self-adjoint.

Therefore by Lemma 1, B and aV are J-isomorphic, and so are 4 and
aV +rl.

Note that the above isomorphism is also a Hilbert isomorphism, i.e. the two
operators are unitarily equivalent.

5. In this section we prove some theorems about J-unitary operators.

First, we give the following definition. A J-unitary operator U in a J-space H
will be called regular if H = P @ N, where P is a positive closed subspace of H,
N is a negative closed subspace of H, and P is invariant under U and U-.

PROPOSITION 5. 4 regular J-unitary operator U in a J-space H has spectrum on
the unit circle. Also

2

(U — 2)7",9) = . (e" — 2)™ " dm(v:p)

for each v in H, where m(v:t) is a real-valued finite signed measure on the interval
[0, 27].

We call m (v:t) the measure associated with U and v.
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Proof. This proposition is a trivial consequence of the spectral resolution of
unitary operators.

We remark that regular J-unitary operators are the stable operators in the
terminology of Krein [16], and were first considered by Phillips [24] in 1961.

THEOREM 4. Let U be a regular J-unitary operator in a J-space H such that
{Ur:n=0,=x1, £2,...} generates H for somev in H. Assume that ||p(U)v|| — 0
if and only if

2T
f [pe(€)|? dim(v:t)| — 0 ask— o0,
0

where { P (t)} is a sequence of polynomials in ¢ and i~ and m (v:t) is the measure
associated with U and v. Then U is J-isomorphic with the J-unitary operator M in
the space L*(|m|), where Mf () = e'f (¢) and Jf (t) = X (¢) f (¢) with X = dm/d|m|.

Proof. By Proposition 5, we have

o2r

(U = 2)h,9) = , (" — 2)dm(vit),

where m is a real signed Borel measure in [0, 27].
Consider the space L2(|m|) with indefinite metric

(o) = ), fzdm

and Hilbert inner product
27

[f gl = . fgdlm].

Let Jf(t) = X (¢) f(t), where X = dm/d|m|. Since m is real, X ({) = =1 and so
J? = Tand J = J* Also [Jf, g] = (f, g). Thus L2(|m|) is a J-space. A calcula-
tion shows that the operator M given by Mf () = ef(¢) is J-unitary and
((M — 2)"le,e) = ((U — 3)~', v), where e is the identity function in L2(|m|).
Also the set { M"e: n = 0, =1, =2, . ..} generates this L?-space. Since

el = [ loue) dlml ),

then our last assumption implies that ||p; (U)v|| — 0 if and only if ||px (M )e|| — 0.
Thus by Lemma 1, the families { U, U~} and {M, M~} are J-isomorphic.

PRroOPOSITION 6. Let U be a J-unitary operator in a J-space H with positive real
spectrum and such that for some real ¢ we have ||p(U)|| < c||p (U)||sp for all
polynomials p, where ||p(U)||sp s the spectral norm of p(U). Then

(U — 2)"x,y) = f(t — 2)tdm(t:x, v)

for each pair (x,y) of members of H where m(t:x,y) is a real finite function of
bounded variation in some interval [1/a, a] (@ > 1) containing the spectrum of U.
Also m is unique if properly normalized.
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Proof. Let @ > 1 be chosen so that [1/a, a] contains the spectrum of U. We
may do this since the spectrum of U is symmetric about the unit circle. Let P be
the set of all polynomials on [1/a, ¢] and C the continuous functions on the
same interval. Then P is dense in C in the sup norm topology where the norm is
given by the formula || f ||, = Sup {|f (¢)|: 1/a = ¢ < a} for fin C. Now we con-
sider for each pair (x,y) of members of H the linear functional on P given by
L(p) = (p(U)x,y). We have the inequality

IL@)| = (W), y)| = 2O [l«l] ||yl

and thus we have |L(p)| = ¢||p (U)||s |Ix]] l¥]]- Since the spectrum of U is
contained in [1/a, a], we have |[p(U)||sp = |||l [31].

Therefore |L(p)| = c||x|| ||yl] [|lle and L is bounded. Thus there is a
complex-valued function of bounded variation V (¢:x, y) such that

@3 = [ p0)aVen,)

for all p in P. Since Riesz's theorem is valid for C, we have

GO = | 1O aves,)

for all fin C. In particular,

U, y) = f £dV(ix,y)
1/a

for all integers n. If |2| < 1/a, then

(t—2)t= > £y
n=0

and if |z > a, then

(t—2)"= > trh
n=>0

Therefore we have

o)

(@ =259) = (=5 v5ny) - —2 U ).
The last expression above is equal to

__Z z“"_lf AV @Ex,y) = — f < t"z_"_l)dV(lfix, y)
n=0

n=0 1/a 1/a

zfa t — 2 dV(iw, y),
1/a

whenever |z| > a. As the singular points of ((U — 2)~x, y) occur in the interval
[1/a, a], by analytic continuation we have

F@) = (U —2)""%,y) = J: (t —2) dV(tw, y)
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for znotin [1/a, a]. Let V(¢:x,y) = V'(t) + iV" (¢), where V' and V'’ are real-
valued functions of bounded variation. Then ((U — 2)~,y) = F'(2) 4+ ¢F" (2),
where

F'(z) = f / (t—2)'dV'(t) and F”’(z) = f " (t —2)7HdV"(@).
1/a 1/a
By [26],

fm |F'(r 4+ is)| dr and fm |F"(r + is)| dr

are both uniformly bounded for s > 0. Therefore

fm |F(r + is)| dr

is uniformly bounded for s > 0 where F(z) = ((U — 2)~x, y). Hence thereis a
real-valued function of bounded variation m(t:x, ¥) with support in [1/q, a]
such that

«U—zr%4>=jia—mrwm¢%w.

Moreover,

t
m(t:x,y) = lim jr + 1s) ds
1/a

550

except on an at most countable point set where j(z) is the imaginary part of
F(2).

PRroOPOSITION 7. Let
F@) = [ G~ am@,
1/a

where a > 1 and m is a real-valued function of bounded variation with support on
the interval [1/a, a] and such that m(t) + m(1/t) is constant there. Then

S tamo = [ ramio

for all integers k where |m| is the total variation measure of m.

Proof. We can consider the above function F(z) to be equal to

f T = 2t dm ()

if m is defined to be constant off [1/a, a]. From the general theory, the inversion
formulas for m and |m| are

t t
m() =lim | j@+is)dr and |m|(t) = lim f li(r + is)|dr,
§-50 1/a -0 1/a
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respectively, where j(z) is the imaginary part of F(z). Also we have

lim ’ li(r 4+ 3s) — m/(r)| dr = C

850 1/a

[27;26]. (Here m’ means the derivative of m.) Thus

lim f |li(r + is)| — |m'(r)]| dr = 0.
$-0 1/a

By a change of variables 7 to 1/7 we obtain

lim IFr %G +dis)| — [7"m! ()| dr = 0.
1/a

$-0

Let {s,} be a strictly monotonically decreasing sequence of real numbers that
converges to 0. Let

g (r) = |r% (1t +ds,)| — | + 4s0)].
Then by the triangle inequality, |g,(r)]| is less than or equal to the sum of
[lr=2i (=t 4 dsa)| — |r=2m/ ()]
and
iCr + as)| — [m’ O + |lr=2m’ )| = |m’ ()]

Let m () + m(1/t) = ¢, where ¢ is a constant. Now m' exists except on a
countable set, and so dm/dr + (dm/du)(du/dr) = 0 wherever m' exists if
u = 1/r. Therefore m'(r) = r~m’ (r~1) almost everywhere and so

I rm e — mweliar =o.
1/a
Thus

lim f lgn(r)| dr = 0.
n->00 1/a
Now define

t
ml@ = [ li¢+islar

in the interval [1/a, a]. Then |m,|(1/a) = 0 for all #, and

I aimd = [ 1 + sl ar
1/a 1/a

is uniformly bounded in #. Therefore, by the Helly theorem, there is a sub-
sequence {n,} of {n} such that |m,,| — |m| as p — 0, and we also have

[ rwam)o - [ s amio
1/a 1/a

for all continuous functions f on the interval [1/a, a].
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Let % be any integer. Then #* is continuous and bounded in [1/a, a] and

a a
f t* dlm,| (t) = f t*5(t + ds,) ] dt.
1/a 1/a
Now let # = 1/¢. Then

f; £ dm,| (1) = J;a/a wHuT T - ds,) | du

But by definition, |u~%(u~! + is,)| = g,(#) + |j(u + 4s,)| and thus

¢ % _ ok . , R
J;/at d|m,|(¢) fl/au [](u—{—zs,,)ldu-}—flmu 2. (u) du

and so
f t* d|m,,| (t) = f t"‘dim,,p](t)+f g, () dt.
1/a 1/a 1/a

Taking limits as p approaches infinity, the result now follows.

Henceforth, a J-unitary operator U will be called J-real-unitary if it has
positive real spectrum and if ||p(U)]| = ¢||p(U)||sp for all polynomials p(z)
where ¢ is a real constant. The measure m (¢:x, v) of Proposition 6 will be called
the measure associated with U, x, and y.

THEOREM 5. Let U be a J-real-unitary operator in a J-space H such that the set
{Uwv:n=0,1,2,...] generates the space H for some v in H. Assume that
l|n (U)9)] = O if and only if [ |pa(t)|2 dlm|(t) — 0, where m is the measure
associated with U, v, and v, and {p,(t)} is a sequence of polynomials. Then U is
J-isomorphic with the J-unitary operator M in L*(|m|), where Mf (¢t) = tf (t) and
Jf () = X@)fQ/t) with X = dm/d|m)|.

Proof. Since U is J-real,
(W= = | =27 am@
1/a

by Proposition 6, where 7 may be considered a real finite signed Borel measure
on the interval [1/a, a] which contains the spectrum of U. From the Neumann
expansions of both sides about 0 and c© and the identity principle of complex
variables we have

a

f fdm@) = (U, o)

1/a

for all integers n. Therefore

fa fdm@) = (U,v) = 0, U ™) = (U v,v) = fa T dm(t).
1/a

1/a
Thus we have, by changing ¢ to 1/¢ in the last integral,

fl/ dmt) +m(1/t) = 0
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for all integers #. Thus m (¢) + m(1/t) is a constant. Therefore

f::a t* dlm|(t) = f:a £ dim|(¢)

for all » by Proposition 7.
Now consider L2(|m|) with Mf(¢) = ¢f (¢) and Jf(¢) = X (¢) f(1/t), where
X = dm/d|m|. The Hilbert inner product is

el = [, 7 @E@ diml ).

Therefore
el = f, 70/0e@am@© and 15,0 = [ @078 dm.

Since the polynomials are dense in L2(|m|) [1], it suffices to show that
[Jf, gl = [f, Jg] for f(t) = " and g(t) = % For this pair of functions,

e = [ a0 and 1= [ S an,

and these are equal by the above. Thus J = J*.
To show that J? = I, we need only show that [Jf, Jg] = [, g] for all pairs f
and g where f(¢) = t° and g(¢) = ¢% For this pair of functions,

f, el = [ c P aml) = [ e dmlo) = o,

again by the above. From the fact that |X| is identically one [28] and all the
preceding, we conclude that J is invertible, self-adjoint, and unitary. This
implies that X (¢) = X (1/t). The space L2(|m|), as above, is a J-space and the
indefinite metric is given by (f, g) = [JJ, g].

A calculation shows that M is J-unitary and that

(1 =57, 0) = | ( — =) dm(t) = (U — 2)"', v),

where e(t) = 1. By assumption, ||p,(U)z|| — 0 if and only if
[1a @ dlml @) = [[pn()e]|?
converges to zero. Finally, the set {M"e: n = 0, 1,2,...} generates L2(|m|)

since this is the set of all powers of ¢. Therefore by Lemma 1, the operators U
and M are J-isomorphic.

Now we make the following definition. Let U be a J-unitary operator in a
J-space H with one-point spectrum e® for real b. If

’L((U — eib)(U + eib)—~1 —_— (U* — e—ib)(U* + e—ib)—-l)

has one-dimensional range spanned by a vector v in H with Jv = vand |]9|| = 1,
then we call U a J-Volterra-unitary operator with vector v and spectrum e®.
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THEOREM 6. Let U be a J-Volterra-unitary operator with vector v and spectrum
e® in a J-space H such that the set {U™v: n = 0,1, 2, ...} generates H. Then U is
J-isomorphic to —e=®M in the Lebesgue measure space L2(0, 1), where

MF@) = £ + 2ia [ 0p () ds
and Jf (t) = f(1 — t). The real number a is determined by the equation
1((U — e®)(U + e®)™1 — (U* — ) (U* + ™) 1)o = av.
Proof. Let V. = —e=®U. Then {Vw: n = 0, 1, 2, ...} generates H, and V is
J-unitary with one-point spectrum —1. Also
(V+ DV =D = (V*+ DH(V* = 1))

has one-dimensional range spanned by v. Let 4 = ¢(V + I)(V — I)~'. Then 4
is J-self-adjoint with one-point spectrum 0 and 4 + 4 * has one-dimensional
range spanned by v. Consider the function 1 — a((4 — z7')~1v,v) = F(2).
Since Jv = v, then F(z) =1 — a[(4 — z7')",9] due to the fact that
(u, Jv) = [u,v] for all # and v in H.

The operator 4 here satisfies [14, Theorem 8 (i) and (ii)], and so F(z) = e
Furthermore,

(14 22) > 22:°[A%, A%] = (1/a)(F(21)F(22) — 1).

D.q=

Also the operator a W given by
s = [ o as
satisfies the same conditions that 4 does and so
1 —a((aW — z71)"le, e) = F(z),
where e is the identity function in L2(0, 1). Also

(51 + 22) 20 2" [(@W)'e, (@W)'e] = (1/a)(F(21)F(z2) — 1).

»,.q=

Equating the coefficients of 2,72, in the two equal summations above, we have
[A%v, A%] = [(aW)Pe, (aW)%] for all non-negative integers p and g. Recall that
A = i(V + I)(V — I)-1. Thus

V=—=I—-2Y (—id)"
n=1

by a power series expansion. Thus

o ? @ q

[V, V%] = [(—I -2 (—iA)") v, (—I -2 (—iA)") v:l.

n=1 n=1

The right-hand side of this last equality is clearly a sum of terms of type
ﬂrs[A 0, Asv] = ﬁrs[(aW)re: (aW)se]-
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Adding up we have

[V, V] = [(—I —9 ‘; (—iaW)")pe, <—-I —2 2 (—iaW)")qe:I.

However,
—I—-2% (—iaW)'=M
n=1

by definition. Therefore [ 1?0, V%] = [M?e, M%] forp,q = 0, 1,2, ... .Inpar-
ticular, ||px(V)v|| — 0 if and only if ||p;(M)e|| — 0, where {p(¢)} is a sequence
of polynomials in ¢.

Recall that ((4 — 271)~1,9) = (1/a)(1 — ¢**) and (4 + A*)v = av. But
A4 —zH1=(1/2))(1 — w)(V — w)~ (1" — I) by the definition of 4 where
w= (14 i4z)(1 — 2z)"L

Therefore we have

@21 —w)(V—=w)"Y(V—1Dv,v) = a (1 —expia(l — w)(1l + w)~1)).
Since (V —w)™(V—-1)=1— (1 — w)(V — w)~!, we have
2)7' (1 — w) (@ 0) — (I — w)((V — w)™ "0, v))

=a (1 — exp(ia(l — w) (1 + w)~1)),
and therefore
((V=w),0) = 1 —w)' —2ia~'(1 —w)"*(1 — exp(ia(l — w) (L + w)™1)).

Both sides of this last equation are analytic except at w = 1. Let L2(0, 1), M,
and J be as in the conclusion of the theorem. Then L2(0, 1) is a J-space with
indefinite metric (f, g) = [Jf, g and M is J-unitary. Since for each
n=20,1,2,...we have

(M4 I)**let) — 2(M + Dre(t) = —2(2ta)"e " /n),

theset { (M + I)"e:n = 0, 1, 2, ...} generates L2(0, 1), where e is the identity
function in that space. Therefore the set {M": n = 0,1, 2,...} generates
L2(0, 1) [1]. Also,

©

(M+T—2)"¢e)=—2, Z7((M+ D,e)

n=0

-2 f} zt f: (M + 1)e(t)e(l — 1) dt

n=1

and this equals

—zt = 3 iy f fl =D 1), e 1 gs dt.

n=1
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Thus

Il

1 *l o
(M+1—2)ee)=—2"—2aZ" f J (2ia)"'Z7"P
0 1

0 n=

n—1
X ((tn __S)l)' e—-ia(t—-s) ds di

1 t
=71 2iaZ_2f f eI ZTI=D g0 gy
0 0

2C—-2)"'—27'2 - 2)7°( — exp(ia(2Z7F — 1)),

I

and so
(M —w)leye) = (1 —w) ' —2ia1(1 —w)2(1 —exp(ia(l —w)(1 + w)™?)),

where w = Z — 1. The last expression is equal to ((V — w)~1, v). Therefore
(M — w) e, e) = ((V — w) o, v).

Thus by Lemma 1, the operators M and V are J-isomorphic and hence
—e= M and U are J-isomorphic.

Note that these two operators are also Hilbert isomorphic, i.e. unitarily
equivalent.
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