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ON c-WEYL ALGEBRA wr(ζΛ, Z)

HISASI MORIKAWA

0.

Weyl algebra is an associative algebra generated by two elements α
and a over R such that the generating relation is given by

άa — aά = 1 ,

which is isomorphic to the algebra of differential operators

q analog of Weyl algebra W^q, R) is an associative algebra with two
generators a and a such that the generating relations is

άa — qaά — 1 .

If q is not a root of unity of finite degree, g-analog Wx{q, R) is isomor-
phic to the algebra of g-Differential operators

R[z, Dq] ,

where

g-analog of Weyl algebra is sometimes called g-quatisation by physisist

([2], [3]).
Exceptional case q = a primitive n-th. root of unity ζn, Wi(ζn, Z) has

quite beautiful properties; standard elements άn, an, άa — aά play impor-
tant part of role.

We mean by ζn a primitive 72-th root of unity, and define ζn-analog of
Weyl algebra Z[z, d/dz] as follows;
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Cn-Weyl algebra Wx(ζn, Z) is a Z[ζJ-algebra generated by two ele-

ments d and a such that

( 1 ) άa — ζnaά = 1

is the generator of relations between d and α.

Putting

( 2 ) ύ = άn , u = an , c = άa — aά

we shall show that i) Z[ζn, ύ, u] is the center of W1(ζn, Z), i.e. Wx(ζny Z)

is a central Z[ζn, w, w]-algebra generated by a and α such that i) άa —

ζnaά = 1, άn = ύ, a* = u and ύ and u are independent variables, ii) cn =

1 - (1 - ζn)
waώ, in) WΊ(ζn, Z) Θzcc^^^i Q(C«, w, u) is a central division

algebra over Q(ζn, ύ, u), which is given by the factor system

(Q(ζnf ύ, u, c)IQ(ζn, ύ, u), a'ιca = ζnc, an = u).

We shall also generalize these results to the Z[ζJ-algebra Wr(ζn, Z)

generated dl5 , άr, au , ar such that the generators of relations are

given by

a ^ — ζnCtiάi = 1 (1 ^ i <Ξ r )

dίώ^ — dfli = d̂ α̂  — a fa = aiaj — aflt (i Φ j).

§2.

Let us prove some lemmas.

LEMMA 1.

( 3 ) c = l - ( l - ζ > α

(4) άc = ζncd , cα = ζnac .

Proof. (3) is a direct consequence of (1) and (2). (3) implies (4) as

follows,

ca - ζnac = (1 - (1 - ζn)ad)a - ζna(l - (1 - CJ

= α - (1 - C)α(l + ζnaά) - ζnα + ζn(l - Cn)α
2α = 0,

άc - ζncά = d(l - (1 - CJαα) - ζn(l - (1 - ζv)aά)ά

= o - (1 - ζn)(l + ζπαd)α - ζ,α + ζn(l - ζjαα2 = 0.
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LEMMA 2.

( 5) άα' = (1 - ζn)'\l - Oae~ι + ζίffa ,

6) era = (1 — ζn) (1 — ζn)a + ζnaff .

Proo/. For £ = 1, (5) and (6) are nothing else than (1). Assuming

(5) for £, we have

αα<+1 - (1 - ζn)-\l - Oof + Ciα'αα

= (1 - ζnYKl - Oa* + ζiff(l + ζnaά)

= ((1 - ζ j -^ l - O + C£)α' + CJ+V+1α

= a - ζny\ι - ci+ l)^ + cn

+1ff+iu.

Similarly (6) can be proved.

LEMMA 3. u and u belong to the center of Wi(ζn, Z).

Proo/. From ζ^ = 1, it follows

ua = dnα = (1 — ζ^Xl — CSία71"1 — ζlaan

— aάn = ail,

= czn# = ua .

PROPOSITION 1. Z[C«, u, u] is the center of Wί(ζnί Z).

Proof. Since (1) is the generator of the relations between a and α,

the set {ffά\ 0 £ £, h ^ τι - 1} is a basis of Wi(ζn, Z) over Z[Cn, u, u].

From dc = ζncά and cα = ζnαc, it follows

caeάh = ζn~haeάhc.

This means that any element in the center must be written as follows,

*o + Σ oceffff (at e Z[ζn, u, u]).
£ = 1

It is sufficient to prove a£ = 0 (1 ^ £ <; n — 1). Assume a£o be the first

non-zero one in {al9 , αn_i}, Then we have

w - l n - 1

= Ύ] a ae+1ά Ύ^ a f( l ζ )" 1 (1 ζ̂ )<

— — ^ o U — CJ v-1- — C J α a + 1Λ
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with βl9 - , j8n_! e Z[ζ n , ύ, ύ\. This means aio = 0, therefore ^ = 0 (1 ^ ^

^n-ΐ).

LEMMA 4.

( 7) (aάY = ζ f " 1 ) / 2 α ^ + Σ « α Λ A

TOίΛ atiheZ[ζn9 % u].

Proof. For ^ = 1 (7) is the identity aά = αd. Assuming (7) for S, we

have

h-\

£-1

+ Σ α<,Λ«Λ{(l — Cn) - 1(l — C^d7 1"1 + ζlaάh}ά

_ ^(^-D/2^^ + 1 ^ + 1 i γ i /7Λ/7Λ

— sn a a \ 2-i (χ&+ϊih
a a

h = l

with a4+lfl, , α / + M in Z[ζ n , ώ, M].

PROPOSITION 2.

( 8 ) cw = 1 - (1 - ζn)
nuύ .

Proof. From ζ£ = 1 it follows dc71 = cwd and αc71 = cnα, i.e. cn belongs

to the center Z[ζn9 ύ, u\. By virtue of (3) and (7)

e = (l - (l - ζn)aά)n = l + ( - mi - ζn)
n(aάy

= 1 + ( - l)w(l - ζn)%nJn-1)/2anάn + Σ W .

Since cn belongs to Z[ζn, ώ, u],

e = l + (l - c«) n ί- i)nζn ( w"

We mean by Q(ζn, ύ, u) and Q(ζn, ώ, w, c) the quotient fields of

Z[ζ n , ώ, w] and Z[ζ n , ώ, M, C], respectively.

THEOREM 1. WΊ(ζn, Z) ®z[ζn,u,u] Q(Cn» ώ, w) is α central division algebra

over Q(ζn, ύ, ύ), which is given by the n-cyclic factor system.
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( 9) (Q(ζn, ύ, u, c)IQ{ζn> ύ, u\ aca-1 = c% an = u),

where Q(ζn, ύ, u, c)/Q(ζn, % u) is the Kummer extension with galoίs group

(σ\σn = 1> such that cσ = ζnc.

Proof. From (4) and (8)

Wί(ζn9Z)®Zίζn>ύ,ulQ(ζn,ύ9u)

is given by the factor system (9), and thus it is a central simple

Q(ζn, ύ, n)-algebra. On the other hand ύ and u are independent variables

over Q(ζn), and thus u is not a norm from any subίield of Q(ζn, ύy u,

Λ/1 — (1 — ζn)
nuύ) to Q(ζn, ύ, u). This means that the algebra is a divi-

sion algebra.

EXAMPLE. — 1-Weyl algebra Wλ{— 1, Z) is a Z[ύ9 z/]-algebra gener-

ated by two elements α and a such that

(10) άa + aa = 1, d2 = ώ , a2 = u ,

where ύ and u are independent commutative variables over Z.

PROPOSITION 3. W^— 1, Z) is ίsomorphίc to the Z-algebra generated

by two 2 X 2-matrίces

(11) (
1 + Vl - Auύ\

9τ/ /

where ύ and u are independent commutative variables over Z.

Proof. By calculation we have

(1 0\
p(a)p(ά) = ^

From (dα — αd)2 = 1 — 4uύ9 it follows that

Wi(-l,Z)®ZCa, t t ]Q(Λ,M)

is given by the factor system

Q(ύ, UΛ/% — 4uύ)lQ(ύ, u), α"Vl — kuύa = — Vl — 4z/ώ, a2 = u)
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§4.

For a natural number r, ζn-Weyl algebra Wr(ζn, Z) is defined as a

Z[ζJ-algebra generated by άl9 , άr, au , ar such that

(12) άidi - ζna4i = 1 (1 ^ i ^ r)

(13) α̂ O; — σ^άί = α ^ — α ^ = α^α, — α/ί* = 0 (i Φ j)

are the generators of relations between άu , αr, αly , α r.

PROPOSITION 4. Put ό? = #*, αj = w* (1 ^ ί <; r). 7%en Z[ζn, ώ1?

ύr, uu , wr] is ίΛβ ce^ίβr o/ Wr(ζw, Z).

This is proved similarly as for WΊ(ζn, Z).

PROPOSITION 5. Denoting ct = α̂ α̂  — α ^ (1 ^ i ^ r), ^β Λαz e

(c, = 1 — (1 — ζ j α ^ ί(
c? = 1 — (1 — ίn)

nutύt

(15) Ci^ = ά^c,, Cidj = afi (ί Φ j).Proof. (14) is proved similarly as for WΊ(ζn, Z) and (15) is a direct

consequence of the relation (13).

Similarly as Wi(Cn> Z), we have

PROPOSITION 6. Wτ(ζn, Z) is a central Z[ζn, ύί9 , ύr9 uu . , u r]-

algebra generated by άl9 , α r, α1? , α r swc/i ίΛαί

όitti — ζnα<α« = 1 (1 ^ i ^ r ) ,

α ^ — α^ί = α^j — α^i = ataj — afli = 0 (i Φ j),

d? = ώ t, α? = ^, (1 ^ ί ^ r ) ,

where ύu , ώr, w1? , ur are independent commutative variables over Z.

Similarly as Wt(ζn, Z), we have

THEOREM 2. Wr(ζn, Z) ®zcc»,Λi, .,Λr,tίi,...,«r] Q(Cn> ^ , . , ώr, Mj, , wr) is

a central division algebra over Q(ζn, ώj, , ώr, w1? , ur)> which is given

by the factor system

(Q(ζn> ύl9 - - , ύr9 ul9 , MΓ, c19 - - -, cr)IQ(ζn, ύly , ώr, ι/χ , wr)
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where Q(ζn, ύu-- , ύr9 uί9 > 9 ur9 cl9 , cr)/Q(ζn, ύ» , ύr9 ul9 , wr) is *Λe

Kummer extension with galois group (σ19 , σr | of = = σ ? = 1) such

that cΓ = CΛ, , C? =Γ ζncr, cj' = c, (ί ψ j).
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