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Abstract. We prove the convergence of moments of the number of directions of affine
lattice vectors that fall into a small disc, under natural Diophantine conditions on the shift.
Furthermore, we show that the pair correlation function is Poissonian for any irrational
shift in dimension 3 and higher, including well-approximable vectors. Convergence in
distribution was already proved in the work of Strombergsson and the second author
[The distribution of free path lengths in the periodic Lorentz gas and related lattice point
problems. Ann. of Math. (2) 172 (2010), 1949-2033], and the principal step in the extension
to convergence of moments is an escape of mass estimate for averages over embedded
SL(d, R)-horospheres in the space of affine lattices.
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1. Introduction

It is often difficult to rigorously determine the pseudorandom properties of a given
sequence of real numbers modulo one, including even the simplest second-order corre-
lation functions. In the present paper, we consider the problem in higher dimension and
construct an explicit sequence of points v{, U2, v3, . .. on the unit sphere SY~! whose
two-point statistics converge to that of a Poisson point process. This sequence is given by
the unit vectors v; = |ly;|| "'y, representing the directions of vectors y; in a fixed affine
lattice in R? of unit covolume. Here the y j are listed in increasing length ||y;||, where
|| - || denotes the Euclidean norm. If there are two or more vectors of the same length, we
take them in arbitrary order (our results will not depend on the choice made). If there are
several lattice points with the same direction, they will appear repeatedly in the sequence.
Our approach extends the results of [EMV15], which in turn builds on [MS10], from
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Multi-dimensional affine lattices 219

d = 2 to higher dimensions. We are furthermore able to relax the Diophantine hypotheses
imposed in [EMV15].

A sequence (v j)§°=1 on S~ is called uniformly distributed if for any set D € !
with volgs—1 (0D) = 0, we have that

1 olga-1(D
lim ~#(j <N :v; e D) = 2w
N—oo N Vga-1
where Vg1 = Volsd—l(Sd_l). The pair correlation function of the partial sequence

(vj);\'=1 is defined as

RY(s) = %#{(jl, )it 2 <Ny i # o eaNV O Vdgani (v vp,) < s},
where ¢ = VS_[M @D and dse-1 is the standard geodesic distance for the unit sphere se-1,
The scaling by ¢y N'/=D ensures we are measuring correlations in units where the mean
density of points is one (note that the scaled sphere ¢y N'/@~DS4=1 has volume N). The
function RJZV (s) is known as Ripley’s K-function in the statistical literature.

We say the pair correlation of the sequence (v J')?il is Poissonian if for any s > 0,

gd=1/25d—1
r(d+1)/2’

which is the volume of a ball in R?~! of radius s. This limit holds for example almost
surely for a sequence of independent and uniformly distributed random points on S?~!. It
coincides with the pair correlation function of a Poisson point process in R¢~! of intensity
one; hence the term ‘Poissoninan’.

Every affine lattice of unit covolume can be explicitly written as Lg = (z4 + &My,
where & € R? and My € G = SL(d, R). For integer shift £ € Z¢, we obtain the underlying
lattice £ = Z¢ M. It follows from classical asymptotics for the number of affine lattice
points in expanding sectors with a fixed opening angle that the sequence of directions is
uniformly distributed on S?~! for any shift & € RY.

It is an interesting observation that a Poissonian pair correlation implies uniform
distribution on general compact manifolds [M20]. This fact was first proved in the case of
S! by Aistleitner, Lachmann and Pausinger [ALP18], and independently by Larcher and
Stockinger [I.S20]. For the convergence of the pair correlation function, we will however,
unlike the case of uniform distribution, require Diophantine conditions on the lattice shift £.
For k > d, we say that & € R is Diophantine of type « if there exists C,, > 0 such that

(1.1)

lim R%(s) =
N]—r>noo N(S)

& -miz > Cclm|™*

for any m € 74\ {0}, where | - | denotes the supremum norm of R? and | - |7 denotes the
supremum distance from 0 € T¢. It is known that Lebesgue-almost all £ € R? are of type
k for any « > d. We will in fact only require a milder Diophantine condition. Define the
function ¢ : R? x R.g — N by

1
(&, T) := min {NGN: min |§-m|Z§—}. (1.2)
meZ4\ (0} T
0<|m|<N

https://doi.org/10.1017/etds.2024.31 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2024.31

220 W. Kim and J. Marklof

In view of Dirichlet’s pigeon hole principle, we have that ¢(§, T) < TY4 and, if & is of
Diophantine type k > d, then ¢ (&€, T) > (CeTHVE.
We say & € R is (p, i, v)-vaguely Diophantine if

o0

D12k, 2 < 0.

I=1
Thus, if & is Diophantine type «, then it is also (p, u, v)-vaguely Diophantine for
kp < v. If & satisfies the weaker Brjuno Diophantine condition [BF19, LDG19], then
itis (p, 0, v)-vaguely Diophantine for 0 < p < v — 1 (see Appendix A).

THEOREM 1.1. Let d > 2 and & € R4\ Q¢; furthermore, if d =2, assume that & is
(0, 0, 2)-vaguely Diophantine. Then the pair correlation function of the sequence (v j)?ozl
of directions is Poissonian.

We note that the hypothesis on £ (in the case d = 2) is satisfied for all Brjuno vectors
and, thus, in particular for Diophantine vectors of any type. In Appendix B, we prove
that there is a set of second Baire category of & € R? \ Q? for which the pair correlation
function diverges. This shows that the Diophantine condition is indeed required.

The pair correlation function also exists for & € Q7 if d > 3 and is closely related to
the two-point statistics of multi-dimensional Farey sequences [BZ05, M13] and visible
lattice points [BCZ00, MS10]. The deeper reason why we see a Poisson pair correlation
for £ ¢ Q7 is that the limit distribution is expressed through the Haar measure on the
semi-direct product group SL(d, R) x R¢, where the averages over double-lattice sums
reduce to Siegel’s mean value formula; cf. Proposition 7.1 and [EMV15, Proposition 14]. In
the case of & € Q¢, we need to apply Rogers’ formulae that exhibit non-trivial correlations
in the lattice sums, which explains the non-Poissonian correlations in this case. This is also
the reason why three-point and higher-order correlation functions for directions in affine
lattices with £ ¢ Q7 are non-Poissonian. Fine-scale statistics of directions have also been
studied in the context of quasicrystals [BGHJ14, H22, MS15].

It is worth highlighting that in the analogous problem of directions in hyperbolic
lattices, the pair correlation statistics are not Poissonian; see [MV18] and references
therein.

Theorem 1.1 provides an example of a deterministic sequence in higher dimension
whose pair correlation density is Poissonian. Other local statistics, however, deviate from
the Poisson distribution in other statistical tests, as shown in [MS10]. By deterministic,
we mean here that convergence is proved not just almost surely or in probability, but for a
fixed, explicit sequence. An interesting non-Poisson random point process with Poissonian
pair correlation is discussed in [BS84].

Theorem 1.1 generalizes results of [EMV15] for two-dimensional affine lattices and
under a stronger Diophantine condition on &, as well as earlier work by Boca and Zaharescu
[BZ06] that was limited to almost every £ € R%. Other examples of deterministic
sequences with Poissonian pair correlation in one dimension include /7 mod 1 (excluding
n that are perfect squares) [EM04, EMV15b] and the recent paper by Lutsko, Sourmelidis
and Technau [L.ST21] on an’ mod 1 that holds for every « > 0 and 6 < 1/3. Sequences
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such as an? mod 1 [RS98] or 2" mod 1 [RZ99] have Poissonian pair correlation for
almost every «, but with no explicit instances of o currently known. For more references on
recent developments on metric pair correlation problems, we refer the reader to [AEM21,
L.S20b] and references therein.

Finally, we mention work of Bourgain, Rudnick and Sarnak [BRS16, BRS17], who
considered the fine-scale statistics of lattice points (without a shift) on large spheres, rather
than radially projected points as in our setting. Remarkably, in dimension two, Kurlberg
and Lester have recently been able to prove that all correlation functions converge to
Poisson along density-one subsequences of eligible radii [KL22].

The next section will recall the convergence in distribution for the directions in affine
lattices from [MS10], and then state an extension to convergence of mixed moments
(Theorem 2.2), which is the main result of this paper. An application of the Siegel mean
value formula gives explicit expressions for all second-order statistics and in particular
shows that the pair correlation function is Poissonian (Corollaries 2.3 and 2.4). These
results thus immediately imply Theorem 1.1. Section 3 introduces the space of affine
lattices. In §5, we prove escape-of-mass estimates for spherical averages that allow us
to pass from convergence in distribution to convergence of moments. Sections 6 and 7
supply the proofs of our Main Lemma, which immediately implies Theorem 2.2, and
Corollaries 2.3 and 2.4, respectively.

2. Limit distribution and higher moments
We consider the set Pr of affine lattice points y € ﬁE inside the ball of radius B”Tl or, more
generally, P, r the lattice points in the spherical shell

Bl =(xeR:cT<|x| <T}, 0<c<l.

The well-known asymptotics for the number of lattice points in a large ball yields for
T — oo,

11—
ng—le.

#Pe.r ~ volga (BL)TY =

Foro > 0and v € S~!, we define Der(o,v) C S9! to be the open disc with centre v
and volume

od
1—c

volgi—1 D7 (0, v)) = _T7¢.

Then the radius of D7 (a, v) is < T~¢/@=D and for T — oo,

Volgi | @@, v) o
Vga-1 #Per '

Thus, o measures the disc’s volume in terms of the average density of points on the sphere;
this scale is compatible with the one introduced above for the pair correlation function.
We define the counting function

Ner(o,v) :=#y e Per : Iyl ™'y € Der(o, v)}
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for the number of affine lattice points whose direction is contained in ®. 7 (o, v). Note
that on average over v, uniform distribution implies (cf. [MS10, §2.3]) that for any Borel
probability measure A on SY~! with continuous density, we have

lim Ner (o, v)A(dv) = 0. 2.0
-1

T—oo Jgd

This says that the expected number of affine lattice points, with direction contained in
D, (0o, v) forrandom v, is o.

We recall the following result from [MS10], which provides the full limit distribution of
N¢r (o, v) with random v distributed according to a general Borel probability measure A.

THEOREM 2.1. [MS10] Foro = (o1,...,04) € R’;‘O, there is a probability distribution
Ecg(-, 0) on ZZ such that, for any r = (ry, ..., rm) € ZZ and any Borel probability

measure % on S¢~1, absolutely continuous with respect to Lebesgue,

Tlim AweST N (01, v) =11 Ner (O, V) = 1) = Ecg(r, o).
—00

The limit distribution satisfies the following properties, cf. §4:
(@) Ec¢(r,o)isindependent of A and £;
() X,eqm 1iEcg(r.0) =32y rEc(r.0j) = o) forany j < m;
(c) foré& e QY Zzez’ﬁo Irl*Ecg(r, o) < ocofor0<s <dand=oofors >d.
(d) for& ¢ Q¢ E ¢ (i, o) =: E.(r, o) is independent of &;
(e) foré& ¢ QY Zﬁez’i’o lrIfEc(r,o) <ocoforO<s <d+1land=oofors >d+ 1.
A key ingredient of the proof of Theorem 2.1 is Ratner’s measure classification theorem,
which allows one to prove equidistribution of horospheres embedded in the space of affine
lattices. An effective version of this statement was established only recently [K21].
Let us now turn to the main outcome of the present investigation, which extends the

results of [EMV15] to arbitrary dimension. For o1, ..., 0, > 0, A a Borel probability
measure on S¢~1 and z = (21, ..., 2zm) € C", let
MAT.2) = [ Ner @)+ D7 Ao @ v) + D 0@). (22
Sd—

We denote the positive real part of z € C by Re (z) := max{Re(z), 0}.
The following is the principal theorem of this paper.

THEOREM 2.2. Let 01, ...,0, > 0 and A a Borel probability measure on S=1 with

continuous density. Choose & € RY and z2=1(21,...,2zm) € C", such that one of the

following hypotheses holds:

(A1) Rei(z1) +- - - +Rey(zm) < d;

(A2) n:=Rey(z1)+---+Resr(zy) <d+1andé&is (0,n — 2, 2)-vaguely Diophan-
tineifd =2 and (d — 1, n — d, 1)-vaguely Diophantine if d > 3.

Then

dim M (T, 2) = D1+ DI+ D Ecg(r, o). (2.3)

m
LEZZ()
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We note that if & is Diophantine of type « then under hypothesis (A2), we have
n<2+4+Q2/k) if d=2 and n <d+ (1/«) if d > 3. Thus, in particular for badly
approximable & (where k = d), we have n < 3ifd =2andn <d + (1/d) ifd = 3.

We define the restricted moments to explain the key step of the proof of Theorem 2.2:

M(AK)(T, = / Ner (o1, v) + D - - (Ne7(0m, v) + D¥A(dv).
max; N 7(0j,v)<K
2.4)
Then Theorem 2.1 implies that for any K > 0,
Jim MO(T = Y (A DT+ DT Eeg (o). (25)
reZfylrl<K
where |r| := max<j<m . Thus, for the proof of Theorem 2.2 it remains to show that
under hypotheses (A1)—(A2),
lim lim sup [M, (T, z) — M{*(T, 2)| = 0. (2.6)

K—00 T00

We will prove this in §6.
The following corollaries of Theorem 2.2 state that, in particular, the second moment
and pair correlation converge and are Poisonnian.

COROLLARY 2.3. Let A be as in Theorem 2.2. Letd > 2 and & € R4 \ @d; furthermore,
if d =2, assume that & is (0, 0, 2)-vaguely Diophantine. Then, for any o1, 03 > 0,

lim Ner (o1, V)N (02, V)A(dV) = o107 + minfoy, 072}. 2.7
T—o0 Jgd-1
Let N = N.(T) be the number of points in P.r and let v; = |y;| "y, €
S?-1 be the directions of the vectors yj € Per, with j=1,...,N(T). For
f e Co(S4™! x $7=1 x R) (continuous, real-valued and with compact support), we define
the two-point correlation function

N
1 _

Ry =5 D W) v N gy, ). 2.8)

Jis2=1

J1#2
COROLLARY 2.4. Letd >2,0<c < landé& e R4 \(@d; furthermore, if d = 2, assume

that € is (0, 0, 2)-vaguely Diophantine. Then for any f € Co(S¢~! x S~ x R),

VSd—Z
Vga-1

lim Ry 7 (f) = / f(v,v,s)dvs??ds. (2.9)
T—o00 Sd—1 xR, 0

Corollary 2.4 implies Theorem 1.1 by approximating the characteristic function
from above/below by Cq functions. The additional dependence of f(vi, v2,s) on
v1, v € S?7! can be used to generalize Theorem 1.1 to pair counting where v j, and
v, are restricted to different subsets of Dy, Dy C S9-1, Set
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| o
RY (D1, D2, ) = S #{(jt, 2) < i o = N, i # o,
vj, € D1,vj, € D2, caNV4 Vdgs (v, v},) < s}
We then have the following corollary.

COROLLARY 2.5. Letd >2,0<c<1landé € R4 \Qd;furthermore, ifd = 2, assume
that & is (0, 0, 2)-vaguely Diophantine. Then for any Dy, D> € S~ with volga—1(0D1) =
Volga-1(0D2) = 0 and s > 0, we have that

gd=1/2gd=1 volga-1(D1 N'Dy)
rd+1/2) Vga-1 ’

lim R} (D1, Dy, s) = (2.10)
T—o0

3. The space of affine lattices
Let G = SL(d,R) and " = SL(d, Z). Define G’ = G x R4 by

(M, b)Y(M', by =(MM',bM’ +1),

and let I" =T x Z¢ denote the corresponding arithmetic subgroup. The right action
of g =(M,b) € G’ on R? is defined by xg :=xM +b. We embed G in G’ via the
homomorphism M +— (M, 0). In the following, we will identify G with the corresponding
subgroup in G’ and use the shorthand M for (M, 0).

Giveno > 0and 0 < ¢ < 1, define the cone

C0) ={(x,x)eRxR":c<x <1, = cHx'|| < o). (3.1

For g € G’ and any bounded set ¢ C R?,

N(g, @) =#€nZy). (3.2)
By construction, we can view A/ (-, €) as a function on the space of affine lattices, I''\G'.
Fory=(y2,...,yq) € RY=landt > 0, let
Loy ooy e~ (@=D/dy
1 el
A(y) == . , D= . . (33)
1 et/d

Set e; = (1,0,...,0). As in [MS10, p. 1968], we define a smooth map k : SY~1\
{—e1} — SO(d) by

0 —y(v))
k(v) :=ex € SO(d 3.4
(v) = exp <ty(v) o (@) (3.4)
with y(e;) = 0 and, for v = (vq, ..., vg) € S\ {er, —e1},
arc cos v

y0) = ———(v2, ..., vg) € R
,/1—U12

Note that [ly(v)|| < 7. By construction, v = (cos |[[y(v) [, sin [[y(v)[(y(v)/lly(v)])), and
hence e; = vk(v) forall v € S~ \ {—ey}.
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By an elementary geometric argument, given o > 0 and € > 0, there exists 7p > 0 such
that forallv € ST 1\ {—e|},E e R, My e Gand T = e'/¢ > Ty,

Ner(o,v) < N((1, §) Mok(v) D1, €o(o + €)). (3.5)

The argument is the same as in the two-dimensional case discussed in [EMV15]; see in
particular Fig. 3 (the yellow and red domains should now be viewed as higher-dimensional
cones with symmetry axis along ey).

For
U= (12, ..., ULds U3, .. s Ug—1)g) € RICTD/2

and

V=(U],U2,...,vd) GT:Z{(U],...,Ud)ERio,U] cr Vg = 1}9
let

I up -+  u vl
- : V2
n(u) := : : , a(v):= . . 3.6)
1 u@-1a g
1 Ud

The Iwasawa decomposition of M € G is given by
M =n)a((v)k, 3.7)

where u € RY@=D/2 'y ¢ T and k € SO(d).
Consider the Siegel set

) 1 174@-1/2

S = {n(u)a(v)k ke SO(d), 0< Vjt1 < ﬁvj, uc |:— 5, 5] } 3.8)
This set has the property that it contains a fundamental domain of G and can be covered
with a finite number of fundamental domains. Throughout this paper, we fix a fundamental
domain of G contained in S and denote it by 7. For x € I'\ G, there exists a unique M € F
such that x = I'M. Define ¢ : '\G — F so that «(I'M) = M.

We extend the above to define a fundamental domain F’ and Siegel set S’ of the I/
action on G’ by

F ={1,b)(M,0):be[-% DY MeF)

S ={(1,b)(M.,0): b e[}, 319, M e S).

As before, we define the map ¢ : I'\G’ — F' by (I''g) = g.
Given M € G, we define v(M) as the v coordinate of the Iwasawa decomposition

(('M) = n(w)a(v)k. 3.9
Similarly, for g € G’, we define v(g) and b(g) as the v and b coordinates in

((I'g) = (1, b)(n(w)a(v)k, 0). (3.10)
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We also define
r(®) := max{dy, sup{|Ix|| : x € €}}, b4 = da? (3.11)
and
sr(g) i=max{l <i <d—1:vi(g) > 2cqr}, (3.12)
where cq = d(2//3)4.
LEMMA 3.1. For any bounded ¢ C R%, g € G', n > 0,

N(g. &) = Car®y T 0—carvy ' carvy TN @ +B)),  (B13)

i=1
where v=v(g) = (V1,...,v4), b=b(g)=(by1,...,bg), r =r(®), s =s,(g) and
Cq = 4cy.
Proof. Let ®, be the smallest closed ball of radius r centred at 0 which contains €. Then
N(g, € < N(g, D;) =N(Tg), D)
= #®, N (2" + b)na(v)
<#([—r,r1" N (Z + bna(v)

d
:#( [ [i=rvi ' ro 10 @? +b)n(u)>. (3.14)
i=1

Since 0 < vj41 < (2/\/§)vi for 1 <i <d—1, we have vj_1 < (2/«/3)11_"111._l for any
1 <i < j <d.Itfollows that

d
N(g. © < #( [ T1=carvi's carvi 10 (24 + b)>

i=1
d
< [T#U=carv;y, carv 10 (Z + bi))
i=1
d
= I1

s
Qearvy '+ 1) x [ [#(—carvy ", carvy 10 (@Z + b)), (3.15)
s+1 i=1

Fori > s + 1, we have v;” ! > 1/2cqr by definition of s. It follows that

d d K
[T Cearvi' +1) < eary®™ [ vi' = Geary™ [ ] vir

i=s+1 i=s+1 i=1

and hence

N(g, @) < Car? [ [witT—carv; !, carv; 10 (Z + b)),

i=1
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From the fact that
#([—carv; ', carv TN (Z+ b)) € {0, 1) (3.16)
forany 1 <i <, equation (3.13) follows. O

The case of mixed moment will be dealt with by the inequality

IN(g, € - - N (g, €)™ | < IN(g, €L U~ UE,,)3 T Fam| 3.17)

4. Properties of the limiting distribution

In this section, we prove the properties (a)—(e) of the limiting distribution in Theorem 2.1.
We denote by mx/, mx, and mx, the Haar probability measures on the homogeneous
spaces

X'=T"\G, X=I\G, X,=Ty\G,
respectively. Here, I'; denotes the congruence subgroup
Iy:={yely:y=id (modq)}

for g > 2. According to [MS10, Theorems 6.3, 6.5 and subsequent remarks, and Lemma
9.5], the limiting distribution E g (-, o) in Theorem 2.1 is given as follows:

my,({TM € X, :forall j, #(Z*M N €.(0})) =r;})

if § € 2,

qu<{FqM € Xy :forall j, #<<Zd + B)M N Qic(oj)> = rj})

Ecg(r,o) = p?

it =>eQ\7Z4

q

my,({I"g € X' : forall j, #(Zlg N C(0)) =1}

if § e R4\ Q,

A.1)

where €. (o) is as in equation (3.1).

Property (a) follows from the observation that the distribution described in equation
(4.1) is independent of A and L.

For & € RY \ Q7 the distribution is also independent of &, so property (d) follows.

Property (b) follows from equation (2.1).

Properties (¢) and (e) follow from calculations of [M00]. We write g = (1, b)(M, 0) € G’
with M = n(w)a(v)k € S as in equations (3.7) and (3.8). Fors € {1,...,d — 1}, put

2
Ss =M = n(u)a(v)k eS: Vg < 1 < _vs}v
{ - NG

and fors =0, d,
So:={M=n(@aWkeS:v <1},

Sy = {M =naWkeS: vy > ?}
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then the sets Sp and S; are clearly compact, and we also have S = Uf:o Sy (see [MO00,
Lemma 3.12]). For k € SO(d), we denote by y; the characteristic function of the set
C.(0)k~ ! and define

¢S(k3 Wiy e v vy ws) = /d Xk(w19 cees Wy, ts—‘,—l’ e ey td) dts-‘rl R dtd7
R -5

¢s,max(w1’ oo we) = max  ¢s(k, wy, ..., wy).
keSO(d)

We have
N, €(0) = Y xx(wiwi(m), ..., vawa(m)),
meZd

where w;(m) = (m; + b;) + Z;;ll uji(m; +bj). Without loss of generality, we may

assume by, ..., by € [—%, %]. For M € S, with sufficiently large vy - - - vy,
N €)= >  x@uwim),..., vswsm)
me{0}xZd—s
= v vy ek vixg, L vsxg) + O(D),
where x; = b; + ZS-_:II ujibjfori =1,...,s.

We first consider the case of E ¢ for & € 74 . For ry — oo and mg denoting the Haar
measure of G (with arbitrary normalization),

Y Ecg(ro) =mx,({M € X1 : N(g. €(0)) = ro))

r=ro

d
<> mg({M €S vy vhy(k.0,....0)=ro+ O(1)))
s=0

d
_ ) ro+ O(1)
E’"G({Me‘*'“ "= ¢s,max(o,...,o>}>'

In the last line, we are using the continuity of ¢s max With respect to k € SO(d). According
to the calculation of [M00, Proof of Theorem 3.11] with n = 2, the sum in the last line is
xry 4 This proves property (c) for & € Z¢. The case of other & € Q is analogous.

In the case of & € RY \ Q7, we get

Y Eeg(r,o) =mx({g € X' : N(g, €(0) > ro})

r=ro

d
=Y mUM €8 vy -+ vk, vix, .., v5xg) = rg+ O(1))

s=0

4 ro + 0(1)
XZ’”G({Me&:vl---vsz 0 })

=0 Os.max (VIX1, .+« .5 UsXs)

In this case, we use the calculation of [M00, Proof of Theorem 4.3] which implies that
the sum in the last line is < r(’ 4=1 This proves property (e).
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5. Escape of mass
Denote by x; the characteristic function of a subset / € R. For R > 1 and n, r > 0, define
the I-invariant function Fg,, : G' — R by

Sr(g) sr(g)
Fryr(g) = X[R,oo)( l_[ Ui(é’)) 1_[ Vi (8)" X[—cyr.car1(Vi (8)Di (8)). (5.1)
i=1

i=1

In view of Lemma 3.1, and equations (3.16) and (3.17), we note that for
n=Re(z)) +---+Re(zpn), r=r(@U---UC,), (5.2)
and all g € G such that ]_[f’:(‘f ) v; (g) > R with R sufficiently large, we have that
N (g, €7 - - - N (g, €)™ | < (Car®)" Fra (8)- (5.3)

The following proposition establishes under which conditions there is no escape of mass
in the equidistribution of horospheres with respect to the function Fp ; , and thus also for

N(g’ Cl)zl te N(g’ Qm)Zm.

PROPOSITION 5.1. Let & € R4, My e G, n,r>0and € Co(Rd_l). Assume that one

of the following hypotheses hold:

Bl) n<d;

B2) n<d+1 and & is (0,n — 2, 2)-vaguely Diophantine if d =2 and (d — 1,
n —d, 1)-vaguely Diophantine if d > 3.

Then

lim lim sup
R—0o0 t—o0

/ L Fra 0L DMWY @ dy| = 0. (5
yekk®™

To prepare for the proof of this statement, put C:= supp . Without loss of
generality, we may assume K C [—1, l]d_l. Indeed, there exists so > 0 such that
e K c [—1, 11471, so we may replace Mo, y and &, in equation (5.4) by Mod_,, ey
and @, ,, respectively, and reduce it to the case K C [—1, 1719-1,

Next we define two maps y =y, : R4~ — I'and h = h, : R¥~! — F as follows. For
y€ R~ ¢ € R, there exist unique y (y) = y:(y) € I and h(y) = h;(y) € F such that

Mon(y)®; = y (Y)h(y).

Note that T''(1, &) Mon (y) ®; in equation (5.4) can now be expressed as

L' (1, &) Mori(y) @, = T'(1, £y () (h(y), 0).

Forl§s§d—1and1=(l1,...,ls)GZ‘;O,Welet
B ={g e F:s5(g) =5.842" <vi(g) <82 (i =1,....9) (5.5)

with §; = d4%. Then for g = (1, £y (y))h(y) with h(y) € EJ, we have

Fropr (T'(1, ©)Moii(y) @) = Froyr (U (1, Ey (0)A(Y)) < 8127 x(R o0y (8127,
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where [ =[] + - - - 4+ [;. It follows that the integral in equation (5.4) is bounded by

/ FR,n,r(F/(l’ s)MOﬁ(Y)CDI) dY'
yek

d—1 o)
<y oo > volga-1 (fy € K : h(y) € E})). (5.6)

s=1I=llog, R| =, L)€L,

This will be sufficient for proving case (B1). For hypothesis (B2), we need a refinement
that also considers the size of &y (y); see equation (5.23) below.

Let us write g;(y) := eith (y)_1 forl <i <dandy e R4-! and consider the Iwasawa
decomposition of A(y),

h(y) = n(u(y))a(v(y)k(y).
LEMMA 5.2. Ifh(y) € Eiforl € Zszo’ then |B;(y)| <27l forall1 <i <s.

Proof. For the sake of simplicity, we write v; = v; (h(y)) for 1 <i <d andu;; = u;;(h(y))
for 1 <i < j <d. We also define u(y) = (if;j)1<i<j<a by n(U(y)) = n(u(y))~!. Note
that each ; j can be expressed in terms of at most 24 monomials of u1, . . ., U(d—1yd With
coefficients £1, and hence [it;;| < 24 forany 1 <i < j <d.

If h(y) € E;, then we have

B:(y) = ei'n(u(y)Ma(v(y) k!

i-1
= (ei - Z ﬁjiel/')a(V(Y))lk
=1
i—1

— (v le — 17 e
—<vi e Zvj u],ej)k

=1
for 1 <i <d. Since vj_1 < (2/«/§)"’/'vi_1 < Zdvi_1 forany 1 < j <i <d,

i—1

1 1~
v; € — Z v oujiej

j=1

1B:W =

< d4dvi_1 = (dei_l <27k

foralll <i <s. ]

Denote by 71 : R? — R and the orthogonal projection to the first coordinate and
7’ :R? — R the orthogonal projection to the remaining (d — 1) coordinates. Let
A= Z”“MO_1 and, for k € Z, let

Ri ={xeR?: |mx| < 222K < |2'x] < 21}, Ap:=ReNA. (5.7)
Then for sufficiently large &,

#A = 2k (5.8)
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where the implied constants are independent of k but depend on the fixed My € G.
Throughout this section, let Ko € Z be the largest integer such that
(xeA:|mx| <2 17'x| < 251 = o

for all k < Kj. Note that Ko only depends on the choice of A.
We define the norm || - || for the wedge product by

2 t
X1 A= AXp |7 = det[(x; X)) ].

For k = (ky, ..., ks) € Z‘;KO and p = (p1, ..., ps) € ZL, we denote by Ax(p) the set
of (X1,...,Xs) € Ag; X -+ x Ay, such that

Jj—1 J Jj—1
As|<| As A
i=1 i=1 i=1

for j=1,...,s. Then any (Xq,...,Xs) € Ag, X -+ X Ay, such that xq,...,x, are
R-linearly independent is contained in (_J pezs, Ar(p).

0 <277~ Hix;]| < 27Pi||x;]| (5.9)

LEMMA 5.3. Foranyk € ZSzKO and p € ZSZO,

s
#A(p) < [ ] 2 %P7,
j=1

where

dk—d+1—s)p ifp <k,

a)S (k9 p) = .

sk—p if p> k.
Moreover, if there exists 1 < j < s suchthat p; > jk;j+ K, then #Ar(p) = 0, where K is
a sufficiently large constant depending only on the choice of lattice A.

Proof. Given Xy, ...,X;_1, let V be the subspace spanned by xi, ..., x;_| and denote
by T the region of x; satisfying

J J—1
N\ x /\ %
i=1 i=1

Note that T N Ry has width < 2% along the directions in V, and width =< 2%/=7 along
the directions perpendicular to V.

If pj < kj, then the number of possible x; € Ay; satisfying equation (5.9) is therefore
at most < (2ki)/ =1 (2ki=piyd=U=1 = pdkj—(d+1=pj

In the case p; > kj, let j’ be the maximal number of R-linearly independent vectors in
T N Ag;. We may assume j < j " < d since there is no x; satisfying equation (5.9) in Y
otherwise. Then we can take a j'-dimensional parallelepiped Q generated by X1, ...,X;s €
TN Ak_, such that there is no element of Y N Akj inside Q. Since Xxi, ..., X are

<2777 |x;ll

R-linearly independent and contained in A = Z4 ‘M ~1 the J'-dimensional volume of
O'My is > 1. Hence, the j’-dimensional volume of Q is > 1 independently of p ; and
X1, ...,Xj_1. Also, the interior of the sets x; + Q with x; € Akj are pairwise disjoint.
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Note that Q is contained in j'(Y N Ry /.) since the generators are in ¥ N Ry T Thus, for any
Xj € T N Ag;, the set x; + Q is contained in G '+ D(rn Rk;) and the Jj’-dimensional
volume of this region is

<+ 17 @)@ U « okt

Because of this and the uniform lower bound on the volume of Q, it follows that the number
of possible x;j € Ag; satisfying equation (5.9) is at most < 2/Kj=Pj In particular, there is
nosuchx; € Ag; if p; > jk; + K.

We have shown that for fixed xi, . . ., X;_1, the number of possible x; € Ag; satisfying
equation (5.9) is « 2®i%i-Pi) < 2¢s%;j-rj) Hence, the desired estimate follows. ]

Forl=(,...,l) € Zio and (X1,...,X) € A®, let ;(xq,...,X,) be the set of

ye K=suppy C[—1, 1]‘1’1 satisfying the following two conditions:
o eyMMy =xifori=1,....s;
o |B;(y) <2 lifori=1,...,s.

LEMMA 5.4. There exists To > 0 such that the following holds for any t > Ty. Forl € Z;O
and (X1, ...,Xy) € A®, the set Q(Xy, . ..,X,) is the empty set if there exists 1 <i <
such that

L(t/d log 2)—1;]

X; ¢ U Ak.

k=Ko
If Ko <k; < |(t/dlog2) —1[;] foralll <i <sand (X],...,Xs) € Ak(ﬂ)’ then
S
Volga-1 (Q(X1, . . ., X,)) K e~ @D/ T gpi=li=h, (5.10)
i=1
Proof. Fory € Q(xy, ..., X,), by definition of B;(y), we have
X/ (—y) ;| < 27"

fori =1,...,s. By a straightforward computation with x; = (71x;, 7'x;) € R x R~
it implies that

lmix; — 7'x; - y| < 2 liem(@=D/dr, (5.11)

I7'x;| < 27lie!/d (5.12)

fori=1,...,s.

If there exists i such that x; € Ay, with k; > (¢/d log 2) — [;, then it contradicts
equation (5.12). If there exists i such that x; ¢ U,fiKO Ay, then we have |mx;| > 2|7'x;],
which also contradicts equations (5.11) and (5.12) since they imply

1% < |7/x;|y| 4 27l e @=D/DE gty | 4 2Ko T

This proves the first claim of the lemma.
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Suppose now thatk; < (¢/d log2) —[; foralli =1,...,sand (xq,...,Xs) € Ap(p).
To prove the estimate in equation (5.10), we may assume €2 (X, . . . , Xg) # ¥ and pick a;ly
y € Q(xq,...,Xs). Let p/l, ..., D& € Z> be the integers such that
Al < | A el =27 A

<27P;
ll7e"xi || |I7T Xi ||

2P~ !

w'x; ”

8 ||n x|

forj=1,...,s
We will prove that p/j <pj+O)foralll < j <s.Since n'x;/||7'x;|| terms are unit
vectors, for each j, we can find ¢y, . . ., ¢j—1 < 1 such that

This in turn implies that for any choice of y,

j—1

TL’/Xj : 'x; H .
-y ——— || «27Pi. (5.13)
29 ; il

i—1
T'Xj -y . T'X; -y -
A E . 27P; . 5.14
Il & <z i O

Now, if y € Q;(x1, . . ., Xy), then we have equation (5.11), and using the triangle inequality
and ||77'x;|| > 2k, it follows that

j—1

J J
T1X; X ' —p ki —((d=1)/d)t
—E ci—| K2 J+E 27 e . (5.15)
lr'x;ll = il P

Combining equations (5.13) and (5.15), we get

j—1

Xj P li—ki p=((d=1)/d)t
ol 2 lnH «* ’+22 ‘ 10

and hence

‘ l‘ A H
i=

J J
Xi -p —li—k; —((d—l)/d)t> Xi
<< 2 [7] + 2 i e
/\1 2T H < ; /:\1 2T

for j=1,...,s. Since ||7n'x;|| < ||x;|| for all i =1, ..., s by definition of Ay, terms,
we can replace the ||7'x;|| terms in equation (5.17) with ||x;|| terms fori =1, ..., j. By
equation (5.9), it implies that

(5.17)

J
2P < C<2—p; + Z zlikie((dl)/d)’> (5.18)
i=1

for some constant C > 0.
However, we have

j j j
l_[ oki—pi > 1_[ 2~ Ppi l_[ Ix; || =
i=1 i=1 i=1
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and hence p; < lezl pi < szzl ki+0O(1) for any 1< j <s. It follows that
27Pi 3 2 ki (U=D/d)t > p—kio=(d=2)/D1 for 4] | < < j, so for C as above,

J
2P = 2C Y 2 ik (@D (5.19)
i=1
holds for sufficiently large . Combining with equation (5.18), we have p;. <pj+0)
foralll < j <s.
For each i, the set of y € K satisfying equation (5.11) is a 27 ie=(d=D/D1 | z/x; |
thickened hyperplane in R?-! which is perpendicular to 77'x;. Therefore, volga-1 (€2 (x1,
, Xs)) is the volume of the intersection of such s-number of hyperplanes and the
compact set KC. The intersection has width « 27 lig=(d=D)/dt ) 7/x; ||~ along the direction
of 7'x; for 1 <i < s. It follows that the volume of the intersection is bounded above by

s , —1 s
'x; I —((d— _
|l e
i=1 ! i=1

S -1 s i
< ( 1_[ 2171,) H(Z*lief((dfl)/d)l ”Xi ”71) < e*((d*l)s/d)[ 1_[ 2pi*li*ki. O
- = i=1
Proof of Proposition 5.1 under hypothesis (BI). By Lemma 5.2,
volga-1({y € K : h(y) € E]}) < volga-1({y € £ : [B;(¥)] < 27l =1,..., ).
(5.20)

|~

Forl=(ly,....,I) € Z>0’ by Lemma 5.4, we have

volga 1 (fy € K 1B;(0)| <27 =1,...,9))
= Z volga—1(S2(X1, . . . , Xg))

(X1 5ees Xs)EAS
L(t/d log 2)—11 ] L(t/d log 2)—Is]

— Z - Z Z Z volga—1 (2 (X1, . . ., Xg))

k=Ko =Ko PELLy (15 Xs)EAL(P)
L(/d log 2)—I1] L(t/d log 2)—Is]

< Y Z > #Ak(pe= - “Y/d”]_[zf"—’ ki,

ki1=Ko =Ko PEZ,

Using the estimate of #Ax(p) in Lemma 5.3, we get

s L@/dlog2)—1;] , ki ski+K
< e((dl)s/d)rﬂ( 3 (Z piki—=stDpigp—lik 4§ Zskip,-zp,-liki»
i=1 ki=Ko pi=0 pi=ki+1

s L(t/d log 2)—1;]

<< e—((d—l)s/d)t l_[ ( Z (z(d—l)k,'—li + (Skl' + K)z(s—l)k,'—ll‘))

i=1 ki=Ky
s L(t/d log 2)—I;]

< ef((dfl)s/d)t l_[ ( Z 2(dl)k,-l,'> < 2711 Zli.

i=1 ki=Ko
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Hence, combining with equation (5.6), for any #, R > 0 and n < d, we obtain

/ Fror (T'(1, §)Moii(y)®,) dy
yek

d-1 oo (5.21)
< Z Z [$=1p=@=nl o p=(d=n+o()
s=1 I=[log, R]
which completes the proof. O

Proof of Proposition 5.1 under hypothesis (B2). Recall that T/ (1, &) Mon(y) ®; in equation
(5.4) is expressed as

I'(1, &) Mon(y)®; = T'(1, £y (y)) h(y).

For 1 <s<d-1 and [:(11,...,15)62‘;0 with [j +---+1I; =1, we define
Ej C F as in equation (5.5) and I';”” C T by

O =y €T (Ey) eilz < 80,270 = 1., 9)), (5.22)
where 84, = cqr/84. For g = (1, Ey (y))h(y) with h(y) € Ei, we have
FRor (T'(1, &) Moii () ®;) = Fry.r(T'(1, Ey (y)A(Y))

N
< 832" xir00) 832" T | Xssy2-ts 50,2711 Bi ()
i=1

since, by construction, we have v;(g) > 842 and thus car/vi(g) < 8d,r2_l". Since
|bi(g)] = |(Ey) - ei|z, the integral in equation (5.4) is bounded by

/ FR,n,r(F/(lvg)MO%(Y)(DZ)dY'
yekC

d—1 [}
<y Y o > volgei(fy e K:h(y) € Bl y(y) e I)"). (5.23)
s=li=llogy R|  I=(y,...ks)€Z,
h+H=l
This is the required improvement on equation (5.6).

The remaining task is thus to estimate the measure of the set of y € KC such that
h(y) € Ef and y(y) € I}". Recall that Z¢ = A'"My. From now on, we fix r > 0 as
in equation (5.2) and no longer record the implicit dependence of constants on this
parameter. For k € Z ko L€ L%y and p € ZZ ,, we denote by AIE (p) the set of elements
in (X, ...,X;) € Ar(p) satisfying

& - (x;"Mo)|z < 84,27 (5.24)

forall 1 <i <s. As we counted the number of lattice points of Ag( 2) in Lemma 5.3, here

we count the number of lattice points of Aﬁ; (p) as follows.
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LEMMA 5.5. For& € R?, let

ws gk, p, 1)
(. 2mh £.2h
—(d+1—S)P—dlogzl4”1T” #Pik—logzw,
= ¢(E.27) . ¢E.27)
(s =Dk — (s — 1) logy ———— A Mo| f0<k—logy ———— A Mo <p=k,
sk—p if p > k.

Foranyk € ZL g .l € Z1; and p € L,

N
#Al—& (p) < 1_[ w5 g (kjupjidj)
j=1
Moreover, if there exists 1 < j <s such that p; > jk; + K or k; <log,(¢(&, 2=y,
4(|Moll), then #Ay(p) = 0. Here, K is a sufficiently large constant depending on the choice
of lattice A.

Proof. For (x1,...,X5) € Aﬁ;(p) C Ak (p), recall that
J Jj—1
H A\ x| =2770x0| A\ x (5.25)
i=1 i=l1
forj=1,...,s.Givenxy,...,X;_1,in the proof of Lemma 5.3, we already showed that

the possible number of x; € Ay; is < 205 kjopj) = 25ki=Pj if p; > k;. Hence, it is enough
to show that this bound can be improved under the assumption p; < k;.

We first consider the case p; < k;j —log,(¢ (&, 2/=1y/4||Mo|)). In this case, if Xj € Ag;
satisfies equation (5.25), then x; must be <« 2ki=Pj_close to the subspace V spanned by
X1, ...,X;_1. Hence, the region of x; satisfying equation (5.25) has width 2Ki=Pj along
the directions perpendicular to V and width 2%/ along the directions of V. This region can
be covered with at most

< 2dkj—(d+1—j)pj§(§’ 5;;21j—1)—d < 2dkj—(d+1—j)pj€(£’ le—l)—d

cubes with sidelength || Mo ~'¢ (&, 872" 71).

We claim that there is at most one point of Ay; satisfying equation (5.24) in each
cube with sidelength ||My|~ N dr 1ol —1). To see this, suppose that there are two
distinct points x, X' € Ak, with distance < Mol = 'z (&, 8;}211_1) satisfying equation
(5.24). Then we have |& - (xX'My — X'Mo)|z < 84,27'i*! and

0 < [x'Mo — X' 'Mo| < [[Moll|x — X| < ¢(&, 85,257,

However, by the definition in equation (1.2), there is no m € 74\ {0} with |m| < (&,
8;} le—l) and |§ -m|z < (Sd,r2_lf'+l. Hence, the claim is proved. It follows from the claim
that the number of possible x; € Akj satisfying equations (5.24) and (5.25) is at most
& 20k =@H=Dpi (g (8,271 J4| Mo |y~ = 256 Ki-pidi),
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We now consider the case k; — log, (¢ (&, 2=1y /4 My < pj < kj. In this case, the
region of X satisfying equation (5.25) can be covered with at most

< 2(]*1)1‘_[4-(5’8;521]*) U=« 2U=Dkj g 2li=1y=G=D

cubes with sidelength [|Myl~'¢ (&, 8, l21'_1) since this region has width 2K =7j <

¢, 6, r2l i~y /4| Mo || along the dlrectlons perpendicular to V and width 2kj along the
directions of V. Similar to the previous case, the number of possible x; € Ag; satisfying
equations (5.24) and (5.25) is at most

- —1\ j—1 P— —1\ s—1
0 0

We have shown that for fixed Xy, . . . , Xj_1, the number of possible x; € Akj satisfying
equations (5.24) and (5.25) is <« 2“4 &j-Pj-tj) Hence, we obtain the desired estimate.

As we have shown in Lemma 5.3, #Ay (E) = 0 if there exists 1 < j < s such that
p;j > jkj + K.However, if there exists 1 < j < s suchthatk; < log,(¢(&, 2'=1) /4| Mo|),
then we have |xth0| < | Mpl||2%it? < ¢(&,2!=1) since Xj € Ag;. It follows that
|& - (thM0)| > 27/*1 by definition of ¢(&, T). In other words, there is no Xj € Ag;
satisfying equation (5.24), and hence #Ax(p) = 0. O

The rest of the argument is similar to the case (B1). By Lemmas 5.2 and 5.4, we have

volga-1({y € K : h(y) € B, ¥(y) € Fz’r})
<volga1({y e K: 1B;W| <27, 18- & 'y Wlz < 80,27 =1,...,5)))

L(z/d log 2)—11] L(z/d log 2)—I;]

< 3 3 > > volga—1 (Q(X1, - . . , Xg))

ki=Ko k=Ko peZly (x),..x,)eAk(p)

L(t/d log 2)—I1 ] L(t/d log 2)—Is]

< Z Z Z #AL L(p)e —((d—=Dys/d)t 1—[2,7,—1

k1=Ko ks=Ko p€Z>O
forl=(,...,1L) € Z;O. Using the estimate of #A% (3) in Lemma 5.5, we obtain

volga-1({y € K : h(y) € E[, y(y) € T} D)
s L(t/d log 2)—1;] ski+K

< e~ (d=D)s/d)t 1_[ ( Z Z zwx,fg(kivpisli)zpi_li_ki)

i=1 ki=Ky pi=0
K L(t/d log 2)—I; ] ski+K

— o—(d=Dys/dy l—[( Z Z zws,s(kiﬁl’iali)zl’i—’i_"i>. (5.26)
i=1

ki=[log, (¢ (£.2'i 1) /4| Mo|)1 Pi=0
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We may assume

! (&, 2i7h
_ I > log, 2522 ) 5.7
dlog2 7 %% Ty .27

for all i since otherwise, the product over i is zero.
We split the double sum in the last line of equation (5.26) as follows:

L(t/d log 2)—1I;] ski+K L(t/d log 2)—; ]

Z Z 2ws g kispisli)ppi—li—ki _

ki=[log, (£ (§.2'i =1y /4| M |1 Pi=0
< ki—Llog, (£ (£.2'i 71y /4| Mo )] —1

ki=[log, (¢ (£.2'i =) /4| My 1)

2(d=Dki—(d—s) pi~l;~d log, (£ (6211 /41 Mo )

X
pi=0
ki ski+K
+ Z (= Dki+pi—li—(s—1) logy (£ (&2 1) /41 Mo ) Z 2<s—1>k,-—l,>.
pi=ki+1

pi=ki—|log, (¢ (€21 ~1) /4| Mo
This is bounded above by
L(t/d log 2)—1; ]

< QU=Dki~lig (g oli=ty=d

ki=[logy (¢ (&2 =1) /4| Mo|I)T
+ 2(&—])1{,‘—[,‘;.(5, Zli—l)—(s—]) + (Skl' + K)z(s—l)ki—li)

L(t/d log 2)—; ]
< Z (2@=Dki—li ¢ (g ohi=1)=d

ki=[logy (¢ (&.2i=1) /4| Mo|I)
+ 2(s71)kﬁz,r§(§, 211-71)7(‘;71) + kiz(dfz)kﬁz,r)
<« e((d—l)/d)tz—dl,-é.(s’21,—1)—d +e((s—1)/d)t2—sl,~§.(g’2[,-—1)—(s—1) +te((d—2)/d)12—(d—l)l,~'

In summary, we have established that

[(t/d log 2)—I; ] ski+K

e—((d—l)/d)t Z Z W5 (ki’[’iali)zl’i_li_ki
ki=[log, (£ (£.2'i 1) /4| Mo|)T Pi=0

<« zfdl,'é.(g’ 21,‘71)7d + e*((dfs)/d)l‘zfslig(s’ 2[,‘71)7(‘?71) + te*l‘/dzf(dfl)li
<27 Mg, 2y g ol (g, 21 TETD 4 (1 + log, ¢(8, 20 )2 ip g, 20!
& (I +logy ¢(&, 22l g, 2™ « g2 g, 2 (5.28)

Here we have used that e /¢ < 2_li4||M0||§(§, 211'_1)_1 and

t o —d .2 hY -, li—1y—1
- +logy 22 )oligm 2l
i (ll Flogy = IMoll¢ (&, 277)

for t > d, both of which follow from equation (5.27). (Note that x > x27* is strictly

decreasing for x > 1/log 2.)
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Combining equations (5.26) and (5.28), we have

S
volpa- 1 ({y €eK:h(y) €8, y(y € r,”}) <2 le@E 2 (529
i=1
forany [ = (Iy,...,[) EZSZOwithll 4.4 =L
For any 7, R > 0, it follows from equations (5.23) and (5.29) that

/ oy PR @ L M) @) dy‘
yel=L11%7

d—1s|(t/dlog2)]

< Z Z Z lsz(r/—d)l li[ €($7 21,-—1)—1

s=1 I=[logy R] [=(l\,..15)€Ls,, i=l1
ltet=l
d—1 K
<Y > [P, 2 (5.30)

s=1 I=(l],dy)€Zs i=1
l1+-+lg>{log, R]

Since the final bound of equation (5.30) is independent of ¢ and

N o0 N
oo T+ nn2orPige, 2 = <Z(1+1)52<"—d>’;(§,21—1)—1> <00
(1seenls)EZS =0 1=0

converges by assumption (B2) (note s < d — 1), we can conclude that

lim lim sup
R—00 t—o00

/ o FR,,],,(F’(l,s)Moﬁ(y)d%) dy‘ =0,
yel=L11%7

as required.

We now discuss the case where d = 2 and & is (0, n — 2, 2)-vaguely Diophantine. If
d =2, then s = 1, and in view of the definition in equation (5.9), the set Ax(p) is the
empty set unless p = 0. Hence, the double sum in the last line of equation (5.26) is

written as
L(/21og 2)—I] L(t/2 log 2)—]
I D S e
k=Tlog, (£ (€,2") /41 Mol k=Tlog, (£ (€,2") /41 Mol

and bounded above by « e//227%/¢ (&, 2/=1)~2. Plugging this in equation (5.26), we get
volr(fy € K h(y) € B, y(y) € I}") « 276,27 72

Note that here we gained additional decay of ¢(&,2/~")~! in comparison to equation

(5.29). It follows that

/2 1og 2]

/ FR,n,r(F’a,s)Moﬁ(y)cbt)dy‘ < ) 22 h P <o O
ver il I=llog, R|

LEMMA 5.6. For any compact set C C G, there exists C = C(C) > 1 such that
Fryr(gh,0) < C(dfl)”Fcfufl)R’n’Cr (g)foranyh € Cand g € G'.
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Proof. Let g = (1,b)(M,0) with M € G and b € R4, For each 1 <i <d, we have
vi(g) = lle;v(M)|| = |le; M| and v;(g(h, 0)) = |le;v(Mh)| = |le;Mh]|, and hence there
exists C = C(C) > 1 such that C~'v;(g(h, 0)) < v;(g) < Cv;(g(h, 0)) forany h € C. We
also have b;(g) = b;(g(h, 0)) for all i since b; is invariant under SL(d, R)-action. Let
g = g(h, 0). It follows that

Sr(g/) Sr(g/)
Frar(g) =X[R,oo>< I1 vi(g’)> [T vi€) xi-carcar@i(g)bi(g")

i=1 i=1

sr(g) sr(8)
< c“‘—”"x[cw,w( [] v (g)) [ vi(®) " Xi—cucreacrn@i(@)bi(s))

i=1 i=1

— C(dfl)r)FC_(d_])R’n’Cr(g). O

Let us denote by Sfi[l and S?7! the upper hemisphere and the lower hemisphere,
respectively, that is,

S = {1, ..., va) €S vy > 0),

Sl = {1, ..., va) €S vy < 0).

By the construction of the map in equation (3.4), k is smooth, and its differential is
non-singular and bounded on Sflfl. Forv e Sflfl, we may write

c(v) 0 )

wv) A) (5.31)

k(v) = n(y(v)) <t
for c(v) >0, wv) e R4! and A(v) € Maty—1,4—1(R). Note that y,c,w and A are
smooth and bounded on Sfifl .

PROPOSITION 5.7. Let A be a Borel probability measure on S~ with continuous density,
& € R? and n > 0 so that hypothesis (B1) or (B2) holds. Then

lim lim sup =0. (5.32)

R—00 100

| Fras 0L Mok )0 i)
veSy

Proof. This follows from Proposition 5.1 by the same argument as in the proof of [MS10,
Corollary 5.4]. We first observe that

1—-/(1’ E)Mok(v)q)t = F/(l, E)Moﬁ(Y(U)) <t$v((vv)) A?U)) &

c(v) 0 )

=T"(1, &) Mon(y(v) P, (e—“w(v) A(v)

Since ¢, w and A are bounded on Si_l, we may choose a compact set C C G so that

. 0 _ .
(e,: (t:}v)(v) A) ) e Cforany v € Si ! It follows from Lemma 5.6 that there exists C > 1
such that

Fror(T'(1, ) Mok(0) @) < C"VTFe_amiyg, o, (D' (1, §) Moii(y(v)) D)

forany v € Sflfl. As y is smooth, equation (5.32) follows from Proposition 5.1. U
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6. The main lemma
LEMMA 6.1. Under the assumptions of Theorem 2.2,

lim Tim sup [M, (T, z) — MX(T, 2)] = 0. 6.1)

K—oo 7560

Proof. We have

IM; (T, 2) = M{(T, 2)| < f Nor (0%, v) + DREGDTHRG),) (7).
Ner(o*v)>K

where 0* = max;<;j<» o;. We now split the integral over the upper and lower hemi-
spheres. The integral over the upper hemisphere S‘j__l vanishes in the limit in view
of Proposition 5.7, and the upper bounds in equations (3.5) and (5.3). The analogous
statement for S¢~! follows by symmetry, since the quantity N 7(c*, v) for a given &
has the same value as N, r(c*, —v) for —&, with everything else (including My) being
fixed. O

This completes the proof of Theorem 2.2.

7. Proof of Corollaries 2.3 and 2.4
7.1. Proof of Corollary 2.3. 'We will need the following variant of Siegel’s formula.

PROPOSITION 7.1. [EMV15, Proposition 14] If F € L' (R¢ x R?), then

/ > F(mig,myg) dmrg(g) =/
NG’ d

F(x,y) dxdy.
m; #m,eZd R? xR

Here (and below), we view g = ((I'’g) € G’ as the representative of the coset I''g in
the fundamental domain F'.
For the proof of Corollary 2.3, we first prove

Y. nnEdr o) = 0102+ minfoy, 02) (7.1)

r=(r1.r)eZl

for ¢ = (01, 02). To deduce equation (7.1), note that

> rlrzEc(Lg)=/ D XeonMig)Xe, (op) (Mag) dmrngr(g).
NN

(r1.r)eZ?, m;,myeZ4

Recall that for o > 0, the area of €.(0) is precisely o. Applying Proposition 7.1, the
off-diagonal part of the right-hand side is equal to

/ X&e(op) X)X e (0n) (Y) dX dy = 0107.
R4 xR4
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For the diagonal part, let € = €.(o1) N €.(02) and note that € = €.(min{o1, 02}). Then
the diagonal part is evaluated as follows:

/ > xe(mg) dmrg(g)
/\G/

meZ4

= /F\G > /Zd\Rd xe((m+&M) d§ dmp\g (M)
meZ4

=/ / xe(XM) dx dmp\g(M) =/ Xxe (x) dx = min{oy, 02}.
G JR4 R

This completes the proof of equation (7.1).

For the proof of Corollary 2.3, observe that for z; = zo = 1, one of the hypotheses of
Theorem 2.2 holds under the assumption of Corollary 2.3. Combining equation (7.1) with
property (b) above, Corollary 2.3 then follows from Theorem 2.2.

7.2. Proof of Corollary 2.4. 1In this section, we show that Corollary 2.3 implies
Corollary 2.4. Throughout this section, we assume that the statement of Corollary 2.3
holds.

LEMMA 7.2. Leth € C(S?"1) and o1, 05 > 0. Then

N
lim /Sd*l Z X001 (N V(@ 0)) x10.00) (N4 V(e jy, @) () de

N—o0 -
J1.j2=1
J1#)2

= 0107 / h(a) do. (7.2)
§d—-1

Proof. By Corollary 2.3, the left-hand side of equation (7.2) without the restriction
J1 # Jo converges to

min{o, 03} / h(a) da + oj0p f h(a) do. (7.3)
§d—1 §d—1

However, the diagonal part j; = j» of the left-hand side of equation (7.2) is

N
/S Y xomintonoan (VO e, e der (74)
j=1

Since h is continuous and d(e , &) <s,0, N~V@=D) for any 1 < j < N, for any € > 0,
there exists Ng such that for all N > Ny, we have |h(e;) — h(a)| < € for any & € §d-1
and 1 < j < N. It follows that the integral in equation (7.4) is approximated by

N
L 3 st on VD@ ) e 15)
j=1
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up to error < € min{o1, 02}. Hence, equation (7.4) converges to

N—o00

N
lim / > Xiomintor o1 (N "V (e, @))h(e) do
§d—1 =

N
. . 1 7.6
= ngnoo min{o, o} N X}h(aj) (7.6)
=

= min{oq, 03} / h(a) dot,
§d—1

since the & ; terms are uniformly distributed over SY~!. Therefore, the second summand of
equation (7.3) is the off-diagonal contribution appearing in equation (7.2), as desired. [

LEMMA 7.3. Let g € C(S*~! x SV and o1, 02 > 0. Then

N

lim gletj.aj,) / X100 1NV (@, 0)) X100 (N Vd (e, @) dex
N—oo  “ Sd—1
J1.j2=1
J1#]2
= 0102 g(o, ) do. (7.7)
§d—1

Proof. Since g is continuous and d(«;, &) <40, N~VE@=D for any 1 < j < N, for any
€ > 0, there exists Ng such that for all N > Ny, we have |g(et, &) — g(aj,, aj,)| < € for
any o € S land 1< Jj1, jo» < N. It follows that the left-hand side of equation (7.7) is
approximated by

N
> /S L 8@ ) x0o (N V@, @) x100 (VT V@, 00) de - (78)

J.j2=1
J1#)2

up to error

N
“/ L2 Xoen (NN, @) xioe (N V(@ ), @) de < eoron,
ST =t
Nn#j2
(7.9)

where the last inequality follows from Lemma 7.2 with the choice & = 1. Applying
Lemma 7.2 again for equation (7.8) with the choice h(a) = g(a, &), we conclude the
proof. O

Corollary 2.4 now follows from Lemma 7.3 by approximating f € Co(S?~! x S¥~! x R)
from above and below by finite linear combinations of functions of the form

~

fXy,2) =gkxYy) /Rd—l XBZ’I—I (W))(Bg;1 (W + zep) dw (7.10)

for suitable choices of g € C(S?~! x S~!) and 61, 05 > 0.
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A. Appendix. Brjuno-type condition
Following [LDG19] (cf. also [BF19]), we say that & € RY is a s-Brjuno vector if

> 1

Z 27" max log

= meZ4\{0) 1§ -m|z

= 0<|m|<2"

The classical Brjuno condition corresponds to s = 1.

In this section, we prove that for s > (o + 1)/v, every s-Brjuno vector is (p, 0, v)-

vaguely Diophantine. Given & € R, let us define ¢ : N — R>? by

1
¢(N):= max log .
mezd\{oy 1§ -mlz
0<|m|<N

Then the definition of ¢ (&, T') can be written in terms of ¢ (N) as follows:

C(€,T) =min{N e N: e *™) < 171
=min{N € N: ¢(N) > log T}.

Suppose that & is s-Brjuno type for some s > (p+ 1)/v. Then we have
>on 27"/5¢(2") < 0o, and hence ¢ (1) < ¢!/ log 2 for sufficiently large ¢. It follows that

&2 =min{N e N: ¢(N) > (Il — ) log2} > (I — 1)°

for sufficiently large /. Thus, it implies that & is (p, 0, v)-vaguely Diophantine since
oo o
Do 2 TH T« ) 1 < oo
=1 =1

B. Appendix. Counterexamples

The following theorem establishes that for d =2, there exist uncountably many
& € R?\ Q7 such that the pair correlation function of the directions of the affine lattice
72 + & diverges, whilst converging to the Poisson limit along a subsequence.

THEOREM B.1. Fix s > 0. Then there exists a set C C R? of second Buaire category with
the property that for & € C, there are sequences (M) jen, (N;)jen with Mj, Nj — oo
such that

log M

> = J B.1
(5) = log log log M ; (B-1)

2
RMj
and
d=1)/2gd—1

. 2 _
A RS = @y ®-2)
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The proof of this statement follows from Theorem 1.1 and the next lemma by a Baire
category argument identical to that used in [Sa97]; see also [M03, §9].

LEMMA B.2. Let & € Q% Then there exists a constant Cg such that for any s > 0 and
T > 0, we have

R, 7)(8) = Cg log No(T). (B.3)
Proof. We first observe that for any s > Oand N € N,
T, . ... . .
Ry () = S #Gts 2) < i o < N, i # o, vy =)o)

Let us first consider the case &€ = (0, 0). We denote the set of primitive lattice points by
72 . . Then

prim*

R ®) = No (T) )IEED D

2 kA0, kL,
prim IIkVH livil<T

1 T T
=) “)=-1
0<m<n<T/2,

ged(m,n)=1

> M > log T > log No(T),
l<n<T/2

where ¢ denotes Euler’s totient function. The above lower bound for the sum over
the totient functions follows (via diadic decomposition) from the classic asymptotics
Yt<nzx P(0) ~ 3/m?)x%.

The case & € Q? \ {0} is similar to the above. Let £ = (1/¢)p for some p = (p1, p2) €
72\ {0} and ¢ € N. Then we have

1
2
Ry ) 2 o D > 1
No(T)
S K10, k=41,

prim [

[kv||<qT, kv=p (mod q),
lIvll<qT, lv=p (mod q)

1 T T
) —)=-1
0<m<n<T/2q,
ged(m,n)=1

> Y o o log T > log No(T).
1<n<T/2q n?

This completes the proof of the lemma. O
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