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ON HERMITE-FEJER TYPE INTERPOLATION
ON THE CHEBYSHEV NODES
GRAEME J. BYRNE, T.M. MILLS AND SIMON J. SMITH
Given f € C[-1, 1], let H, s(f,z) denote the (0,1,2) Hermite-Fejér interpolation
polynomial of f based on the Chebyshev nodes. In this paper we develop a precise
estimate for the magnitude of the approximation error |Hy, 3(f,z) — f(=)|. Fur-
ther, we demonstrate a method of combining the divergent Lagrange and (0,1,2)

interpolation methods on the Chebyshev nodes to obtain a convergent rational
interpolatory process.

1. INTRODUCTION

Suppose f is a continuous real-valued function defined on the interval [-1, 1], and
let

X ={zpxn : £E=1,2,...,n;n=1,2,3,...}
be a triangular matrix such that, for all n,
1221n>220>...> 2021

Then for each integer m > 1 there is a unique polynomial Hy, m(X, f,z) of degree at
most mn — 1 which satisfies

{ Hn.m(X’ £ zk,ﬁ) = f(zh.")’

HOW(X, fyzan) =0, j=1,2,...,m—1,

for all k. H, m (X, f,z) is referred to as the (0,1,... ,m — 1) Hermite-Fejér interpola-
tion polynomial of f(z).

H,,(X,f,z) is the well-known Lagrange interpolation polynomial of f(z). A
classic result of Faber [1] states that for any matrix X, there exists an f € C[-1, 1] so
that H, (X, f,z) does not tend uniformly to f(z). On the other hand, if T denotes
the matrix of Chebyshev nodes

T = {za,n = cos (2k2;11r) 1 k=1,2,...,n;,n=1,2,3,...},

and if the modulus of continuity w(§; f) = w(8) of f is defined by

w($; f) = w(8) = max|f(z1) - f(=2)l,
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where the max is taken over all pairs z;, z3 in [—1, 1] for which |z; — z2| < §, then
there exists a number ¢; (independent of f, n and z) so that

(1.1) |Hn.1(vavz) ~-f@)l<a 10871“’(1/")

for all n > 2 (see Szabados and Vértesi [9, Chapter 1]). Thus the Chebyshev nodes
are a good choice if uniform approximation by Lagrange interpolation polynomials is
required, and so they have been much studied. We point out that results sharper than
(1.1) are known. For example, Kis [4] showed that there exists a number ¢, such that

(12)  |Han(T,fr2) = f(2)] < ea [losnw( - ) +33 “’(n“)] -

£ ]
=1

A famous result of Fejér (2] states that if f € C[-1, 1], the (0,1) Hermite-Fejér
interpolation polynomials Hp (T, f,z) converge uniformly to f(z) as n tends to in-
finity. A brief history of estimates of the rate of convergence is given in Goodenough
and Mills [3], who also proved that there exist absolute constants ¢3 and ¢4 so that

(1.3)

for all f € C[-1,1], n > 2, and -1 € z < 1. Here T,(z) denotes the Chebyshev
polynomial T,(z) = cos(narccosz), —1  z < 1, whose zeros are cos((2k — 1)r/2n),
k=1,2,... ,n. Thus the estimate (1.3) reflects the fact that H, (T, f,z) interpolates
f(z) at the zeros of T,(z). Note also that because |T,(z)| <1, -1 <z £ 1, it follows
from (1.3) that the approximation error ||Hn2(T, f,-) — f|| is of order no greater than

- élw(x/k).

For (0,1,2) interpolation, Szabados and Varma [8] proved that, as with La-
grange interpolation, for any system of nodes X there exists f € C[—1, 1] such that
H,s(X, f,z) does not converge uniformly to f(z). This result has recently been shown
to extend to (0,1,...,m) interpolation for any even m (see Szabados [7]). The first
aim of this paper is to obtain an estimate for the error |Hn s(T, f,z) — f(2)| in approx-
imating f(z) by the (0,1,2) interpolation polynomial based on the Chebyshev nodes.
Our precise result, to be established in Section 3, is:

THEOREM 1. There exist constants ki, ka2 such that, for f € C[-1,1}, n 2 2,

and -1 <z <1,
1 1—22 +E":1 i
ogn w - 279\ =

(1.4)
IHﬂ.3(T1f)z) - f(z)l <k Tﬂ(z)z
+kw (IT’:’(‘—Z)I) .
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We point out that (1.4) is similar to Kis’ estimate (1.2) for Lagrange interpolation.
However, like the estimate (1.3) for (0,1) interpolation, it also reflects the fact that the
approximation error vanishes at the zeros of Tn(z).

For (0,1,2,3) interpolation, it is known (see, for example, Mills [6]) that if
f € C[-1,1], then H, (T, f,z) converges uniformly to f(z), and that, as for (0,1) in-

terpolation, the approximation error |[H, 4(T, f,-) — fl| is of the order n™? Z w(1/k).

In his paper [5], A. Meir developed a rational interpolatory process, based on (0 1) and
(0,1,2,3) interpolation on the Chebyshev nodes, for which the approximation error is
of order w(1/n). This error is essentially less than the approximation error in the two
convergent interpolation processes on which Meir’s technique is based. The second aim
of this paper is to use Meir's approach to develop a convergent rational interpolatory
approximation method from the divergent (0) and (0,1,2) interpolation processes on
the Chebyshev nodes. Before stating our main result, we introduce some terminology.
For any system of nodes X = {z),,}, and for k =1,2,... ,n, let

_ Q(X’ z)
lh,n(X, 3) = (:l: — 3&,») ﬂ'(X, zk,n) )
where QUX,z) = H (z — z&,n)-
Then, as is well-known,
(1.5) Hoo(X, f,2) = Y f(Zhn) tan( X, 2).
k=1
Also (Szabados and Varma [8}),
(1.6) Hos(X,f,2) =D f(zhn) Arn(X, ),
k=1

where
Ap(X,2) = { 1 — 36, (X, 26n)(z — zam) + [6(ez,n(x, z4m))’

3 (Xm0 (2 = 2)' | (Ban(X, )

For the Chebyshev nodes z;,, = cos ((2k — 1)w/2n), it is readily verified that

1) 1-22
.7 Ln(T,2) = -1 2" 1(z),

n(z — Tk,n)
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and
(1.8) Ak,n(T,z) = Ph,n(T, z) + Qk.ﬂ(Trz) + R’l.ﬂ(Trz)’
where

=101 — 2z " 1/
(1.9) P,,,,.(T,z)=P1,(z)=( ndl ) Ta(2)®,

n3(z — z;,',,)

(-1)* z4 J1-2%.
(1.10) Rin(T,z) = Qu(z) = * - Ta(z)®,

3 (z — zx,)

-1)** (n? - 1) /1 - 22
(1.11) R,.,n(T,z)=R;,(z)—( it b o

2n3 (z — zp,pn)

Now define Wy(z) by

Wh(z)=1- n -1 T.(z)?
(s0 1/2 < Wp(z) €1 for -1 < z < 1), and given f € C[-1, 1], put

1 n?

-1
77 ( ) (Hn,S(T’f,z) - To-2

Note that A, f is a rational function with numerator of degree at most 3n — 2, denom-

(112)  (Anf)(e) = To(z)? Han(T, f,z>)-

inator of degree 2n, and which agrees with f at the Chebyshev nodes. In Section 4 we
prove the following result concerning the operator A,,.

THEOREM 2.. There exist constants ks, ks such that, for f € C[-1,1], n > 2,
and -1<z<1,
(1.13)

(Anf)(=) = (2)] < ks Tn(z)" [w( ‘/1;_) 48 w(%)] + b (220),

From (1.13) it follows that [|A,f — f|| is of order w(1/n), and so the divergent (0)
and (0,1,2) interpolation processes have, indeed, been combined to give a convergent
scheme of interpolation. Further, if £ = z,,, the right-hand side of (1.13) is zero, and
so (1.13) reflects the fact that A, is an interpolatory operator. We also point out that
the order of magnitude w(1/n) for ||[Anf — f|| is the best possible, for if g(z) = |z| (so
that w(1/n) = 1/n), it is not too hard to show that

(A2m9)(0) — 9(0)| = o=+ O(m?)

as m — oo. (Here G is Catalan’s constant, G = 2 (-1)*/(2k + 1)%.)
k=0
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REMARK. Since completing the above work, we have become aware of a result due to
Yuan Xu {10, Theorem 4, p.149] which is similar to our Theorem 2.

2. PRELIMINARIES

In this section we introduce some preliminary results that will be required for
the proofs of Theorems 1 and 2. Because the remainder of this paper is con-
cerned solely with the Chebyshev nodes, we shall henceforth adopt the notation
Hox(f,2) = Hap(T, f,2), t(z) = tan(T,2), Ar(z) = Apn(T,z), and z3 = 24,0 =
cos((2k — 1)x/2n). Also, define ¢, = (2k—1)r/2n. For each z € [-1,1] write
z = cost, where 0 € ¢ < 7, and choose j so that

min{|t; —t|: k=1,2,... ,n} = |t; - t|.

The results of the following lemma are due to Kis [4, Lemmas 1, 2, 3, 4].

LEMMA 1. With notation as introduced in the above discussion, then

e I~ S <so( M) r1( L), i= k-1,

|[f(ze41) — F(ze)] < ( )+mm(%), fi=k—-j2>1,
(

o) - Sl < dw (20 wo0( ), iti=i—k>1,
RN,

’ if k = j,
(2.3 ata)l < {g .

(2.2)

ifi=lb—j|>1
104(2) + tusa (2] <

7
K]
7
4x(2) + taa(2)] < 3,

fizk-j>1,
(2.4)
fi=j—k>1.

The following elementary inequality will be used.
LEMMA 2. If0< a,8 < =, then

(2.5) sin%(a +8) > sin% |a —B|.

Next, we obtain estimates for the magnitude of the component functions Py, Q;
and R, of the fundamental polynomials Az for (0,1,2) interpolation.
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LEMMA 3. For —1 < z < 1, the functions Pi(z), Qi(z) and Ri(z), as defined
by (1.9), (1.10) and (1.11), satisfy

4, it k= j,
2.6 P <
(26) "‘(z)l\{ir(z)’, ifi=lk—j>1
2 -~ Ta(z)? +2, if k=3,
(2.7) 1@x(z)| <
(.} —)T(”’), iz k-1,
n
n(z), if k=j,
(28) |Ru(=)| < ="21T()
n° — z e e .
— ——"i , fi=|k—j|>1

PROOF: From (1.7) and (1.9) it follows that

(29) Pu(e) = Ta(a) &) 12220
(z-= )

Now, as shown by Kis [4, p.32],

(2.10) |Ta(2)] < 2nsm It, —t|.

Further,

(2.11) 1—zzy _ 1—costcosty

(z —zx)? " (cost — costy)?
in® 1 (¢ +¢t) + sin® 1(tx — t)
4sin® 3(ta +t) sin® 1(tx — ¢)

1 1 + 1
4 \sin® 1t +¢)  sin® 1t —2)

1
 —s
S 2sin? 1ty - 1)’

where the last inequality follows from (2.5). Also,if i = |k — j| > 1, then

1 21-1 2i—-1 i
. in - |t —t| 2 81 2 2 5=
(2.12) sin 5 [t — t| 2 sin ( ™ 1r) 5 on

Thus, by (2.9), (2.10), (2.11), (2.12),

. 21i(z)|, if k= j,
Pi(z)] € 2
= la(z)] Ta(z)?, fi=|k~j|>1
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and then (2.6) results from (2.3).
For Qi(z), we note from (1.7) and (1.10) that

_ 2 lu(z) =z
(2.13) Qula) = ~Tu(e)' 23] 22
Consider
(2.14)
T _ cos iy
T — Tk - cost — cos iy
_1|cos 3(tk + t) cos 3(tx —t) — sin 3(tx + t) sin 3 (tx — t)
T2 sin 5 (tx + t) sin J(te — t)
1 1
<3(1+- . )
2( sin 1 (¢, + t)sin § |tx — ¢|
1 1
34 I Ip——
2( sin® %(tk —t))

where (2.5) has been used to obtain the final inequality. Thus, by (2.10), (2.12), (2.13),
(2.14),

Ta(z)? . .
) 1) @I, k=

|Qx(=)| < ( L 1
(g+3) @I T@? = lk-di>0,

from which (2.7) follows by applying (2.3).

Finally, (2.8) is an immediate consequence of the identity

n? -1
2n?

(2.15) Ri(z) = Ta(z)? £(2),

and the inequalities (2.3). 0
We shall also need a lemma of Goodenough and Mills [3, Lemma 3].

LEMMA 4. For z = cost, 0 <t < w, and with j chosen so that min{ |t —1| :
k=1,2,...,n} =|t; —t|, then

™ n
(2.16) Iti —tl < o |cosnt| = o 1 Tn(<)] -
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3. PROOF OF THEOREM 1
n
Because Y H,s(1l,z) =1, it follows from (1.6) that
h=1

Y (f(=a) - £(=) Ax(=)

k=1

where A.(z) is given by (1.8), (1.9), (1.10) and (1.11). On putting

Us(2) = (f(22) ~ f(2))As(2),

|Ha,s(f,2) - f(2)| =

?

we obtain

> Ui(=)

k=j+1

(3°1) IHn,S(fsz) hn f(z)l < + IUJ(Z)I +

i-1
Y Ui(=)
k=1

=1, + I, + Iy, say.

(Clearly if j =1 or mn, then one of these terms will not be present.)
First, we estimate Iy. If n — j is odd, then
(3-2) Is < [Ujs1(2) + Ujsa(2)| + [Ujss(2) + Ujra(2)] + -
+ |Un-2(2) + Un-1(2)| + |Un()! .

(If n — j is even, the final term of this sum is |Un_1(2) + Un(z)|.) Now for k= j +1,
i=1,3,5,...,i<n-j,

(3.3)
|Ue(z) + Us+a(=)]
= |[(f(z2) — £(2))Ar(2) + (f(zr+1) — f(2))Ara(2)|
< |4(2) + Ar41(2)] 1f(z) = f(2)] + A2 (2)] | f(zr41) — f(2)] -
Consider
(3.4)

[Ak(z) + Ar+1(2)| < (|Pu(2)] + | Pe1(2)]) + (1Qa(z)] + [Qr+1(2)])
+ |Ri(z) + Rit1(z)]
= (|P(2)] + | Pata(2)]) + (1Q%(2)] + |1Qa+1(2)I)

n? -1

—7 Tn(2)" [€x(2) + Lrsa(2)|

< To(2)? (% + <-1—, + ;-) + 5%) by (2.4), (2.6), (2.7),

n2¢
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(3.5)
[Ax(z)| < |Pu(z)| + |Qu(2)] + |Ra(z)|

< Ta(2)? (4 2:, + % + %) by (2.6), (2.7), (2.8),
7T,.(.:l:) .

N

Thus, by (2.1), (2.2), (3.3), (3.4) and (3.5), we deduce that

(3.6) [Ux(2) + Uns1(z)] < Ta(z)? [g (W(is;nt) + 13w (g—))
1 (%) +me(5))
o2 (29 L)

(Here, and elsewhere, O(1) terms can be made independent of i, f and z.)
If n — j is odd, we need an estimate for |Un(z)|. Now, by (2.1) and (3.5),

(3.7 [Un(2)| = [f(za) — ()} |4n(2)|

< 7TL(_’°—)-2 (5«:(———(" SILUE 13‘.:(("—_21—)2))
et b= (3]
However,

SORMEREE)

Since sint = /1 — z2, we conclude from (3.2), (3.6), (3.7), (3.8),

(3.9) Is = O(1) Ta(z)? l:logn w( 1; zz) + Z% w(#)] .

i=1
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Similarly, we can write

(3.10) I = 0(1) Ta(z)? [logn w( 1; zz) + 2":1 w(-—l;)] )

and so it remains to estimate I,.

We have

(3.11) 1£(z;) - £(=)| < w(lz; - )
< w(ltj — 1))
<w(y- ITa(@)l), by (2.16),

- oty oL,

Also, by (2.6), (2.7), (2.8),

2n? -1
14;(2)| 6 + == Ta()* < 7.

Therefore

(3.12) I = 1f(z;) - £(2)] 14(=)| = O(1) w('Tny)l).

The proof of the theorem is now completed by substituting the results (3.9), (3.10)
and (3.12) into (3.1).

4. PROOF OF THEOREM 2

We begin by noting that H,s(1,z) = Ha1(1,2) =1, and so (An1l)(z) = 1. Also,
by (1.5), (1.6), (1.8) and (2.15), the definition (1.12) of A, can be rewritten as

(ANe) = 705 (Z (Pu(a) + Qu(z))f(zu))-
n k=1
Therefore, since Wy(z) > 1/2, -1 € z < 1, we obtain

(a.1)
[(Anf)(z) — £(2)]

< 2|3 (Pu(=) + Qu(=))(f(2s) — (=)
k=1
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<2 ( y |Pa(2) + Qu(2)] 1f(za) — f(2)] + |Pj() + Q;(2)l | f(z5) — f(2)]

k=1
+ 3 IPu2) + Q@) [f(z) - f)]
k=j+1
=2(i +J2+Js), say.
Consider Js. If i =k — 7, i > 1, then by (2.6) and (2.7) we have

(Pu(e) + Qu(a)l < (5 + 5o ) Tae)' = o) L

From (2.1) it then follows that

(4.2) Js = O(1) Ta(z)? (Z% w(is;nt) + i% w(;_:))
( .

-owmer (£ £ ()
oot (422 (1)

Similarly,

43 5 =0 e [o( L22) 42820 (2)].

Finally, by (2.6) and (2.7) we have

)

Ta(z)* 13
|Pi(z)+Q;(2)| <6+ < 5—< 5

and so (by (3.11)),
(4.4) J, = 0(1) w(IT"T(z)l)
Upon substituting (4.2), (4.3) and (4.4) in (4.1), the desired result (1.13) is obtained. []
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