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ON A PROBLEM OF TURAN
ABOUT POLYNOMIALS II

R. PIERRE AND Q. I. RAHMAN

1. It was proved by A. A. Markov [3] that if p,(x) = D re0 a,&" is a
polynomial of degree at most #» and |p,(x)| £ 1 in the interval —1 <
x £ 1, then in the same interval

1) P )] = #n

The problem was proposed by the chemist Mendeleev who knew the
answer for polynomials of degree 2. For a historical background of the
problem see [1].

A. A. Markov’s younger brother W. A. Markov considered the problem
of determining exact bounds for the j-th derivative of p,(x) at a given
point %o in [—1, 1]. His results appeared in a Russian journal in the year
1892; a German version of his remarkable paper was later published in
[4]. Amongst other things he proved the following two theorems.

THEOREM A. If p,(x) = D_s—oax® is a polynomial of degree at most n
such that |p,(x)| £ 1for —1 < x £ 1, then
= 1w =2 ... — (G— 1D
1-3:5---(2/— 1) ’
i=12...,n,
where equality holds for the n-th Chebyshev polynomial of the first kind

@) max |p7 ()] =
1

—1=0<

3) T,(x) = cos (marccosx) = 2" [] {x — cos ((v — %)« /n)}.
v=1
THEOREM B. Let Y ity x* = : Ty (x) denote the m-th Chebyshev poly-
nomial of the first kind. If p,(x) = D s_oa,x’ satisfies the condition of
Theorem A, then

[t if n — jis even
| < '
(4) lajl = {ltn—l,]’| 1:f n — ] 1s odd.

W. A. Markov started out by taking a very general point of view: If
ag, a1, . . ., @, are given constants and p,(x) = ZLO a,x’ satisfies the
condition of Theorem A, what is the precise upper bound for the linear
form ) _o a,a,? By suitably choosing the constants the linear form can
be made equal to any derivative of p,(x) at any preassigned point.
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For polynomials with real coefficients the hypothesis |p,(x)| < 1 for
—1 £ x £ 1 means that the graph of p,(x) on [—1, 1] lies in the square

((x,9) ER: —1=x=<1,—1<yx1j

At a conference held in Varna, Bulgaria in the year 1970 the late Pro-
fessor Paul Turan asked the following question: ‘““Given a polynomial
pa(x) = D_v_oa, x” with real coefficients whose graph on [—1, 1] lies in
the unit disk, how large can its derivative be on the same interval? More
generally, for an arbitrary non-negative function ¢(x) on [—1, 1] let
P (¢, n) denote the class of all polynomials p, of degree at most # such
that |p,(x)| £ ¢(x) for —1 < x < 1. Then, how large can [p,? (xo)| be
at a given point x, in [—1, 1] as p, varies in & (¢, #)?’’ Problems of this
type first occurred in approximation theory, notably, in the work of
Dzyadyk [2] on converse type theorems concerning approximation by
polynomials in [—1, 1].

The next theorem briefly summarises what is now known in this con-

nection ([5], [6], [7]).

THEOREM C. Let

Pa®) = (1= Ups®) = 3 td”

where Uy _o(x) = (1 — x2)~12sin {(m — 1) arc cos x} is the Chebyshev
polynomial of the second kind of degree m — 2. If p,(x) = D _y—o a,x’ is a
polynomial of degree at most n such that |p,(x)| £ (1 — x2)172 for —1 <
x < 1 (in case the coefficients are real this means that the graph of p,(x) on
[—1, 1] lies in the unit disk), then

(5) max |p,"(x)| £ [P, (£1)], J=1,2;
—1=251

|ty ;| if m — jis even
| < '
©) sl = {|un_ui if n = jis odd.

Inequality (5) leaves us wondering what happens when j = 3, and, in
fact, going back to the original question of Turdn, what can we say
about |p,? (x,)| if xo is a given point in [—1, 1]? These questions are
answered in the present paper. Our approach to the problem is analogous

to that of W. A. Markov [4] and gives rather complete results in the case
of majorants of the form

e(x) = (1 — x)M2(1 + x)x/2

where \, p are non-negative integers. Consideration of such majorants
leads to the following strengthening of inequality (4) of W. A. Markov.

THEOREM 1. If p,(x) = D s—aax’ is a polynomial of degree at most n
with real coefficients such that |p,(x)| <1 for —1<x £1, and
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ZLO by wx” 15 the n-th Chebyshev polynomial of the first kind, then
(7) la;| + la;a] £ |t;] if n — 7 is even.
Here a_; ts supposed to be zero.

As a matter of fact, our method gives a more precise conclusion. For
example, it shows that a similar strengthening of (4), in case n — j is
odd, is not possible. Indeed, if p,(x) = D_»— a,x” satisfies the conditions
of Theorem B and #n — j is odd, then |a;| + €|a;—1] may not be less than
|ta—1,;] if € is positive. Besides, it shows that the left-hand side of (7)
cannot in general be replaced by

la;| + 6la;

for any 6 > 1.
In fact, we shall prove the following more general

THEOREM 1'. Let
_y s _ 31 =) T () if X is even
P,(x) = .;o Yn, X = {(1 _ xz)<x+1)/2Un_)\_1(x) if N ds odd.

If po(x) = D h—oax’ is a polynomial of degree at most n with real coeffi-
cients such that |p,(x)] = (1 — x®)M? for —1 < x < 1, then in case
n — j1is even, the inequality

(7) la;| + 8la_1] < |va,l

holds provided 0 < 1. At least when \ is even, this inequality does not hold
for any 6 > 1. If n — j happens to be odd, then

™) lagl = va-1l,
but |a;| + ela;—1| may not be less than |y,—1 ;| for any € > 0.

In addition to the Chebyshev polynomials of the first and second kinds,
namely 7, (x), U,(x) mentioned above we need to recall the Jacobi
polynomials [8, p. 60]

1-3---(2m — 1) cos{%(2m + 1) arc cos x}

—1/2,41/2
P,V (g

2:4---2m cos (% arc cos x) ’
P, () 1:3---@2m — 1) sin{2(2m + 1) arc cos x}
m 2-4.--2m sin (% arc cos x)

Throughout the paper, Q,(x), R,(x) will stand for the polynomials

Y . —1/2,41/2
—___..__._____Pm< /+/)(x)’

Vv21:3---2m — 1)

2:4--2m

1 2-4--2m o, ag-
VAT Gm—Dm ()
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respectively. Besides, for given non-negative integers \, u we will write
v(n) to abbreviate n — ([(\ + 1)/2] + [(v + 1)/2]) 4+ 1. With these

notations our principal result can be stated as follows.

THEOREM 2. Let \, p be non-negative integers, and
(1 — )21 + x)4 2T, my—1(x) if N, u are both even
(I = x) D21 + ) WD, 4 (x)
8) Pp(x) = if N, u are both odd
(1 —x)M2(1 + )Wt 2Q, 0 1(x)  2f Niseven, pisodd
(1 —x) ™D 72(1 4 x)# 2R, my—1(x)  if Nisodd, u1s even.
If p,(x) is a polynomial of degree at most n (where n = 3(\ + p)/2 if

N # u) such that |p,(x)] £ (1 — x)M2(1 + x)*2 for —1 < x £ 1, then
9) max |p,?(x)| £ max{ max [P, (x)], max [P,(L’_)l(x)l},
—1=251 _1=251 _1<.<1

A+ u
2

From this we will deduce, in particular, that (5) holds for j = 3 as well.

sj=sn

2. Consider the real linear space &, of all polynomials
P(x) =ao+ax + ...+ ax®

of degree at most # with real coefficients having a zero of multiplicity at
least [(A\ 4+ 1)/2] at 1 and a zero of multiplicity at least [(x + 1)/2] at
—1. If for each P € &, we define

(10) [IP|| = max [(1 —%)7"*(1 + %)™ P(x),

2, becomes a normed linear space. Consider a general linear functional
won Z,. There exist real numbers aq, a1, . . . , a, such that

w(P) = aoao + a1a1 + . .. + @y (P(x) = i a,x”).

y=

We want to determine its norm:
ol = supypisi [w(P)].

For this let & be a real number different from zero and denote by £, , the
class of all polynomials P € &, for which w(P) = «. Then P* is a poly-
nomial of smallest norm amongst all polynomials belonging to &, . if
and only if

loll = lo(@*/[IP*[D].
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It is therefore of fundamental importance for us to be able to recognize
polynomials P* € &, , whose norm is the smallest. Such polynomials
(which always exist) will hereafter be referred to as minimal.

Note that if P € £, then there exists a polynomial P of degree at
most 7 — ([(A + 1)/2] 4+ [(u + 1)/2]) such that

P(x) = (1 — x)IO+0/2(1 4 x)[w+D /2P (x),
Let
Zp(x) = (1 —x)(1 + x)7#P*(x)
so that ||P||2 = max_i<,<1 Zp(x), and denote the distinct roots of the
equation
(1) [P — Zp(x) =0
in [—1, 1] by x1 < %2 < ... < xz. Then clearly
(12) L =v(n),

where v(n) has been defined earlier.

We shall now state three results which are obtained by suitably modi-
fying the proofs of (i) the lemma on p. 215 of [4], (ii) Theorem 1 on pp.
216-217 of [4], and (iii) Theorem 2 on pp. 219-220 of [4], respectively.

LEMMA 1. Let P € P, , and let x4, %, . . . , %7, be defined as above. Then
P is minimal if and only if there does not exist a polynomial g € P, such
that

(i) w(g) =0,
(i) g(x)P(x) <0,0=1,2,...,L.

LEMMA 2. Again for a given P in Pa, let x1 < %2 < ... < %z, be the
roots of (11) in [—1, 1]. Put

(13)  F(x) = (1 — x)[®+D2(q _ gyl ,fl (x — x)

and

(14) Fiulx) = Flx)/(x —xy), 1 =1,2,...,L.

Then P 1s minimal if and only if (i) the numbers

(15)  w(F1)(=1)P(x1), (F2) (—1)*P(xa), . . ., w(F) (—1) =P (x)
are all of the same sign and (ii) in case L < v(n), we have

(16) w(FY) =0

for all polynomials y of degree at most v(n) — L — 1.

LeEmMA 3. If the minimal polynomial is not unique, then there always
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extsts one for which the corresponding equation (11) has at most [(v(n) — 1)/
2] roots in [—1, 1] of N, u are both odd, at most [(v(n) + 1)/2] roots in
[—1, 1] 4f N\, u are both even, and at most [(v(n))/2] roots in [—1, 1]if \, u
are not of the same parity.

Now for a given ¢t € R we consider the functional

7
oP) = PO = L pw)| |, Pe,
dx =1

where (i) 0 < j<nift € R\{—1,1}, Gi)ift = 1, then [N+ 1)/2] < ji<n
or [(A 4+ 1)/2] £ j < n according as A = 0 or A > 0 respectively, (iii)
ift = —1,then [(u+ 1)/2] <j<mnor [(u+1)/2] £j < n according
as u = 0 or u > O respectively, (iv)j =0if ¢t ¢ [—1,1], (v) j = =n.

In the first three cases L = v(n) — 1. If not, (16), which takes the
form

an  FP0y0 + ({) FOP09' @) + ...+ FO¥P () = 0

would be valid for all polynomials ¥ (x) of degree »(n) — L — 1 or less.
Since the numbers ¢ (¢), ¢'(¢), ..., ¢®-L=D({) may be chosen arbi-
trarily, it would follow that

F(f)(;) = F<j—1)(t) = ...

Il

Fi) =0 if j=<v(n)—L—1,
whereas

FO(t) = FU=D(t) = ...

It

FU—m+L+D (1) = ()
if j>v(n)—L—1.

Thus if L were less than»(z) — 1 then F¥ (¢), FY—V (¢) would both vanish
which is clearly impossible. Hence L = »(z) — 1 and by Lemma 3, the
minimal polynomial is unique.

It is similarly seen that in the cases (iv), (v), L is equal to »(z) and
the minimal polynomial is unique.

For the determination of the minimal polynomial we will need some
further lemmas, namely Lemmas 5, 6, 7. They concern polynomials
whose zeros are all real.

We mention that between two consecutive zeros of a polynomial f(x)
having only real zeros there is one and only one zero of f’(x).

The proof of Lemma 5 depends on the following simple fact which we
state without proof.

LeEMMA 4. If the roots of the equation
(18)  g(x) = 4™ 4 1™ P F ™24 ... F X + co =

are all real, then for real t

(g0} — gD (g (1) 2 0,
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where the sign of equality holds if and only if t is a root of (18) of multi-
plicity greater than j.

LEMMA 5. Let xq, X9, . . . , X, be real and let

g) = H (= x) gu) = g)/ G —x) (=12... ).

If t is a root of the equation g (x) = O where j < n, then
(19) 2@ (@), 290), ..., &P ), g™ ()

are all of the same sign. Further, if any one of the numbers (19) is zero, then
t must be a zero of g(x) of multtplicity greater than j.

Proof. Clearly
(20) g™ (x) = (x — x)g,"™ (x) + mg, ™=V (x)

so that
gV = — (_t_—__x,.)g_,(”(_tl'
J
‘ s o) (G+1)
gl““) (1) = G+ l)gt, (i) nat ®) provided ¢ # x;.
- l

Hence by the preceding lemma we obtain for ¢ # x,

_ [©)) (1 [©) (4+1)

ie.,
(21) g2 (@E) =2 {g, 1)} =z 0.

Further, equality holds if and only if ¢ is a zero of g, (x) and so of g(x)
of multiplicity greater than j.

If t = x,, then from (20) we see that g1 (¢) is equal to (5 + 1)g,(¢)
and so (21) is satisfied in this case as well. It is clear that equality can
hold only if g, (¢) or g+ (¢) is zero. But g9 (¢) is zero and as is seen
from (20), g,¥~V(¢) is zero too. Hence, again equality holds in (21) if
and only if ¢ is a zero of g(x) of multiplicity greater than j.

LEMMA 6. Let A, B be two positive numbers, and ay, as, . . . , @, by, by,
..., b real numbers such that
(22) bl§01§b2§a2§---§bs§as-
If

g@) =4l G—a) 4@ =BT -0
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and xo s a root of the equation g (x) = 0, then b9 (xo), gtV (xo) are of
the same sign.

Proof. Case (i): g9tV (xo) = 0. In this case xo must be a zero of g(x) of
multiplicity at least j + 2, and so, in view of (22), it must be a zero of
h(x) of multiplicity at least j + 1, i.e., 29 (xo) = O.

Case (ii): g+t (xo) # 0. In this case we shall show that

{R (x0)} /{271 (x0)} 2 0.
If not,

(D (x0)}/{g7HP (o)}

It is easily seen that the a,’s and b,’s can be slightly modified so that g(x)
becomes

6@ =4 T] & —ap),

Il

-6 < 0.

h(x) becomes
¥s
H@) =B ][] -6/
=1
with b1* < a* < b* < ax* < ... < b* < as* while GP(x) is still
zero and
(23) HD(x0)/GUHV(xg) £ — 8/2 < 0.
If G,(x) = G(x)/(x — x;), then by the Lagrange interpolation formula
Hx) = Z GH((a:k)) Gi(x) + cG(x),
where ¢ is a constant. Consequently,

HO ) = 3 HEL 6O ).
But the sign of H(a,*) is that of (—1)*—*and also the sign of G’ (a,*) is
that of (—1)*% ie., H(a:*)/G (a1*), H(a*)/G (ar*), ..., H(as*)/
G'(as*) are all positive. Since, by Lemma 5, G1 (x,), G2 (x), . . .,
G (xo) are all of the same sign as GU+V) (x,), it follows that H (x¢)
and GUY*V (x,) are of the same sign. This contradicts (23) and hence
R (x0)/g+D (x9) must be =0.

We can similarly prove:
LemMma 6. If g(x), h(x) are as in Lemma 6, but
(22") a1 £bhi £ b =...Z2a,=2 b

then B (x)gU+V (x) < 0 at all the roots of the equation g (x) = 0.
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LeEMMA 7. Let
—1§x0<x1<...<x3§1,

and consider the polynomial

HE) = 6= 17@+ D' 1] G- =),

If
H.(x) =Hx)/(x —x,), r=0,1,2,...,s5,

then Hy D (t), HyD(t), ..., HSD(t) are all of the same sign if and only if
HyD@E)H, D (t) = 0.

Proof.Set n =p+qg+s+ 1. Denote by &' S &' = ... = b1y
the roots of the equation

(24) H,P ()

0,
and by 7' £ 92’ £ ... £ nn1—; the roots of
(25) HyP(x) =0.

Further, let

_H.(x)  Hix) _ H(x)
Hrob) =2 —x, x—x (x—x)@&—x)’
r=012...,s—1)
and denote by ¢1, ¢o, . . ., {ne2—; the roots of

(26) H, ;@ (x) = 0.

Using the trivial fact H,(¢,) = jHV(¢,) it can be easily shown
that the roots of (24), (26) separate each other, i.e.,

@7 H=us.. .20 S e S b1
When applied to H(—x) this implies that also

28) m'=ns.. .22 = ey

IIA

n—1—j-
Keeping these facts in mind and using

HD () = (x5 — x0)Ho,s P (n),

HoP (&) = (%0 — ) Ho, " (&/)

IA
AN
I\

in conjunction with Lemma 5 we can show that &' < 9/ < ...
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' S ... 2 boioj £ ey L€, we have

29) #'=w'=s=as...28H =9

lIA

1S .0 = 2y S
brmimj S Mu—1oje

It is clear that H P (t)H,(t) = 0 if and only if ¢ lies in one of the
intervals

(30) (-OO y Ellly [’71,, EZI]y ceey [77;;—2—1, gb—l—!]r [n;t—l—jr 0 )'

No doubt, some of these intervals may just be points —1, 4-1. The lemma

will be proved if we show that H,P(¢), ..., H,(¢) are all of the same
sign if ¢ lies in any one of the intervals (30). We have
. d’ ,
Hr(]) (&) = E.’?_C?{(x ~ x,)H, (%)} e = (%, — xs)Hr,s(]) (&)).

Hence if —1 < ¢’ <n/ <1, then by Lemma 5, H, ,?(¢/) and
H,U+V(£/) have the same sign, i.e., that of (—1)*=1==! Thus H,9 (¢,)
is of the same sign as (—1)*~7—! By a similar reasoning we see that
H,9 (n) is of the same sign as (—1)*~/—!+!, Consequently,

@Bl) HYxx)=0 (Igr=<s-—1)

must have a root in the interval (¢/, ,/). If —1 is a root of multiplicity
my of (24) then (31) as well has a root of multiplicity m; at —1. Besides,
if 1 is a root of multiplicity m, of (24), then (31) has a root of multi-
plicity m. + 1 or m, at 1 according as x; = 1 or x; < 1. Further, note
that if x; < 1, then

E;L—l—/—mz < U;z—l—j—mz < 1:
and so (31) has a root in (¢§,—1-;_m,, m—1—j—m,). Thus all the roots of (31)
lie in £y, gn—1—;] and precisely one lies in (¢/,7/) if —1 < &/ <9/ < L.
Now it is readily seen that H1‘?(¢), ..., H?(¢) are all of the same sign
if ¢ lies in any one of the intervals (30).

3. Now let us return to the study of the functional w(P) = PD(¢)
for the values of ¢ and j specified earlier. We know that in all the five
cases L = v»(n) — 1. Hence there are only two possibilities to be con-
sidered, namely, L = v(n) or L = v(n) — 1.

Consider first L = v(n). If and when this happens, the minimal poly-
nomial must satisfy the differential equation

1—4x°

Zp(x) '

(32) ||IP||* = Zp(x) = op H(Zp (x))*

where
2(w(n) — 1) if A\, u are both even
B3) g, = {2v(n) if X\, u are both odd
2v(n) — 1 if X # pmod 2.
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Solving the differential equation by separation of variables, we obtain

Yl

Zp(x) = !—2——{1 — cos (e, arc cos x + D)},

where D is a constant. If \ is even, then L can be equal to v(n) only if +1
is a root of (11),i.e., Zp(1) = ||P||?and so D = (2k + 1)7 where k is an
integer. On the other hand if X is odd, then D = 2kr since in that case
Zp(1) = 0. Thus, the minimal polynomial P* must be a constant mul-
tiple of

1A — )21 4+ x)#2T,y—1(x) if N, u are both even

(1 — x)MD 21 + x)wtD 2,00 (x) if A, u are both odd
(1 — 22 (1 + x)®+D2Q 0y _1(x) if N is even, u is odd
(1 — x)Q+D72(1 4 x)B2R,y—1(x) if X is odd, u is even.

Now, let us recall that

(34) Pux) =

w(P*) = P*(x) = a,

=1

and so the minimal polynomlal is
* -
(35)  P) = plgy Pale)

where P, (x) is given in (34). According to Lemma 2, the polynomial (35)
will be minimal for a given ¢ if and only if the corresponding numbers

<—1)P*(x1)(ﬂ(F1), (_1)2P*(x2)w(F2)1 vy
(—1)v(n)p*(xV(n))w(FV(n))
are of the same sign. But clearly

(=D P*(1), (=1)2P*(x2), . . ., (=1)"™P*(x,)

are of the same sign. Hence we only have to look at the signs of w(F,),
w(Fs), ..., w(F,m). Itiseasily seen that if 0 £ j < #, then according as
(a) A, p are both even, (b) A, p are both odd, (c) X is even, u is odd, (d)
\is odd, u is even, w(F)) is

! {(1 ML 4 ) (5 = 1)Uy<n)_2<x>}

2 M=t X — %,

x)<l+1)/2(1 + x)(ll+1)/2 Tv(n) (x)}

{ 2™ x— %) =t
&’ {(1 )M 4 x) SV (x — 1>R,<n)_1<x>}
dx 2v(n)—l/2 x — %, z=t,
4 {(1 )MV 4 ) (x4 1>Q,m_1(x)}
xj 2vzn)—l/2 X — %, z=t’
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respectively, where (d°/dx°)f(x)|,=, means f(¢). Finally, if j = n, then
W(Fy) = (=110,

Thus, condition (i) of Lemma 2 is satisfied for j = 0, ¢ ¢ [—1, 1] as well
as for j = n, and so (35) must be minimal, since in these two cases
L = v(n). Further, it follows from Lemma 7 that if 0 < j < # then (35)
is minimal for a given ¢ if and only if

36) FRPORLG) 2 0.

Soifty £t = ... L bgym < m2 £ ... £ n,—; are the roots of
@37 Fw@) =0,

38) FWx) =0

respectively, then (35) is minimal if and only if ¢ lies in one of the inter-
vals

(30*) (—OO, El]y [7711 E?]y e eey [nn—j-ly En—j]v [nn—j» 00 )

Suppose now that L = v(n) — 1. Again using Lemma 2 we see that a
polynomial P(x) will be minimal if and only if

=0

=1

(39) _F(j)(t) = %{(1 _ x)[()\+1)/2](1 + x)[(ﬂ+1)/2]”(:le—l-1 (x 3 xl)}
and
(=P () (1), (=1)2P (%) D (), . . .,
(—1)*®=1P (s, 9—1) Fitny—1(2)

are of the same sign. But by Lemma 5, the numbers F1(”(¢), Fo(P(¢), . . .,
Fﬁf,),)_l(t) are all of the same sign as F+1 (¢) and so it is enough to check
the signs of

(40)  (=DP), (=1)*P(xs), ..., (=1)®=1P(x,0_1).

Now we distinguish four different cases:

Case I: The degree of P(x) is # — 1. If this happens the polynomial
P(x) must satisfy the differential equation (32) with ¢, replaced by
0a—1. The minimal polynomial is then given by (35) with » — 1 in place
of n. Since (40) is obviously satisfied the values of ¢ for which such a
polynomial will be minimal are precisely the roots

(41) P1y P2y« v oy Pr—j

of the corresponding equation (39).
It can be shown that

(42) ‘sléplénl (l=1y21~'-)n_j)'
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Let us verify it in the case when A, u are both even. Setting

(1= )1+ %) (&° = D)Uym—2(x)

glx) = o =2  — 1 )
and
1 _ A/2 1 B/2
wee) = LB LR 2 1) ae),

we see that the conditions of Lemma 6’ are satisfied. Hence at the points
£, which are the roots of g(¥(x) = 0 we have

R (x)g+D (x) < 0

and therefore
RO (E)RD (E141) £ 0.

This implies that between two consecutive £;'s there is a root of A9 (x) =
0 and so in fact

hSEp=&=p=...=245 = Puy

Since the minimal polynomial is of precise degree » when ¢ lies in one of
the intervals (30%*) it follows that

—0o <HEnpnEmMSEhEpEnsSESEmps...

S by S Pu—g S M-y < 0.

Case II: The degree of P(x) is #, A is even but 1 is not a root of (11).

Now according as u is odd or even the equation (11) has either
v(n) — 1 double roots or »(n) — 2 double roots and one simple root at
—1. This implies that the minimal polynomial must satisfy the differen-
tial equation

2 (1 +x)(c — x)

I1PI]* = Zp(x) = 7" (Z¢' (%)) 7o (x)

where

_§2(@(m) — 1) if piseven
™ T 2m) — 1 if s odd.

In view of this if
2 T
14 2tan 26m — 1) if u is even

U =

1 + 2 tan® if u is odd,

2V(n;r -1
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and for ¢ € (1, u),
2c+1—c¢
c+1

2+ 1—¢
c+1

then, the minimal polynomial must be of the form (a/P, . (t))P,, .(x).
For a given ¢ the values of ¢ for which (a/P, 9 (t))P,, .(x) is minimal

a—-oMa+ x)“”T,(n)_l( ) if u is even

(43) P,, (x) =

(1 —)Ma+ x)(”“mQy(n)—x( )if 4 is odd,

are the roots €;(¢), e2(¢), . . . , e.—;(c) of the equation (39) where
¢t 1cos ((V(n) — l)r) + c—1 if u is even
2 v(n) — 1 2
x;=x,(c) =
c+1 (2(v(n)—l)7r) c—1 .. .
5 cos %) = 1 + 3 if u is odd
forl=1,2,...,v(n) — 1. Now we wish to show that for each %, ¢(c)

is an increasing function of ¢ in the range (1, #). For this we observe
that ¢ is defined implicitly by (39). Hence if ¢ # =1, then

e pren aF? -
dC F (Ek) + 9c r—et = O.
But
QFY Wl oy, 0
¢ e ; ac Tt ()
and so

dey _ "< dxy Fi? (er)
dc ~ & 9c F9%(g) "

Now note that dx,;/dc > 0 except when ! = 1 and p is even, in which case
it is equal to zero. Thus using Lemma 5 we conclude that de;/dc > 0,

i.e., ¢ is an increasing function of ¢ in (1, #). Moreover, calculating
lim.,1+ %,(c) we easily see that

lime,14 €:,(c) = &

where ¢, is a root of (37). Now, if \; = lim,,- €;(c), then from the above
discussion it follows that for each ¢ in (£,, A;) there is one and only one
c¢in (1, u) for which (a/P, . (¢))P, (x) is minimal.

For ¢t = \;, the minimal polynomial is (a/P, , > (t))P, .(x), where

a1 — )M + x)“/2T,<n>_1(Mq_]%g) , if uis even
P.(x) = “
2% 41 —u) .. .
1 — )21+ x)<“+”’2Q,<,,)_1(—xui+1—“) if pisodd.

https://doi.org/10.4153/CJM-1981-055-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1981-055-8

A PROBLEM OF TURAN 715

Finally, we remark that A\, < p, or else we would have two minimal
polynomials for ¢t = p,.
Case III: The degree of P(x) is n, uis even but —1 is not a root of (11).

Set
T T S
o 1+ 2tan 560 = 1) if A is even
1+2 tan’ 21’(7’%1_ if Ais odd
and for —v £ d < —1 let
a -1+ x)"/ZTy(n)_l(zii:—‘_ld:i) if N is even

(44)  Pualx) =

(1 =)™V 4 x)““Rm,_l(———% T ! — d) if A is odd.
By a reasoning similar to the one used in Case II we can show that if
K1, Mo, - - ., up—j are the roots of the equation
dl v(n)
—f{u =) *AA L [ 6 =20 p =0
dx =2
where
v-;— 1cos (V((n)):lir _v; 1 if X is even
¥, = v(n
Y —5 1 cos (2(1,(;‘2”;7;;)_-'_1)1)” -2 ; 1 if A is odd,

(=23,...,v(n))),

then for each ¢ in [u, ;) there is one and only one d in the interval
[—2, —1) for which (a/P, s (t))P,«(x) is minimal. Here u, must be
greater than p,.

Summarizing, we may say that we now know the minimal polynomial
when ¢ lies in the shaded intervals indicated in Figures 1, 2, 3 and 4.

To simplify the subsequent discussion we set A\, = &, if \ is odd and
wy = qif uis odd.

Case IV: Here we consider the possibilities not covered previously.
For this we wish to investigate how the minimal polynomial varies as ¢
grows in the interval (A, u;), ! = 1,2,...,n — j. In order to facilitate
the study let us exhibit the parameter ¢ explicitly; for example write the
minimal polynomial corresponding to a given value ¢ as

n

Px(x,t) = Y a.*(t)x’.

y=

Further, we use the notation f; ;(x, t) for (8/+¥/9x79t*)f(x, t).
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A Iy N1 Ho— j
————d 8 ped & p—t O i & i o b ¢ i ¢ —f ¢  ———
ISR pr M Er P Pn—j TMn—j

F1G. 1. (\, u both even)

& n1 S Mn—j

—_— e 4 ¢ ] ¢ e ¢ e 6 —d ¢ bt ¢ 4 ¢ —

P1 P Pyl Pn—j
F1G. 2. (A, # both odd)

M N A Nn—j
————t 0 b 0 i & pf 0 by 6 bt ¢ — o F—t & —
L m P Sipr Py Pr—j

F1G. 3. (A even, u odd)

51 Mo EH—I Mp—
B mma— ] . e —t . — . —t—y . — e — . — e ——
p1 P Nt Pit1 Pn—; Mn—j

F1G. 4. (A odd, u even)

Now let x;(¢), x2(t), . . ., Xyam—1(¢) be the roots of the corresponding
equation (11). The fact that the quantities (40) have to be of the same
sign implies that there exists one and only one root ¥,(¢) of Zps(x,t) =0
in (x,(), x,41(¢)),=1,2,...,v(n) — 2. Hence if

N

Wix, t) = HP*H_ZZP*(x, t) = @)Vt

=0

where N is the degree of W, then the form of Zp+ shows that W(x, ¢)
must have one further double root §(¢) which must necessarily be outside
the interval [x1, x,(y-1]. Consequently, W ¢(x, t) vanishes at all the
double roots of (11), as well as at the points y1(¢), y2(¢), . . . , Yoey—2(¢),
8(#). In addition it must have one more real root 8(¢). Depending on the
parity of A, p we will have four different possibilities. Let us examine them
in the case B(t) > x,(»—1; the case 8(t) < x; being symmetrical.

a) Suppose that A, u are both even:

Under this hypothesis equation (11) has »(z) — 3 double roots in
(—1,1) along with a simple root at each of the points —1, +1. This
situation is illustrated in Fig. 5.

W = Wix, i)

F1G. 5
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b) Suppose that A, u are both odd:

Under this hypothesis equation (11) has »(z) — 1 double roots in
(=1, 1). The following three diagrams illustrate how W(x, ) may pos-
sibly look:

Fic. 6.1
1= 5() = B()
—1
FiG. 6.2
B (1)
/—1 1V\
F16. 6.3

c) Assume now that \ is even, u odd:

Under this hypothesis equation (11) has »(n) — 2 double roots in
(=1, +1) along with a simple root at +1 (see Fig. 7).

d) Finally, suppose that X is odd, u even:

Under this hypothesis equation (11) has v(n) — 2 double roots in
(=1, 4+1) and a simple root at —1 (see Figures 8.1, 8.2, 8.3).
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\
(1)

Fic. 8.1

1 =4() = B()

Fi1c. 8.2

B 8

Fic. 8.3
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We will now study possibility d) in detail. The other three can be
dealt with similarly. The possibility d) can be analytically described as
follows:

The degree N of W(x,t) is 2v(n) — 1, and the 4v(n) — 2 quantities
co(t), e1(t), -+ oy Cavam—1(8), x2(8), x3(t), - - ., Xyew—1(), 1), ¥2(8), ...,
YVom—2(t), 6(t), B(¢) are implicitly defined by the system of 4v(n) — 2
equations
w(,t) =0, W(—1,t) =1
W(xl(t)yt) = 11 Wl_O(xl(t)’t) = 01 (l = 27 37 L] V(n) - 1)
W()’z(t)» t) = 01 Wl,O(yl(t)y t) = Oy (l = 11 21 ey V(n) - 2)
W), 1) =0, Wie(d(t),t) =0

Wio(B(), 1) =0

(45)

Fj’(](t, t) = O

Observe that x,(¢) cannot be equal to y,(¢). Also, A\; = £, so that the
system (45) is satisfied for { = \; except that the last equation is to be
replaced by

= 0.

2=\

fd
2 Fow (%, \Y)
Further

(46) —1 =x1(\) <yi(N) <. < Xy—1(Ny)
< Vm—1(N) = 6(N) < BN) = xy(Ay) < 1.

So if we show that x,(t),2 <l < v(n) —land y;(¢t),1 £l £ v(n) — 2
are increasing functions of ¢ in (\,, p;), then we would have

(47) -1 = xl(t) < yl(t) < xz(t) <. .. <L x,(,,)_.l(l) < +1

for all ¢ in (\,, p;). Differentiating the system (45) with respect to ¢ we
obtain

Woi(—1,t) = Wy1(1,t) =0
Woi(x, (), t) + 2/ () Wio(x,(t),t) = 0,(0=2,3,...,v(n) — 1)

(48)
Wo1(y:(8),8) + 3/ (OO Wio(y.(t),8) =0,(=1,2,...,v(n) — 2)
Wo,1(8(2),8) + 8" ()Wi,0(8(), t) = 0,
Wia(e,(t),8) + x/ @) Wao(x,(t),t) =0,0=2,3,...,v(n) — 1)
(49) Wl,l(yl(t)y t) + yl/(t)WLO(yl(t)v l) = 01 (l = 1721 s ,V(?'I«) - 2)

Wia(8(t), t) + 8" () Wao(8(), t) = 0
Wii(B(1),t) + B ()W2,0(B(), t) = 0,
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and

v(n)—1

(50)  Fiiot,t) — 2 x '(t)j-ﬁ—{- Fr.lx t)1 =0
7+1,0\%y = k 163(?] 13 ) ! — .
Using (45) we deduce from (48) that

WO,I(-—lrt) = WO,I(I,t) = WO,I(xl(t)’t) WO,I(ym(t)yt)

= Woy1(8(¢),t) =0

Il

forli =2,3,..., v(n) —landm =1,2,..., v(n) — 2. Therefore

(61)  Woile, t) = ¢’ (t)- (v — 8()) (x* — 1)

v(n)—1 v(n)—2

X 11 @=x@) 1 = me.

m=
Now set
v(n)—1 v(n)—2

fe ) = I1 @ =20) g0 = = 30) [T = 20).

Then clearly
Wl,](xy t) = CO/(t) : (x2 - 1){ j(x7 t)QI,O(xy t) + /I,O(xv t)g(xr t)}
+ QCOI(t)xf(xr t)Q(xy t)

Now substituting for Wi ; in (49) we get

(x/ () = —c () (2 () — Dfro(ei(t), )g(ei(t), )/ Wao(x(t), 8),
(l=238,...,v(n) — 1)

yI(8) = —c () () — Df(yu(t), )g1,0(yi(t), £)/ Wa,o(y.(2), 1),

(52) 4 t=12...,v(n) — 2)

§(t) = —c (1) (0%(t) — 1)f(3(¢), £)q1,0(8(2), 1)/ W ,0(8(2), £)

| B0 = —al 02 (7 D9, 06 = Dol 1/ Wa(B0), 0.
But
Wl.O(xv l) = NCO(t)f(xr t)Q(x! t) (x - ﬁ(t))r

and so

Wao(x, t) = Neo(t){ f1.0(x, t)q(x, ) (x — B(¢))
+ fx, )qao0(x, t) (x — B()) + f(x, )q(x, t)}.
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Hence
R A ORETR O R .
W) =~y e g (=2 =)
- vy ') ¥ (@) — 1 - —
(03) 3’1 (t) - NCo(t) yl(t) . ﬁ(t) ) (l - ly 2y ceey V(n) 2)
5'([) — CO’(t) 62@) =1

~ Neo(t) 8(t) — B(1)

In order to determine the sign of ¢y’ (t)/co(t) we substitute the value of
x;/ (¢) in (50) to obtain
l‘=l}‘

, _ {( 50 — 1 ) (_ai ‘ )
Pt = = 5oty 2 e = 50/ \aw &0
Keeping in mind the fact that F; (¢, t) = 0, we may apply Lemma 5 to
conclude that

, (k=23...,v(n) — 1)

a=1

aj
Fit1,0(t,t) and ('a-x? Fi(x, t))

are all of the same sign. Hence — ¢y (t)/co(t) = 0. From this it follows
that x,/(), ¢ =2,3,...,v(n) = 1), v/@), C=1,2,...,v(n) — 2),
and &' (¢t) are all positive. Now we wish to show that the same is true
about 8/(¢). In fact

w® Ja

a=8() Wa,o(B(), )’

and so it is enough to apply Lemma 6 to the polynomials
g(x) = W(.’)C, t)/NCO(t)y h(x) = f(xv t)Q(xi t) (x2 - 1)

at the point x = B(¢) to obtain g'(¢) = 0.

If 8(t) were bounded in [\, p;), then at the point ¢ = p, we would have
two minimal polynomials, one of degree # — 1 and another of degree n.
So for each [ where I = 1,2,...,n — j there exists a point 7,in (A}, p;]
such that if ¢ € [A,, 7,) then the minimal polynomial is a solution of the
system (45) for which (47) holds while

lim,,,,-B(t) = +c0,
and, a fortiori,
lim,_),-l_a(t) - +w.

On the other hand, when ¢t — 7,—, (47) remains true except that the last
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inequality may not be strict. This means that the coefficients of the

polynomial
_ W],o(x, t)
M D = N — BO) (& — 60)
v(n)—1 v(n)—2
=11 G-x@) I E-20)
stay bounded as t — 7;,—. But

G0 W0 = Neo) | @~ B0 — 50, Dz + W(-1,0);

moreover since W(y;, t) — W(—1,t) = —1 and h(z, t) does not change
sign on [—1, y;) we get

v, (0 v, (D
Neo(t) = —{f Zh(z, t)dz — (B(t) + 8(t)) . 2h(z, t)dz
+ B(1)8(0) ”l‘m I, z>dz}_1,
j 1 v, (0 .
Neo(t) (B(t) + 6(2)) = — @ F50) f_l 2°h(z, t)ds

N f ”:w 2h(z, )dz + (% +3%)_1 f y]‘“) Bz, ;)dz}“l

y1(1)
Neo(t)B(1)d(t) = ﬁ{E‘(t_)l&*(tS f 2h(z, t)ds

1
1 v, (0

(gt +a) e+ [

Thus we simultaneously have

(55)  lim,,,,—co(t) = 0, lim,,,,—co(t)(B(t) + 8(t)) = 0,
lim,,,,— co(t)B(t)8(t) = L < .

h(z, t)dz}“1 .

Now taking the limit in (54) as t — 7,— we see that W(x, t) converges
uniformly on [—1, 1] to a polynomial of degree N — 2, which implies
that the polynomial P*(x, t) converges to a polynomial of degree n — 1
for which L = v(n) — 1. But then this polynomial must be the minimal
polynomial arising in Case I, and 7, must be equal to p,.

By symmetry, the minimal polynomial for a value ¢ lying in (p;, p;)
corresponds to a solution of the system (45) for which 8(¢) < x;(¢).

Section 4.

Proof of Theorem 1’. Let & be a small positive number. For a fixed ¢ such
that 1 — 6 < ¢ £ 1 consider the normed linear space m,.1,. of all poly-
nomials P of degree at most » + 1 vanishing at —c¢ and having a zero of
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multiplicity at least [(A 4+ 1)/2] at 1 and a zero of multiplicity at least
[N+ 1)/2]or [(A 4+ 3)/2]at —1 according as¢ # 1 orc = 1, and where

[P]l = max_i<.<1 [(x + ¢)71(1 — x2) 2P (x)|.

We wish to determine the norm of the functional w(P) = P¥(0)/5!
defined on m,;1 . It is easily checked that the reasoning of Section 2
leading to the characterisation of the extremal polynomials remains
valid, and in particular if

f 1 — x2)2T, \(x) if X\ is even

34") P,(x) = L1 — &2)04020, , (x) if \is odd

and

J (1 — M2 (x + ¢)(x2 — 1) Uporma(x) if N is even
V(A — x2) 402 (x 4 )T, a(x) if \ is odd

then (x + ¢)P,(x) is extremal if and only if

Fy(0) Fyhsn (0) = 0.
Let us write F(x) = (x> — 1)(x 4+ ¢)G(x), where G(x) is

(1 — x?)22U,x_1(x) if Niseven and
— (1 — x2) 0=, \(x) if \is odd.

If we define
Fox) = F(x)/(x +1) = (x = 1)(x + ¢)G(x) and
Foarna(x) = F(x)/(x — 1) = (x + 1)(x + ¢)G(x)

then by Lemma 7,
FyD(0) Fyfoiy (0) 2 0

if the same is true for F,¢(0) F{hi111(0).
Clearly

Fo@(0) Fitnyy41(0)
= {—cGD(0) — (1 — ©)jGYI=D(0) + j(j — 1)GY=(0)}
X {cGP(0) + (1 + ¢)jGU=(0) + (G — 1)GY=2(0)}.

Note that for any » the polynomial G(x) (which is of degree n — 1) is
either even or odd. If  — jis even then n — 1 — j is odd and so

GW(0) = GU-2(0) = 0.

Flx) =

Hence
FoD (0)Fd141(0) = — (1 — ¢2)j2(GY=1(0))?,

and consequently for the polynomial (x + ¢)P,(x) to be extremal it is
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sufficient that ¢ be equal to 1. The condition ¢ = 1 is also necessary if X
is even since in that case

FO(x) = Fl(x)» Fv(n+l)+1(x) = Fv(n+1)(x)‘

Now we note that if p,(x) = D_»—¢a,x’ is a polynomial of degree at
most n with real coefficients such that |p,(x)] £ (1 — x2)*2 for —1 <
x < 1, then

[+ Dpa(x)| = a0+ VX:; (@, + a,1)x" + anx"“i
< (x+ 1)1 —x22 on[—1,1]

and so provided n — j is even
la; 4+ a1l £ vas + vui= = vl

Similarly

la; — ajma] £ 1vuy = Vo=l = vl
Consequently (7’) holds if 8 < 1. Besides, it follows from above that if
6 > 1 then at least when \ is even there exists a polynomial p,(x) =

> h-oa.x’ of degree at most 7 with real coefficients such that |p,(x)| <
(1 — x2)*2 for —1 £ x < 1 but for which
|as] + 8laj—a| > [vnil-
Now we wish to show that if # — j is odd, then
la;l = |vn-1.4]-
We know that P,_;(x) is extremal for the functional w(P) = P (0)/5!
defined on the normed linear space &, if and only if F(0) = 0 where
J@ — )2 — 1) Upor—a(x)  if N is even
V(1 — &) A0 2T, (x) if X\ is odd.
Note that F(x) is even or odd according as # is even or odd respectively.
Hence n — j being odd, F(0) = 0.
In order to verify the last statement of Theorem 1’ we consider the
normed linear space m,1,. of all polynomials P of degree at most n + 1

vanishing at —c¢ (c real and |¢| > 1) and having zeros of multiplicity
[(N 4 1)/2] at +1, —1, and where

1] = max_ize: | (6 + )1 (1 — 62222 ()],
We claim that again the reasoning of Section 2 leading to the characterisa-
tion of the extremal polynomials corresponding to the functional w(P) =
P (t) remains valid. Thus, in order to show that (x + ¢)P,-1(x) is
never extremal we simply need to check that F¢(0) # 0 where

Flx) = (1 —x2)2(x + ¢) (%2 — 1) Upr_i(x) if N is even
YZA = a2) 002 (e ) T () if \ is odd.

F(x) =
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Again we write F(x) = (x* — 1)(x 4+ ¢)G(x) where, for every n, G(x) is
either even or odd. Calculating F¥ (0) we get
FO(0) = =G (0) — jGU(0) + 6 — 1)GY2(0)
+7G — 1) — 2)GU=(0).

Since n — j is odd G (0) = GU=2(0) = 0. Also, on examining G(x)
more closely we notice that the non-zero coefficients alternate in sign, i.e.,
GUY-b(0) and GY~¥(0) are of opposite sign and hence F(0) 5 0.

Proof of Theorem 2. Let
M, = sup {max_1 5 |[PP(x)| |P € Z,||P| < 1}.
It is obvious that if Q € £, is such that ||Q]] £ 1,
QP ()| = max_15.51 [QV (x)| = M,

then Q(x) = p(x, ty) where p(x, o) is an extremal polynomial for the
functional w(P) = P (t) on &, and so

M, = max_izz1[p;0(t 8)].

Clearly, p(x,¢) is of norm 1. If for a given a, P*(x, ) is the minimal
polynomial in &, , then

P*(x, t) = —w—?ap(x, £).

Using the same notation as before we get
W, t) = Zpe(x, t)/[|P*]|2 = (P*(, )/ || P*]]*(1 — x) (1 + x)*
= prx, 1)/ (1 — x)M(1 + x)~.
Thus if p(x, t) = Ym0 d,(t) x*~ then
co(t) = (=1)’do*(1).
We know that for

e (=0, 61U 0 oy bl U b0,
b0, 1) = Pu@)

whereas fort = p, = 1,2,...,n — j),

P(x, t) = Pn—l(x)'

Hence the desired result will follow if we show that the function |p,(t, ¢)|
cannot have a local maximum on the intervals (¢, p), (0, 1) (¢ =
1,2,...,n—j).

Let us put A(¢) = p;.0(t, t). In order to show that a local extremum of
|4 (¢)] is necessarily a minimum it is enough to show that, if ¢ is a point
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belonging to any of the intervals (£, N1), (\i, p1), (o1, p1), (wy, m0) such
that 4’(t) = 0, then A(t)A" (¢) = 0 whereas if A’ (¢y) = 0 for{, = X\, or
ty = u, then

lim - A@¢)A" () 20 and lim,,,  A@)A"(t) = 0.

This consideration is made necessary by the fact that at the points
Ny, & the function 4"/ (t) is not continuous (see [9, p. 193, Theorem 6]).
Here we shall restrict ourselves to an interval of the form (¢, p;), the
corresponding result for intervals of the form (p;, ;) being obtained by
symmetry.

Using (51) and the fact that

v(n)—1

Fla, 1) = (1= %)™V 4 gyl ,Ul (@ — x4(1)),

plx,t) = (=1)IAFD2G () (1 — x)IO+D 2 (]  x) [etD /2]

x 11 6 = 9@ — 50)
(where §(t) = y,-1(t) if t € (¢, N\;]) we easily obtain
(56)  poalx,t) = (=1)I+D2AG7 (1) F(x, t).
Since on the interval under consideration F; ¢(f, £) = 0 this implies that
A = prrolt, ) + piat t)
= P10t 1) + (= 1)V () F; o(L, 1)
= P10t ).
Further
A7) = prao(t, 1) + (=1)OTDRAG (8) F i1 0(t, 1),
Let us now suppose that there exists a point ¢, ¢ (£, p;) such that
A'(to) = pyr10to, o) =0

and consider the product 4 (¢) 4"’ (¢) for ¢ in a neighbourhood of ¢,. For this
we recall that if

v(n)—1
Z (e () 4 1) Fu(x, ) fort € (&£, N\y)
o, ) =<

v(n)—1 2 _
5O =L pe ) dort € (o))

then

(B7)  Fiaolt, t)/d;0, 1) = — ¢/ (t)/Neo(t) = 0.
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It is a matter of simple calculation that
¢(xr t) = _nF(xr t) + (x + ﬁ(t))Fl,O(xy t) + ‘l’(xv t)
(here and in the sequel B8(¢) is taken to be 1 for ¢t € (¢, A\;)) where

(58) (v — Dy(x,t) = _)[)\_:[——I]F(x t) ift € (£, )

whereas

Y1) _ [x + 1] F(x, t)
B — 1 2 J(-D@A-80)

w+ 1] F(x, t) &Ry
+ [ > JGED(—1-80) T & w) - oy THE Cerd:
As well, it can be easily checked that in case t € (A, p;)
tP(x t) Fi0(B(), t)
B4t — F(B(),t)

Differentiating the two sides of (58) and of (59) j times with respect to
x and then putting x = ¢ we obtain for ¢t € (&, \})

™

5B9)  (x—B@))- = Frox,t) — F(x, t).

and for t € (A, p,)
(t = B0t t) + j¥i10(t, )

Fi0(8(1), 1) }
FB@,n Freh
which, in view of the fact that F; (¢, t) = 0, gives us

(B2() — D F 10t ) — j¥s-1.0(, £)
t— B(t) '

= (B*(t) — 1){ Fir1o(t, t) —

‘l’j,O(lr t) =
Similarly
$i0(t,t) = (t+ B()) Fipr0(t, ) + ;.0 1).

Combining the two preceding relations we obtain

2

t — 1
B(t) /+1 O(t l) ﬁ(t) ll//-l O(lr t)'

Examining the system (45), we see that

d)j,o(tr t)

v(n)—2

Wio(x, t) = Neot) H (= — x:()) g (= yn(®)(x —8())
X (x — 8@)
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where .Z is the set of indices of the double roots of (11). This can be
rewritten as

d P (x, 1) 1
{(1 s |

— (—1)lov Ndo()F(x, )p(x, 1) (x — B(2))
-1+ -1 7

from which we deduce

61)  prol, )& — 1) + plx, t>{ (“ 5 A) - (k * *‘)x}

Yo 2l NdO(t)

= (-1 F(x, t)(x — B(£)).

Differentiating the two sides j + 1 times with respect to x and putting
X = t we obtain

62 Dot 06 = 1) + pratt o] (26 4+ 1) — (252) ).

+———~}+P,o(é t)(J— +“)(J'Jr 1)

= (= MO e - s).

Hence
N o 2—1 Ndo(8) Fipio(t, t)
A" (L) = pioo(t, t) + (—=1)1OTY/ 5 qﬁj,o(t 0 Fiio(t, t)
_ _ Fraet)
= P20ty 1) ¢:O(L )
Pirzot, ) — 1) + (G + 1)(' A ;— ”)Pm(ty t)
X (=80
P06 t) puiro(, ) [( ) kl
o0 D) 1 —p@ V\2UTD = Sy
AW Yot 1) Pt t) A+ u)
OB — t{] Fip0(, 1) ;b:,o(t, t) + G+ 1)( T)f
Fj+1,0(t, l) N fl’(f) F_H—I,O(ty t)
Xt ) TEO —1 b0t 1)

Al

Let us now assume that 4'(¢) = p;41.0(t0, to) = 0. Using Lemma 4 we
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may conclude that for all ¢ in [£,, p;] we have

P10, )} — piaolt, )P0t t) <O

where the inequality is strict since ¢ # #1. Hence by continuity there
exists a constant M such that for all ¢t € [¢,, p,]

{10t D} — pireot, )P0t 1) < M <O.
From this it follows that if p,1,0(¢, o) = 0, then there exists an interval
around £, wherein

P20t pj0(t, 1) <O0.

The quantity (7 4+ 1)(j — (A + p)/2) appearing in the expression for
A" (t) is clearly non-negative and because of (57) so is the factor
Fj+1,0(ty l)/(ﬁj'o(t, t) for ¢ # )\l so that

lim o n— Fipn0(t 8) /50 t) 2 0 and
lim g Fipaot, t)/d50(tt) 2 0

as well.
Let us now consider the factor 8(¢) — ¢. For this we rewrite (62) in the
form

62') P?ﬁ‘](g D@~ 1y +p“;‘zg )

Aloen - (32 (452)]

pJO(t t) . . A+
+ B <+1>(J——-—2”)

N
= (=) Fyae(t 0 ¢ = BO)).
We have already noticed that there exists an interval around ¢, wherein

(= Dpjao(t, )P0, 1) > 0.

Further, since F;¢(t,t) = 0 for each ¢, we can apply Lemma 6’ to the
polynomials

o) = (=D EGe ) and h(x) = f’d(x(t)t)

to obtain

( 1)[(7\+1)/?]F7+1 O(t t) P]d()((tt)t) > 0.

Hence if pj41,0(to, to) = 0, the two sides of (62’) can be of the same sign if
and only if B(¢) — t = 0.
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It is clear that the proof will be complete if we show that
Vim0t )/ Fipno(t, t) £ 0
for all £ ## \, so that

lim W50 )/ Fipno(t t) = 0 and
lil’ll (A \l/j,o(t, t)/FH_l'()(t, l) é 0

Let us first consider the case t € (¢, \,). In view of (60) we have

Yot t) b —1 ¥50(0)

Fraolt, t) 7 Pt )
z.,[x+1]z—1axf x—1/J1,,
L2 J Fip0(t, t) '

and we can apply Lemma 5 to conclude that this latter quantity is
negative. We are thus left with the case t € (\;, p,).
Let us first show that for all t € (A, p,)

(63)  (B*(t) — 1) F1,0(8(t), 1)/ F(B(), 1) = 0.

If B(¢t) = 1 thisisa consequence of the fact that all the roots of F(x, ¢) lie
in [—1, 1]. If 3(¢) £ 1 we show that

FioB@), 0)/F(B(®), 1) =0

forevery nif X\ = pand forn = 3(\ 4+ u)/2if X\ # u. We recall that the
situation B(¢) < 1 occurs only when X is odd and that in this case we
have the inequalities

—l=xi(t) <3t) < ... <xpa(t) <o) <B@E) = L.
Writing

4] [
Ao L2 1 L2 1t L
Fa(), 1) ~ 80 — 17 8() + 1

At+1 p+1
ProBO.8) _ 2 . =
p(B@), 1) Bty — 1 B@E) + 1

v(n)—2 1 1
X B0 TR =30

we see that

FroB@), 0)/F(B(), 1) = p1,0(Bt), 1)/ B(¢), t).
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From (61) we readily obtain
p1oB(), /P B(E), 1) = ((w — \)/2)
= (w4 N)/2)B())/ (1 — B*(t))

and so (63) will be proved if we show that 8(t) = (u — N)/(u + N).
Using the fact that

B(1) Z %y (§1) = cos 5;—_”‘(1;:‘_‘“:;5

and A = 1 we can easily check that this inequality holds forn = 3(\ + u)/2
if X % u. If N = u then it obviously holds for all .
Now we will prove that

Vim0t 8)/ Fipo(t, t) £ 0,

giving the details only in the case when X\ is odd and u is even. Since

v(n)—1
Fle, ) = (=)™ @ — MY (e 4 U H? (x = %))

the functions Fy o(x, t), ¢ (x, t) must be of the form

v(n)—1

Fro(e, £) = (=D — D20 + 1 ] (¢ — X.4(t))

F1,0(B(t), 1)

Y, ) = (=)D — 1) FBO. D (x — 1)V
v(n)—1
X (x4 )H* I=I (x — Y, (t)

where X ,(¢), V,,(t) belong to the interval [—1, 1] and

FLO(B(t)rt) F(Xl(t)vt)

FB@), 1) B8 — X))

We observe that the inequality 8(t) = X,uy-1(t) is always true (if
B(t) = 1 it is evident whereas if §(f) £ 1 it is a consequence of

Since

YX ), 0 = B — 1)

B*(t) — 1) F10(8(1), 1)/ F(B(), 1) 2 0

the dominating coefficients of ¥ (x,¢) and F(x, t) are of opposite signs
whereas at each of the points X ,(¢),

sign ¢ (X ,(¢), t) = sign F(X,(t), t).
Consequently, for x > 1 we have

sign ¢(x, ) = —sign F(x, )
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while
sign Y(X,n-1(t), t) = sign F(X,um-1(t), 1).

But the number of sign changes at +1 is one less for ¥(x, ¢) than for
F(x, t) so that y(x, ¢) vanishes in (X,y-1(f), 1) an even number of times.
On the other hand for x < —1,

sign ¢(x, t) = sign F(x,t)
while
sign ¢(X1(2), ¢) = sign F(X1(),1);

so, repeating the previous argument, we can conclude that y(x, ¢)
vanishes in (—1, X(t)) an odd number of times.

Moreover, y(x,t) vanishes at least once in each of the intervals
(X (t), X 131(1)). These remarks lead to the inequalities

—1 2 V() £ X:(t) £ Va(t) £ ... £ Vi (t)
é Xy(n)—l(t) é +1

Using again the fact that F; ¢(¢, ) = 0 we can apply Lemma 6 to obtain
Vim1,0(t, )/ Fipo(t, t) <0
which completes the proof.

In conclusion we verify that (5) is valid for j = 3. For this we apply
Theorem 2 with P,(x) = (1 — x2)7T,_1(x)/(n — 1). Using the well
known differential equation for 75,_; we obtain

PG = — A bT2@) + TP (G = 1) + 0 = DI,

But max_1 44|77 (x)| = 75,9 (1) is an increasing function of # so that
max-1,4+1| 2, (x)| = [P, (1)]

is also an increasing function of #.
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