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§1

Let X be a locally compact, ^-compact and non-compact abelian
group. Throughout this paper, we shall denote by ξ a fixed Haar measure
on X and by 3 the Alexandroff point of X.

A real convolution kernel (i.e., a real Radon measure) N on X is
said to be semi-balayable if N satisfies the semi-balayage principle on all
open sets (see Definition 6). We know that every convolution kernel N
of logarithmic type is semi-balayable (see [8]). Here JV is said to be of
logarithmic type if, with a vaguely continuous, markovian, semi-transient
and recurrent convolution semi-group (at)t^0 of non-negative Radon meas-
ures on X,

N* μ = \ at * μdt ( — lim as * μds 1 })
J θ \ ί-»oo Jo /

for all real Radon measure μ on X with compact support and \dμ = 0.

In this paper, we shall show that the semi-balayability is an essen-
tial property to characterize convolution kernels of logarithmic type.
More precisely, we shall establish the following theorems.

THEOREM 1. Let N be a real convolution kernel on X. If X ~ R X F

or X ~ Z x F, we suppose an additional condition: N = o(\x\) at the in-

finity^. Then N is of logarithmic type if and only if N is semi-balayable,

non-periodic and satisfies inΐxeX N* f(x) <, 0 for any finite continuous func-

tion f on X with compact support and fdξ — 0.

Received May 28, 1984.
X) For a net (μa)aeA of real Radon measures and a real Radon measure μ, we write

μ = liniαe/ijuα if (μa)aeΛ converges vaguely to μ along A.
2) If X = R X F or X = Z X F, N = o (| x |) at the infinity means that for any / e

C^{X), N*f((x,y)) = o(\%\) as |sc|->co, where (x,y) eR x F or e Z X F . In the case of
X « R x F or X « Z x F , the definition N = o (| x |) at the infinity follows naturally from
the above definition.
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Here R, Z and F denote the additive group of real numbers, the addi-

tive group of integers and a certain compact abelian group, respectively.

By virtue of the main theorems in [8] (see Theoremes 52 and 52'),

Theorem 1 follows immediately from the following

THEOREM 2. Let N be a non-periodic real convolution kernel on X

satisfying inϊxex N * f(x) <L 0 for any finite continuous function f on X with

compact support and fdξ = 0. Then N is semί-balayable if and only if

N satisfies the semi-complete maximum principle and ηNtδ = — oo, i.e., for

any exhaustion (Kn)n=i of XS) and any non-negative continuous function

f φ 0 on X with compact support, lim^^ fdηN>CKn = — oo, where ηN,Cκn is

the N-reduced measure of N on CKn.

The "if" part is already known (see Proposition 28 in [8]), so that

this paper will be devoted principally to the proof of the "only if" part.

It is interesting to compare Theorem 1 with the Choquet-Deny theorem

for Hunt convolution kernels4) (see [3]).

Contrary to a conjecture in [8] (see Probleme 29), Theorem 1 shows

that, under some additional conditions, non-periodic and semi-balayable

real convolution kernels are of logarithmic type.

We denote by:

C(X) the usual Frechet space of finite continuous functions on X;

CK(X) the usual topological vector space of finite continuous functions

on X with compact support;

M(X) = CK(X)* the topological vector space of real Radon measures

on X with the vague (weak*) topology;

MK{X) — C(X)* the usual topological vector space of real Radon meas-

ures on X with compact support;

C+(X), Ci(X), M+(X) and M+

K(X) their subsets of non-negative

elements.

Furthermore, we put

Cl(X) = {/ e CK(X); I fdξ = θ} and M°K{X) = [μ e MK(X); j dμ = θ} .
3> An exhaustion (Kn)n=i of X means a sequence of compact sets satisfying Kna

the interior of Kn+ι and \Jζ=1Kn — X.
4) A non-negative convolution kernel No on X is a Hunt convolution kernel if and

only if No is balayable (see Remark 14 (3)) and not pseudo-periodic.
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DEFINITION 3. A real convolution kernel JV on X is said to satisfy

the semi-complete maximum principle (denoted by JV e (SMP)) if for any

f, g£ Cκ{X) with fdξ = gdξ and any ae R, we have the implication:

N*f(x) ^ N*g(x) + a on supp(/) =>JV*/(*) ^ JV*g(x) + α o n l ,

where supp (/) denotes the support of /.

DEFINITION 4. A real convolution JV on X is said to satisfy the tran-

sitive semi-complete maximum principle with respect to ξ (denoted by

(JV, ξ) e (TSMP)) if for any f,ge Cj(X) with {fdξ = {gdξ and any a e R,

we have the implication:

JV * f(x) ^ N * g(x) + α on supp (/) — > α Ξ> 0 .

We can describe the above principles by the term of non-negative

Radon measures.

Remark 5. iVe(SMP) (resp. (JV, ξ) e (TSMP)) if and only if for any

μ,vβ M^(X) with \ dμ = \dv and any ae R, we have the implication:

N*μ^>N*v + aξ in a certain open set 3 supp (μ)

==> N*μ<LN*v + aξ o n l (resp. = > α ^ 0) ,

where supp (μ) denotes also the support of μ.

For a real convolution kernel JV on X, we put

D+(N) = {μe M+(X); N*μis defined in M(X)} .

Let μ e M+(X). Evidently μ e D+(JV) if and only if for any / e C£(X),

I \N*f\dμ < co. Here JV denotes the real convolution kernel on X de-

fined by {fdN = \fdN for all fe CK(X\ where f(x) = / ( - x).

DEFINITION 6. A real convolution kernel JV on X is said to satisfy

the semi-balayage principle (resp. the semi-balayage principle on all open

sets) (denoted by JVe(SBP) (resp. denoted by JVe(SBP^))) if for any

μ e Mχ(X), any ae R and any relatively compact open set (resp. any open

set) ωψφ in X, there exists an element (//, af) e M+(X)χR such that:

(B.I) j V = j V
(B.2) supp (//) C ω.
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(B.3) μ' e D+(N) and iV* μ' + a'ξ = iV* μ + aξ in ω.

(B.4) N*μ' + a'ξ ^N*μ + aξ on X

In this case, we call (μ'9 a
f) a semi-balayaged couple of (μ, a) on ω

with respect to iV and denote by SBN{(μ, a) ω) the totality of such couples.

If iVe(SBP^), we say that N is semi-balayable.

We set

SB*(0*, α); ω) = {(//, oO e S B ^ , a);ω);N*μ + a'ξ

= inf {iV* //' + α"£; OΛ α") e SB^/i, o); ω)}5>} .

When ω is non-compact, it is not easy to examine directly whether

&BN((μ9 a);ω) Φφ or = φ.

Let Ne (SBP) (resp. Ne (SBP^)). For μ e D+(N) with ί dμ < oo, α e J?

and a relatively compact open set (resp. an open set) ω ψ φ in X, we can

define SB^((//, α); ω) and SBΛr((//, α); ω) analogously.

We shall use known results concerning potential theoretic principles

for a real convolution kernel JV on X (see Remarques 2, 7, Proposition 11

and Corollaire 14 in [8]).

Remark 7. (1) iVe(SMP) and iVe(SBP) are equivalent.

(2) Assume that iVe(SMP). Then (N, ξ) e (TSMP) is equivalent to

inf,e2Γ N * /(x) ^ 0 for any / e C^X).

(3) Assume that (N, ξ) e (TSMP). Then N and N satisfy the maximum

principle, that is, for any fe Ci(X), we have N*f(x) ^ supy€silpp(/)iV*/(y)
on X and N*f(x) ^ supyesupp(/) N*f(y) on X

LEMMA 8. Let iV e (SMP) and ω Φ φ be a relatively compact open set

in X. Then we have:

(1) For any μeD+(N) with \ dμ < oo and any aeR, we have

&BN((μ, a);ω) Φ φ, and for any (//, a') e SB^((/i, a); ω), there exist nets {μ^)aζΛ

in Mi(X) and (aa)aeΛ in R such that s u p p ( μ j c ω and (N* μa + aaξ)aeΛ

converges increasingly to N * μ' + a;ξ on X along Λ.

(2) For 0 < c e R, we denote by SPc(iV) the vague closure of

IN * v + aξ v e M+

K{X), [dv = c, α 6 R\

For αnj η e SPc(iV), ί/iβre exists an element (//, αr) e MJ(X) X iϊ swc/i

5) This means that inf {N*μ" + α ^ ; (//", α/r) e SBjv̂ CCi", α); ω)} exists as a real Radon
measure on X and it is equal to N*μr + a'ξ.
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dμr = c, supp (μf) dω, N * μf + a'ξ — η in ω and N * μf + a'ξ <L η on X.

Proof. The assertion (1) is proved in the same manner as in [8] (see

Corollaire 12). We shall show the assertion (2). We choose nets (μa)aeΛ

in Mχ(X) with dμa = c and (aa)aeΛ in R such that limαe/4 (iV* μa + aaξ)

= η. Let (μ'a, a'a) e SBN((μa, aa); ω). Since dμ'a = dμa — c, we may as-

sume that (μOaeΛ converges vaguely. Put μf = limαe^ μ'a. All ^ being sup-

ported by the compact set ω, we have iV* //' = limαGyί iV* ^ . This implies

that (α«)αeΛ converges. Putting a! = limα6/4 α
7, we see that (//, αr) is a

required element.

We shall use a more general form of the semi-complete maximum

principle.

PROPOSITION 9. Let iVe(SMP), (N, ξ) e (TSMP), μeD+(N) with c =

\ dμ < oo, aeR and let η e SPc(iV). If N* μ + aξ igη in a certain open

set containing supp (μ), then the same inequality holds on X.

For the proof of this proposition, we shall use the following known

lemma.

LEMMA 10 (see Lemme 21 in [8]). Let iVe(SMP) and (μa)aeΛ be a net

in M£(X). If limαe/1 dμa = 0 and (N* μa)aeΛ converges vaguely, then there

exists beR such that limαGyliV* μa = bξ. Furthermore, if (N, ξ) e (TSMP),

then 6 ^ 0 .

Proof of Proposition 9. If μ e Mχ(X), then our assertion follows from

Remark 5 and Lemma 8. In general case, we choose an open exhaustion

(ωn)n=i of X6)- Let ω be an open set in X satisfying ω ZD supp (μ) and

N* μ + aξ ^ η in ω. We may assume that ω^ωλ Φ φ. Put μn = μ\ωn

7)

and λn = μ - μn. Let (λ'n, <) e SB^((^», a); ω Π ωj . Then (μn + λ'n, a'n) e

SBN((μ, a) ω Π ωn), and Lemma 8 (1) gives

N*(μn + K) + <ξ^y on X.

Hence it suffices to show that l im,^ (N * (μn + λβ + a'nξ) = N* μ + aξ.

6 ) An open exhaustion (ωn)~=1 of X means a sequence of relatively compact open

s e t s Φ φ i n X s a t i s f y i n g o>n+iZDωn a n d l)ζ=1<on = X.
7 ) F a r μeM(X) a n d a u n i v e r s a l l y m e a s u r a b l e s e t 1? i n X, μ\ε d e n o t e s t h e r e a l

R a d o n m e a s u r e o n X d e f i n e d b y μ\E = μ o n E a n d μ\β — ̂  o n CE.
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From (N, ξ) e (TSMP), we see that < ^ < + 1 ^ a for all n ^ 1, so that

(iV* Jζ)?=i converges vaguely. By Lemma 10 and lim^^ dλf

n = 0, there

•exists 0 ^ b e R such that l im^^ N * λ'n = bξ. Since

lim N* (μn + ^) + (lim a'n)ξ = N * μ + aξ in ω ,
n-»oo n-*oo

o, a'n = a and 6 = 0. Thus N*(μn + /ζ) + < f converges increasingly

to N * μ + aξ as ra j oo, which completes the proof.

Similarly we obtain the following

PROPOSITION 11. Let iVe(SBP^) and (N, ξ) e (TSMP). Then, for any

μ e Mχ(X), any ae R, any open set ωψφ in X and any (//, a') e SB^((//, a); ω),

we have a! <̂  α. Furthermore, if Cω is compact, af = α.

Proof. Let (ωn)~=i be an open exhaustion of X Put μ'n = μ'\ωn and λn —

y - K Choose (λ'n, a'n) e S B ^ n , α'); α>n); then ( ^ + λ'n, a'n) e SBN((μ\ a'); ωn).

Then (N, ξ) e (TSMP) gives a'n ^ a. From the above proof, we see that

lim^oo af

n = a', that is, ar ^ α.

The latter part is shown in the same manner as in Proposition 28

<2) in [8].

It is a question when af = a holds.

§3.

In this paragraph, we shall prepare some potential theoretic results

concerning shift-bounded Hunt convolution kernels.

DEFINITION 12. A non-negative convolution kernel NQ on X is said

to be a Hunt convolution kernel if it is of form

(3.1) No - J~ atdt (i.e., for any fe CK(X), J/diV0 = J~ dt j fda^j ,

where (at)t^0 is a vaguely continuous convolution semi-group (of positive

Radon measures) on X, i.e., aQ = the unit measure ε at the origin 0,

>at * as = at+s for all t ^ 0, s >̂ 0 and t-+ at is vaguely continuous.

In this case, (at)t^0 is uniquely determined (see [5]) and called the

convolution semi-group of NQ.

A vaguely continuous convolution semi-group (at)t^0 is said to be

sub-markovian (resp. markovian) if J dat <Ξ 1 (resp. ί dat = 1 j for all t ^ 0.
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DEFINITION 13. A family (Np)p>0 of non-negative convolution kernels

on X is said to be a resolvent if for any p > 0 and q > 0,

(3.2) Np - Nq = (q - p)Np * Nq (The resolvent equation).

A non-negative convolution kernel No on X possesses the resolvent if

there exists a resolvent (NP)P>Q with iV0 = limPΪQNp.

In this case, No — Np = pN0 * Np and supp (2V0) = supp (Np) (p > 0)

hold, and (Np)p>0 is uniquely determined (see [5]). We call it the resolvent

of NQ.

A resolvent (Np)p>0 is said to be sub-markovian (resp. markovian) if

for any p > 0, p \ dNp ^ 1 ί resp. p dNp = lY

The following results are fundamental for Hunt convolution kernels

(see [1], [3], [5], [6] and [7]).

Remark 14. (1) A non-negative convolution kernel No on X is a

Hunt convolution kernel if and only if its resolvent exists and No is

non-periodic, i.e., for any xeX, NQ Φ NQ* εx provided with x Φ 0, where

ε̂  denotes the unit measure at x.

(2) Let No be a Hunt convolution kernel on X. Then the equiva-

lences (a) & (b) φ (c) hold:

(a) The convolution semi-group of NQ is sub-markovian (resp.

markovian).

(b) The resolvent of NQ is sub-markovian (resp. markovian).

(c) No is shift-bounded, i.e., for any f e CK(X), iV*/is bounded on

X ίresp. shift-bounded and dNQ = oo j .

(3) Let NQ be a shift-bounded Hunt convolution kernel on X. Then

we have:

(a) (The balayability). For any μ e M#(X) and any open set ω in X,

there exists // e D+(N0) such that supp (μ') c ω, No * μ! = No * μ in ω and

No * μf ^ 2V0 * μ on X

In this case, μf is called an iV0-balayaged measure of μ on ω, and

rf^7 ^ cί̂  holds. We have dNQ = oo if and only if, for any μ e M£(X),

any open set ω in X whose complement is compact and any iV0-balayaged

measure μr of /ί onω, dμr = dμ.

(b) (The complete maximum principle). For any μ,ve M£(X) and

any 0 <̂  c e i?, JV0 * μ ^ iV0 * v + cf in a certain neighborhood of supp (μ)
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implies that the same inequality holds on X.

(c) (The equilibrium principle). For any relatively compact open

set ω in X, there exists ϊ e M£(X) such that supp (Γ) C ω, No * ϊ — ξ in ω

and No * ϊ £ ξ on X

In this case, ϊ is called an iV0-equilibrium measure of ω.

(d) (The positive mass principle). For any μ,v e Mχ(X), No * μ <J

No * v on X implies φ g dv.

(e) (The dominated convergence property). Let (μa)aeΛ be a net in

D+(N0) and μ e M+(X). If limα6/ί μα = μ and there exists v e D+(NQ) satis-

fying 2V0 * μa ^ iV0 * v on X for all ae Λ, then limαeyl iV0 * μa = 2V0 * //.

(f) (The injectivity). For any μ, y e D+(N0), No* μ = NQ*v on X

implies μ = v.

For j« e D+(N0) and an open set ω in X, we can define analogously

iV0-balayaged measures of μ on ω and denote by BNo(μ ω) their totality.

It is well-known that B ^ μ ; ω) Φ φ. Put

B ^ ; ω) - {/ e B*oθ£; ω); N0*f/ = in({N0 * μT; μ!' e BNΰ(μ; ω)}} (see5θ

and

BA,oθ£ ω) = {μf € BNo(μ ω) 2V0 * ^ = sup {ΛΓ0 * /i/7 μ" 6 B^o(^ ω)}} (see5)) .

For an open set ω in X, we can define analogously iV0-equίlibrium

measures of ω and denote by EΛr0(ω) their totality. Put

ENo(ω) = {ϊe ENo(ω) No * ϊ = inf {No * V V e E Λ » } } (see 50

provided with ENo(ω) Φ φ.

LEMMA 15. Let No be a shift-bounded Hunt convolution kernel on X.

Then we have:

(1) For any μeD+(N0) and any open set ω in X, BNo(μ;ω) Φφ and

BNo(μ;ω) Φ φ. Moreover, BNo(μ; ω) and BNo(μ; ω) form only one element.

(2) For any μ e D+(N0) and any two open sets ωίy ω2 in X with ωx c ω2,

we have No * μ[ ^ No * μ'2 and No * μ" ^ NQ * $ on X, where μ\ e BNo(μ ω%)

and ///eΰNo(μ:ωt) (i = 1,2).

(3) Pwί P(IV0) = {NoV/ΐTT^Z^C^o)}' lϋΛere ί/ie closure is in the sense

of the vague topology. For any μ e D+(NQ) and any η e P(NQ), No* μ <*η in

a certain open set Z) supp (μ) implies that the same inequality holds on X.
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(4) For an open set ω in X, ΈNo(μ) Φ φ implies EjVo(μ) Φ φ. In this

case, E Ύo(μ) forms only one element.

(5) For 0 < c e R, we put PC(NO) = INO * μ; μ e D+(N0), ί dμ ^ c\. For

any μ e D+(N0) and any η e P£N0), No * μ <̂  -η on X implies \ dμ 5g c.

(6) Let (μa)aeΛ be a net in D+(N0) and 0 Φ λu 0 Φ λ2 e M+(X). If there

exist veD+(N0) and a relatively compact net (xa)aeΛ in X such that

No * μa * λ1 <^ No * v * εXa * λ2 on X, then (/O«GΛ ^S vaguely bounded. If μa ->

μ e M+(X), then limαe^ No * μa = No * μ.

Proof. (1) Let (ωa)aeΛ be a net of open sets in X with ωa C ωβ(a <g /3)

and U«€^ ωa = ω. We choose μ̂  e β^0(/"; «̂) Then the complete maximum

principle of No implies that for any μ" e BNo(μ; ω), No * μ'a ^ No * μ" on X

This and the dominated convergence property of No show that (μ')aeA is

vaguely bounded and every vaguely accumulation point of (^a)aeA as ίo α |ω

is contained in BNo(μ; ω), which gives B ô(//; ω) Φ φ. Let (ω^)α,eyl. be a net

of open sets in X with ω^ D ωf

β, {ar ^ ^0 and C\a>eΛ>ωf

a, = ω. We choose

μ",eBNo(μ;ω'a). Similarly as above, (μ")a>zA, as ω^ j ω is contained in

BNo(μ; ω), that is, B^o(^; ω) Φ φ. The injectivity of No shows that B^o(^; ω)

and BiVo(^;ω) form only one element.

Consequently, let μ'aeBNQ{μ;ωa), μ' e BNo(μ; ω), μ'tt'eBNo(μ;ω'a) and

μ" € BNo(μ; ω); then limα6/4 μ'a = ^ and limα,eil, ^ = ^ .

(2) Using the complete maximum principle of No and noting the

above proof, we see easily (2).

(3) Let v e Mχ(X) with v ^ μ. We choose a relatively compact open

set ω in X such that ω 3 supp (v) and iV0 * v ^ 37 in ω. By virtue of the

balayability of iV0, we can choose λ e M£(X) such that supp (λ) c ω,

iV0 * Λ = ^ in ω and iV0 >κ /i ίg 37 on X This shows that NQ*v^N0*λ<Lη

on X, and v being arbitrary, we have No * μ ^ η on X

(4) In the same manner as in the proof of BNo(μ;ω) Φ φ in (1), we

see that E^0(ω) Φ φ implies ΈNo(ω) Φ φ. For any ϊ e EyYo(ω), E^0(ω) =

BNo(ΐ;ω). If E^0(ω) =̂ ̂ ? the injectivity of No shows that E^/ω) forms

only one element.

(5) By using the positive mass principle of JV0 and the similar method

to (3), we obtain (5).

(6) Evidently {μ^aeΛ is vaguely bounded. We shall show only the lat-

ter half part. Let (Kn)~=1 be an exhaustion of X We choose ε'n e BNo(ε, CKn).

The dominated convergence property of No gives lirn,,^ No * ε'n = 0. Let
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fe CJ(X). Since (xa)aeΛ is relatively compact, fdNQ * ê  * εXa * v * λ2 con-

verges uniformly to 0 on (xa)aeΛ as n-> oo. Hence

rn fdN0 * μa * λί <S /<ϋV0 * μ * ^ .Urn

Using the lower semi-continuity of convolutions of non-negative Radon

measures, we have UmaeΛ \ fdN0 * μa ^ /diV0 * μ. Thus μeD+(N0) and

l i t t le No* μa = No* μ.

From Lemma 15 and its proof, we see the following

LEMMA 16. Let No be a shift-bounded Hunt convolution kernel on

X, (Ωj)J=1 and (ωk)k=1 two finite families of open sets in X and

let (βj)^ c D+(NQ). Assume that ENo(ωk) Φ φ (k = 1, 2, , n). Let

μ'j e BNQ(μ^Ω3\ ϊk e E*0(ωfc) (j = 1,2, . , m; k = 1, 2, ., n) and let η e P(N0).

If Σ7=iΣUNo*(μ'j + rk)£η in (U %x Ωs) U (ULi<ofc), then the same in-

equality holds on X.

LEMMA 17. Let No be the same as above, μeD+(NQ) and let ω be an

open set in X. For xe X, we denote by μf

x and μ" the unique element in

B_No(μ * ex; ω) and that in BNo(μ * εx; ω), respectively. Then we have:

(1) The mapping x -> μx and x —> μ'J are universally measurable, that

is, for any fe CK(X), the functions fdμx and fdμx of x are universally

measurable on X.

(2) For any v e M%(X), (μ * v)' e BNo(μ *v;ω) and (μ * v)" e BNo(μ *v;ω)

are of form

(3.3) (μ*v)' = ^μ'xdv(xr and (μ *vY' = J f/Jditx) .

Proof Let xe Xand (xa)aeA be a net in X with xa -^ x. Then Lemma

15 (6) shows that (μ'Xa)aeΛ and (μ'x'a)aeΛ are vaguely bounded and that every

vaguely accumulation point of (μ'Xa)aeΛ and that of (μ"a)aeA as xa —> x belong

to BNo(μ * εx; ω). This implies that the mapping x —> No * μx is lower

semi-continuous (i.e., for any fe Ci(X), the function \ fdN0 * μx is lower

semi-continuous) and the mapping x-> No* μ" is upper semi-continuous.

Let (Np)p>0 be the resolvent of No. Then, for any p > 0, x-^>N0*Np* μ'x

8) This means that for any / eCκ(X)t [ fd(μ*v)'= ί ί fdμβv(x)
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is also lower semi-continuous and x -> No * Np * μ" is also upper semi-

continuous, because Np is also a Hunt convolution kernel on X, so that Np

possesses the dominated convergence property. Hence, for any fe CK(X)

and any p > 0, the resolvent equation shows that fdNp * μ'x and fdNp * μ"

are universally measurable functions of x on X. Since lim^^ pNp = ε and

there exists g e Ci(X) such that \pNp * f\ <L No* g on X for all p > 0, the

Lebesgue dominated convergence theorem gives fdμx = lim^^p fdNp * μf

x

and fdμ" = lim^^ p fdNp * μ", which show that x —> μ'x and x —> μ'J are

universally measurable.

We shall show the assertion (2). For any fe C+

K(X\ [[fdμ'xdv(X) and

fdμ"dv(x) are defined and

JJ No * fdμ'xdv{x) < JJ No * fdμx'dv(x) < J /diV0 * (^ * P) ,

so that μf

xdv(x) and μ"dv(x) belong to D+(N0). We see easily that

μf

xdv{x), μxdv(x) e BNo(μ * v; ω). Let (ωa)aeΛ be a net of open sets in X

satisfying ωa C ωβ(a ̂  jδ) and [JaeΛ ωa — ω. We choose μXta e ]&NQ(μ * εx; ωα).

Then Lemma 15 (1), (3) show that No * μXitt | iV0 * ^ as ωa j ω, t h a t is,

(J ί No * (T μ'xdv(x^j as

This shows that μf

xdv{x) e BN0(μ * y; ω), and Lemma 15 (1) gives the first

equality in (3.3). Let {ω'a)a>eA, be a net of open sets in X satisfying

ω'u. 3 m'r {a! ̂  β') and Π«'6^' ω«' = ω. We choose // β̂, e BNQ(μ * ε,.; ω«,).

Similarly as above, we have

No * (J f/x',.Mx)) lN0*(j //Jdp(xή as ^ j ό ) ,

and hence the second equality in (3.3) holds. Thus Lemma 17 is shown.

The following proposition will play an important role to prove our

main theorem.

PROPOSITION 18. Let No be a shift-bounded Hunt convolution kernel

on X and assume that the closed subgroup generated by supp (No) is equal

to X. Then, for any 0 Φ μ e Mχ(X), there exist an open set ω Φ φ in X
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and an open neighborhood V of the origin such that:

(1) For any μr e BNo(μ, ω + V)»\ J dμ' < J dμ.

(2) N0'equlibrium measures of ω with finite total mass do not exist.

For the poof of this proposition, we use the following result:

LEMMA 19 (see [2], [4]). Let σeM+(X) with \ dσ = 1. If a shift-

bounded real Radon measure μ on X satisfies μ = μ * σ, then, for any x in

the closed subgroup Γ generated by supp (σ), we have μ = μ * εX9 that is,

each x in Γ is a period of μ.

Proof of Proposition 18. It suffices to show the following assertion:

Let 0 Φfe Ci(X). Then there exist an open set ω Φ φ in X and open

neighborhood V of the origin such that:

(10 For (/£)" e B*0(/f; ω + V), J d{fξ)" < J/df.

(20 EiVo(ω) = φ, or ENo(ω) Φ φ and for ϊ e EN0(<O), J dϊ = co.

In fact, admit this assertion and let 0 Φ μ e M£(X). Choose ψ e Ci(X)

with ψdξ = 1. Then there exist an open set ω Φ φ in X and an open

neighborhood V of the origin such that, for / = μ * <p, (V) and (20 are

verified. Since \ dμ = \ μ*φdξ, Lemma 17 (2) shows that there exists

x e supp (φ) such that for (μ * ex)" e BNo(μ * εx; ω + V), d(μ * εx)" <

\dμ * ex = dμ. We remark here that (μ * <p)ξ = \ μ * εxφ(x)dξ(x) and for

any yeX, \d(μ* εy)" ̂  \dμ * εv. Put ωx = ω — {x} and μ'J e BNo(μ; ωx + V).

Then we see easily that (μ * εx)
f/ = μ" * εx, which implies dμx < dμ.

We remark that E 0̂(a>) = φ and Έ*NQ(ωx) = φ are equivalent and if ENo(ω) Φ φ,

then, for ϊ e ΈlNo(a)) and ϊx e ENo(ωx), T = Yx* εx. By the positive mass

principle and Lemma 15 (5), we see that ωx and V are our required open

set and open neighborhood of the origin.

Dividing into the following two cases, we shall show our required

assertion.

(a) Assume that there exists 0 Φ g e Ci(X) with l ϊ r n ^ NQ * g(x) > 0.

Then dN0 = oo. Noting that (No * εx)xex is vaguely bounded, we can

9> For subsets A, B of Z, A + B = {x + y; x e A, t/ e B}, -B = {-x; xeB}.
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choose a net (xa)aeΛ in X with xa -> 3 such that (No * ε:Cα)α€yi converges

vaguely and limαGyl iV0 * ε^ * g(0) = Π ϊ n ^ iV0 * g(χ). Put 27 = limβei l iV0 * ε^;

then η Φθ. Let (Np)p>0 be the resolvent of iV0. By the resolvent equation

and p <ϋVp = 1 (p > 0), we have

Since supp (Np) = supp (iV0) (p > 0) and 27 is shift-bounded, Lemma 19 gives

η = cξ with some constant c > 0. We may assume that fdξ — 1. Let

β be a relatively compact open set with Ω Z) supp (/). Since (NQ * εx * /χ.€ ̂

converges uniformly to 2V0 * / on β as a; —> 0, there exists an open neigh-

borhood V of the origin such that V = — V, supp (/) + V ClΩ and for any

x e V, \ No * εx * f — No * f\ <^c on β. By virtue of the complete maximum

principle of JV0, we have \N0 * εx * / — No * f\ <^-c on X for all xeV. Put

<y = {x e X; iV0 * /(x) < }c} and ω = {x e X; No * f(x) < f c}. Then ά J + F c <*/.

We shall show that ω and V are our required open set and open neigh-

borhood of the origin. First we see that E^0(ω) = φ, because, if there

exists T e ENo(ω), then No * (}cϊ + fξ) ^ }cξ on X, which contradicts

p dNp = 1 for all p > 0 and pNp * No | 0 as p j 0. It remains to prove

that (10 is verified. By Lemma 15 (2), it suffices to show that for any

</£)' € BNo(fξ; ω'), J d(fξϊ < ^ fdξ = 1. For any integer m ^ 1, iV0 * (/£)'

^ ( 1 + l/^)>/ i n a certain open set 3 supp ((fξ)'), so that Lemma 15 (3)

gives iV0 * (/fX <̂  (f + l//n)^ o n ^ Letting mf 00 and using Lemma 15

(5), we obtain d(/f)' <; f. Thus ω and V are our required open set and

open neighborhood of the origin.

(b) Assume that NQ vanishes at the infinity (i.e., for any g e CK(X),

lim^δ No * g(x) = 0). Let Uo be a relatively compact open set ψ φ in

X with Uod{xe X; f(x) > 0}. Since supp (No) 9 0, we may assume that

No * /(x) > 1 on t/0. We choose an open set ω0 Φ φ and an open neigh-

borhood V of the origin such that ώ0 + V c t/0. Since l i m ^ iV0 * ε̂  = 0,

we can choose inductively a sequence 0O^= 0 ^n ^ ^ ^ χo = 0 and xn->δ

(n -> 00) such that, for any λi ̂  0 and m >̂ 0 with n Φ m,

No*exn*f^^^ o n { x m } + ί 7 0 .

Put £7, = {*„} + C70 (n =. 1,2, •) and [7 = U?-i ϋ» Evidently UmΠUπ =
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if n Φ m. Put ωn = {xn} + ω0 (n = 1, 2, •) and ω = Un=i ωn. Then ω +

Vd U. For any (/£)' e B*β(/£; E7), we set (/£); = (/f) 'k (n ^ 1). Then,

by virtue of the complete maximum priciple of No,

No * (/£)£ 5S - ^ W * εXn * /) on X ,

and hence ί d(/f); ^ (l/2n+1) f /df. Consequently, f d(fξ)' ^ J {fdξ. From

Lemma 15 (2), it follows that for (/£)" e B^ί/f ω + V), f d(fξ)" ^ i ί fdξ.

Let rή e E^0(ωn). Then N0*ΐn^ (No * εrn * f)ξ on X For any n ^ 1

and any k with 1 <̂  k <̂  n, we have, in cyfc,

Σ

that is, NQ * (Σ^ = 1 ϊ'3) ^ 2f in | J J β l ω,. This and Lemma 16 show that the

same inequality holds on X. Thus Σ»=i ̂  converges vaguely. Put Γr =

Σ»-i ri; then JV0 * r ^ f in ω and N0*T' £ 2ξ on X Let ϊn e E^ 0 (U*-i ω ^

Then N0*ϊ' ^No* ϊn and Σ L i iV0 * rί ^ 2iV0 * rn on X By virtue of the

dominated covergence property of No, we have ΈNQ(ω) Φ φ. Let T e ΈjNo(ω);

then lim,,^^ Tn = Γ. This implies that

ivo * r ^ iv0 * r ^ 2iv0 * r on x .

Evidently ί dr^ = ί dtm for all n ^ 1, m ^ 1 and V Φ 0, so that ί dV - oo.

The positive mass principle of No gives \dϊ = oo. Thus co and V are

our required open set and open neighborhood of the origin.

It is a question if there exist an open set ω Φ φ in X and an open

neighborhhod V of the origin such that for any 0 Φ μ e M£(X) with supp (μ)

C C(ω + V) and any μf e BNo(μ; ω + V), dμ' < dμ and iV0-equilibrium

measures ϊ of ω with \dϊ < oo do not exist.

s 4*

We return to the argument of real convolution kernels. We begin

with the following

DEFINITION 20. For a real convolution kernel N on X and an open

set ω Φ φ in X, we denote by SP^N; ω) the vague closure of
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i f 1
IN* μ + aξ; μe Λf J (X), \dμ = 1, s u p p (/J) C α>, α e B>
y. J )

and put

VN,. = sup {̂  e SP^iV; ω); 9 ^ N on X}

provided that the right hand exists in M(X). If ηN,ω exists, we call it

the iV-reduced measure of N on ω.

Assume that Ne (SMP). Then ηNiω always exists and satisfies ηNiω = N

in ω, ηNiOt < N on X (see Remarque 19 in [8]). Let (Kn)n=i be an exhaus-

tion of X. Then (ηN,Cκn)n=i is decreasing and lim^*, ηN,Cκn is independent

of the choice of (iQ~= 1 (see § 3 in [8]). Put ηNiδ = lim^^^ ηNiCκn- Then

VN,8 = — oo, i.e., for any 0 Φ fe C+

K(X), \\mn^ I fdηN,CKn = - oo, or ηN,δ e

M(X) (see Remarque 19 in [8]).

Proposition 9 gives immediately the following

Remark 21. Let Ne (SMP^), (N, ξ) e (TSMP), (KX=1 be an exhaustion

of X and let (ε'CKn, 0) e SBΛ,((ε, 0); CKn) (see Proposition 11). Then, for any

n ^ 2,

i]N,cκn ^ N* ε'CKn ^ ηN,Cκn-ι on X .

The following proposition is shown in [8] (see Theoreme 20).

PROPOSITION 22. Let iVe(SMP), (N, ξ) e (TSMP) and let (ωn)~=1 be an

open exhaustion of X. Then we have:

(1) For any 0 < p e R and any n ^ 1, there exists a uniquely

determined (ε'Ptn, aPt7l) e M^(X) x R such that dξ^n = 1, supp(εp)7l)CωΛ,

(N + (l/p)ε) * e'Ptn + aPtnξ = N in ωn, (N + (l/p)e) * ep%n + ap%nξ ^ N on X and

for any v e Mi(X) with \dv = 1 and any aeR, (N + (l/p)ε) * y + αf ^

(iV + (l/p)e) * £;)7, + aPtnξ on X whenever (N + (l/p)ε) * y + aξ ^ iV m ωn.

(2) Pwί Fp,ωnε = (l/p)ε;,n. ΓΛβ̂ i Fp,ωnε ^ Fp,ωn+1ε in ωn and

exists.

(3) Pitf

(4.1) iVp
γι—»co

(Np)p>0 is a sub-markovian resolvent and independent of the choice of
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By using Proposition 22, we have the following

LEMMA 23. Let Ne (SBP^), (N, ξ) e (TSMP) and assume that N is non-

periodic. Then there exists a uniquely determined resolvent (NP)P>Q such

that

(4.2) N = pN*Np + Np.

Proof. First we remark that Ne (SBP) and Ne (SMP) are equivalent.

Let VPtωnε,Np and ap%n be the same as in Proposition 22. Then, for any

P>0,

(4.3) lim ((pN + ε) * Vp,ωnε + ap,nξ) = N .

Let (ϋΓTO)~=1 be an exhaustion of X with Kx 3 0. We shall show that for

any m ^ 2, N Φ 7]N,cκm- Assume contrary that for an m ^ 29N = ηN,cκm*

Then Remark 21 gives N= N* εf

CKm, where (ε^m, 0) e SB^((ε, 0); CKJ. Let

Γ be the closed subgroup generated by supp(f^m); then Γ Φ {0}. For

any x e X, N * (ε — εx) is shift-bounded (see Remarque 4 in [8]), and Lemma

19 shows that for any y e Γ, N * (ε — εx) * εy = N * (ε — ε j . This implies

that for any xeΓ and any integer n >̂ 1, N — N* εnx = n(N — N* εj .

Since for any feCi(X), N*f is upper bounded (see Remark 7 (3)), we

have /d(JV — iV * ε j >̂ 0, and Γ being a subgroup of X, we see that

N = N * εx for all xe Γ. This contradicts the non-periodicity of iV. Thus

N Φ Y]N,cκm for all m ^ 2. Next we shall show that (Np)p>0 is markovian.

From (4.1), ί dε^M - 1 and (piV + e) * VPj0)nε + SLPf7lξ \ N as n\ oo, it fol-

lows that

(4.4) N - N* 4 * . =p(N-N* S'CKJ *NP + Np*(e- e>CKm) .

Assume that (Np)p>0 is not markovian. Then, for any p > 0, p \ dNp < 1.

From (4.4), it follows that for any p > 0, any n ^ 1 and any m ΐ> 1,

iV - iV * ε^. = (N-N* ε'ΰKm) * (PNpy + ±± (pNpY * (e - ε ^ J ,
p * = i

where (pAQ1 = piVp and (p^) 7 1 - (pN^71-1 * (piVp) (TZ ̂  2). Letting rc | oo,

we have

N-N* ε'CKm = 1 Σ (pΛQ* * (e - e^J .
P kr.1
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Since ί d(Σΐ=i (pNp)
k) < oo and f de'CKm = 1, we have ί d(N - iV * e'cκJ = 0,

so that iV = N*ε'CKm. This contradicts N Φ ηN,cκm and ηNiCκm-x ^ N*ε'CKm

(m ^ 2). Thus (Np)p>0 is markovian. In the same manner as in [8] (see

Theoreme 20 and Remarque 24), we see the rest of the proof.

DEFINITION 24. Let iVe(SMP). If a sub-markovian resolvent (Np)p>0

satisfying (4.2) exists, then (Np)p>0 is called the resolvent associated with

N.

The resolvent associated with N is uniquely determined if it exists

(see Remarque 24 in [8]).

LEMMA 25. Let iVe(SMP) and (N, ξ) e (TSMP). Assume that ηN,δ Φ

— oo, N is non-periodic and that the resolvent (Np)p>0 associated with N

exists and is markovian. Put N/ = ηNjδ and No — N — N'. Then No is a

shift-bounded Hunt convolution kernel on X, No = lim^o Np and every point

in the closed subgroup generated by supp (No) is a period on N'.

Proof Let (K^=1 and (α>m)m=i be an exhaustion of X and an open

exhaustion of X, respectively. We choose (ε^m, anyW) SBv((ε,0): CKn Π ωm)

whenever CKn Γ\ωm Φ φ. Then N* ε^m + a'n%ΊΛξ f ηN,Cκn as m f o o (see

Remarque 19 in [8]). Here we may assume that (ε^m)~=1 converges vaguely

as m -> oo. Put e'n = lim™^ ε^m; then dεn ^ 1. Since dNp = 1/p (p > 0),

we have, for any p > 0 and any n ^ 1,

(4.5) p(N - ηN>CKn) * Np = limp(N - N * ε'n%m - an%mξ) * Np
771—>oo

= lim (N - N*ε'n,m -Np + Np* ε'n<m - αM,mf)

= N - ηNiCKn - Np + Np* ε'n .p + Np

Letting / ι | o o , we have pNQ * Np = No — Np. Letting p j 0 in (4.5), we

have linip^iVp ^ N — ηN,Cκn Thus we see limp_oiVp = iV0, that is, (Np)p>0

is the resolvent of No. Since iV is non-periodic, (4.2) shows that Np is

also non-periodic (p > 0), which implies that No is also non-periodic.

Remark 14 (1), (2) show that No is a shift-bounded Hunt convolution

kernel. On the other hand, we have pN' * Np = N; for all p > 0. Let Γ

be the closed subgroup generated by supp (No). For any x e l , N — N* εx

is shift-bounded (see Remarque 4 in [8]), and N' e SP^iV) gives the shift-

boundedness of N' — N' * εx. Lemma 19 and supp (No) = supp (Np) (p > 0)

show that for any y e Γ, (Nf — N; * εx) * ε?y = iV7 — iV * ε,:. This implies
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that for any x e Γ and any integer n ^ 1, N' — N' * εnx = n{N' — N' * ε j .

For any / e CJ(X), we have N' * /(*) ^ N * /(x) ^ sup,6 s u p p ( / ) N * /(y) on X

Similarly as in Lemma 23, we have N' = N' * εx for all x e Γ. Thus every

point in Γ is a period of N'.

We shall give the proof of the "only if" part in Theorem 2. By

Remark 7, it suffices to show the following

PROPOSITION 26. // a real convolution kernel N on X is semi-halayable,

non-periodic and satisfies (N, ξ) e (TSMP), then ηN,b — — oo.

Proof. Assume contrary that ηNiδ Φ — oo. Then ηNtδ e M(X). Put

-W7 = ^V,<Ϊ and No = N ~ N'. We denote by .Γ the closed subgroup gener-

ated by supp (No). First we shall show that N' e (SMP). Let μ,ve Mi(X)

with \ dμ = dv ^ 0 and α e R. Assume that N; * μ ^ iV7 * v + aξ in a

certain open set a/ D supp (μ). By Lemma 23 and Lemma 25, we have

N' * μ <^ N' * v + aξ in α/ + A We choose a relatively compact open set

ω in X such that ωf ZD ω 3 ω Z) supp (μ). Let (//, α7) e SB^(^, 0); C(ώ + Γ)).

Then N* μ' + a'ξ^N' *μ in C(supp (//) + Γ). Put c = ί dμ. Then

N* μeSPc(N). Hence Proposition 9 gives ΛΓ* / + a'ξ ^ iV7 * /i on X

Evidently N* μ' + a'ξ = N'* μ in C(ω + Γ). For an exhaustion (KX^

of X, we choose ε'CKn e BNo(ε; CKn). Then supp (ε'cκJ C Γ and ί dε^ Λ = 1

(see Remark 14 (2) and Lemmas 23, 25), so that

N* μf * ε'CKn + a'ξ ^ N'* μ * ε'CKn = N' * μ on X

and

JV * μf * £^ n + α'f = Â 7 * i" in C(ω + Γ) .

Letting n f oo, we obtain that

N'*μ' + a'ξ ^N'*μ on X and ΛP * μ' + α

7f = N'* μ in C(ω + Γ) ,

because l im,^ Λ̂ o * ε^Xn = 0. Hence A/Γ/ * ^ = iV* / in C(ω + Γ), which

shows that supp(No * μ')dω + Γ. This implies supp(//) C δ + Γ. On

the other hand, supp (//) C C(δΓ+T), that is, supp ( '̂) is contained in the

boundary d(ω + Γ) of ω + Γ. Thus AT* μ' + a'ξ < N' * μ ^ iV' * y + aξ in

ω7 + Γ D supp (^;), and Proposition 9 gives N * μ' + a'ξ < N' * v + aξ on

X This implies A/7 * μ £ N' * ^ + aξ in C(δ> + Γ), that is, A/'7 * μ g

AT7 * y + α£ on X, which shows that N' e (SMP). From (N, ξ) e (TSMP)

and N' e (SMP), we see also (N\ ξ) e (TSMP).

https://doi.org/10.1017/S0027763000021516 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000021516


CONVOLUTION KERNELS 107

Evidently No may be considered as a shift-bounded Hunt convolution

kernel on Γ. We denote by ξΓ a fixed Haar measure on Γ. Proposition

18 shows that, for any positive Radon measure μ Φ 0 on Γ with compact

support (i.e., μ e M£(Γ)), there exist an open set ωΓ Φ φ in Γ and a rela-

tively compact open neighborhood VΓ of the origin in Γ such that:

(A) For any μ" e BNoAμ; ωΓ + VΓ), J dpi' < J dμ.

(B) ENθiΓ(ωΓ) = φ, or ENo,Γ(ωΓ) Φ φ and for any ϊ e ΈNθtΓ(ωΓ), J dϊ = oo,

where No being considered as a shift-bounded Hunt convolution kernel

on Γ, BNo,Γ(μ;ωΓ + VΓ) denotes the totality of iV0-balayaged measures of

μ on ωΓ + VΓ and ΈNθtAp>r) denotes the totality of iV0-equilibrium measures

of ωΓ

10). Let V be a relatively compact open neighborhood of the origin

in X with V Π Γ — VΓ. Put ωv = ωΓ + V; then ωv is open in X. We

choose another open neighborhood U of the origin in X such that U = — U

and U + UaV. We may consider M£(Γ) as a subset of M^(X). Choose

(//, α') e SB*((μ, 0); ωv). Then N*μ^N*μ' + afξ on X implies N' * μ~^

N'*μ' + a'ξ on X Assume that iV' * μ - N' * ̂  - a'ξ = 0. Then iV0 * μ'

= No * μ in ωF and iV0 * μ' ̂  AΓ0 * μ on X Hence supp (//) = ωv (Ί Γ =

( ά ) Γ + V ) n Γ = ft)Γ+ F Γ . Thus we may consider μf as in M+(Γ). This

shows that // e BNo,Γ(μ; ωΓ + VΓ) and \ dμ' = \ dμ, which contradicts (A).

Therefore Nf * μ - N' * μ' - a'ξ Φ 0. By N' e (SMP) and Proposition 9,

we have supp (N' * μ — N' * μ' — a'ξ) Π supp (μ) φ φ, which implies

supp (N' * μ - N' * μ' - a'ξ) 3 Γ. Let / e C£(X) with supp (/) c U and

/(0) > 0. Then there eixsts g e C£(X) such that £ ^ /, #(0) > 0 and

(4.6) (N'*μ-N'*// -a'ξ)*f^ξΓ*g on X.

Since No* μ' = No* μ + (N' * μ — N' * μ' — a'ξ) in ωv, we obtain that

(4.7) N0*μ'*f = N0*μ*f + (N'*μ-N'*μ' - a'ξ) * f in ωΓ + U .

Let (ωΛ α)α € y l be a net of relatively compact open sets in Γ with ω Γ j α C ω Γ ) i 9

(α ^ ]8) and U«e^ ωΓ,β = ωΓ, rα e E^0)Γ(ωΓ,α) (α e A) and let /i^ 6 B^0>Γ(^; ωΓ)
n\

Then, by (4.6) and (4.7), we have

1 0 ) In the case of Ί£NO,Γ(<I>Γ) Φ Φ, each γ eΈN0,r(o)r) satisfies supp Wcωp, No*γ ^
and No*γ = $r on ωp.

n) Similarly as in the definition of Bivo(μ; ω), we define B]Yo,r(μ; (or) from
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<; No * μ * / + (N' * μ - N' * μ' - afξ) * /

= No* μ' * f in ωΓ + U .

Since supp ((μ"r + ϊa) * g) c ωΓ + U, the complete maximum principle of

NQ gives No * (μ"r + ϊa) * g ^ iV0 * μf * / on X Letting ωΓ j α f ωΓ, we see,

from the dominated convergence property of iV0, that there exists Te

EΛo,r(^r) such that

No * (j/JΓ + ϊ)*g<N0*μ'*f on Z

(see also Lemma 15 (6)). By the positive mass principle of iV0 (see also

Lemma 15 (5)), we have (f <fy"Γ + [dϊYigdξ ^ (ϊdμ'Yϊfdξ, which im-

plies \dϊ < oo. This contradicts (B). The assumption ηNiδ Φ — oo leads

to this contradiction. Consequently, ηNJ = — oo. This completes the

proof.

Let (at)t^0 be a vaguely continuous convolution semi-group on X. It

is said to be recurrent if there exists 0 Φ f e Cχ(X) with l i m ^ fdasds

= oo, and it is said to be semi-transient if lim^^ at — 0 and μeM]c(X)y

as * μds) is vaguely bounded.α:0 /ί>0

As we mentioned in Section 1, Theorem 2 and main theorems in [8]

(Theoremes 52 and 520 imply Theorem 1. By Theorem 2 and a result in

[8] (see Theoreme 25), it can be also stated as follows:

THEOREM 27. If a real convolution kernel N on X is semί-balayable,

non-periodic and satisfies infxex N*f(x) <: 0 for all feCΰ

κ(X), then there

exists a uniquely determined vaguely continuous, markovian, semi-transient

and recurrent convolution semi-group (at)t^0 on X such that for any t > 0,

N^> N* at and

"_ = ε
t

In Theorem 2, it is a question if the condition infxex N* f(x) <L 0 for

all f e C°K(X) can be removed. By Theorem 2 and Proposition 28 in [8],

we have the following

Remark 28. Assume that a real convolution kernel N on X satisfies

the same conditions as in Theorem 27. Then, for any μ e D+(N) with
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ίdμ < oo and any open set ω Φ φ in X, ^BN{(μ, 0); ω) Φ φ and it forms

only one element.

In fact, it is known that if μ e Mκ(X), ^BN((μ, 0); ω) Φ φ (see Proposi-

tion 28 in [8]). Assume that supp (μ) is non-compact. Then we write

μ = Σ?-i μ™ where μn e M+

K{X). Let 0 4 a'n) e mN((μn, 0); ω). Then < £ 0.

Let ωf be a relatively compact open set Φ φ in X with ω' c ω and (y, 6) e

SBiv((^, 0); α/) (see Lemma 8). Then 2~=i βή ^ &> that is, J]n=i αή > — °°

This implies that Σ~= 1 /4 € D+(N). Hence we see easily that (Σn=i /4 Σ!n=i «0

e SB^μ, 0); ω), that is, SB^tfμ, 0);ω) Φ φ. Let (//, α;) and (^7/, α/7) be in

SBN((μ, 0); ω). Then iV* ^ + α'f = iV* ^ + α/7f. Let (iVp)p>0 be the

resolvent associated with N and x e X Since N* μ' *(ε — εx) and

N* μ" *(e — εx) are shift-bounded, the above equality and (4.2) give

Np * {μ' * (ε - εx)) = Np * (μ» * (ε - εx)) for all p > 0 ,

which implies μf — μr * εx = μ" — μ" * εx. Letting x-> δ, we have μ! = //;/,

because i d / = ίdμ" = ί d ^ < oo, so that a' = α;/. Thus S B ^ , 0) ω)

forms only one element.
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