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BOUNDS FOR THE NORMALISED JENSEN FUNCTIONAL

SEVER S. DRAGOMIR

New inequalities for the general case of convex functions defined on linear spaces
which improve the famous Jensen’s inequality are established. Particular instances in
the case of normed spaces and for complex and real n-tuples are given. Refinements of
Shannon’s inequality and the positivity of Kullback-Leibler divergence are obtained.

1. INTRODUCTION

Jensen’s inequality for convex function is one of the best known and extensively used
inequalities in various fields of Modern Mathematics. It is a source of many classical
inequalities including the generalised triangle inequality, the arithmetic mean-geometric
mean-harmonic mean inequality, the positivity of relative entropy in Information Theory,
Schannon’s inequality, Ky Fan’s inequality, Levinson’s inequality and other results. For
classical and contemporary developments related to the Jensen inequality, see [3, 6, 7]
where further references are provided.

To be more specific, we recall that, if X is a linear space and C C X a convex
subset in X, then for any convex function f : C — R and any 2; € C,r; > 0 for

k
t€{1l,...,k},k > 2 with }_ r; = Ry > 0 one has the weighted Jensen’s inequality:
=1

k k
@ RL,, Zl:nf (%) > f(—RII ;n-z.-).
If f: f:C — R is strictly convex and r; > 0 for i € {1,...,k} then the equality case
hods in (J) if and only if z; = --- = 25,

The main aim of the present note is to provide an elementary refinement of this
classical inequality and point out a few applications in relation with some fundamental
inequalities in various fields of Mathematics.
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2. BOUNDS FOR THE NORMALISED JENSEN FUNCTIONAL

By P. we denote the set of all nonnegative n-tuples (p,, ..., p,) with the property
n

that Y p; = 1. Consider the normalised Jensen functional
i=1

Inlf,x,p) = sz z;) (Zp,z.) >

where f : C — R is a convex function on the convex set C, x = (z,..
p €Pn.
The following result holds.

THEOREM 1. Ifp,q €Ps, ¢ >0 foreachi € {1,...,n} then

.,T,) € C™ and

ey pa{Pin(xe) > mxe) > @ {Ea0xe o).

1<ign <ign

PROOF: We give here a direct proof based on the Jensen inequality for appropriate
choices of the elements in (J). The reader is invited to try to find other proofs, eventually
simpler than this one.

Denote m := min;¢i<n{pi/q:} and observe that 0 < m < 1.
If we apply Jensen’s inequality (J) for k = n + 1,

n
zy =Z(Ii$i, zipp=5;€C, je{l,...,n}

i=1

rn =m, Tj+1=(%—m)Qj>0, je{1,...,n}
j

for which
n+l1

er—m+§:(—-m) =1

then we have

o or(Sue) + £ > () + £ -]

i=1 i=1 j=1 %
Since
mf (Z Qil'i) + (— - m)qJ flz5) = ZPJ (z;) [Z g; f (z;) (Z quJ)]
i=1 i=1
and

() + 5] =1 (Ee)

j=1
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hence by (2.2) we get the second inequality in (2.1).
Now, let M := max {pi/q;} and observe that M > 1
<Lign

iIf we apply Jensen’s inequality (J) for k=n +1,

n
2; = Tj, Zn41 = Zpixia J € {1""17)’})

i=1
1 Dj 1
'M_(M—q_j)Qja rn+1‘My ]€{1a1n}

Tj=

for which

then we have

03 2 (M-B)gse)+ %f(sz)
7 i=1

.
—

=1 =1
Since
23 (- R)arttm) + 5 (3
M Z; - = )g;f(=; M 1 DiTi
1= i=
= Z qu [Z p]f(z] (Zp!zt)]
j=1
and n
f %Z - 2)ajzi+ 37 Zp,x. =f ipjzj :
j=1 j=1
hence by (2.3) we deduce the first part of (2.1) and the proof is complete. 0
If we consider for the uniform distribution u = (1 /n,...,1/n) the unweighted Jensen
functional
Jn(fy ) Jn(f’xu Zf xl)— (_Z )
i=1

then we can state the following particular case of interest as well:

COROLLARY 1. Ifp €P,, then

(2.4) nlrg%{m}%(f, x) 2 Ju(f,x,p) 2 n min {p;}Jn(f,%) (> 0)- |
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3. APPLICATIONS IN NORMED SPACES

Let (X, |l) be a real or complex normed linear space. It is well known that the
function f,: X = R, fp(z) = ||z||?,p > 1 is convex on X. Applying the results obtained
above one may easily state the following inequalities:

(3.1) max {2 }[Z gzl - |

iTj

> ijllzjﬂ"- T
j:l =

‘ n P

' . AP .
and
62 maxin) [Z e |P = n1= ] Zp, 121 = [ pye;

j=1

n n p

> min {”‘}[Zl flP = o | o
ji= i=

forallp>1
If in (3.2) we choose p; := 1/|1xj||, where z; € X\ {0}, j € {1,...,n}, then we get

O} [ et - |3 22 [ ] 5 St - 3
i=1 = p
(3.3) > min {llz;1} [Z st = ]
i=1

We remark that, for p = 1 one may get out of the previous results the following inequalities
that are intimately related with the generalised triangle inequality in normed spaces:

(3.4) tpan } [E gjliz;ll - iquj ] > ipj“zj“ -
> min {& }[Z gl -

iTj ] (>0),

1€ign

@5) S DO )

n n n
15 ] > ZP;‘NIJ‘H— > piz;
; o

> min (7) [E sl -

](20)
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and

1<jg<n

(3.6) max {||z;||} [

2> 5;“1||x,-|| -

> min {lejll}[

el

We note that the inequality (3.6) has been obtained in a different way by Kato, Saito
and Tamura in [4] where an analysis of the equality case for strictly convex spaces has
been performed as well.

REMARK 1. Let C be the field of complex numbers. If 2 = Rez + iIm z, then by
|]p: C —[0,00), p €[1,00] we define the p—modulus of z as

max{|Rez|,|Imz|} if p=oo,

|Z|P = 1/p .
(|Rez|P + |Im z|P) if pel,00),

where |a}, a € R is the usual modulus of the real number a.
For p = 2, we recapture the usual modulus of a complex number, that is,

lz]a = V/|Rez|?*+ |Imz|? = |z|, ze€C.

It is well known that (C,|-|,), p € [1, oc] is a Banach space over the real number field R.
It is obvious that all above inequalities hold for | - |,, the nonnegative n-tuples p,q
and the complex numbers z), ..., z,. The details are omitted.

4. THE GEOMETRIC MEAN-ARITHMETIC MEAN INEQUALITY

Although the inequality between the arithmetic and geometric means

a;b > Vab,a,b > 0;

was probably known in antiquity, the general result for weighted means seems to have
first appeared in print in the nineteenth century, in the notes of Cauchy’s course given
at the Ecole Royale in 1821, page 315.

If p€eP,,a>0 and

n

Ga(p, a) := Ha,f‘, An(p,a) = Zpiai
=1

i=1

(4.1) An(p,a) 2 Ga(p, a).
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If all p; > 0, then the equality case holds in (4.1) if and only if a is constant, that is, all
the components are equal to a constant k € R.
For classical and recent results related to the GA-inequality, see [1, Chapter II].
Applying the inequality (2.1) for the choices f : (0,00) = R, f(z) = —Inz one can
state the following inequality

(A‘n(q1 a) )maxls"s"{"‘/""} > Aq(p, a) > (An (q,a) )minlsi(n(l’i/ql'}'
Gﬂ(q, a) Gn(p, a) Gn(Qa a)

(4.2)
If, for the uniform distribution u = (1/n,...,1 /n), we consider

Aqn(a) = An(u, a),Gp(a) = Gu(u, a),

then we have

(A_n(_a_))"‘"“*<*<"{"*} . Aupra) (An(a) )“mi"lsfsn{m}.

(4.3) Gnla) Z Ga(p,a) ~ \Ga(a)

Since there is the obvious relation between the arithmetic mean and the harmonic mean

1 1\t
H, ,) = e — = A ,-—)
(P, a) e n(p <
where 1/a := (1/ay,...,1/a,) and a; are all positive, one can derive a similar inequality

between the harmonic and geometric means. The details are omitted.

5. INEQUALITIES FOR SHANNON’S ENTROPY

Let X be a random variable with the range R = {z;,...,z,} and the probability
distribution py,...,pn (p; > 0, i =1,...,n). Define the Shannon entropy by

H(X):=- Zpi Inp;.
=1

The following theorem is well known in the literature and concerns the maximum
possible value of H(X) in terms of the size of R [5, p. 27).

THEOREM 2. Let X be defined as above. Then
(5.1) 0< H(X) <Inn.

Furthermore, H(X) = 0 if and only if p; =1 for some i and H(X) = Inn if and only if
pi=1/nforallie {1,...,n}.

This fundamental result may be improved as follows:
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PROPOSITION 1. Let X be defined as above. If p; > 0 for each i € {1,...,n},

then
n(1/p)
(5.2) 0< "1?‘3‘"{”*}'“[@ (1/p)
Aq(1/p)
- < ; .
<Ilnn—- H(X) < nlrg{as)f‘{p,}ln[cn(l/p)]
ProorF: It follows from Corollary 1 for the choices f(t) = —Int, z; = 1/p; and
appropriate elementary calculations. The details are omitted. 0

6. INEQUALITIES FOR THE RELATIVE ENTROPY

The relative entropy is a measure of the distance between two distributions. In
statistics, it arises as an expected logarithm of the likelihood ratio. The relative entropy
D(p|lq) is a measure of the inefficiency of assuming that the distribution is q when
the true distribution is p. For example, if we knew the true distribution of the random
variable, then we could construct a code with average description length H(p). If, instead,
we used the code for a distribution q, we would need H(p)}+ D(p||q) bits on the average
to describe the random variable [2, p. 18].

DEFINITION 1: The relative entropy or Kullback-Leibler distance between two
probability distributions p and q is defined by

D(pliq) : szln(p') Epln(® g;)

In the above definition, we use the convention (based on continuity arguments) that
01n(0/¢) = 0 and pIn(p/0) =

It is well-known that relative entropy is always non-negative and is zero if and only if
p = q. However, it is not a true distance between distributions since it is not symmetric
and does not satisfy the triangle inequality.

The following theorem is of fundamental importance [2, p. 26].

THEOREM 3. (Information Inequality) Let p,q, be two probability distribu-
tions. Then

(6.1) D(pllq) >0
with equality if and only if
(6.2) pi=¢ forallz e {1,...,n}.

This fundamental result may be improved as follows.

https://doi.org/10.1017/5000497270004051X Published online by Cambridge University Press


https://doi.org/10.1017/S000497270004051X

478

S.S. Dragomir (8]

PROPOSITION 2. Let p,q, be two probability distributions. Define the x? di-

vergence of p,q by the quantity

X’(p,q) : Ep.(——l) =i§—1
i=1 7t

Ifpi,q; > 0 for all x € {1,...,n}, then

max {% }[D(allp) - In(x¢(p, @) +1)]
> (PHQ)
> 12‘,-2‘,.{5} [D(QHP) ~In(x*(p,q) + 1)] (= 0).

PrOOF: The proof follows by Theorem 1 on choosing f(t) = —Int, z; = ¢;/p; and

performing appropriate elementary calculations. The details are omitted.
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