
A P R O P E R T Y O F GROUPS WITH NO C E N T R A L FACTORS 

A. H. RhemtuI Ia 

( r ece ived F e b r u a r y 4, 1969) 

1. Let C^ denote the c l a s s of a l l g roups with no n o n - t r i v i a l 

c e n t r a l f a c t o r s . We p rove the following t h e o r e m . 

THEOREM. T h e r e e x i s t n o n - t r i v i a l loca l ly solvable C^ 

g roups ; but t h e r e i s no n o n - t r i v i a l loca l ly k - s t e p polyni lpotent C^ 

g roup for any in t ege r k . 

It i s wel l known that a m i n i m a l n o r m a l subgroup of a local ly 
solvable g roup is abe l i an . Thus no n o n - t r i v i a l local ly so lvable group 
can be p lupe r fec t - the c l a s s of a l l p e r f e c t g roups in which e v e r y 
s u b n o r m a l subgroup i s a l so pe r f ec t . On the o ther hand t h e r e a r e 
e x a m p l e s (see [2] or [3]) of local ly n i lpotent pe r f ec t g r o u p s . The 
above r e s u l t thus shows (i) that C groups lie s t r i c t l y be tween 

p luper fec t g roups and pe r fec t g r o u p s , and (ii) tha t the c l a s s of a l l 
loca l ly solvable g roups is dec ided ly l a r g e r than the c l a s s of a l l 
loca l ly k - s t e p polyni lpotent g r o u p s , for a l l i n t e g e r s k . 

R e s u l t (i) is we l l known and e a s y to ve r i fy even for finite 
g r o u p s . But (ii) i s not so e a s y to show. It was f i r s t e s t a b l i s h e d by 
D. H. McLa in in [4] w h e r e he p roved tha t local ly solvable g roups 
sa t i s fy ing m a x n - the m a x i m a l condit ion for n o r m a l subgroups -
need not be finitely gene ra t ed w h e r e a s e v e r y loca l ly k - s t e p po lyn i l 
potent g roup sat is fying m a x n i s f initely gene ra t ed for al l i n t e g e r s 
k . 

It i s p e r h a p s i n t e r e s t i n g to note the s i m i l a r ro le p layed by C^ 

groups and groups sa t is fying m a x n . T h e o r e m s 1 and 2 of [1] give 
ano the r e x a m p l e of th is phenomenon . Since e v e r y s imple local ly 
so lvable group i s abe l ian , any n o n - t r i v i a l local ly so lvable group 
sat isfying m a x n has a n o n - t r i v i a l abe l ian quot ient and hence no 
such g roup is p e r f e c t . In p a r t i c u l a r the c l a s s of local ly solvable d^ 

groups and local ly solvable groups sat isfying m a x n a r e mu tua l ly 
e x c l u s i v e . 
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2. Notations and Definitions. A group G is k-step poly-

nilpotent if and only if there is a series 

G < G, < • • • < G 
o — 1 — — k 

such that for all i = 0, 1, • • • , k-1 , G /G is nilpotent. H/K is 
i+l i 

called a central factor of G if K< G and H/K lies in the centre of 

G/K, or, equivalently, if [H, G] =~{[h,g]: h c H, g e G } < K. A 

group G is perfect if and only if it coincides with its derived subgroup 

Gf = [G, G] . The centre of G is denoted by Z(G). Finally we refer 

the reader to [5, Section 9. 2] for the definition and basic properties of 

the standard wreath product H 1 K of two groups H and K . 

3. Proof of the Theorem. The following construction, due to 

P. Hall, serves our purpose in proving the first part of the Theorem. 

Let p , p_ , . . . be an infinite sequence of distinct odd primes. 
1 2 

Define G = < t , > ; G , = G \ < t > = B < t > for 
1 1 n+1 n ^ n+1 n n+1 

n = 1,2, . . . , where t is of order p. for all i , and G is 
i l n 

embedded in G as a direct factor of the base group B . Let 
oo n+1 n 

G = U G . We assert that the derived group G! of G has no 
n=l n 

non-trivial central factors. 

Note that G is a locally finite solvable group and for all integers 

n , B1 < G" [2, Lemma 5] so that G1 = G,f . Also the subgroups 
n — n+1 

B have all their sylow subgroups abelian, so that B' H Z(B ) = 1 
n n n 

[6, Theorem 4. 1]. If L/M is a non-trivial central factor of G1 , 

then [G1 , L] < M and we can choose an element x € L, x f. M . 
oo 

Since G1 = U B1 , x e B ! for some m . Now B <3 G and 
n=l n m m m+1 

M <J G! so that B ! H M < G ! • Also the sylow subgroups of 
m m+1 

G! /B1 H M are again abelian, and hence 
m+1 m 

(i) (G" / B 1 n M) n (B ! n L / B ' n M) = I 
m+1 m m m 

since [G1
 J f B 1 H L ] < B 1 H M . B u t x € B 1 H L < G" A 

m+1 m — m m — m+1 
and xjf B1 f| M . This contradicts (1) and we conclude that G1 

m 
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has no n o n - t r i v i a l c e n t r a l f ac to r . 

To p rove the second half of the T h e o r e m , we need the following 
r e s u l t . 

LEMMA. G e C^ if and only if for e v e r y x e G , 

x e D = { [ x , g ] : g € G} . 
x 

P r o o f . If x e D for a l l x in G , then L = [L, G] for e v e r y 

subgroup L of G so tha t G has no n o n - t r i v i a l c e n t r a l f a c t o r s . 
C o n v e r s e l y , x f. D i m p l i e s tha t < x, D > / D i s a n o n - t r i v i a l 

X X X 
c e n t r a l fac tor of G so that G £ Q\ . 

Suppose that G is a n o n - t r i v i a l local ly k - s t e p polyni lpotent C^ 
g roup . Choose any e l e m e n t x ^ 1 in G . Then x e D and we can 

choose a finite subse t S of G sat isfying x e S and x e { [x, s ] : s e S } 

By induct ion let us a s s u m e the ex i s t ence of a finite subse t S of G 
r 

sa t i s fying S t c S and S t c { [u»v l ; u € S , v € S } . 
r - 1 — r r - 1 — r - 1 r 

Since S is a finite se t , and for e v e r y v € S t h e r e i s a finite se t 
r r 

T sat isfying v € T and v e { [ v , t l : t e T } , the union S t of 
v J v u J v J r+1 

the s e t s T , v € S is f ini te , S c S and S C { [ v , w l : v e S , 
v r r — r+1 r — r 

w € S \ . Our cons t ruc t ion of the s e t s S e n s u r e s that < S > 
r+1 r r 

is not r - s t e p polyni lpotent . To begin with, < S > i s not n i lpotent s ince 

1 f x € { [x, s ] : s € S } . A s s u m e tha t < S > is not ( r - l ) - s t e p 

polyni lpotent . Let M be the n o r m a l c l o s u r e of S in < S > , 
r - 1 r 

so that M is not ( r - l ) - s t e p polyni lpotent . If H = < S > is r - s t e p 
r 

polyni lpotent , then t h e r e e x i s t s a subgroup L < H with H / L 
ni lpotent and L ( r - l ) - s t e p polyni lpotent . Since M is not ( r - l ) - s t e p 
polyni lpotent , 1 f L M / L < H / L . But M = [M, H] and hence H / L 
is not n i lpo ten t , a con t r ad i c t i on . Thus we conclude that < S > is 

r 
not r - s t e p polyni lpotent , and by choos ing r > k we get the r e q u i r e d 
c o n t r a d i c t i o n . 
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