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Abstract

We study the regularity properties of several classes of discrete maximal operators acting on BV(Z)
functions or £'(Z) functions. We establish sharp bounds and continuity for the derivative of these discrete
maximal functions, in both the centred and uncentred versions. As an immediate consequence, we obtain
sharp bounds and continuity for the discrete fractional maximal operators from £'(Z) to BV(Z).
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1. Introduction

Considerable attention has been given to the behaviour of differentiability under a
maximal operator. Kinnunen [11] first studied the regularity of the usual centred
Hardy-Littlewood maximal function M and showed that M is bounded on the Sobolev
spaces WHP(R?) for all 1 < p < co. Tanaka [20] (see also [10]) noted that the W'7-
bound for the uncentred case of M also holds by a simple modification of Kinnunen’s
arguments. This paradigm has been extended to a local version in [12], to a fractional
version in [13] and to a multisublinear version in [7, 16]. Due to the lack of reflexivity
of L', results for p = 1 are subtler. A crucial question in this direction was posed by
Hajtasz and Onninen in [10].

Question 1.1 [10]. Is the operator f > |VMf| bounded from WH1(RY) to L'(R%)?

A standard dilation argument reveals the true nature of this question: whether the
variation of the maximal function is controlled by the variation of the original function,
that is, whether

IVM Sl ey < CIV fllprgay- (1.1)
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Progress on this problem has been restricted to dimension d = 1. In 2002, Tanaka
[20] observed that if f € W I(R), then M is weakly differentiable and (1.1) holds
withd = 1 and C = 2 for the uncentred maximal operator M. Tanaka’s result was later
sharpened by Aldaz and Pérez Lazaro [2], who proved that if f is of bounded variation
on R, then M f is absolutely continuous and

Var(MJ) < Var(f), (1.2)

where Var(f) denotes the total variation of f. The inequality (1.2) is sharp. A new
proof of (1.1) withd =1 and C =1 for M was presented by Liu et al. in [15]. Very
recently, (1.2) was extended to a fractional setting in [6, Theorem 1]. In the remarkable
work [14], Kurka showed that if f is of bounded variation on R, then (1.2) holds for M
(with constant C = 240 004). It was also shown in [14] that if f € W"!(R), then Mf
is weakly differentiable and (1.1) also holds for M with constant C = 240 004. It is
currently unknown whether (1.2) also holds for M. For other interesting related work,
we refer the reader to [1, 8, 9, 17, 18].

In this paper, we focus on this topic in the discrete setting. Let us recall some
notation and relevant results. For 1 < p < oo, the £”-norm and the £*°-norm of a discrete
function f : Z — R are defined by

1/p
Il = (D @) and flle) = sup Lfn.

nez

We define the first derivative of f by f’(n) = f(n + 1) — f(n) for any n € Z. The total
variation of f recovers the £'(Z)-norm of f”, that is,

Var(f) = I lloy = ) Lf(r+ 1) = ).

nez
We denote by BV(Z) the set of functions of bounded variation defined on Z and write

b-1
Var(f; [a, b]) = lf o)) = Z lf(n+1) = f(n)
n=a
for the variation of f on the interval [a, b], where a, b are integers (or possibly +co).
The regularity of discrete maximal operators has attracted the attention of many
authors (see [3, 5, 6, 19, 21]). Let M (respectively M) be the discrete centred
(respectively uncentred) Hardy—Littlewood maximal operator given by

1
M =
S =sw o

r . 1 N
Dfm+hl Mfm) = sup ——— 3" [f(n+k),
=—r k=—r

1 h rseN ¥+ 8+ 1
where N = {0, 1,2, 3, ...}. Bober et al. [3] proved that

Var(Mf) < Var(f) (1.3)
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and

146
Var(Mf) < (2 + E)ufnel@). (1.4)

The inequality (1.3) is sharp. The inequality (1.3) for M was established by Temur
in [21] (with constant C = 294 912 004). Inequality (1.4) is not optimal, and it was
asked in [3] whether the sharp constant for (1.4) is C = 2. This question was resolved
by Madrid in [19]. Recently, Carneiro and Madrid [6] extended (1.3) to the fractional
setting. They considered the discrete uncentred fractional maximal operator

r,seN (}" +

— 1 s
M, f(n) = sup GrstDi Z lf(n+ k)
k=-r

and showed that if 0 < a < 1, g = 1/(1 — @), f € BV(Z) and M, f % oo, then

(Mo f) lleaczy < 4179Var(f).

To the best of our knowledge, the centred analogue remains an open problem.
The motivation for this paper is to investigate the regularity of the discrete centred
fractional maximal operator

1 r
Mo f(n) = sup ———=— " |f(n + K|
k=—r

reiy (2r + DI~

More precisely, we shall establish the following theorem.

Turorem 1.2. Let 0 <a < 1. Then M, is bounded and continuous from £'(Z) to
BV(Z). Moreover; if f € '(Z), then

Var(M, ) < 2| fllpz)»

and the constant C =2 is the best possible. The same results hold for M,.

Remark 1.3. Theorem 1.2 extends the result of Madrid in [19, Theorem 1], which
corresponds to the case @ = 0. On the other hand, by the nest property ¢9'(Z) C £9*(Z)
for 0 < g1 < g, our Theorem 1.2 is new even in the uncentred case. It should
be pointed out that M, : BV(Z) — BV(Z) is not bounded for 0 < @ < 1. To see
this, let / € N\{0} and f(n) = y[—;5(n). One can easily check that Var(f) =2 and
Var(M, f) > Var(M,; [I, 0)) > %(41 + 1)®. This yields our claim by letting [ — co. The
same claim holds for 1\710.

We will establish Theorem 1.2 by investigating the end-point regularity of more
general discrete maximal operators. Let @ be a function defined on (0, o). For a

discrete function f : Z — R, we define the discrete centred maximal operator Mg with
respect to @ by

Mo f(n) = sup®Qr+1) 3" |f(n + k)| (1.5)

reN =
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and the uncentred version by

Mo f(n) = sup ®(r + s+ 1) > |f(n + k).

r,seN h=—r

Clearly, M (respectively M) is the special case of Mg (respectively Myg) for ®(f) = 1!
and, when @(f) = t*!, 0 < @ < 1, Mg (respectively Mq)) reduces to the operator M,
(respectively M,).

Our main results can be formulated as follows.

TuEOREM 1.4. Let Mg be given as in (1.4). Assume that @ : [1, c0) — (0, 00) is convex
and decreases to zero. Then Mg is bounded and continuous from €'(Z) to BV(Z).
Moreover, if f € fl(Z), then

Var(Mo f) < 20(D)|Iflle ),
and the constant C = 2®(1) is the best possible. The same results hold for Mo.
THEOREM 1.5. Let 1\7(1; be given as in (1.5). Assume that © : [1, 00) — (0, 00) satisfies

lim,_,o, ®(¢) = 0 and
1 1 1

+ <
D(s) D)~ D@+ 5)

(1.6)

for all s,t e€[1,00). Then Mq) is bounded and continuous from €'(Z) to BV(Z).
Moreover, if f € BV(Z), then

Var(Mg f) < ®(1)Var(f).
Further, if © is also nonincreasing, then the constant Co = ®(1) is the best possible.

Remark 1.6. Examples of functions satisfying the assumptions on ® in Theorem 1.4
are t*%(a > 0), e“(a > 0), (In#)"! and so on. An example of a function satisfying
the assumptions on @ in Theorem 1.5 is (P(¢))~!, where P(¢) is a polynomial with
positive coefficients. We mention three further examples: (a) ®(¢) = 12 satisfies the
assumptions in Theorems 1.4 and 1.5; (b) ®(f) = +!/? satisfies the assumptions in
Theorem 1.4, but ® does not satisfy the condition (1.6); (c) ®(r) = (1 + £*)~! satisfies
the assumptions in Theorem 1.5, but @ is a concave function defined on [1, co0).

Remark 1.7. Clearly, Theorem 1.2 follows immediately from Theorem 1.4 when
®(t) = t*! for 0 < @ < 1. The boundedness part in Theorem 1.4 extends (1.3), which
corresponds to the case () = t~'. It is not hard to see, by considering the function
f(n) = xy(n), that the constant Co = 2d(1) (respectively Cqp = ®(1)) is best possible
in Theorem 1.4 (respectively Theorem 1.5).

The rest of this paper is organised as follows. We prove Theorem 1.4 in Section 2
and Theorem 1.5 in Section 3. The proof of the boundedness part in Theorem 1.4 is
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based on the method of [19]. The main ideas in the proof of the boundedness part
of Theorem 1.5 are motivated by [3], but our method is simpler than that of [3]. The
proofs of the continuity parts in Theorems 1.4 and 1.5 rely on the boundedness results
and an application of the Brezis—Lieb lemma in [4], which was used to prove the
continuity of a class of discrete maximal operators by Carneiro and Hughes in [5].
However, our approach is different to and simpler than that of [5].

Throughout this paper, the letter C, sometimes with additional parameters, will
stand for positive constants, not necessarily the same at each occurrence but
independent of the essential variables.

2. Proof of Theorem 1.4

2.1. Boundedness part. We apply the method in the proof of [19, Theorem 1] to
prove the boundedness part of Theorem 1.4. Let f € £!(Z). Without loss of generality,
we may assume that f > 0.

2.1.1. Centred case. For convenience, let I'(x) = ®(2x + 1) — ®(2x + 3) for any
x > 0. One can easily check that I'(x) is decreasing on [0, c0) and }},; ['(n) = O(1).
Since f € £'(Z), then, for any n € Z, there exists r,, € N such that Mg f(n) = A, (Hn),
where

A = ®Qr+1) Y fn+k)

k=—r
forany r e Nand n € Z. Let

X" ={neZ: Mof(n+1)>Mof(n)} and X ={n€Z:Mof(n)> Mof(n+ D}

Then
Var(Mof) = ) (Mof(n+1) = Mof(m) + )" (Mof(n) = Mof(n+ 1))
nex+ neX-
< D A DO+ D) = Ay (DO + D (AL (D) = Art (D + 1), (2.1)
nex* nex-

On the other hand, for a fixed n € Z,

A, N+ 1) = A, ()0

= Ot + 1) D FEON ety o +11(6)
keZ

= ©2re1 +3) ) FON s, tmirr 1 (R)

keZ

< Z SO (e ) pneksnrrun +1 70 + Xina1=rp <ksn) (1))
keZ

< Z SRT(k —n = Dy (k) + T(n = ke k), (2.2)
keZ

https://doi.org/10.1017/5S0004972716000940 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972716000940

[6] The discrete maximal operator 113

A () = Ap i (N + 1)
= OQr, + 1) " FOWinr, 1 ()

keZ
- ©Q2r, +3) Z f(k))([n—rn,n+rn+2](k)

keZ
< " FOOTC ks (1) + X, ken) (1)
keZ
< D FEOTK = 1= D ey () + T(n = )iy (). (2.3)
keZ

It follows from (2.1)—(2.3) that

Var(M@f)SZf(k)( S Th-n-D+ Y Ta-k

keZ nexX+,n<k neX+*,n>k
+ 3 Th-n-D+ Y r(n—k))
neX-,n<k neX-,n>k
= > F0(Y Tk =n=1)+ Y T - k)) <20(D)lfllp z)-
keZ n<k n>k

2.1.2. Uncentred case. The proof follows similar lines to Section 2.1.1 and we
only need to make some modifications. Let Y(x) = ®(x + 1) — ®(x + 2) for any x > 0.
Observe that Y'(x) is decreasing on [0, c0) and 3,y T(n) = ®(1). Since f € £'(Z), for
all n € Z there exist r,, s, € N such that

Mof(n) =By, ., () := O(ry + 5, + 1) Y fln+).

k=—r,

Fix n € Z. By arguments similar to those used to derive (2.2)—(2.3),

Brisin (N + 1) =By, 10

< 3 FOTK = 1= Ve (0) + Y1 = K paig (K)), 24)
keZ
By, 5, (£)(1) = By, 1.0, () + 1)
< D FUOCT(Kk =1 = Dy eig (B) + Tt = K sty (). 2.5)
keZ

Let

Xt=(meZ: Mof(n+1)>Mof(n)) and X ={ne€Z: Mof(n)> Mof(n+ 1))
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Then, from (2.4)—(2.5),
Var(Mof) = D" (Mof(n+ 1) = Mof(n) + > (Mo f(n) = Mo f(n + 1)

neX+ neX-
< B N+ 1D =By 1 (HM)
neX+
+ D By (NM) = By, (A + 1)
neX-
< 3 (Y Y= n= 1+ Y X =) < 20Dl o
keZ n<k n>k

2.2. Continuity part. Let f; — fin £'(Z) as j — co. Without loss of generality, we
may assume that f; > 0 for all j and that f > 0, since ||f;| — [fIl < |f; — fI.

2.2.1. Centred case. LetI'(x) and A, be as in Section 2.1.1. We want to show that

}LI?O (Mo f;) = (Mo f) ez = 0. (2.6)
For any € € (0, 1), there exists N; = Ni(e, f) > 0 such that
i = fllesy < Wfj = flloz) <€ (2.7)
and
fille=zy < W fillevzy < Ifi = fllazy + 1 llerzy < fllazy + 1 (2.8)

for any j > N;. Fix n € Z and j > N,. It follows from (2.7) that

n+r

|Mo fj(n) = Mo f(n)] < sup ®(2r + 1) Z Ifi(k) = fUl < @D = fllerz) < P(De

reN —

for any j > N, which implies that Mq f; — Mg f pointwise as j — oo and
jli_)r{i (Mo f;) (n) = (Mo f) (n) (2.9)

for all n € Z. By the boundedness part of Theorem 1.4, (Mgf)' € £'(Z). By the
classical Brezis—Lieb lemma in [4], to derive (2.6) it suffices to show that

}g{}o (Mo f) lonzy = (Mo f) |l z)- (2.10)
By (2.9) and Fatou’s lemma,
(Mo f) llerz) < hj“li?f (Mo f7) 1 z)-
Thus, (2.10) reduces to showing that

lim sup [|(Mo /) llerz) < 1Mo f) lloz)- 2.11)

J—o0
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We now prove (2.11). Note that there exists a sufficiently large positive integer
R = Ri(e, f) such that

>t <e 2.12)

One can easily check that

|llim Mo f(n)=0.

1n|—00
It follows that there exists an integer Ry = Ry(€) > 0 such that Mg f(n) < € for all
|n] > R,. There also exists an integer Rz > 0 such that ®(2r + 1) < € if r > R3. Let

R = max{R{, R,, R3, 1}. By (2.9), there exists N, = N(¢, R) > 0 such that

(Mo f;) () = (Mo f) (n)] <

€
4R + 2 2.13)

for any j > N, and |n| < 2R. From (2.13),

(Mo f)) llerzy < Z (Mo f7)'(n) = (Mo ) (W] + (Mo f) llez) + Z (Mo f7) ()]

Inl<2R [n|>2R

< (Mo f) oz + €+ Z |(Mo f;) ()] (2.14)

|n|>2R
for any j > N,. Fix j > N, and set
X;' ={lnl22R: Mo fj(n+1) > Mo fj(n)}, X; ={Inl>2R: Mo fj(n) = Mo fj(n + 1)}.

Since fj € £'(Z), for n € Z there exists r, € N such that Mo fi(n) = A, (f))@#). So,

D IMofY ] = Y (Mofitn+1) = Mafi(m) + )" (Mo fi(n) = Mofi(n+ 1))

[n|=2R nex; nex;
< A, )+ D) = Ay ()
neX}’
+ D AL = A (£ + 1), (2.15)
nex;

By arguments similar to those used in deriving (2.2) and (2.3),

A, (+ D) = Ay o (f) < Z JiR)T(k = n = Dxinan (k) + T(n = k)xinzi (k)),

keZ
(2.16)
Ay, () = Ap i (f)n+ 1) < Z ST (k= n = Dxnary(k) + T(n = k)x nzry (k)
keZ
2.17)
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It follows from (2.7), (2.8), (2.12) and (2.15)—(2.17) that

> Mofyl< Y fi0( Y, Th=n-D+ Y Ta-k)

|n|>2R keZ n<k,|n|>2R n>k, [n|>2R
st,-(k)( Y Fh-n-n+ Y F(n—k))
KI=R n<k, 2R nzk, 2R
+ij(k)( Y Th-n-n+ Y F(n—k))
|k|<R n<k, |n|>2R n>k,|n|>2R
<20l el + Y 5O Y Th=n=1+ Y Ta-k)
|k|<R n<-2R n>2R

<Ce+CDPRR+1)<Ce
for any j > N;. Combining this inequality with (2.14) yields

(Mo f) llonz) < (Mo f) llerz) + Ce
for any j > max{N;, N,}, which gives (2.11).
2.2.2. Uncentred case. Similar arguments to those in Section 2.2.1 yield the
continuity of M.
3. Proof of Theorem 1.5

Before giving the proof of Theorem 1.5, we recall an important definition and
present two lemmas, which will play a key role in our proof. For a discrete function
f:Z — R, we say that a point n is a local maximum of f if

fm—1)< f(n) and f(n)> f(n+1).

Lemma 3.1. Let f: Z — R be a bounded function and ® be as in Theorem 1.5. If n is
a local maximum of Mo f, then Mg f(n) = ©(1)|f(n)|.

Proor. First we claim that there exist s, 7o € N such that sy + r¢g # 0 and

Mo f(n) = ®(ro+ 50+ 1) > 1f(n+K). (3.1)

k=—r0

Suppose no such so, ro € N exist with s + ro # 0 and (3.1) holds. We may assume
without loss of generality that Mg f(n) is not attained for any r € N. Let {N;};2 | be an
increasing sequence of positive integers with limy_,., Ny = co. By our assumption,

M@f(n): sup d)(r+s+1)2|f(n+m)| Vk > 1.

>Ny, seN m——r

It follows that for any € > 0 and k > 1, there exist r, > Ny and s; € N such that
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Mo f(n) < Oy + s + 1) Z [f(n+m)| + €

m=—ry

=O(re + s+ 1) Z |lf(n+ 1+ m)

+~¢’(Vk +se+ DAf—rol = f(n+ s+ D) + €
< M@f(n + 1) + q)(rk + Sk + 1)||f||goo(z) + €. (32)

If e » 0and k — o0, (3.2) leads to Mq}f(n) < M¢f(n + 1), which is a contradiction.

We may assume without loss of generality that so > 1,79 > 1 (since the other cases
can be obtained by a simple modification of our arguments). By (3.1), our assumption
and the properties of @,

0 50—1

Mo fn) = @Gy + 5o+ D(If001+ D 1= 1+K0+ Y. Ifn+1+ 0
k=0

k:—r0+1
1 N 1 N 1
O(1)  ®(so)  D(ro)

< D(rp + 50 + 1)( )Mqaf(n)

1 —
+ O + 50+ 1)(|f<n>| - @Mcpf(n))

_ 1 —
< Mo(f)(n) + D(ro + 50 + 1>(|f<n)| - %Mcpf(n)),

which yields Mo f(n) < ®(1)|f(n)|. Thus, Mo f(n) = D(D)|f (). o
ReMARK 3.2. Lemma 3.1 implies [3, Lemma 3] when ®(r) = 7',

Lemma 3.3. Let [a, b] be an interval with a, b being integers (or possibly +oo) and
f € BV(Z). Assume that © satisfies the conditions in Theorem 1.5. Then

Var(Mo f; [a, b]) < ®(1)Var(f; [a, b]).

Proor. We only consider the bounded interval [a, b], since the assertion of Lemma 3.3
for unbounded intervals [a, b] follows easily from this and the fact that Var(Mo f; [a, b])
is the supremum of Var(Mef;[a’,b’]) over bounded subintervals [@’,b’] C [a, b].
Suppose that —co < a < b < co. We may assume without loss of generality that a,
(respectively ag (£ > 1)) is the first (respectively last) local maximum of M@ f. Invoking
Lemma 3.1, we have Mg f(ay) = ©(1)|f(ay)|. Then

¢
Var(Mo f; [a, b]) = Var(Mo f; [a, a1]) + Var(Mo f; [ar, b)) + ) Var(Mo f; [ax, a])

=0
< Mof(a)) — Mof(a) + Mof(ar) — Mo f(b)
-1
+ Z(Mcbf(ak) — My f(bis1) + Mo f(ars1) — Mo f(bis1))
=
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< ()| - [f @]+ f @)l - 1fb)
-1
+ @] = 1Bl + fax)] = 1f e
k=1
< &(1)(Var(f: [a, a1]) + Var(f: [a, b))
-1

+ 3 (Var(f: L, bia]) + Var(f: [bger, e 1)
k=1

< O(1)Var(f; [a, b]).
This completes the proof of Lemma 3.3. O
Proor oF THEOREM 1.5. The boundedness part of Theorem 1.5 can be seen as a special
case of Lemma 3.3. It remains to show the continuity part. We will indicate here the

modifications that have to be made to the proof for the continuity part in Theorem 1.4.
Let f; — fin £'(Z) as j — co. We want to show that

lim [[(Mo ;) = (Mo /) lloz = 0. (3.3)

By the same arguments as in Section 2.2.1, for any € € (0, 1), there exists N; =
Ni(e, f) > 0 such that

Ifi = flleezy < Mfj = fllazy < € (3.4)

for any j > N,. It follows easily from the same arguments as in Section 2.2.1 that in
order to establish (3.3), it suffices to show that

lim sup (Mo ) o1 z) < I(Ma f) llo2)- (3.5)

Jjooo

By the same arguments used to derive (2.14), there exist R > 0 and N, > 0 such that

> fm<e (3.6)
|n|>2R
and
Mo fY oy < (Mo fY o) + €+ Y I(Mof) () 3.7
[n|>2R

for any j > N,. On the other hand, by Lemma 3.3, (3.4) and (3.6),
D (Mo f;) ()] < Var(Mo £33 [2R, 00)) + Var(Ma f3; (—o0, =2R])

|n|>2R
< O(1)(Var(fj; [2R, 00)) + Var(fj; (—co, =2R]))
< O(1)(Var(fj — f;(—c0, =2R] U [2R, 00)) + ®(1)Var(f; (—oo, —2R] U [2R, 0)))
< 20(DIIf; = fllp +2D(1) Z f(n) <4d(1)e (3.8)

[n|>2R
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for any j > N;. Combining (3.8) with (3.7) yields

(Mo )l z) < (Mo f) llaz + GD(1) + e

for all j > max{Ni, N,}. This gives (3.5) and completes the proof of Theorem 1.5. O
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