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A Note on Giuga’s Conjecture

Vicentiu Tipu
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Abstract. Let G(X) denote the number of positive composite integers n satisfying
—1(mod n). Then G(X) < X!/2 log X for sufficiently large X.

1 Introduction

Fermat’s theorem states that if (a, p) = 1, then a?~! = 1 (mod p). Thus
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P71 = —1(mod p).
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Giuga [7] conjectured that there are no composite numbers 7 satisfying Z;’: il =
—1(modn). The truth of his conjecture would imply an interesting characteriza-
tion of prime numbers, just like Wilson’s theorem. It is not hard to show [11, pp. 21—
22] that every counterexample n to Giuga’s conjecture (which will henceforth be
called a “Giuga number”) satisfies

(1) P(p—1)|(n—p),

for every prime p | n. In particular, this implies that # is squarefree and every Giuga
number is a Carmichael number (a number m is Carmichael if a” = a(modm)
Va € N) since, by Korselt’s criterion [8], m is Carmichael if and only if m is squarefree
and p(p — 1) | m — p) for every p | m. Giuga [7] showed that a number # is Giuga if
and only if it is Carmichael and

2) Z%—%EN.
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This last condition implies that every Giuga number has at least 9 prime factors and
enabled Giuga to estimate that the least Giuga number, if it exists, has at least 1000
digits. This was improved by Bedocchi [3] to 1700 digits, and by Borwein, Borwein,
Borwein and Girgensohn [4] to more than 13000 digits. It seems that no one has
estimated the size of the exceptional set in Giuga’s conjecture. Here we prove the
following:
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Theorem 1 Let G(X) denote the number of exceptions n < X to Giuga’s conjecture.
Then for X larger than an absolute constant which can be made explicit, G(X) <
X3 log X

Alford, Granville, and Pomerance [2] proved that there are infinitely many
Carmichael numbers. In fact, the number of Carmichael numbers less than X is
expected to be > X'¢ for all € > 0, and for all sufficiently large X. If this last state-
ment is true, as the heuristic arguments in [6] and [9] indicate, then our result shows
that Giuga numbers are a lot sparser than Carmichael numbers.

2 Proof of the Theorem

The proof consists of a careful adaptation of the method used by Erdés [6] and by
Pomerance, Selfridge, and Wagstaff [10] in estimating an upper bound for the num-
ber of Carmichael numbers less than X.

Note that condition (1) insures that no Giuga number less than X can have a
prime factor greater than X'/3. If n < X is squarefree, write n = H’;Zl pj» where
p1 > pa2 > -+ > pi. Define f(n) to be the least common multiple of p; — 1 for
j=1,..., k. Given a squarefree d, note that the number of Giuga numbers < X and
divisible by d is at most 1 + %.

If p; > X'/4, then the number of Giuga numbers less than X and divisible by such
primes > X'/4 is

°° dt .
_ /2
<X 2( ;<X > <<X/xl/4 5 =X

p>XU/4 >X1/4

If not, then p; < X'/4, so therefore p1p, < X'/2. If p,p, > X'/3, then evidently
f(p1p2) > p1 — 1 > X'/, Thus the number of Giuga numbers < X and divisible
by such p; and p; is

X 12, v5/6 1 12
< ¥ (HW)<X +X Y <X
X'3<d<Xx1/? d>x1/3

All we need is to estimate the number of Giuga numbers < X which are divisible
by p1p, < X'/3, and where p, < X'/%. Note that p, < X'/, so the product of the
three largest primes p,pops < X'/2. If pypaps > X°/%, then clearly f(p;paps) >
X'/8, so the number of Giuga numbers divisible by such primes is

X 12, v7/8 1 12
< ¥ (1+W)<X R UDP-ES O
X3/8<d<X1/? d>X3/8

This process can be continued; at each step, we need to estimate the number
of Giuga numbers divisible by p1p; - - - pm, where H;’:ll pi < X5 . Note that
[T pi< X'/2, because p,,, is the smallest prime factor in the product. If [T pi >
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X7, then f(HTzl pi)=pi—1> X7, So the number of Giuga numbers divisi-
ble by HT:I pj> where the p; satisfy the above constraints is

X 1/2 2m+1 1 1/2
< 3 (1 + Txmhz) < X124 X3 Z 5 <X
Xz <d<xX1/2 d>X

After < log X steps, all the possibilities are exhausted, i.e., there cannot be any
divisors of any other form which divide a Giuga number < X. Therefore the number
of exceptions to Giuga’s conjecture is < X'/?log X, and the theorem is proved. ~ H

3 Further Ideas

Our estimate of G(X) depends crucially on estimates of f(d). Even if one can prove
the sharpest possible bound for f(d), namely f(d) > d for almost all d, it will still not
be possible, using only this method, to prove anything stronger than G(X) < X'/3.

Further ideas are needed for the proof of the full Giuga conjecture, involving per-
haps Bernoulli numbers [1], or Giuga sequences [4, 5].
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