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The canonical subgroup for families of abelian varieties

F. Andreatta and C. Gasbarri

ABSTRACT

Let V be a complete discrete valuation ring with residue field k£ of characteristic p > 0 and
fraction field K of characteristic zero. Let S be a formal scheme over V and let X — S
be a locally projective formal abelian scheme. In this paper we prove that, under suitable
natural conditions on the Hasse-Witt matrix of X @y V/pV, the kernel of the Frobenius
morphism on X} can be canonically lifted to a finite and flat subgroup scheme of X over
an admissible blow-up of S, called the ‘canonical subgroup of X’. This is done by a careful
study of torsors under group schemes of order p over X. We also present a filtration
on H'(X, y1,) in the spirit of the Hodge Tate decomposition.

1. Introduction

In the seminal paper [Kat73], Katz developed the theory of p-adic modular forms in one variable.
One of the most interesting features is the introduction of p-adic modular forms with growth con-
dition. This has been the starting point of the theory of overconvergent eigenforms in one variable
with astonishing applications to the theory of two-dimensional Galois representations. In order to
go further in the comprehension of the Galois representations, one feels the need for a higher-
dimensional analogue of [Kat73]. The first serious difficulty one meets is the construction of the
canonical subgroup.

Let V be a complete discrete valuation ring (dvr) of unequal characteristic (0,p) with residue
field k£ and fraction field K. Let X be a g-dimensional abelian scheme over V with special fiber Xj.
The problem of constructing the canonical subgroup is the problem of lifting functorially in X the
kernel of Frobenius Hy on X}, to a subgroup scheme of X (finite and flat of rank p? over V).

If X} is ordinary, one proves that Hj can be lifted uniquely to a closed subgroup scheme Hx
of X|p|, finite and flat of rank p9 over V; see Proposition 3.4. In the general case, one looks for
conditions on X so that the canonical subgroup can be constructed. One can not hope to be able
to find the canonical subgroup in general, i.e. for any X. Indeed, in characteristic p, associating
the kernel of Frobenius to an elliptic curve gives rise to a canonical section of the modular curves
Xo(p) ® F, — Xo(1) @ F),, but such a section can not exist over Z,.

In this paper we give a construction of the canonical subgroup in the setting of rigid analytic
spaces a la Raynaud and in the setting of formal schemes. This is what is needed for a natural
generalization to higher dimensions of Katz’s approach to p-adic modular forms. We refer the reader
to § 3 for precise statements of our results. Furthermore, with this approach we provide the following.

(i) We give a geometric reinterpretation and a generalization of the Bloch-Kato filtration on
HL (XK, pp) (Xk being the generic fiber of X), see §6, and we explain its relation to the
canonical subgroup, see §12.
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(ii) For p > 3 we provide H}, (X7, 1ip) with a two-step filtration in the spirit of the Hodge-Tate
decomposition, see §13.6. In particular, this answers a question asked in [AM04, Remark 6.1].
We also explain how it relates to the canonical subgroup and we show that, if X is not
ordinary, a ‘true’ Hodge—Tate decomposition does not exist.

We now give an outline of the main ideas in our approach. Let v be the valuation on K*
normalized so that v(p) = 1. Let X — S be a g-dimensional locally projective abelian formal
scheme with S a formal scheme over V. If 1. : G — X}, is the kernel of Frobenius, the problem of
constructing the canonical subgroup is twofold: (1) to lift G to a finite and flat group scheme G
over S and (2) to lift the closed immersion ¢ and these functorially in X and S. If G is a finite and
flat group scheme over S, one has a canonical isomorphism

Heppe (X7, GY) [Hipe (S, G¥) = Hom(G, X),

where GV is the Cartier dual of G and XV is the dual abelian scheme of X; see [Mil80, Proposi-
tion II1.4.16]. This allows us to translate problem (2) to the problem of lifting GV-torsors over XV.
In the ordinary case this approach is very natural: the group scheme GY is étale so that it lifts
uniquely and, consequently, G)/-torsors over X, lift uniquely as well.

In §11 we show how to reduce the problem to the case that & = Spf(R) with R a p-adically
complete and separated, flat, normal, noetherian V-algebra and X — S is the formal completion
of an abelian scheme X — Spec(R). On the generic fiber Rx := R ®p K, the canonical subgroup
is, if it exists, a twisted form of (Z/pZ)9 and corresponds, possibly after extending the base R,
to g ‘linearly independent’ subgroup schemes of X ®pr Ri of order p. Let F be the Frobenius
on HY(X ® R/pR,Oxgr/pr). If the ideal of R/pR defined by the determinant of F contains an
element of V/pV of valuation w < (p — 1)/(2p — 1), we show that, indeed, there exist a finite
and normal extension R C W, étale over Rg, and a finite and flat group scheme G, of order p
over W, parameterized by A € V', such that H%ppf(X ®@r W,G)y) /H%ppf(W', G)) is a Fj-vector space
of dimension ¢. In the ordinary case this is a consequence of Artin—Schreier theory. Our approach
is a generalization of this. We proceed as follows. In §7 we give an analogue of Hensel’s lemma for
G -torsors which allows us to reduce the problem to estimating the number of Gy-torsors modulo p”
(0 <r=r(\) <1). In §8 we further translate this problem into the question of finding zeroes of
the operator Frobenius—a, with a = a(\) € V, on HY(X @ W/pW, Oxgw/pw) for a suitable W
(in the ordinary case a = 1). We deal with this question in §9. The main ingredient in proving
the results in §§ 7-8 is the explicit description of torsors under group schemes of order p developed
in [AG| and briefly recalled in §5. We then define the subgroup scheme G of X, as the image
of the induced map (G,")? — XV ®g Wg. This makes sense, i.e. it descends to a closed subgroup
scheme of X /. It follows from §12 that there exists an admissible blow-up S" — S over which the
schematic closure of Gk in X xg 5’ is a closed subgroup scheme finite and flat over S’. Eventually,
we define the canonical subgroup Hx as the Cartier dual of XV x g 5'[p]/G. We prove that Hx has
the required properties. See §12 for the detailed argument.

In §4 we show that the solution of the canonical subgroup problem, if it exists, is unique.
This allows us to prove that all possible constructions agree with ours, when comparable.

The problem of constructing the canonical subgroup has been solved completely in [Kat73]
for elliptic curves. The first solution in the higher-dimensional case is due to [AMO4] for abelian
schemes over dvr’s in the case p > 3. In [AMO04] the authors show how a solution of the canonical
subgroup problem implies the existence of generalized Atkin U operators on overconvergent Siegel
p-adic modular forms. In their case, the canonical subgroup is constructed when the determinant
of F contains an element of V/pV of valuation w < b(g,p), where b(g,p) is an explicit constant
depending on p and g with b(g,p) — 0 when g — +00. The methods employed are, however, quite
different and rely on the ramification theory developed in [AS02] and syntomic cohomology.
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Subsequent constructions of the canonical subgroup in the rigid analytic setting, based on tech-
niques of rigid analytic geometry, have recently been proposed in [KLO05] in the Hilbert-Blumenthal
case, in [GKO06] for Shimura curves and in [Con05] in general. Another approach, based on a detailed
study of formal groups, can be found in [Nev03] for Hilbert-Blumenthal abelian schemes over dvr’s.

2. Notation and terminology

We let V' be a complete discrete valuation ring of unequal characteristic O0—p with maximal ideal m,
fraction field K and residue field k. Let K be an algebraic closure of K and let v be the induced
valuation on K normalized so that v(p) = 1. By abuse of notation, if w € Qx¢, we denote by p* an
(any) element in K of valuation w. For every rational number r in v(m), let V. := V/p"V.

In this paper we follow the terminology and conventions of [BL93] concerning formal rigid
geometry a la Raynaud. In particular, an admissible V -algebra is a p-adically complete and separated
flat V-algebra topologically of finite type as in [BL93, §1]. Formal schemes over V will always be
assumed to be admissible in the sense of [BL93, § 5], i.e. quasi-compact and with a covering by open
formal subschemes spectra of admissible V-algebras.

We say that a formal scheme X over S is projective if there exists n € N such that X is a closed
formal subscheme of the formal n-dimensional projective space P% over S. We say that a formal
scheme X over S is locally projective if there exists a covering {il;}; of S by open formal subschemes
such that X xg 4; is projective over ;.

If X (respectively, X) is a (formal) scheme over V', we denote by X, (respectively, X,) the pull-
back of X (respectively, X) to V;. and by ¢,.: X, — X (respectively, ¢,: X, — X) the canonical closed
immersion. We denote by Xy (respectively, X2") the fiber product X xy Spec(K) (respectively, the
associated rigid analytic space as in [BL93, §5]).

We will have different notions of admissible blow-ups depending on the context. To avoid con-
fusion we gather them in the following definition.

DEFINITION 2.1. (1) Let S be a scheme and i: U — S be an open subscheme. A U-admissible
blow-up of S is a blow-up f: S’ — S along a closed subscheme C «— S disjoint from U and defined
by an ideal of Og of finite presentation.

(2) If S is a scheme flat over V| a K-admissible blow-up of S is an admissible blow-up of S with
respect to the open subscheme S <— S.

(3) If S is a formal scheme over V', an admissible formal blow-up S’ — S is a formal S-scheme

= Jim  Proj P(A" ®o, Ox/p" " 0x),

n=0

where A C Oy is a coherent open ideal sheaf. See [BL93, §2].

Recall that the category ¥ of quasi-separated paracompact rigid K-spaces of Tate is equivalent
to the category of admissible formal V-schemes, localized by admissible formal blow-ups [Ray74al,
[BL93, Theorem 4.1].

3. The main theorems

Let S be a formal scheme over V. Let f: X — S be a g-dimensional formal abelian scheme. Let F
be the Frobenius morphism on R! f,O%, . We denote by det(F)Os, the ideal locally generated by the
determinant of the matrix of F with respect to a basis of R! f+Ox,. Observe that it is well defined.
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DEFINITION 3.1. Let 0 < w < 1 be a rational number. We define a formal (w, g)-situation to be
f: X — S where:

(a) S is a formal scheme;
(b) f is a locally projective g-dimensional formal abelian scheme;
(c) p* € det(F)Os, .

Remark 3.2. To require that f: X — S is a formal (0, g)-situation is equivalent to requiring that
its geometric fibers are ordinary. Since being ordinary is an open condition, there exists a maximal
formal open subscheme S(0) of S such that X xs S(0) — S(0) is a formal (0, g)-situation.

In the next lemma we determine the maximal locus where X — S is a (w, g)-situation.

LEMMA 3.3. Let X — S be a locally projective formal abelian scheme over a formal scheme S.
For every rational number 0 < w < 1 with p* € I'(S, Os), there exists a formal scheme S(w) over §
such that:

(1) X xsS(w) — S(w) is a (w, g)-situation;

(2) every morphism T — S of formal schemes for which X xs T — ¥ is a (w, g)-situation, factors
uniquely via S(w) — S.

Furthermore, S(w) is an open formal subscheme of an admissible blow-up of S. In particular, S(w)®"
is an open rigid analytic subspace of S*".

Proof. Due to property (2) it suffices to construct S(w) and to prove its claimed properties locally
on S. We may then assume that S = Spf(R) is affine and that H'(X, O%) is free as an Og-module.
Then, with the notation of Definition 3.1, we have that det(F)R; is generated by one element
of Ry. Fix a generator @ and a lifting o € R. Define R(w) := R{Y}/(Ya — p¥) and S(w) :=
Spf(R(w)). One verifies that properties (1) and (2) hold. The last claims follow from the construction
of S(w). O

PROPOSITION 3.4. Let X — S be a (0, g)-situation. There is a unique closed subgroup scheme H%rd
of X finite and flat over S such that Ha"gd ®v k is the kernel of the relative Frobenius on X ®y k.
In particular, it is multiplicative and of order p9. Furthermore, the construction of H %rd is functorial
for (0, g)-situations and commutes with base-change.

It is not difficult to deduce the proposition from the general fact that the étale topos of S
(respectively, X) is the same as the étale topos of S ®y k (respectively, of X ®y k). Nevertheless,
we prefer to give a different, probably less-efficient proof which follows closely and thus hopefully
clarifies the strategy for proving one of the main theorems of the paper (Theorem 3.5).

Proof. Due to the claimed uniqueness it suffices to construct H;rd, and prove that it is unique,
Zariski locally on S. In particular, we may assume that S = Spf(R) is affine and that H'(X, Ox)
is a free Og-module of rank g. By Artin—Schreier theory [Mil80, Proposition I11.4.12] we have an
exact sequence

0 — HY(Xy,Z/pZ)/H'(S1, Z/pZ) — H (X1, Ox,) =5 H (X, Ox,), (3.4.1)

where F is defined by Frobenius. Note that Ker(F — 1) is a Fp-vector space. We claim that there
exists a finite, étale and Galois morphism S — S such that, if we put X := X; xs, S7, the kernel
of F —1 on H' (XY, Oy ) is a Fj-vector space of dimension g.

Indeed, fix a basis B = {ej,...,e4} of Hl(%l,Oxl) as an Rij-module and let U be the matrix
of Frobenius on H*(X1, Ox, ) with respect to B. The ordinarity of X — S is equivalent to requiring
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that U is invertible. Let W — S; be the closed subscheme of Spec(R[z1,...,24]) defined by the

equations
Z:]f Z1
Ul —|:|=0
P
Zg 2g

Since U is invertible, W — &y is finite and flat of rank p?. By the Jacobian criterion it is also étale.
We then let S — S; be a finite, étale and Galois morphism such that W x s, Sj splits as the disjoint
sum of p9-copies of Sj.

Let 8" — S be the unique finite, étale and Galois morphism lifting S] — S1. Let G be the Galois
group. Define X' := X xs&’. Since any Z/pZ-torsor over X can be uniquely lifted to a Z/pZ-torsor
over X', then HY(X',Z/pZ)/H (S, Z/pZ) is an F,-vector space of dimension g and it is endowed
with an action of G given by the pull-back of torsors. This group is isomorphic to Homg (g, (X))
as a G-module (where G acts on the latter via its action on X'); see §5.12. We then obtain a
homomorphism ¥: pj — (X’). Since pj is finite over S, the map ¥ is finite. Using again (3.4.1) for
every geometric point of S1, we deduce that the kernel of ¥ x g &7 is trivial fiberwise over & and,
hence, is trivial. In particular, ¥ x sS; is a closed immersion. Owing to [EGAIII, 4.8.10], this implies
that ¥ is a closed immersion. By étale descent, ¥ descends to a closed subgroup scheme G C XV.
It is finite and flat of rank p9 over S, it is annihilated by p and it is of multiplicative type. Define H ;’gd
as the Cartier dual of XV[p]/G. It is a finite and flat group scheme over S of rank p? and it is a
closed subgroup scheme of X[p]. Since XV is also ordinary, XV[p]/G is an étale group scheme and,
hence, H %rd is of multiplicative type. In particular, it lifts the kernel of Frobenius on X ®y k. [

One of the main theorems of this paper is the following analogue of a classical theorem of Lubin
as stated in [Kat73, Theorem 3.1].

THEOREM 3.5. There is the only way to attach to every formal (w, g)-situation X — S, with 0 <
w < (p—1)/(2p—1), a rigid analytic subgroup scheme H5" of X*" finite and flat of rank p? over S*",
called the canonical subgroup of X*", such that:

(i) it depends only on the isomorphism class of X** — S§*";
(ii) its construction commutes with base-change;

(ili) the restriction of H§" to S(0)*" is (H;’gfss(o))an

Remark 3.6. In part (i) we mean that for every formal (w', g)-situation X’ — &', with 0 < v’ <
(p —1)/(2p — 1) and with rigid analytic fiber X** — S*", we have H{" = H¥} as rigid analytic
subgroups of X&".

In part (ii), besides base-change via formal schemes over V', we also allow base-change via formal
schemes defined over different complete discrete valuation rings.

PROPOSITION 3.7. Let X1 — S (respectively, Xo — S) be a formal (w1, g1)-situation (respectively,
a formal (wa, g2)-situation) with 0 < wy,ws < (p —1)/(2p — 1). Let h: X; — X2 be a morphism of
formal abelian schemes. Then, h®" restricted to H¥} factors via H5 — X5".

In particular, if one takes X; = X2 = X and h to be the identity, the proposition implies that H3"
does not depend on whether we consider X — S as a formal (w, g) or as a formal (', g) situation.

Let f: X — S be a formal (w, g)-situation with 0 < w < (p —1)/(2p — 1). We now show that
we can be more precise at the level of formal schemes, i.e. regarding the formal models of HF".
More precisely, one knows from [BL93, Theorem 4.1] that there exists a formal scheme whose rigid
analytic fiber is H3", but one has very little control on such a formal model. We can show that
there exists an admissible formal blow-up &’ — S and a closed subgroup scheme of X xg &', finite
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and flat of rank p? over S’, whose rigid analytic fiber is H¥". Furthermore, one can find a formal
scheme over & which is minimal in the following sense.

DEFINITION 3.8. We say that a morphism of formal schemes 7: &’ — 8§ is minimal with respect to
the given (w, g)-situation if:

(a) = is locally projective and it induces an isomorphism of the associated rigid analytic spaces;
(b) there exists a closed subgroup scheme H' of X xs &', finite and flat of order p? over §’, whose
rigid analytic fiber is HE";

(c) for every admissible blow-up h: ¥ — S, such that X xs ¥ admits a closed subgroup scheme H
finite and flat over T and whose rigid analytic fiber is H§" X gan T, the morphism h factors
viamand H = H xg %.

We first prove a lemma which guarantees that a flat formal model of H§", if it exists, is unique.

LEMMA 3.9. Let f: X; — X9 be a morphism of formal schemes over a formal scheme ¥. Let H
(respectively, Hy) be a formal closed subscheme of X, (respectively, X2) such that H; is flat over ¥.
Assume that f?" restricted to H{" factors via H3". Then, f restricted to H, factors via Hs.

Proof. Let g: 1 — Us be the restriction of f to affine open formal subschemes of X; and X,
respectively. For ¢ = 1, 2 we have the following commutative diagram.

F(LLL? O%Z) > F(uzan’ O%fm)

|

T(8, Opr,) —2> T (U™, Opgan)

The vertical arrows are surjective since H; — X; and H — Xi" are closed immersions (as formal
schemes and as rigid analytic spaces, respectively). Let J; be the kernel of +;. The map 7 is injective
because I'(U", Opgan) is I'(4h, O, ) @y K and H is flat over T by assumption. By assumption,
(9*")*(J2) = jiot10g™(J2) is zero in I'(Uf", Opyan ). Hence, 110g%(J2) = 0. The conclusion follows. [

The following theorem shows us that a flat formal model of HE" exists over an admissible blow-up
of § with no need for further blow-ups (of the base-change) of X.

THEOREM 3.10. Let f: X — S be a formal (w, g)-situation with 0 < w < (p—1)/(2p — 1).

(1) There exists a minimal morphism, unique up to S-isomorphism, S* — S with respect to the
given (w, g)-situation.

(2) The formation of S* commutes with flat base-change, i.e. if ¥ is a formal scheme flat over S,
we have T* =2 T x5 SX.

In particular, there exists an admissible blow-up 8’ — S and a closed subgroup scheme Hafgrm of
X xs &', finite and flat of order p9 over S', whose rigid analytic fiber is H5".

Remark 3.11. Property (1) and Raynaud’s theorem [BL93, Theorem 4.1] imply that there exists an
admissible blow-up S’ — S factoring via S* — S. This proves the last statement of the theorem.
We thank the referee for pointing out that this does not necessarily imply that S* — S is an
admissible blow-up.

As in the ordinary case we can also show that the special fiber of H %rm is the kernel of Frobenius
on the special fiber of the pull-back of X to &'.
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PRrROPOSITION 3.12. With the notation of Theorem 3.10 we have
HY™ x s (8" @y k) = Ker(F) x5 (8’ @y k)™,

where (S’ @y k)*d is the scheme S’ ®y k with reduced induced structure and F is the relative
Frobenius on X Qv k.

The formal model of the canonical subgroup is functorial in X. Indeed, we deduce from Lemma 3.9
the following.

PROPOSITION 3.13. Let f1: X1 — S (respectively, fo: X9 — S) be a formal (w, g1 )-situation
(respectively, a formal (w,g2)-situation) with 0 < w < (p —1)/(2p — 1). Let h: X; — X2 be a
morphism of formal abelian schemes. Denote by S’ — S an admissible blow-up such that there
exist group schemes Hafarm C X1 x5 8 and Hafg;m C X9 xs 8 extending HE and HY) as in
Theorem 3.10. Then, h xs S’ restricted to Hafé’lrm factors via Hafgm

4. Proof of the uniqueness

In this section we prove that the canonical subgroup, if it exists, is unique. More precisely, we show
in Proposition 4.6 that two rules satisfying Theorem 3.5(i)—(iii) coincide.

First of all we prove a general result on the rigid analytic connected components of suitable tubes
of moduli spaces of abelian varieties over V. This is the key ingredient in proving Proposition 4.6.
We start by recalling the notion of rigid analytic connectedness.

DEFINITION 4.1 (Berthelot [Ber96, (0.1.12)]). Let Y be a rigid analytic space over K. We say that
Y is connected if one of the following equivalent conditions are satisfied:

(i) T(Y,Oy) does not contain idempotents different from 0 and 1;

(ii) Y does not admit an admissible covering consisting of two disjoint non-empty open rigid
analytic subspaces.

PROPOSITION 4.2. Let R be an admissible V -algebra. Fix o € R, a generator w of the maximal ideal
of V' and a non-negative rational number w such that p* € R. Denote by X the formal scheme Spf(R)
and by X(w) the formal scheme Spf(R(w)) with R(w) := R{Y'}/(aY — p*). If (7,«) is a regular
sequence in R, every connected component of X(w)*" has non-empty intersection with X(0)".

Proof. Write X(w)®" as the disjoint union of its connected components 11, X(w)3". For every h let ey,
in T'(X(w)™, Ox(w)en) be the function which is 1 on X(w)3" and 0 elsewhere. The set {ey, };, consists
of idempotents of R(w) ®y K such that 1 =), e and epep = 0 if £ # h. In particular, R(w) ®y K
decomposes accordingly into the product [],(R(w) ®y K)ep. The proposition follows if we prove
that for every h the map (R(w) ®y K)ep, — (R(0) ®y K)ey, is injective. This is proven in the
following lemmas. O
LEMMA 4.3. The map R/p"R — R/p"R|a~!] is injective for every n € N. In particular, p'R =

—

(»’Rla—1)) N Ry (in Rla—1] &v K).

Proof. The regularity of the sequence (7, a) implies that « is neither zero nor a zero divisor in R®y k,
i.e. the map R ®y k — R[a!] ®y k is injective. Since 7 is not a zero divisor in R, for every n € N
the sequence

on—1
0 — R/fR™ = R/m"R —— R/m" 'R —— 0
is exact. Proceeding inductively on n, one deduces that R/7"R — R[a~!] /7" R[a~!] is injective for
every n. We leave it to the reader to check that the second statement of the lemma is equivalent to
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showing that psREz—\l] N R = p°R for every s € N. This follows from the injectivity of R/7"™*R —
R/7"*Rla~!] where pV = 7"V O

LEMMA 4.4. The map (R{Y}/(aY — p*)) @y K — Rla~1] @y K is injective.

Proof. Write 3 := a/p"“. Consider the following commutative diagram.

Ri{Y} L (Rla 1) @y K){Y}
Ri{Y}/(BY = 1) > (Rla 1] @y K){Y}/(BY — 1) —— Rla 1] @y K

The lemma asserts that j is injective. Due to Lemma 4.3 the map R — ]ﬁy?l] is injective since R is
p-adically complete and separated. Hence, the map ¢ is also injective. Let B =, b;Y' € Ri{Y} be
such that j(p(B)) = 0,i.e. «(B) = C(1-YB) withC = . ;Y € (R/[a?l](@vK){Y}. To have «(B) =
C(1 —Yp) is equivalent to requiring that cg = by and ¢, = ¢,—18 + b, for n > 1. Tt follows by
induction that ¢, € Rk, i.e. C € Rg[Y]. For every s € N there exists N € N such that ¢, lies
in psR[ 1] for n > N. Hence, ¢, lies in (p 5]%?1]) N Ri which is p°R by Lemma 4.3. Hence, C
lies in t(Ri{Y'}). In particular, p(B) = 0. The conclusion follows. O

We apply Proposition 4.2 in the following geometric context. Fix positive integers n and d such
that n > 3, (n,p) = 1 and (n,d) = 1. Denote by Ay 4, (respectively, Agpdn) the moduli space
over V of g-dimensional abelian varieties with full level n structure, i.e. with a fixed isomorphism of
the n-torsion with (Z/nZ)%9, and a polarization of degree d? (respectively, and a subgroup scheme
finite and flat over the base of order p?). They exist by [Mum65, Theorem 7.9], they are quasi-
projective and they are fine moduli spaces due to our assumption on n. In particular, there exists
a universal abelian scheme X"V — Agan- Let p: .Ag dn — Ay a.n be the morphism induced by the
forgetful functor. Over K these moduli spaces are smooth and p is finite and étale. Let A, 4, be
the formal scheme associated to Ay 4,. For 0 < w < 1 define (2, 4,)(w) as in Lemma 3.3.

PROPOSITION 4.5. Every connected component of (4 4,)(w)*", in the sense of Definition 4.1, has
non-empty intersection with (g 4.,,)(0)*".
Proof. Let Agf’;’rg be the normalization of Ag g, and let T be the associated formal scheme.
Since Ag g4, ®v K is smooth we have T(w)™ = (A, 4, )(w)* so that it suffices to prove the lemma
for T(w)*. Since Ay 4, is of finite type over V, it is an excellent scheme and its normalization is
finite over Ay 4, and it is itself excellent. Since Anorm is flat over V' and V is universally catenary,
by [EGAIV, 5.6.1] the irreducible components of Anorm ®y k all have the same dimension equal
to g(g + 1)/2. By [NO80, Theorem 3.1] every 1rredu01ble component of A, 4, @y k has dimension
9(9+1)/2. Since the map ALY @y k — Ag 4, @y k is finite, we deduce by dimension reasons that
every irreducible component of (Ay 4,)""™ @y k dominates an irreducible component of A 4, ®v k.
By [NO80, Theorem 3.1] the generic point of every irreducible component of Ay 4, ®v k is ordinary.
We conclude that the same holds for every irreducible component of the special fiber Ag?j?; v k.
Let {U;}; be a covering of A, 4, by affine open subschemes each dominating Spec(V') and such
that, if U; = Spec(A4;) and Xiuni" — Uj is the restriction of the universal abelian scheme X" to U,
then H1(Xpmiv, OX’EJniv) is a free A;-module. For every 7 let a; be a lift of a generator of the ideal
generated by det(F) on HY (XY O yuniv) /pH (XY O yuniv ). Each A; is a V-algebra of finite type
and, hence, it is an excellent ring. In f)articular, the p—adicz completion R; of the normalization of A;
is normal by [EGAIV, 7.8.3(v)]. Furthermore, {Spf(R;)}; is a covering of T by affine open formal
subschemes. It follows from Lemma 3.3 that {Spf(R;(w))}:, with R;(w) = Ri{Y;}/(awY; — p"),
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is a covering of T(w) by affine open formal subschemes. Since Spec((R; @v k)[o; 1) is the ordinary
locus in Spec(R; ®y k), the conclusion of the previous paragraph translates into the fact that o
is not contained in any minimal prime ideal of R; containing 7. Since R; is normal, we conclude
from [Bou98, IV.1.1, Proposition 2 and Corollary 3] that «; is not a zero divisor in R;®y k. Hence, the
hypotheses of Proposition 4.2 are satisfied for R = R; and a = «; and the proposition follows. [

We now prove the main result of this section: the uniqueness of the canonical subgroup.

PROPOSITION 4.6. Suppose that we have two rules H*" and G*" satisfying Theorem 3.5(i)-(iii).
Then, H*" and G®*" coincide.

Proof. Let X — S be a formal (w, g)-situation, with w as in Theorem 3.5. We have to prove
that HY" = G%'. If w = 0 this follows from property (iii). We then assume w > 0. We remark
that we can work locally in the fppf topology. By this we mean the following: let S’ — S be a fppf
morphism of formal schemes and let X' := X x5 S" — &’ be the (w, g)-situation obtained by base-
change, then HY} = G, as rigid analytic subspaces of X', if and only if HY* = G§". Indeed, HY"
and G§" define closed rigid analytic subspaces of X[p|*" and the latter is finite over S*". The same
applies replacing X with X’. Since the map of rigid analytic spaces associated to 8’ — S is fppf, in
the sense of [BL93, pp. 313-314], the claim follows from property (ii).

In particular, considering the base-change to a dvr finite over V', we may assume that p* € V.
Possibly after localization on S, we may also suppose that X is projective over S and, in particular,
that it admits a polarization of degree d? for some d. Eventually, we may suppose that X is endowed
with a full level n structure with n > 3, (n,p) = 1 and (n,d) = 1.

The formal abelian scheme X — S is obtained by a pull-back of the universal formal abelian
scheme X"V ogver 2, 4. Property (ii) reduces the proof of the uniqueness to the case of the universal
family over (4 4,,)(w); see Lemma 3.3 for the notation. Note that H{" and G§" define two closed
immersions

om,0G: (Agan) (W)™ = (0™ (Rga0) (w)).
By property (iii) they coincide on the rigid analytic open subspace 2, 4,,(0)*". We deduce from
Proposition 4.5 that the latter has non-empty intersection with every connected component of
(Ag.a.n)(w)*. The conclusion then follows from the following lemma. O

LEMMA 4.7. Let X and Y be rigid analytic spaces. Assume that X is connected and that for
every x € X the local ring Ox , is integral. Assume that we are given two closed immersions
a,: X — Y coinciding on a non-empty open rigid analytic subspace U C X. Then, a = f3.

Proof. One proves that the ideal sheaves in Oy defining o and 3 coincide. One proceeds as in [Ber96,
Proposition 0.1.13]. Details are left to the reader. O

Remark 4.8. One may observe that the main difficulty in the proof of the uniqueness is showing
that every connected component of (%, 4,)(w)™ intersects the ordinary locus; if one is interested
just in principally polarized abelian varieties, this is obvious.

5. Torsors under group schemes of order p

In this section we review some of the results of [AG], in the special case needed in this paper,
concerning a description of torsors under group schemes of order p. This allows us to give explicit
equations for such torsors in the Zariski topology. We refer to [AG] for proofs, applications and
generalizations.
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DEFINITION 5.1. For every A € V' define GW to be the V-scheme

1
Spec<V [T, g )\T]>'

It has the structure of a V-group scheme defining the comultiplication by 7' — T®1+1QT+NT'RT,
the counit by 7' = 0 and the coinverse by T +— —T'/(1 + \T)).

For A € V with v(A\) < 1/(p — 1) let Py be the polynomial
(L+ TP -1
AP ’
Then, the map ¢y: G — GO, defined at the level of Hopf algebras by T +— Py(T), is an isogeny
of degree p. Let

P\(T) :=

Gy = Spec(V[T]/(PA(T)))
be the kernel of ¢,. It is a commutative, finite and flat group scheme over Spec(V') of rank p.

Ezample 5.2. (a) If A = 0, then G ~ G,. For future use, in this case, we pose T' = W, consequently
G, = Spec(V[W]) with comultiplication W +— W ® 1+ 1 ® W, coinverse W +— —W and counit
W — 0.

(b) If X is a unit, then GV = G, . Write Gy, v as Spec(V([Z, £]) with comultiplication
given by Z — Z ® Z and counit defined by Z — 1; then, the isomorphism ¢ = G, v is given
by Z — 1+ \T.

(¢) The group scheme G is étale if and only if v(A\) = 1/(p — 1). It is multiplicative, i.e. its
Cartier dual is étale, if and only if X is a unit.

5.3 Compatibilities
Let A and v be elements of V with v(v) < v()\). We have a natural morphism 7 ,: & —— G)

of V-group schemes given by T+ (A/v)T. It is an isomorphism over K. Assume that 0 < v(r) <
v(A) < 1/(p —1). Then, one checks that the diagram

g~ o)

nk,ul lﬁw,ul’

G —2v o)

commutes. Hence, we obtain a homomorphism of V-group schemes 7, ,: Gy — G, which is an
isomorphism over K. In the case v is a unit, thanks to Example 5.2(b), we obtain a homomorphism
m: Gy —— Gy, = pp.

For v not necessarily a unit, one verifies that 1y =1, o ..

5.4 Relation with Oort—Tate theory

Although we do not need it explicitly, we describe here the relation with the Oort—Tate description of
group schemes of order p. For elements a, ¢ in V satisfying ac = p, denote by G, ) the group scheme
over V' defined in [OT70]: the structure as a V-scheme is given by G, ) = Spec(V[y]/(y* — ay)),
the co-multiplication by

p—l i p—i
CWy—
yoyeliloyt+ 2ty Lol
L=p = wi  wp
and the counit by y = 0. Here, wy,...,w,_; are the universal constants in V" introduced in [OT70,
p. 9].
575
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Under the further assumption that cw,_; admits a (p — 1)th root 5 in V, put A(a) := /(1 —p).
Then, we have the isomorphism G(4) — Gy(q) defined at the level of the underlying Hopf algebras
by T +— Zf;ll By Jw;). Vice versa, given A and letting c()\) := (A(1 — p))P~!/w,_1 and a()) :==
p/c(A), we have Gy = Gq(x),c(\)-

Oort—Tate have proved that, Zariski locally on V', any finite and flat group scheme of rank p
over V is of the form above. In particular, the G, give an alternative description of all V-group
schemes of order p (possibly after a ramified extension of V).

DEFINITION 5.5. Assume that A satisfies 0 < v(A) < 1/(p — 1). Let X be a scheme over V. Define
CcDW (X)) to be the category of global classifying data over X. The objects consist of triples (L, E, ¥)
where:
(1) L is an invertible Ox-module;
(2) FE is an extension of L by Ox;
(3) ¥: E — E is a Ox-linear map such that
(a) defining Ey := Ker(V), we have Ey = Ox;
(b) the map E/Ey — E/Ej induced by ¥ is multiplication by A\ on L;
(c¢) the Ox-module E/¥(E) is invertible.
A morphism =: (L, E,¥) — (L', E', ) is given by isomorphisms Z;: L. — L' and Eg: E — E’ as
Ox-modules such that the following two diagrams are commutative.

0 o E L 0
Idl lEE lEL
0 Ox E I 0
E—2-E
2
Joiy

The following theorem is proven in [AG] and gives a description of G (M_torsors in terms of global
classifying data.

THEOREM 5.6 [AG, §2|. The category of G (N _torsors for the fppf topology over X is quasi-equivalent
to the category CDW (X).

Remark 5.7. Given global classifying data one can always find a covering {U;}; of X by open affine
subschemes and e; € I'(U;, F) such that E|y, = Oy, ® Op,e; and ¥(e;) = 1 + Ae;. Then, the
associated GM-torsor YV — X is locally defined by

Y]g;) = Spec(Oy, lei])

with coaction Y‘gl) XV g - Yé;:) given by e; — ¢; ® 1 + ¥(e;) ® T. Furthermore, for every
i, j € I one can write e; = (1 + Aujj)e; + uj; as sections of E\UimUj- The gluing of Y|§])‘) and Y|§])‘)
i J

on Uy := U;NUj is then given by e; = (14 Aujj)e; +uij. One checks that YW is indeed a Q(’\)—torsor;
see [AG] for details.

DEFINITION 5.8. Define CD,(X) to be the category of classifying data over X. The objects consist
of the quadruples (L, E, ¥, {(U;, e;, ;) }icr) where:

(i) (L, E,¥) are global classifying data,;
(ii) {U;}; is a covering of X by open affine subschemes such that:
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(a) for every i € I we have o; € I'(U;, Ox) and e; € I'(U;, E) such that E|y, = Oy, @ Op,e;
and ¥(e;) = 1+ Ae;
(b) for every i, j € I, writing e; = vy ej + uy;, we have

vij =1 + )\ui,j and v%aj — Oy = —P)\('LLZ‘]‘).
A morphism Z: (L, E, ¥, {(U;, e;, ;) bier) — (L', E', W', {(U}, €}, a}) }jes) is a morphism =: (L,

E, V) — (L', E’, V') in the sense of Definition 5.5 such that there exists a common refinement {V}, }5,
of {U;}; and {U]}; such that, if V}, C U; N U} and writing Zg(e;) = vpe) + up, over Vj, we have

v, =14+ Aup,  and vZa; —a; = —Py\(up).

One of the key results of [AG] is the following theorem characterizing Gy-torsors in terms of
classifying data.

THEOREM 5.9 [AG, Theorems 2.2 and 3.4]. Assume that 0 < v(\) < 1/(p — 1). The category of
Gy-torsors Y — X for the fppf topology is quasi-equivalent to the category CD,(X) of classifying
data over X.

Remark 5.10. (a) Given classifying data C as in the theorem, let YN — X be the GW-torsor
associated to the global classifying data (L, E,¥) as in Remark 5.7. Then, the Gy-torsor ¥ —
X corresponding to C can be realized as the closed subscheme Y C Y locally defined by
Spec(Oy, [es]/(Px(e;) — a;)) endowed with the unique action of Gy compatible with the one of G
on YV,

(b) One can show that Kummer and Artin-Schreier theories are instances of Theorem 5.9;
see [AG].
Remark 5.11. Let X be a formal V-scheme. With minor changes, one can show that similar descrip-
tions of formal torsors over X in terms of formal classifying data exist. The key observation is that

giving a formal torsor over X is equivalent to giving compatible torsors over X, := X ®y V,, for n
varying in N. We leave the details to the reader.

5.12 Torsors and subgroups

Let S be a V-scheme. Assume that X — S is a locally projective abelian scheme (which is the case
of interest for us in this paper). Denote by Picx the Picard presheaf, by Picx/g the relative Picard
sheaf and by XV = Pic% /8 the dual abelian scheme.

Let Y — X be a Gy-torsor. Let T be a scheme over S and consider a T-valued point of the Cartier
dual G," of Gy, i.e. a homomorphism f: Gy ®y T — Gy, 7. Then, the push-forward of Y xg T —
X xgT via f defines a Gy, p-torsor over X xg T and, hence, an element of Picx(7"). This defines
a homomorphism H'(X,G)) — Homg(G,",Picx) and, hence, a homomorphism 7: H'(X, Gy)/
H'(S, G)) — Homg(G,",Picx/s). Then, 7 clearly factors via Homg(G,", X"). Furthermore, the
homomorphism

7: HY(X,G,)/HY(S,G)) — Homg(G,", XV)
is an isomorphism; cf. [Mil80, Proposition I11.4.16].
For later purposes we make the following remark. Let r be a rational number in v(m).

ProrosITION 5.13. If R is a p-adically complete and separated V -algebra, the reduction map
HY(R,G)) — HY(R,, G),) is surjective.

Proof. In [AG, §4] an infinitesimal deformation theory for Gy-torsors is developed. The obstruction
space to lift Gy-torsors infinitesimally is a subgroup of an extension of H?(Spec(R @y k),GN) =
H2(Spec(R @y k), ©) = {0} by H'(Spec(R @y k),G*)) =2 H! (Spec(R @y k), O) = {0}, where O is
the structure sheaf. The proposition follows. O
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6. G -torsors and the Bloch—Kato filtration

In this section we assume that R is a p-adically complete, separated, noetherian and normal flat
V-algebra. We also fix an algebraically closed field € containing R. We denote by S the scheme
Spec(R). Let m: X — S be a projective abelian scheme over S.

DEFINITION 6.1. Define W := {IWW} as the set of all finite extensions of R, which are normal integral
domains, are contained in  and Rx C Wy is étale. Let R := lim_, W.

We observe that the direct limit lim_, Wi is also the limit of all finite, étale and irreducible
extensions of Ri contained in Q. Indeed, by [Eis95, Proposition 13.14] if Rx C T is a finite and
étale extension, the normalization of R in T is finite as an R-module. We now introduce a filtration,
called the Gy-filtration, on HY (Xx ®@p R, f1p)-

LEMMA 6.2. The group H' (R, G,) is trivial.

Proof. Let f: Y — Spec(R) be a Gy-torsor. Since f is finite, Y is obtained by a pull-back from
a Gy-torsor f': Y’ — Spec(W) such that W C R is a normal and integral domain, it is finite as
an R-module and étale over Ry . Since HI(EK, Gy) = 0, we may further assume that f’ admits a
section o over W . The schematic closure @ of o is finite over W. Since W is normal, it is a section
of f’. Hence, f admits a section as well. O

LEMMA 6.3. For every W € W the map
H%ppf(X ®@gr W, :up)/H%ppf(VVv Np) ? H%ppf (XK ®@r W, :up)/H%ppf(WKa Np)

is an isomorphism. In particular, the map H%ppf(X QR R, up) — H%ppf(X K @r R, 1) is an isomor-
phism.

Proof. By §5.12 the first statement amounts to proving that Hom(Z/pZ, XV @r W) —
Hom(Z/pZ, X}, ®r W) is an isomorphism. This is equivalent to proving that the application
Hom(Z/pZ, X" [p] @g W) — Hom(Z/pZ, X" [p|x ®r W) is an isomorphism. Since X V[p| is finite
over Spec(WW') and W is normal, this follows from the valuative criterion of properness and [EGAIV,
20.4.12]. O

LEMMA 6.4. Let A\ € V satisfying 0 < v(\) < 1/(p — 1). Let W € W be such that A € W.

The map Hi, (X @r W, Gy)/H, (W, Gy) — Hy (X @r W, ) /Hy (Wi, p1p), defined using the

homomorphism 1)y of § 5.3, is injective. In particular, the homomorphism

0)\: Hflppf(X QR Ev G)\) - H%ppf(XK QR E) 'Up)
is injective.
Proof. Using §5.12 the claim amounts to proving that the map Hom(G,Y, XY @z W) —
Hom(u; , X}, @g W) defined by composing with 7, is injective. The base-change of ny: G, —
Hp Via @y K is an isomorphism. The claim is then equivalent to proving that any homomor-

phism G," — XY ®@r W which is trivial over K is itself trivial. Since G,V is a flat group scheme
over W and W — W ®y K is injective, this is clear. ]

DEFINITION 6.5. For every Ain V with 0 < v()\) E 1/(p — 1), define H%ppf(XK @r R, pp)N as the

subgroup HA(H%ppf(X ®pr R,G))) of H%ppf(XK QR R, f1p).

PROPOSITION 6.6. Let A and v be elements of V with 0 < v(v) < v(\) < 1/(p — 1). Then,
Hflppf(XK QR E, ,up)w C Hflppf(XK ®R E, ,up)[”].

In particular:
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(1) HY(X ® R, j1)") depends on v()\) and not on \;

(2) HY(X ® R, 1) is invariant under Gal(Rx /Ry );

(3) {HY(X @ R, )M | 0 < v(A) < 1/(p— 1)} is a decreasing filtration of H%ppf(XK Qr R, p).
Proof. The first statement follows using the homomorphism 7, ,, of § 5.3 and the fact that 1, on) , =
nx. This implies claim (1) and claim (3). If ¢ € Gal(Rx /R ), then o acts on H%ppf(XK ®r R, p1p)

by a pull-back and the image of H'(X @ R, u,)N is HY(X ® R, 1,,)lM]. Claim (2) then follows from
claim (1). O

6.7 Relation with the Bloch—Kato filtration

In this section we further assume that R is a dvr. We consider the following descending filtration
on H' (X ®gR, p1,) introduced and studied in the ordinary case in [BK86, § 1] and in more generality
in [AMO04]. Consider the following diagram.

Xi ®r R X ®r R Xk ®r R

| | |

Spec(k ®y R) — Spec(R) =—— Spec(K ®y R)
Let M! be the étale sheaf on X;, @ R given by
Mj = "R (p1p)-

The exact sequence
p
0 p G,, — G, 0
on Xx ®p R and the fact that X @z W is locally factorial (for every finite and normal extension

R C W, étale over Rk as in Definition 6.1) give an exact sequence

IR P s h

i ]*(OXK®R}_2) —— "5 (0% ®R§) 2 M} —— 0. (6.7.1)
For every A € V we denote by U>‘M]1L the subsheaf locally generated by local sections of
i j*(O;{ on ) congruent to 1 modulo A (note that U AM! corresponds to the sheaf UYY)M]

in [BK86] our choice of notation is more suitable for Theorem 6.8). Consider the natural map
u: Hét(XK ®r R, :“p) — Hgt(Xk ®r R, M%)
obtained from the Leray spectral sequence and the properness of X — S. Define
UMY (Xk @ R, ptp) = (HY (X ®r R, UM1)).

It follows from [BK86, Corollary 1.4.1] that for v(\) > 1/(p — 1) one has UHL (Xx ®g R, i) = 0.
We now prove that this filtration, called the Bloch—Kato filtration, can be reinterpreted in terms of
G -torsors on X ® R. As a corollary one deduces that the Gy-filtration is Galois invariant providing
an alternative proof of Proposition 6.6.

THEOREM 6.8. The filtrations {HY (Xx ®r R, 1) N}y and {UMNHL (XK @R R, j1p)}a, with A € V
satisfying 0 < v(\) < 1/(p — 1), coincide.

Proof. We start by giving an explicit description of the map u. Let Y — X ®r R, a fp-torsor.
Since X — S is smooth, X is locally factorial and, hence, R! j*(O;{ on E) = 0. Thus, there exists a
finite and normal extension R C W and a covering {U;}; of X ® g W by affine open subschemes
such that Y is defined over X ®r W and Y|y,», x is defined by the equation z —y; with v, €

L(U; ®@v K, O ¢, k) The elements v; define a global section v of 4. (O} Xk R)/]*(( % ®R§)p)'

Then, via the identification H% (X}, ®r R, M}) = H% (X ®g R, j.(O* Xxon 7)/3:((0% ®R§)p)) the
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element u([Y]) coincides with 7. It lies in UMH} (Xx ®p R, i) if and only if each 7;, up to pth
powers, lies in I'(U;, 1 + APOy, ).

Assume that Y arises as the restriction to Xx ® g W of the push-forward via ny of a Gy-torsor
Q — X ®r W. Suppose also that @) is defined on each U; by an equation Py (e;) —«; as explained in
Remark 5.10. Then, Y is defined on U; ®y K by the equation 2z — (1 + Ma;). Hence, u([Y]) lies
in U’\Hel,t(XK ®r R, Lp)-

Conversely, assume that 7; = 1 + \a; with «; € I'(U;, Op,) for every i. Define a Gy-torsor
Q — X®@prW as follows. Let Q|y, be the G-torsor associated to the classifying data with trivial line
bundle, trivial extension and datum (U;, e;, v;) as in Remark 5.10. Then, OQ\Ui is a Op,-subalgebra
of Oy‘Ui via the map e; — 1 4+ Az and the inclusion is compatible with the action of Gy (the
action on Y being given via ny: Gy — p,). Thus, the Q|y, glue to a Gy-torsor and the restriction
to Xg @r W of its push-forward via 7, is Y as required. O

7. Hensel’s lemma for torsors

In this section we prove an analogue of Hensel’s lemma for torsors under group schemes of type G,.
We fix a p-adically complete and separated, noetherian, flat V-algebra R. Let S := Spec(R) and fix
a projective abelian scheme X — S.

We recall the statement of the classical Hensel’s lemma. Assume that R is complete and separated
with respect to an ideal m. Let f(X) be a polynomial with coefficients in R. Let a € R be such
that f(a) = 0 modulo f’(a)?m. Hensel’s lemma asserts that there exists a zero b of f congruent to a
modulo f’(a)m. Furthermore, if f/(a) is not a zero divisor, b is unique with this property; see, for
instance, [Eis95, Theorem 7.3].

The Grothendieck algebraization theorem implies that the group H!(X, Gy) coincides with the
inverse limit lim, H'(X,,G,). In particular, given two non-isomorphic Gy-torsors over X there
exists an r, a priori depending on X and the two torsors, such that the base-change of the two
torsors to X, are non-isomorphic. This can be interpreted as the analogue of uniqueness of solutions
in the classical Hensel’s lemma. Proposition 7.1 gives an effective upper bound on r which depends
on A, but not on X. The main tool is the theory of [AG]| briefly recalled in §3. This result is one of
the main ingredients in the proof of the existence of the canonical subgroup.

PROPOSITION 7.1. Suppose that V' contains a (p — 1)th root of p. Let A € V' be such that v(\) <
1/(p — 1). Assume that r is a rational number such that p/(p — 1) — pv(\) < r < 1. The map
v HY(X, Gy) — HY(X,, Gy) is injective.

Proof. Let X be the formal R-scheme associated to X. By the Grothendieck algebraization theorem
the map H!'(X,G)) — HY(X,G,), obtained by associating to a torsor its formal completion, is an
isomorphism. Indeed, the surjectivity follows remarking that G, is finite over V and, thus, every
formal Gy-torsor over X is finite and, thus, algebraizable by [EGAIII, 5.4.4]. The injectivity follows
from the fact that, given a torsor f: Y — X, a section at the level of the associated formal schemes
arises from a section of f by [EGAIIL, 5.4.1]. Thus, we can replace X by its formal completion.
Let Y — X be a Gy-torsor such that ), is trivial. Let (L, E, W, {(k;, e;, ;) }ier) be the associated
(formal) classifying data. We assume that {4;}; is a covering by formal affine open subschemes of X.
The triviality of Y, allows us to assume that E and L are trivial modulo p" and, for every ¢ € I,
that o; = 0 modulo p". Fix ¢ € I. Consider the polynomial Q;(T") := (1 + AT)Poy; + P\(T) in
the variable T" and with coefficients in I'(4l;, Ox). It is a polynomial of degree p. Let a := a(\) be
as in §5.4. It is equal to p/A’~! times a unit of V. By hypothesis, since p admits a p — 1-root,
a admits a p — I-root a1, The linear term of Py(T) is a times a unit of T'(4;, Ox) which is
congruent to 1 modulo m. For every 2 < h < p — 1 the coefficient of T" in Py(T) is divisible by a\.

580

https://doi.org/10.1112/50010437X07002813 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07002813

THE CANONICAL SUBGROUP FOR FAMILIES OF ABELIAN VARIETIES

The constant term of Py(T) is zero. Let S;(T) := Q;(a'/®=VT)a=P/®=1) Since r > v(a?/®P~-1),
the polynomial S;(7") has coefficients in I'(4l;, Ox), has derivative congruent to 1 modulo m and
has 0 as a root modulo m. By Hensel’s lemma [Eis95, Theorem 7.3] we deduce that S;(7T") admits a
unique zero t; congruent to 0 modulo m. Thus, u; := al/(p_l)ti is a root of Q;(T). The element ¢} :=
(14 Au;)e; + u; satisfies W(e) = 1+ Xe} and in the symmetric algebra of Ely, over Oy, we have

Pa(e;) = Pa((1 + Aug)e; + ug)
A )P — Au;)P —
:(1+)\ui)P<(1+ ;p) 1>+(1+ ;Lp) 1
= (1 4+ Mu;)Pa; + Pa(wi) = Qi(u;) = 0.

Over U;; we compute
(1 + )\ui)p(l + )\uij)paj = (1 + )\ui)pai - (1 + )\ui)pPA(uij)
= —P,\(ui) — (]. + )\Ui)pP)\(qu)
= —P)\(ui + U5 + )\UZ’U,Z])
Thus, u; + uij + Ausugy satisfies the equation (1 + AT')Pa; + Py\(T') = 0. The triviality of ), allows
to assume u;; = 0 modulo p". Thus, u; + uy; + Au;uy; = 0 modulo /" Dm. Put u; = u; +uy +
Aujug; and t;» =a Y (p_l)u;-. Then, t;- is an element of I'(4l;;, Ox), congruent to 0 modulo m and
satisfies Sj(t;-) = 0. Hence, by the uniqueness of solutions in Hensel’s lemma, t; =t; and u; = u; =
wi + uy; + Aujuy in (4, Ox). We compute
e; = (14 Aug)e; + u;
= (1 + )\’U,Z)(l + )\uij)ej + (1 + )\uz)uu + u;
_ (1 + )\’LLZ)(l + )\uij) o
(]. + )\'LL]) J
(14 g ) (1 + Augj)
= a :_ o) o6l 4+ (14 Mug)ug + ui — uy
N (]. + )\Ul)(l + )\uij) 6/-
- (]. + )\'LL]) J
Thus, €} := 0 for every i defines a section of }) — X. This implies that ) — X is the trivial formal
Gy-torsor as claimed. O

(1 + )\uz)(l + )\’LL@j)’LLj

+ (1 + AugJug; +u; —

The classical Hensel’s lemma provides sufficient conditions for the existence of zeroes of poly-
nomial equations once given approximate solutions. The following proposition can be seen as an
analogue of this in our context.

PROPOSITION 7.2. Let r be a rational number satistying 2(1 — (p — 1)v(\)) < r < 1. Let v’ :=
r—1+4 (p—1)v(A). In the commutative diagram

HY(X, Gy) — = HY(X,, Gy)
Hl (XT’7 G)\)
the image of v, coincides with the image of ¢, ..

Proof. Asin Proposition_?.l_we_ may replace X with its associated formal R-scheme X. Let Y, — X,
be a Gy-torsor and let (L, E,V, {(U;,€;,@;)}ier) be its associated classifying data. We may (and
we do) assume that {U;}; is a covering by open affine subschemes of X,. For every i € I, let {;
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be the formal open affine subscheme of X defined by U; and let o; € T'(i;, Ox) be a lifting of @;.
Consider the polynomial Q(T) = (1 + AXT)Pa; — «; + Py(T') with coefficients in I'(; N U, Ox).
Then Q4(T) is a polynomial with coefficients in I'({; N U;, Ox) of degree p. Let a := a(\) be as
in §5.4; it is an element of V' of valuation 1 — (p — 1)v(A). The derivative of Q;(T") has constant
coefficient equal to a times a unit and it has the coefficients of terms of higher degree congruent to 0
modulo am. Let w; € I'(U; NUj, Ox,) be as in Definition 5.8. Let ;; € T'(8k; N &L;, Ox) be a lifting
of ;. Then @;(v;) = a times a unit. Since Q4(7;;) is congruent to zero modulo p”, we conclude
from Hensel’s lemma [Eis95, Theorem 7.3] that Qg (7)) admits a root uy; € I'(4; N L, Ox) which
is congruent to +;;, and thus to u;;, modulo p” = p'a~l. Since X is V-flat, a is not a zero divisor
in I'(4; N4, Ox). Hence, u;j is unique with these properties. For 4, j and k in I we have

(1 + )\uki)p(l + )\uij)paj = (1 + )\uki)p(ai — P)\(uij))
= QL — P)\(’u,]ﬂ) — (1 + )\uki)pPA(uij)
= QL — P)\(Uki + uij + )\ukiuij).
Since there exists a unique zero of Q;;(7") congruent to ; modulo p’"/, as guaranteed by Hensel’s
lemma, we conclude that uy; = ug; +ugj + Augugg. Over U; define L as Oy, e; and E as Oy, @ Oy, ;.
Over 4; N4, impose the gluing condition e; := (1 4+ Auyj)ej + uyj. Since ug; = wpi + wij + Augugg,
we have
€l = (1 + )\uki)ei + Uk
= (1 + )\ukz)(l + )\uij)ej + (1 + )\uki)uij + Uk
=(1+ )\ukj)ej + ug;-
In particular, we obtain an invertible sheaf L over X and an extension E of L by O%. Furthermore,
there is a unique morphism of Ox-modules ¥: E — E defined over each 4; by W(e;) = 1 + Ae;.
One verifies that (L, E, V) is a global classifying datum, in the sense of Definition 5.5, and hence
defines a formal GM-torsor Y — X%. Proceeding as in Remark 5.10 we get a formal Gy-torsor

Y — X. Its algebraization ¥ — X defines a Gy-torsor. By construction, it lifts Y,» — X, as
claimed. O

COROLLARY 7.3. Fix A\ € V such that
P 1
— < v(\) < —.
p-D@-1 WS
Then, the natural morphism
oty B Go) —— (i g0 B (X, Go) = B (X o1y, Ga))
is an isomorphism.

Proof. Since
p

— < v(\),
CERETE I
the injectivity follows from Proposition 7.1 with » = (p — 1)v(\). Note that 2(1 — (p — 1)v(})) <
2—-2(p/(2p — 1)) < 1. Hence, the surjectivity follows from Proposition 7.2 with r = 1. O
Remark 7.4. If p > 2, then
1 1
S<vi)) < —
, SV S 2o
implies that
P 1
<v(\) £ —
v -1 WS
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8. Torsors modulo p

Let R be a p-adically complete and separated, noetherian, flat V-algebra and let X — Spec(R)
be a projective abelian scheme. We can interpret, under suitable hypothesis on A, the elements
of HY(X, G,) as torsors & la Artin—Schreier on the reduction of X modulo p” with  depending only
on A. Remark that a crucial point is that r < 1.

Suppose that v(\) < 1/(p — 1). Let » € Q be such that max{1/p, (p — 1)v(\)} < r < 1. Denote
by F the Frobenius homomorphism on X; and let a(\) be as in § 5.4. Then, F—a(\): H'(X3,0x,) —
H'(X3,0y,) factors via H' (X7, Ox,) — HY(X,,Ox,). By abuse of notation we call F — a(\) :
HY(X,,Ox,) — H(X1,Ox,) the induced map. The main result of this section is the following.

THEOREM 8.1. Assume that
p - < 1
(p—1(2p-1) p—1
Let r := (p — 1)v(\). Then,
F—a(\)

H'(X,G,)/HY(R,C)) = Ker(H(X,, Ox,) —> H'(X1,0x,)).
The proof of the theorem is based on two main ingredients. One is our version of Hensel’s lemma

for torsors, Corollary 7.3. The other is the analysis of the kernel of F — a(\). This is based on the
crucial Lemma 8.2 and also Lemma 8.3.

LEMMA 8.2. Let A be an element of V satisfying v(\) < 1/(p — 1) and "' = 0 mod p” with
r < 1. Let p): M - G, be the map defined by W Zf:_ll(—)\)i_l(Ti/i). Then, p} defines an
isomorphism of group schemes. Furthermore, the following diagram commutes.

GN —> g

p?l l@?
F—a(\)

Ga [ Ga r
In particular, p;\ identifies Ga(n),e(n)) With Gy over Spec(V;.); see Definition 5.1 and § 5.4 for notation.

Proof. Let log(1 + W) := Y22, (=1)""Y(W/i) € K[W]; it defines an isomorphism between the
formal groups Gy, k and G k; in particular we have a formal identity of power series log((1 +
W) (1+W))=log(l+W)®1+1®1log(l+ W). From this we deduce

p—1 i p—1 i p—1 i
Z(—)\)i_l Te1+1® T + AT ®T) _ <Z(—>\)Z_1T7> 91410 <Z(—>\)Z_1T7>

: ? : :
=1 =1 1=1

in the ring V[T] ®y V[T] up to terms in \’"H(T'® 1,1 ® T)P and, thus, the equality above holds in
V,[T] ®v, V;[T] since A»~* = 0 in V,.. This implies that p} is compatible with the two comultipli-
cations. Since Zp 1( AT /i) is equal to T times a unit in V,.[T] congruent to 1 modulo \, we
deduce that p} sends the ideal (W) to the ideal (T) and induces an isomorphism of tangent spaces
at the origin. We conclude that pf) is a homomorphism of V,.-group schemes and it is étale. Since pf)
is an isomorphism modulo A and V,.[T] is A-adically complete and separated, ,07)) is surjective at
the level of underlying algebras and, hence, it is a closed immersion. We conclude that p} is an
isomorphism.

Regarding the commutativity of the diagram in Lemma 8.2, we argue as follows. Since \P~! = (

in V;,, the homomorphism p;" is W + T. Thus, we may identify Q,(«)‘p) with G, via p2’. We have
to prove that P\(T) = ¢x(W) = pMF(W) — a(\)(W)). Since p = 0 in V,,, we have a(\) = —p/\P~!
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in V, and p)(F(W)) = TP. Thus, the commutativity of the diagram is equivalent to the equality
Py\(T) = T? — a(\)p)(T) modulo p. It suffices, then, to show that

p—1 p—1 i
Z% <€7> NIt = Z(—)\)i_lTT mod(p). (82.1)

i=1 i=1

It is easy to see, by induction on i, that, for 1 < i < p — 1, one has

L <P> U™ mod(p),

p \ i l

and from this we conclude. O

LEMMA 8.3. Let A\ € V' be such that

1 1
<v(d) < —
p(p—1) A p—1

and write r := (p — 1)v(\). The following diagram is commutative.

g™ 2 G)

| &
A F—a()\)

g7€>\) e Ga,?” Ga,l

Proof. Let U be a scheme over V;. Let u € Qf)‘)(U ) and let @ be the reduction of v modulo p".
Since a(A\) = —p/AP~! modulo p, the element ((F — a(\))e})(7@) is

(if (-t P Sf (h-ny
(_)\) h—1 _> + — < (_)\) h—1 _>
h=1 h A Ve h

modulo p”. On the other hand, (07" ¢x)(u) is the element Zf:_f(—)\p)t_l(PA(u)t/t). Since Py\(u) =
((1+ Au)P —1)/AP and (p/)\p_l)t)\p(t_l) = 0 modulo p for t > 2, we have

S (—awyr Al EZ + (Py(u) — uP).

t=1 t=1
It suffices to prove that Py(u) — uP is congruent to (p/)\p_l)(zz;i(—)\)(h_l)(uh/h)) modulo p.
This follows from (8.2.1). O

Consider the following commutative diagram with exact rows.

HO(R;, M) — HY(Ry, Gy) — H(Ry, GN) —2> HI(Ry, GO))

l | | |

HO(X,, GO)) — HY(Xy, Gy) —= H' (X1, G0) =2 HI(X,,G))

Then, HO(X;,GW)) = HY(Ry,GM)) since X — Spec(R) is an abelian scheme. Furthermore,
Hl(Rl,g()‘)) = 0. Indeed, every GWM-torsor Y over R, admits a section o) over Rj because
H' (R, GW) = HY(Ry, G,) = {0}. Since GV is a smooth group scheme, Y is smooth over R,.
Since R, is affine, o, can be lifted to a section of Y over R,.. In particular, the map HO(Ry, g(*”>) —
H'(Ry,G,) is surjective. Thus, the image of HO(X,G*")) in HY(X;, Gy) is the image of H'(R;, Gy)
in H'(X;,G)). The composite

(RIJG)\) — H (X17G)\) — H (XTaG)\) — H (Xrag ) (XTJOXT)
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factors via H'(R,, O, ) = {0}. We then get a complex

F—a(})
(leG)\ /H R17G)\)—>H1(XT70XT)—>H1(X17OX1)

H (8.3.1)
H'(X1,Gy)/HO(X,,G60)

PROPOSITION 8.4. If H'(X1,GWM) — HY(X,,GW) is surjective, then (8.3.1) is an exact sequence.

Proof. Using Lemma 8.3 and taking the associated map of torsors over Y, the surjectivity of o} and
the fact that Q{‘p is an isomorphism, we deduce that the map from the kernel of ¢, : H' (X7, gW) —
H'(X1,G6%)) to the kernel of F — a()\): HY(X,, G,) — H' (X1, G,) is an isomorphism. The kernel
of ¢y is HY(X1, Gy)/HO(X1,GA)). The proposition follows. O

LEMMA 8.5. For every v’ > r > v(\) the map H'(X,,,GV) — H'(X,,GW) is surjective.

Proof. Slnce there exists n such that 2"r > 7/, by induction it suffices to prove the lemma for r’ = 2r.
Let n: GX — G,, = Spec(V[Z,Z7 1) be the homomorphism of V-group schemes defined at the
level of algebras by Z — 1+ A\T'; cf. §5.3. Consider the following exact sequence of Zariski sheaves

on Xo,:
0— Ox, ——=g{) gy 0
I
0 Ox, —% Gy X, —> G x, —> 0

where a; is the homomorphism locally given by a +— 1+ A\(p"s™1)a for every s € V with r > v(s).
Taking the associated long exact sequences of cohomology and using that H!(_, Qo‘)) (respectively,
H!(_, G,,)) for the Zariski or fppf topologies are the same [AG, Corollary 2.5, we get the following
commutative diagram with exact rows.

Hl (X2r7 g()\)) - Hl (XT7 g()\)) - H2 (XT7 OXT)

! ) |

Hl (X2r7 Gm) - Hl (XT7 Gm) - H2 (XT7 OXT)

The image of 7 in Pic(X,/R,) is contained in the connected component Pic’(X,./R,) of the iden-
tity; indeed, since v(\) > 0, over Ry the image of 7 is the trivial invertible sheaf. The obstruction
to lift invertible sheaves algebraically equivalent to 0 over X, to Xa, is given by a group scheme
homomorphism ob: Pic’(X,./R,) — H?(X,,Oy,). Since X is an abelian scheme over Spec(R),
then Pic’(X,/R,) is proper and geometrically connected. Since H?(X,, Oy, ) is affine, the obstruc-
tion map ob is trivial. In particular, the map H'(X,,GWM) — H (X, G,,) — H(X,,Ox,) is zero.
The conclusion follows. O

8.6 Proof of Theorem 8.1
Consider the composite map
H'(X,G))/H (R, G))
X
HY(X1,Gy)/HY (R, G)) LN Ker(F — a()\): HY(X,,Ox,) — H'(X1, Ox,)),
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where j, is the homomorphism introduced in (8.3.1). It suffices to prove that j,o¢1 is an isomorphism.
By Proposition 8.4 the map j, is surjective. By construction, j, factors via

HY(X1,Gy)/HY (R, Gy) — HY(X,, Gy)/H (R,,Gy) — H'(X,,¢WV) = HY(X,, O, ),

where the latter isomorphism is defined using Lemma 8.2. Since the hypotheses of Proposition 7.2
are satisfied, the map j, o ¢ is surjective. One verifies that the conditions in Proposition 7.1 apply
in our case so that the reduction map ¢,: H (X, G) — H!(X,, G,) is injective. By Proposition 5.13
the map H'(X,G))/HY(R,G)) — HY(X,,G))/HY(R,,G)) is injective. Thus, j, o ¢ is injective as
well. This proves the theorem.

Remark 8.7. If f: Y — X is a morphism of projective abelian schemes over Spec(R). One verifies
that the following diagram commutes.

ir F—a(\
H' (X, Gy)/H Ry, Gy) —2= H(X,, Ox,) — 2 HI(X,, Ox, )

f*l f*l lf*
F—a(\)

(Y1, Gy)/H (Ry, Gy) —> H\(Y;, Oy, ) — H'(Y1, Oy,)

8.8 Relation to the Lie algebra of Pic
Let M be an R-scheme and let X, := X xp M. Let
v HY( Xy, Gy)/HY (M, Gy) —— Hom(G)\YM,PicXM/M)

be the map defined in §5.12.
Assume that M := Spec(R,) and that \»~! = 0 modulo p", r < 1. Let R,[¢] be the ring of dual
numbers on R,. Let § € Lie(Gy ;) be the element defined by the map
0: Gy xR, Spec(R;[e]) —— Gy X R, Spec(R,[g])

given by the composite of the inclusion Gy — GO, the map o Q,EA) — Gy, defined in Lemma 8.2
and the map G, X, Spec(R,[e]) — G, Xg, Spec(R,[¢]) given by Z — 1+ cW.

PROPOSITION 8.9. Let Y, — X, be a Gy-torsor, r as above. Let [Y,] € HY(X,, GWN) be the associated
class. Let ¢): H'(X,, Q()‘)) — HY(X,, G,) be the application induced by the map oY, in Lemma 8.2.
The homomorphism

Lie(7g, ([Y;])): Lie(Gx'z,) — Lie(Picy, /g,) = H' (X, Ox,),
sends & to o} ([Yy]).

Proof. Let (L, E, ¥, {(U;,e;,a;)}ier) be the classifying data associated to Y, — X,; see Defini-
tion 5.8. Then Y, |y, = Spec(Oy,les]/(Pr(e;) — ci)). The gluing morphisms are defined by e; =
(14 Au; j)e; 4+ ug; for suitable u;; € I'(U; NU;, Oy, ). The G _torsor associated to Y, — X, is de-
fined by the 1-cocycle (u;); j. The push-forward of ¥, — X, via ,07)) is the Gg-torsor defined by the
1-cocycle (Zg;i(—)\)s_l(ufj/s))i7j. This cocycle represents o ([Y;]). On the other hand, g, ([Y,])(6)
is the G,,-torsor over X, X g, Spec(R,[¢]) defined by the 1-cocycle (1 + E(Zg;%(—)\)s_l(ufj/s)))i7j.
This proves the claim. U

We conclude the section by showing the following.

LEMMA 8.10. The element § generates Lie(Gy'g, ) as an R,-module.
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Proof. By Nakayama’s lemma, we may assume that A = 0 in R,.. Take ¢§' € Lie(G A,VR,«)' View it as a
homomorphism G X g, Spec(R,[e]) — G, X r, Spec(R,[¢]) reducing to the identity modulo €. Then,
d" is of the form Z — 1+ ef(T) with f(T') a polynomial with coefficients in R, of degree at most
p—1. Since ¢’ is a group homomorphism we have f(0) =0 and f(T®1+17T) = f(T)®1+1x f(T).
An easy computation shows that f(7') = ¢T" with ¢ € R,.. Hence, §' = ¢d. O

9. Hasse—Witt equations

Let R be a p-adically complete and separated, noetherian, normal flat V-algebra. Let M be a free
R-module of rank g. For every r € v(m) denote M, := M /p"M. Let F: My — M; be a Frobenius
linear homomorphism, i.e. F(cimy + cama) = ¢/F(m1) + AF(m2) for every my, me € M and ¢,
¢y € R1. We denote by det(F)R; the ideal defined by the determinant of a matrix of F; note that,
although the determinant depends on the choice of the matrix representing F, the ideal it generates
does not.

Let a € V with v(a) = w satisfying 0 < w < (p — 1)/p. Consider the induced map
F—a: Ml—w — Ml

(observe that this makes sense due to the assumption on w). Then we have the following.

PROPOSITION 9.1. If w < 1 and p® € det(F)R;, then:

(i) Ker(F —a) is a F)-vector space of dimension < g;
(ii) there exists a finite, normal extension R C R/, étale over Rxg := R ®y K, such that the
dimension of the kernel Kerp/(F —a) of F —a: My_,, g R’ — M; ®pr R’ is exactly g;

(iii) for every morphism of normal, p-adically complete and separated V-algebras R’ — R”, the
map Kerp/ (F — a) — Kergr (F — a) is an isomorphism.

Remark 9.2. In the case we are interested in, one has a = a(\) = p/ \P~! modulo p. If X satisfies
D 1
— < v(\) < ——,
RSV
then 0 < v(a(A)) = 1—(p—1)v(\) < (p—1)/(2p—1) < 3. Thus, the condition on w in Proposition 9.1
is automatically satisfied.

Remark 9.3. The statement of Proposition 9.1 and the strategy of the proof is similar to (and
inspired by) [AMO04, §5].

Proof. Fix a basis B of M. Let Uy € Myx4(R1) be a matrix of F with respect to B. Let U be
a lift of Uy in Myyx4(R). Remark that there exists ¢ € R and u € R* such that det(U)c = p“u.
In particular, U is invertible in Rg. Indeed, by assumption, there exists ¢ € R such that p¥ =
det(U)c modulo p. Thus, there exists s € R satisfying det(U)c = p* — ps = p*(1 — sp'~%) and u :=
1 — sp' ™% is a unit in R since the latter is p-adically complete and separated.

The choice of B allows us to identify M with RY. We view an element m of M as a column
vector X. If X ="*(z1,...,x,), then denote X? :=*(zf, ... zf). Define

Zr(a) ={X eRI|UXP—aX =0} and Z(a,r):={X € R} |UXP—aX =0}

for r > 0. For 0 < ' < 7" denote by red,~,» the reduction map Z(a,r”) — R;‘f,. Define red,~ as
the map Zg(a) — RY,. Remark that Z(a, 1) is a Fp-vector space and that Ker(F — a) is identified
with redq 1-4(Z(a, 1)). Thus, the proposition follows from the following. O
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LEMMA 9.4. The following hold:

(i) Zg(a) has cardinality less than or equal to p9;

(ii) there exists a finite, normal extension R C R, étale over Rk := R ®y K, such that the
set Zp/(a) has cardinality exactly p9;

(iii) for every normal extension R' C R" the map Zp/(a) — Zpgy(a) is a bijection.
LEMMA 9.5. The map red;_,, induces a bijection Zg(a) = redy 1—y(Z(a,1)).

Proof of Lemma 9.4. We start by proving that aU/ ! is a matrix with coefficients in R. Let V €
Mgy 4(R) such that VU = UV = det(U)1,. Then, aU! = (a/det(U))V. By the above there
exists ¢ € R and v € R* such that det(U)c = p”u. However, v(a) = w, thus a/det(U) = ac/p“u €
R.

Let W be the closed subscheme of A‘(}% defined by the equations X? — aU !X = 0. It is finite
and flat over R of rank p9. In particular, it is an affine scheme p-adically complete and separated.
Due to the normality of R we conclude from the valuative criterion of properness and [EGAIV,
20.4.12], that Zg(a) = W(R) = W(Rkg). To conclude the proof of the lemma it is enough to show
that W is unramified over Ry . We compute the determinant of the Jacobian matrix of the equations
defining W':

Xt o XU 0
det {p| : - i | —aU | =det@U Ndet | U | i | -1,
a
o - Xxp! 0 ... xp!

Note that det(aU 1) is in R and it is invertible in Ry . The second factor on the right-hand side is
an invertible element in the ring of functions By, of W. Indeed, it is congruent to 1 modulo mByy
and By is m-adically complete and separated. O

Proof of Lemma 9.5. The method is an adaptation of the usual proof of Hensel’s lemma. A straight-
forward application of Hensel’s lemma, as found in the (standard) literature, would give us bounds
depending on g (the rank of M). We thus prefer to give some details.

The lemma is equivalent to proving that given x € RY, whose reduction modulo p lies in Z(a, 1),
there exists a sequence {y € Z(a,(n+ 1)(1 —w))}, with:

(a) y, =z modulo p/a;

(b) y, =y, _, modulo p"/a"! for every n > 2;

(c) the sequence {y ~mod (p"*1/a"*2)},, is independent of the choice of {y } satistying parts (a)
and (b).

Indeed, since w < § we have p"/a"™* — 0 for n — co. Hence, by parts (a) and (b) the limit y :=

lim, y is an element of Zpr(a) lifting z modulo p/a. By part (c) it is also the unique element
of Zr(a) with these properties. We proceed by induction on n.

Let Ry := R(Xi,...,X,) be the p-adic completion of the ring of polynomials in the vari-
ables X1,..., X, and coefficients in R. Define the matrix A in Mgy ,(R,) as
X{’—l 0
A=Ly : ) : -1,
a
0o - xpt

Since v(p) > v(a), the matrix A is in Glgx4(R4). The Jacobian matrix J of UXP — aX is aA.
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Write Uz? —az = pt. Let y, =2+ (p/a)Z with Z := A(z)~'t. Then, modulo p?/a?, one has
p
p_ _ p_ P, _ _
Uyt —ay, = (Uz" —az) + J(2)-Z = p(t - Az)Z) = 0.

One easily verifies that this uniquely determines the class of Z modulo p/a?.
Assume v, has been constructed with the properties above. Let § v, be a lift of y, in R( ) (1—w)"
_ — +1 = \—1 .
Hence, we have Uy? —ay = (p/a)""'t for a suitable t. Let Z := A(y )~'t. Define Ypiq =
g+ (p"*t1/a"*t2)Z. Then, modulo (p/a)"*? we have

1/p\"H p\"
Uy~ = O - )+ 70,05 (2) 2= (2) - s@z -0
The class of Z modulo p/a is uniquely determined by this equation. The lemma follows. ]

Remark 9.6. Let g: M — M’ be a morphism of R-modules. Assume that M; and M| are endowed
with Frobenius linear homomorphisms F and F’ such that g o F = F/ o g. Fix a as above, then g
induces a Fp-linear map Ker(F — a) — Ker(F' — a).

Assume now that R is a p-adically complete dvr with valuation vz and a flat V-algebra. Let M be
as in Proposition 9.1. Let {z1,..., 2} be F,-linearly independent elements of Ker(F —a). We prove
that they are ‘almost’ R—linearly mdependent

LEMMA 9.7. Suppose that there exists r1,...,rs in R such that ryx1+---+rsxs =0 in My_,,, then
VR(T‘Z') > 0.

Proof. By hypothesis w = v(a) and M is a free R-module. Thus, multiplication by a induces
an injection Mi_,, — M1 Since z; € Ker(F —a) for i = 1,...,s, we get 0 = F(>_,riz;) =
SirPF(xi) = a- (3, r7x;). Hence, Y, rPz; = 0 in Mj;_,. We conclude that for every natural
number ¢ we have >, r? a:l =0.

Suppose that there exists a relation rizq +- -+ 7.2, = 0 with vg(r;) = 0 for some j. Eventually
replacing the r; with their p’th powers for ¢ large enough, we may assume that, for every i, r; is
either a unit or it is 0. We deduce that there exists a subset J of {1,...,s} and units r; € R*
for j € J such that ) jesTit; = 0. Take J of minimal cardinality with these properties. Eventually,
renumbering the x; and reducing s we may assume that J = {1 ..,8}. We may also suppose
that r; = 1. Then, 21 = ZZ# mmz = ZZ# r?z;. Hence, ZZ 1(r? —r;)z; = 0. The minimality of
the cardinality of J implies that r¥ — 7; is not a unit in R. Thus the class of r; in the residue field
of R lies in [F,,. Hence r; = a; for some a; € Z modulo the maximal ideal of R. Taking suitable pth

powers, we get > a’ acz = 0, contradicting the Fp-independence of {z1,...,z,}. O

10. Extensions of subgroup schemes generically defined

Let S be a flat V-scheme and let G — S be a group scheme over S. Let Hx C Gg be a closed
subgroup scheme, flat over Sk. In this section we investigate the problem of extending Hx to a
closed subgroup scheme of GG. As the following example shows, this is not always possible even if §
is integral.

Ezample 10.1. Let p be a prime number. Let A := Z,[X,Y]/(XY — p). Let N — Spec(A) be the
group scheme, finite and flat of order p over Spec(A) defined by the elements a := X and ¢:=Y
of A via the Oort—Tate classification [OT70]; in particular, N = Spec(A[T]/(TP — XT)). Let R :=
Zp[[Xl,XQ,Yl,YQ]]/(lel — p,XQYQ — p) and let Pi: Spec(R) — Spec(A) with ¢ = 1, 2 be the
morphism X — X; and Y +— Y. Let P := Spec(B) with

B :=Spec(R[Z,Z71/(ZP71X| — X3)).
589
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We denote by IV; the base-change of IV, respectively, via p;. The base-change of N1 and Ny to P are
isomorphic via the isomorphism « given by 1 ® 7T — ZT ® 1. Over Spec(Rf ) the scheme P is given
by the equation ZP~! — X, X 1 . by Kummer theory it is then a torsor under tp—1. In particular, it
is finite and étale of rank p — 1. Let S := Spec(C') with

C = RW]/(Wp~t — xb~1xP~2),

It is a scheme finite and flat over Spec(R). Let u: P — S be the morphism of R-schemes given by
W + ZX;. Via the map u, we have B = C[Z, Z7']/(ZX; — W). In particular, note that u is an
isomorphism over Spec(Rg) and it is surjective on points.

Let G be the base-change of Ny xr Ny via S — Spec(R) and let Hx C G be the closed
subgroup scheme defined as the graph of ax: Ny g — No i over Sg = Pg. The isomorphism « is
defined over P and its graph gives a closed subscheme Hp C G x g P. Since P is a flat Z,-scheme,
Py is schematically dense in P. Assume that Hg can be extended to a closed subgroup scheme H
of G, flat over S. Then Hp = H xg P as closed subgroup schemes of G xg P. Since the map u is
surjective, it follows that the morphism f;: H — Nj; is an isomorphism for i = 1, 2. By [OT70] the
isomorphism f5 o fl_]L is defined by 1 ® T + ¢T' ® 1 for a unique ¢ € C* satisfying ¢?~'X; — Xo.
We then get a map S — P given by Z — ¢. The composite with u is the identity over Sk and, hence,
it is the identity. Since P is an affine chart of the blow-up of S at the ideal (W, X;) intersecting the
exceptional divisor, u does not admit any section.

The main result of this section states that if S is noetherian, one can find a K-admissible blow-
up S’ of S such that the schematic closure of the subgroup Hg of G in Gg == G xg S’ is a
subgroup scheme of Gg flat over S’. In particular, if G is an abelian scheme over S and Hy is finite
and flat, the schematic closure of Hy in Gg will also be finite and flat. When S is the spectrum of
a dvr, this is a classical result due to Raynaud [Ray74b].

10.2 Admissible blow-ups

For the convenience of the reader, we recall the following definitions and properties from [RG71,
§5.1]. Assume that S is a noetherian scheme and let f: S’ — S be a K-admissible blow-up with
center ('; see Definition 2.1. If Z is an S-scheme, flat over V', we denote by Zg the fiber product Z x g
S’. Let A be the open subscheme of S given by S\C. If Y C Z is a closed subscheme, we define the
strict transform Y of Yin Z g as the schematic closure of Y4 :=Y xg A in Zg/. Here and in what
follows we identify f~!(A) with A via f and consequently we view Yy as a locally closed subscheme
of Zg/. Note that, since C' is of finite presentation and S is noetherian, A — S is quasi-compact so
that Y4 — Zg is quasi-compact as well, and the schematic closure exists by [EGAI, 1.9.5.2]. Then:

(i) if Z is flat over S, we have Zg = Z, i.e. Zgr is the strict transform of Z;
(ii) if Yy is flat over A, then Y is schematically dense in Yy; the latter is schematically dense in Y
by construction, hence, Yx is schematically dense in Y'; in particular, the strict transform of
Y in Zg coincides with the schematic closure of Y in Zg/;
(iii) if Y is flat over S, then Yg is the strict transform of Y in Zg/;
(iv) let f: 8" — S and g: S” — S’ be K-admissible blow-ups, then fog: S” — S is a K-admissible
blow-up; cf. [RG71, Lemma 5.1.4].

The following proposition is the key to the solution of the problem.

ProPOSITION 10.3. Assume that S is a noetherian scheme, flat over V and let Z be a scheme
projective over S. Suppose that Y C Zk is a closed subscheme flat over Sk and let Y be the
schematic closure of Yy in Z. Then, there exists a scheme SY and a projective morphism SY — S
such that:
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a) SY is flat over V, the induced map SY. — Sk is an isomorphism and the schematic closure of
K
Y in Z xg SY is flat over SY ;
(b) SY is minimal among the S-schemes satisfying condition (a).
Furthermore:

(i) let S' be a K-admissible blow-up of S, then S’ — S factors via S¥ — S if and only if the
schematic closure of Yi in Zg is flat over S’; in this case, such schematic closure coincides
with the pull-back of the schematic closure of Y in Z xg S¥ via §' — SY;

(ii) there exists a K-admissible blow-up S’ — S and a morphism of S-schemes S’ — SY ;

(iii) if T — S is a flat morphism of noetherian schemes, TY is T xg SY .

In the statement above, condition (b) means that for every other S-scheme S’ satisfying con-
dition (a), there exists a unique S-morphism S’ — SY so that the schematic closure of Yi
in Z' :== Z xg 8" is the base-change of the schematic closure of Y in Z xg SY.

Proof. We follow closely [RG71, §5.2].

(a) The subscheme Yx of Z defines a Si-point s in the Hilbert scheme Hilb(Z/S) of Z over S.
The latter is the disjoint union of projective schemes over S. Define SY as the schematic closure
of s in Hilb(Z/S). Since Sk is schematically dense in SY, the latter is flat over V. By the universal
property of the Hilbert scheme, one has a closed subscheme of Zgy := Z xg S¥, flat over SY and
coinciding with Y5 over Sk.

(b) Let S" be an S-scheme so that condition (a) holds. Then, Sk is schematically dense in S’
since the latter is flat over V. By assumption, the schematic closure of Yy in Zg is flat over S’ and,
in particular, defines an S’ valued point of Hilb(Z/S). By construction it factors via S¥ and the
claim follows.

(i) The implication <= follows from condition (b).

We prove the implication = and the last claim. Suppose that S’ — S factors via SY. Denote
by Y the schematic closure of Yy in Z gv. Since S’ and SY are flat V-schemes and since Sy =
Sk = S[Y{, then S — SY is the admissible blow-up with center equal to the inverse image of the
center of the blow-up S’ — S via the morphism SY — S. In particular, the base-change }N/S/ of Y
via §" — SV is the strict transform of Y in Zg by condition (iii) of §10.2 and it is flat over 5.
In particular, YS/ ®y K = Yk and Yy is schematically dense in Ys/ by condition (ii) of §10.2.

(ii) By [RGT71, Theorem 5.2.2] there exists a K-admissible blow-up f: S" — S such that the
strict transform (9; of the coherent Oz-module Oy is S’-flat. Recall from [RG71, Definition 5.1.1]
that Z’); is the (’)Z/S—module defined as the quotient of Oy, by the submodule of sections supported
on f~1(C), where C is the center of the blow-up f. In particular, 5; is a quotient of (’)Zé and, by

the S’-flatness, it is the structure sheaf of the schematic closure of Y in Zg/. By property (c) the
morphism S’ — S factors via SY .

(iii) This follows from the fact that the formation of the Hilbert scheme commutes with base-
change and the fact that taking schematic closures commutes with flat base-change. O

LEMMA 10.4. Let W and Z be S-schemes. Let Y C Z and X C W be closed subschemes. Assume
that Xy is schematically dense in X. Then, any morphism u: W — Z as S-schemes, inducing
a morphism vi: Xg — Yy such that XKU—K>YK C Zig is Xg C WKU—K>ZK, induces a unique
morphism v: X — Y such that the following diagram commutes.

X——Ww

Y——Z
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Proof. Consider i: X — X and j: Yxg — Y. Let Z be the ideal sheaf defining Y in Z and J be
the ideal sheaf defining X in W. We then have the following commutative diagram.

%

Oy Oy ’ ]*(OYK)

U (Ow) —= 1.(Ox) ==, 01 (Ox,)

Since X is schematically dense in X, the map * is injective. Since i*(u*(Z)) = 0, we conclude
that u*(Z) C u(J). Thus, there exists a unique morphism v*: Oy — u,(Ox) compatible with u*
and vj., as claimed. O

COROLLARY 10.5. Let Z be a group scheme over S. Let Y C Z be a closed subscheme flat over S.
If Y C Zk is a closed subgroup scheme, then Y C Z is a closed subgroup scheme.

Proof. Denote by f the morphism f: Y — S and by j the morphism j: Yx — Y. Since i: Sg — S
is quasi-compact, i.(Og, ) is quasi-coherent by [EGAI 1.9.4.1]. Since Y xg Y is flat over S, the
natural map (f X f)*(ix(Og,)) = (7 % J)«(Oyx ®0g,. Oyy) is an isomorphism. Applying (f x f)*
to the injective map Og — i+(Og, ) and using the flatness of ¥ xg Y over S, we conclude that
Yk X5, Yk is schematically dense in ¥ X Y. Furthermore, ¥ xgY is a closed subscheme of Z x5 Z
and is flat over S. It then follows from Lemma 10.4 that the multiplication map m: Z xg Z — Z
restricted to Y xg Y factors via Y C Z. Analogously, the inverse map t: Z — Z sends Y to Y.
Hence, the map

mo (idx1): Z xgZ —— Z, (v,y)—x—y
restricted to Y xgY factors via Y C Z. Thus, Y is a closed subgroup scheme of Z as claimed. [

We summarize the results obtained so far in the following theorem.

THEOREM 10.6. Let Z — S be a projective abelian scheme over S. Let Y C Zg be a closed
subgroup scheme, flat over Sk. Then, there exists an S-scheme SY and a projective morphism
SY — S such that the induced map S}; — Sk is an isomorphism and the schematic closure of Yi
in Z xg SY, denoted by Y, is a subgroup scheme of Z xg SY, flat over S¥ . Furthermore, we have
the following.

(i) (Admissibility) There exists a K-admissible blow-up S" — S and a morphism of S-schemes
S — SV,

(ii) (Minimality) A morphism S’ — S, such that S’ is flat over V and the morphism induces an
isomorphism of generic fibers S} — Sk, factors via SY — S if and only if the schematic
closureY' of Y in Z' := Z x g S’ is flat over S’. In particular, Y' is a closed subgroup scheme
of Z" and it coincides with Y X gy S’.

(iii) (Base-change) If T — S is a flat morphism of noetherian schemes, T is T xg S¥ .

(iv) (Functoriality) Let W — S and Z — S be projective abelian schemes. Let Uy C W and Y C
Z be closed subgroup schemes, flat over Sk. Let S — S be an admissible blow-up such that
the schematic closure U' of Ux in W/ = W xg S’ (respectively, Y of Y in Z' = Z xgS") is a
subgroup scheme, flat over S’. Then, every homomorphism W — Z of group schemes, inducing
a homomorphism Uy — Yk, induces a homomorphism U’ — Y as well.

Remark 10.7. One can relax the hypotheses of Theorem 10.6. Let S be a quasi-compact and quasi-
separated scheme and let U < S be an open, schematically dense, quasi-compact subscheme of S.
Let Z — S be a group scheme, of finite presentation as an S-scheme. Let Yy C Zy be a closed
subgroup scheme of Zy := Z xg U, flat over U. Using [RG71, Theorem 5.2.2], one can then deduce
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that there exists a U-admissible blow-up S’ — S such that the strict transform of Y in Z’ := Z x g5’
is a closed subgroup scheme of Z’, flat over S’. Observe, however, that the existence of an S-
scheme SY with the properties of Proposition 10.3 is not guaranteed in this more general setting.

11. Proof of the main theorems: first reductions

In this section we show that the existence of the canonical subgroup and of a formal model for
special (w, g)-situations (as in Definition 11.1) implies its existence and the existence of a formal
model in the general case. The main point of this reduction is the fact that, due to property (ii) of
Theorem 3.5, we can work with strict neighborhoods of the ordinary locus in suitable moduli spaces
of abelian varieties; the restriction of the universal family to the normalization of sufficiently small
open formal subschemes of these are special (w, g)-situations.

DEFINITION 11.1. We define a special (w, g)-situation to be X — S where:
(a) S is Spec(R) with R a normal admissible V-algebra;

(b)

(c) HY(X1,0y,) is a free R-module;

(d) the determinant of Frobenius F on H*(X1, Ox,) satisfies p¥ € det(F)R;.

X — S'is a projective g-dimensional abelian scheme;

Denote by X (respectively, S) the formal completion of X (respectively, S). We then have the
following.

THEOREM 11.2. Suppose that there is a way of associating to every special (w, g)-situation X — S,
with 0 <w < (p—1)/(2p—1), a rigid analytic subgroup scheme H§" of X*" finite and flat of rank p?
over §*", satisfying (the analogue of) properties (i)—(iii) of Theorem 3.5 and the (the analogue of
the) functoriality of Proposition 3.7. Then, Theorem 3.5 and Proposition 3.7 hold true.

Moreover, if Theorem 3.10 and Proposition 3.12 hold for special (w,g)-situations X — S,
with 0 < w < (p —1)/(2p — 1), then Theorem 3.10 and Proposition 3.12 hold true.

Proof. We first construct a canonical subgroup in the rigid and in the formal settings for universal
families of abelian varieties. We then deduce the general case.

Let 0 < w < (p—1)/(2p — 1) and assume that p* € V. Let n and d be positive inte-
gers such that n > 3,(n,d) = 1 and (p,n) = 1. Denote by A, 4, the moduli space of abelian
varieties of dimension g over V with full level n structure and a polarization of degree d?, and
by Xwiv Ayg.dn the universal abelian scheme. Consider a covering {U;}; of Ay 4, by affine open
subschemes, say U; := Spec(R;), with the property that each U; dominates Spec(V) and the R;-
module H(U;, Oxuniv) is free. For each i fix a lifting a; € R; of the principal ideal defined by the
determinant of Frobenius on H(U;, Oxuniv) @y Vi. Let R;(w) = R;[Y]/(Ya; — p¥) and A; be
the normalization of R;(w). Since R;(w) is of finite type over V, it is excellent by [EGAIV, 7.8.3].
Consequently, A; is finite as an R;(w)-module and it is itself excellent. Thus, its p-adic comple-
tion A; is normal by [EGAIV, 7.8.3(v)]. In particular, XPW o= XU g Spec(A;) — Spec(4;)
is a special (w, g)-situation. By hypothesis we can define a rigid analytic subgroup HM™ of (36“““’)5‘“ a

minimal morphism of formal schemes " — SZ := Spf (A ) relative to X'V — T; and a finite and
flat closed subgroup scheme H ;’,ﬂf{lv of %um" Xz S i extending H". Furthermore, H;’,fg‘v also sat-
isfies Proposition 3.12. Write U; ﬂU as Spec(R;;). Let AZ] be the normalization of R;; [Y]/(YaZ “)

and let AZ] be its completion. It is easy to see that AZJ is canonically isomorphic to Aﬂ Analo—
gously, X“mV = X univ X Ay Spec(A‘ ) — Spec(Ay;) is a special (w, g)-situation. Hence, denot-

ing T := Spm(A i), there exists a rigid analytic subgroup H;" of (Z{“m")an a minimal morphism of
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univ
X
)

formal schemes up © — T relative to Z{Zujni" — T;; and a finite and flat closed subgroup scheme

H gr?}v of %%ni" Xg, T Z-jij extending HZ". Since H®" depends only on the isomorphism classes and
commutes with base-change for special (w, g)-situations (properties (i) and (ii) of Theorem 3.5), the

restriction of H™ to T5 is HE". Using Theorem 3.10, which we are assuming to be valid for special

x” . univ
(w, g)-situations, we also deduce that Tij” is an open formal subscheme of ‘Ifgl and that H afgfﬁ?v
univ )

xu
coincides with the pull-back of H afgfﬁ?v to ‘Il-j”
Let 24, 4, be the formal scheme associated to A, 4,. Denote by XUV () the universal formal

abelian scheme over 2, 4 ,(w). By construction, the covering {T:"}; of g 4., (w)*" coincides with the

covering {Spm(R;(w)®y K)};, which is admissible since it is associated to a covering by open formal
subschemes of 2y 4 ,,(w). Thus, the groups {H}; glue and define a rigid analytic subgroup H%%,,, (w)
of (X"V (w))2. By construction it satisfies property (iii) of Theorem 3.5; in particular, it is preserved

by the automorphisms of Ay 4., for example those of the level structure. Analogously, {%;}; and

Sx‘imw ; also glue and define formal schemes ¥ and T over A dn(w), and we have a morphism
(3 g,a,
T T as formal schemes over Ay an(w). At the level of associated rigid analytic spaces, we

obtain isomorphisms

((Z:{umv)an l} San l} ng,d,n(w)an'
We also obtain a formal closed subgroup scheme Hafgfﬁ?v(w) of the base-change of X"V (w) to Txuniv,
finite and flat over TX"" extending ;ﬁniv(w). It follows that Definition 3.8(b) and (c) and Propo-
sition 3.12 hold true in this case.

The strategy to construct the canonical subgroup in general is to work first under some restrictive
hypotheses and eventually show how to remove them. Assume that we are given a formal (w, g)-
situation ¥ — S such that ¥ admits a polarization of degree d? and full level n structure with n a
positive integer n > 3 prime to pd, i.e., X**[n| = (Z/nZ)9. Suppose, furthermore, that p € V. Then,
X — S is obtained as the pull-back of X"V (w) via a morphism f: S — 2, 4, (w). We define HE"
as the pull-back of H Finiv Via fan,

We now prove that H3" is independent of the choices of the polarization and level structure.
Indeed, assume that there exists d’ and n’ > 3 with (n/,pd’) = 1 and a morphism f': S — A, z ,/(w)
such that X is the pull-back of the universal formal abelian scheme X""™" via f’. It suffices to prove
that the pull-back H of H{,;, via f*" and the pull-back H "of H ;?univ via f'*" coincide. Since X" [p]
is étale over S*" and the two groups H and H' are contained in X*"[p], it is enough to show that
they coincide over the rigid points of $**. Any such point extends to a morphism h: Spm(V') — S
for some finite extension V' C V' of discrete valuation rings. The pull-back X;, — Spm(V') of X — S
via h is a special (w, g)-situation and the pull-backs of H and H' via h*" coincide with H %, due to
the definition of Hy" () (respectively, H3" . (w)) and the hypothesis that the formation of H"

g,a,n g ’,n’

commutes with base change-for special (w, g)-situations.

Eventually, assume that X — S is a (w, g)-situation. Take a finite extension V' C W of dvrs,
a covering by open formal subschemes {il;}; of S ® W and a finite and étale extension 3; — il;
for every 7 such that p¥ € W, the pull-back of X to 4; admits a polarization of degree d? and the
pull-back of X to 3; is endowed with a full level n; structure for some n; and d; with (n;, pd;) = 1.
By the above, we may construct H%Y 5 independently of any choice. The extension 33" — U*" is
finite and étale as rigid analytic spaces over W ®y K and the morphism (S ®y W)™ — S*" is finite
and étale as rigid analytic spaces over K. Remark that H Xxs3,; 18 a closed rigid analytic subspace
of X[p] xs 32". Then, the usual étale descent for coherent modules suffices to descend Txs3; tO

a unique closed rigid analytic subgroup H§" of X[p]. By construction it satisfies property (iii)
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of Theorem 3.5. Reducing once more to the case of S equal to the formal spectrum of a complete
discrete valuation ring and using the assumption of the theorem, one shows that H$" depends
only on the isomorphism class of X — §, that its formation commutes with base-change and is
functorial in X. This concludes the proof of the existence of the canonical subgroup and shows its
main properties. We are left to discuss its formal models.

We assume first that S = Spf(R), with R an admissible V-algebra, and that X — S is projective.
Let S := Spec(R) and let X — S be the abelian scheme whose associated formal scheme is X — S.
Since X[p|*" is finite over S* and H{" is a closed analytic subgroup scheme, there exists a unique
closed subgroup scheme Hx, of Xg[p|, finite and étale over Sk, whose associated rigid analytic
subgroup scheme of X[p]*" is H". By Theorem 10.6 there exists a projective morphism SX - S
and a closed subgroup scheme Hx C X xg S¥X such that (Hx)x = H Xy - We let S* (respectively,
H %rm) be the p-adic formal scheme associated to S¥X (respectively, Hy). Due to Theorem 10.6, the
requirements (a) and (b) of Definition 3.8 are satisfied. We prove that requirement (c) also holds.
Let € — S be an admissible blow-up such that X[p] x s ¥ admits a closed subgroup scheme H finite
and flat over T whose rigid analytic fiber is H§" X gan T*". Then, T — § is obtained as the p-adic
completion of an admissible blow-up 7" — S. Let Hr C X|[p] xg T be the schematic closure of
Hx, xgT. Passing to an affine covering of 7" and using that the schematic closure commutes with
flat base-change (such as taking p-adic completion), one sees that H is the p-adic completion of Hr.
Since R is p-adically complete by construction, its maximal ideals contain p so that the closed points
of S and S are identified with the closed points of Si. Since T is proper over .S and ¥ is proper over
S, we deduce that the closed points of T" and ¥ are the closed points of the special fiber T}, and
are identified. For any such point x, the p-adic completion of the local ring of T' at x and of ¥ at =
coincide. Since H is flat over ¥, we conclude that Hrp is flat passing to the p-adic completion of the
local ring of T" at every closed point and, hence, that Hp is flat over T'. Thus, by Corollary 10.5, it
is a closed subgroup scheme of X|[p] x5 7. Then, T'— S factors uniquely via ¥ — S and T — S
factors via S*. We conclude that S¥ — S satisfies the requirement of Theorem 3.10, apart from the
uniqueness. Any minimal morphism is, by definition, locally projective and, hence, there is a Zariski
covering of § by affine formal subschemes over which it is algebraizable by Grothendieck’s existence
theorem. Applying Theorem 10.6 we then deduce that it must coincide with S¥ — S proving also
the uniqueness.

In general, consider a covering {il;}; of S by open formal affine subschemes such that Xxsil; — §l;
is projective. One then obtains ile — 4; satisfying Theorem 3.10 for every ¢. By Theorem 3.10, the
formal scheme ilf-e X s U; coincides with uf x s il; for every ¢ and j so that one can glue the formal
schemes U¥ — 4l; to a formal scheme S* — S. By construction it satisfies Definition 3.8(b) and (c).
We claim that Definition 3.8(a) holds as well. This is true for each $}, i.e. there exists an admissible
blow-up U’ of &f; and a map U, — {U¥ as $f;-schemes. By [BL9I3, Lemma 2.6], for every 4 there exists
an admissible blow-up ] — S extending {; — il; and there exists an admissible blow-up &’ — &
factoring through each S/. The natural maps &' xg l; — U, — ilf glue by the universal property
of ¥ (Definition 3.8(c)). We then get a morphism &’ — S* of S-schemes as required. This shows
that Definition 3.8(a) holds as well. Since the uniqueness claimed in Theorem 3.10 holds if it holds
locally on S, this completes the proof of Theorem 3.10.

We now prove that Proposition 3.12 holds. Let 8’ — S be an admissible blow-up over which a
formal model H gg’rm of H" exists. Using the notation introduced above, we know that there exists
a Zariski covering {3;}; of S and admissible blow-ups {3/}; such that for every i a formal model H;
of H{ 3 33" exists and satisfies Proposition 3.12. For every i, let S; be a blow-up dominating
both 3! and &’ xs 3;. Then, Proposition 3.12 holds for H; X3 S/ since it holds for H;. This group
scheme coincides with Hi¥™ x5S/ by Lemma 3.9. Note that II;S” — S is surjective on points since

it is an admissible blow-up of a fppf covering of S’. Hence, Hafé’rm xgs (8" @y k)™ is annihilated
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by Frobenius for every geometric point of (S’ @y k) and, thus, it is annihilated by Frobenius.
Since H %rm has rank p9, we conclude that Proposition 3.12 holds for H %rm as claimed. O

12. Proof of the main theorems for special (w, g)-situations

In this section we prove the theorems and propositions of §3 for special (w, g)-situations.

We start with Theorem 3.5. Let X — S be a special (w, g)-situation with 0 < w < (p—1)/(2p—1).
In particular, S = Spec(R) with R a normal, admissible V-algebra. Let R be the direct limit of
a maximal chain of finite and normal R-algebras, which are integral domains and are étale over
Ry. Let V be the integral closure of V in R. It is the ring of integers of an algebraic closure of K.
Fix A € V so that v(\) = (1 — w)/(p — 1). The assumption on w implies that

P 1
—— <v(N) < —.
e-ne-1 WS
ProrosiTiON 12.1. We have the following.
(1) Let X be as above. Then, H(X ® R, G)) = Fj.

(2) Let 0 < w < w < (p—1)/(2p — 1) and let A\, u € V be such that v(\) = (1 —w)/(p — 1)
and v(pu) = (1 —w')/(p — 1). The map H'(X ® R,G,) — H' (X ® R,G,,), induced by the
homomorphism 1y ,,: Gy — G, of § 5.3, is an isomorphism.

Proof. (1) By Theorem 8.1, Proposition 9.1 and Remark 9.2 there exists a finite, normal R-algebra
W étale over Ry such that H(X ® W,G,)/H'(W,G,) is a F,-vector space of dimension g.
Furthermore, for every extension W C W' which is finite, normal and étale over Wi, the map
HY (X @ W,Gy)/HY W, G)) — HY(X @ W', G,)/HY(W’',G),) is an isomorphism. The claim follows.

(2) The given map is injective due to Lemma 6.4. Then, the claim follows from claim (1). O
Consider the map TR HY{(X ®R,G)) — Homﬁ(GAv,Picg(/R) as in §5.12. Choose an F-basis
{z1,...,2,} of H(X ® R, G)) and let
U: (Gh'5) — Pick p @r R
be the map m(x1) + - - + Tx(xy).
LEMMA 12.2. The map V is a closed immersion over Ry .
Proof. Since G AVT%K > Z/pZ, it suffices to prove that for any non-trivial homomorphism Z/pZ —

(G ,\%K)g, the composite with ¥ is non-zero. For every (ay, ..., ay) € Fy consider the homomorphism

ar,may GyY — (G,Y)9 defined on points by g — (g, ..., g%). It suffices to prove that, for every
0 # (a1,...,ay) € Fy the map ¥ o &ay,...a, 18 non-zero. By Proposition 8.9 and Lemma 8.10, the
image of the Lie algebra of GAVI—%, via U o &y q, 0 Lie(Picg(/R ®r R1) = HY(X,0x) ®g Ry is

identified with the R;-submodule generated by the non-zero element ayzq + - - - + agxy. The lemma
follows because of the injectivity in Theorem 8.1. U

LEMMA 12.3. The image of ¥ ® Ry is Gal(Ry /Ry )-invariant.
Proof. Consider the following diagram:
HY(X @ R, ) = H'(X ® B, ) = Pic%  p[p) (Ric)

U
Hl(X ®E7 Mp)[)\} - Hl(X ®E7 G)\)
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see Definition 6.5. The group Gal(Ry /Ry ) acts equivariantly on the terms in the upper part of the
diagram. By Proposition 6.6, the subgroup H (X @ R, u,)N ¢ HY(X ® R, 1)) is also Gal(Rx /Ry )-
invariant.

Let ) : Gy — p, be the map defined in §5.3. We view it as an element 1, € G,"(R); it generates
G\Y(K). It follows by the definition of T that, for every Gy-torsor ¥ — X ® R, the image of the
class [Y] in Pic% /r[p](Rk) obtained via the diagram above coincides with the element T7([Y])(n2).
The lemma follows.

Using the lemmas above we deduce that ¥ ® Ry descends to a closed subgroup scheme G C
Picg(K R It is finite and flat of rank pY and it is annihilated by multiplication by p. U

DEFINITION 12.4. Let Hyx, be the closed subgroup scheme of X [p] given by

Hx, = (Picg(K/SK [p]/GK)V.
We let H¥" be the rigid analytic subgroup scheme of X*"[p] associated to subgroup scheme Hy,. of
Xkl[p).

PROPOSITION 12.5. The rule associating to a special (w, g)-situation X — S the group scheme H{"
given in Definition 12.4 satisfies properties (i)—(iii) of Theorem 3.5 and Proposition 3.7.

Proof. Note that H§" is a closed subgroup scheme of X*"[p], finite and flat of rank p? over S*".

(i) By construction H§" depends only on the isomorphism class of X — S.

(i) (Base-change) The formation of H§" commutes with base change associated to extensions
R — R’ of normal admissible V-algebras thanks to Proposition 9.1(iii).
(Functoriality) Let X1 — S (respectively, Xo — S) be a special (wq, g)-situation (respectively,
a special (ws, g)-situation) with 0 < wy, w2 < (p—1)/(2p—1). Let h : X; — X5 be a morphism
of abelian schemes. We deduce from Remarks 8.7 and 9.6 that Proposition 3.7 holds, i.e. h®"
restricts to a group scheme homomorphism from HE} to HY).

(iii) (Ordinary case) If X has ordinary reduction, by the functoriality just proven one can take
w = 0. In particular, we can suppose G = Z/pZ. Then, the construction above coincides with
that in Proposition 3.4. Hence, H{" = H%rd. O

12.6 Proof of Theorem 3.10

The notation is as in Definition 12.4. It follows from Theorem 10.6 that there exists a projective
morphism S* — S, inducing an isomorphism over Sk, and a closed subgroup scheme

Hy — X xg S¥,

which is finite and flat over SX of rank pY and extends H X - Furthermore, S¥ is minimal with
these properties and its formation commutes with flat extensions T — S by Theorem 10.6. We then
form

define S* (respectively, H ¥'™) as the completion of SX (respectively, Hx) along its special fiber. By
construction S* and H ggrm satisfy the requirements of Theorem 3.10; cf. the proof of Theorem 11.2.

12.7 Proof of Proposition 3.12

The notation is as in §12.6. Let G be the closed subgroup scheme of Pic’(X/S) xg S defined as
the Cartier dual of (X[p] x5 .S%)/Hx. It is a finite and flat over S¥ of rank p? and it is annihilated
by p. Since Hx Xy k = Hafgrm Xy k, by Cartier duality, Proposition 3.12 follows if we prove the
following.

LEMMA 12.8. The group scheme G xgx (S¥ @y k) coincides with the kernel of Frobenius
on Picg(/s x5 (S @y k)red.
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Proof. Since G is a subgroup of Picg(/s x 55% of rank p9, it suffices to prove that G x gx (SX @y k)red
is killed by Frobenius. For every generic point s of (S¥ ®y k)™, let k(s) be its residue field.
We claim that for every s the Lie algebra of G ® k(s) is a k(s)-vector space of dimension at
least g. Consequently, [Mum?70, p. 139] implies that the kernel of Frobenius on G ® k(s) has rank
at least p?. Since G® k(s) has rank equal to p?, it is then killed by Frobenius. This proves the lemma
for the generic points of (SX ® k)*d. Since in a reduced ring A, the map from A to the product of
the localizations at all its height 0 ideals is injective, it follows that G x gx (SX @y k)™ (respectively,
Ker(F) on Picg(/s x5 (SX @y k)d), being flat, coincides with the schematic closure in Picg(/s X g
(SX @y k)4 of its restriction to the generic points. The lemma follows.

We are left to prove the claim. Possibly, after replacing S with the p-adic completion of the
normalization of Ogx 4, we may assume that S = SX = Spec(R) is the spectrum of a complete
dvr with residue field F. By construction, ¥ factors through G ®z R. Reducing modulo R;_,,, with
w=1—(p—1)v(A\) and X as in Proposition 12.1, and taking the associated map on Lie algebras,
we get R-linear maps

Lie(G)\v)g QR Ri_yw — Lie(G ®g Rl—w) C Lie(Png(/R QR El—w) = HI(X, Ox) ®r Ri_w.

By §8.8, the image I contains the R-module generated by the image of the map from HY(X®zR, G))
to HY(X,0x) ®r R1_. given in Theorem 8.1. It follows from Lemma 9.7 that I is generated as
an R-module by at least g elements. This implies that Lie(G ®x Ri_,) and, hence, the module .J
of invariant differentials of G ® g R1_,, are generated as an R-modules by at least ¢ elements. If the
invariant differentials of G @ F were generated by less than g elements, the same would apply
to J by Nakayama. We conclude that the invariant differentials of G ® g F form a vector space of
dimension at least g as claimed. ]

13. Final considerations

In this section we assume that R is a complete discrete valuation ring. We fix an abelian scheme
X — Spec(R). We first show that our construction of the canonical subgroup coincides with that
in [AMO4].

13.1 Relation with [AMO04]

Supp_ose that p > 3. Suppose that X satisfies the assumptions in [AMO04, Theorem 1.1]. Take

A € R to be an element of valuation v(\) = 1/p. Thanks to Definition 6.5 and Proposition 12.1 the

canonical subgroup Hy ® Ry is also with the orthogonal of H'(X ® R, ,up)w via the Weil pairing
(X ® Ri)[p] x H(X ® R, pip) — pip.

It follows from [AMO04, Theorem 3.1.2] that Hx ® E_K coincides with the subgroup X[p]’*, con-
structed in [AMO04, Corollary 6.1.2], base-changed to Ry . This implies that our canonical subgroup
and the canonical subgroup defined in [AMO04] coincide in this case.

We now give an alternative description of H! (X ® R, up)[pl/p] C HY(X®R, p1,) (see Definition 6.5)
using the map dlog.

13.2 The map dlog
Let R be as in Definition 6.1. Define the map

dlog: Hi,e (X1 @g R, pp) — H(X1 @p R, Qx o 7/7)

as follows. Let Y7 — X; @ g W be a p,-torsor with R C W finite and étale over Rx and W normal.
There exist a covering by open affine subschemes {U;}; of X @ p W and elements ~; € T'(U;, Or.)
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such that Yi|y, is defined by the affine algebra zf = ;. Furthermore, there exists a one cocycle vy
for O%, ¢ .w relative to the covering {U;}; such that v; = fijz on U;NUj. Then, dlog(v;) = dlog(v;)
on U; NU; and we get a section of HO(X; @p W, Qx,zw/w) denoted by dlog(Y7).

LEMMA 13.3. With the notation above we have dlog(Yy) = 0 if and only if the ; are pth powers in
(u;, 0X1®RE)'

Proof. 1f the 7; are pth powers, clearly dlog(Y;) = 0. Assume that dlog(vy;) = 0 for every i.
This holds only if dv; = 0. Fix 7. Let m be a uniformizer of W. The proposition is known for the
special fiber of X®@rW — Spec(W) since it is regular. Let 7 be a uniformizer of W. Then, there exists
a1 € T(U;, Ox,gw) such that v; = al+ by for some by in I'(U;, Ox, g ,w ). Analogously, wd(b) = 0.
Thus, there exists ag € I'(U;, Ox,,w) such that 7b; = wab + 72by for some by in T'(Uj, Ox,0,W)-
Continuing in this fashion we get a m-adic expansion of v; of the form v; = > 7"ah. Let /P be
an element of R whose pth power is 7. Then, v; = o, 7/ Pa, )P is a pth power as claimed. U

PROPOSITION 13.4. Let A € R be an element of valuation v(\) = %. Then, the kernel of the map

dlo —
25 HY(X, 9 R, Q. 0nR/R)

HY(X ® R, pp) —— HY(X1 ®p R, 1) —
coincides with H (X ® R, 1)

Proof. We prove first that the image of 7y is contained in the kernel of dlog. Let Y — X @ W
be a Gy-torsor. By Theorem 5.9 and Remark 5.10, if (L, E, ¥, {(U;, e;, ;) }icr) are the associated
classifying data, the torsor is locally defined by Spec(Oy, [e;]/(Px(€e;) —)). The associated fi,-torsor
is then defined by Spec(Oy;, [zi]/(zi — 1+ A a;)) and dlog(1+ Aa;) = 0 modulo p by the assumption
on v(A).

Let Y be a pp-torsor over X @gr W such that dlog(Y) = 0. Let Y be the associated formal
pp-torsor over X @p W. Let {{;}; be a covering of X ® W by open affine formal subschemes and
let ; € T'(th;, (Ox ®r W)*) be such that Y|y, = Spec(Oy, [zi]/(2F — 7i)). By Lemma 13.3, we may
assume that 7; = 1 modulo p. Since v(AP) = 1, we can write v; = 1+ APa; with «; € F(Ll2 Ox@W).
Let {v;} be a cocycle for Oy, relative to the covering {f;}; such that v; = 'y]v on i N Y,
for every ¢ and j. Then, v;; = 1 modulo pl/P. Thus, we may write vy = 1+ Auy; with uy; €
LU N, Ox ® W). Let Y|y, be the spectrum of the subalgebra of Oy 2]/ (2! — i) ®@w Frac(W)
defined by Oy le;]/(Pa(e;) — o) with e; := (z; — 1)/\. Note that )’ |y, is a Gy-torsor over il;.

Since e; = vie; + uy; and v aj — a; = —Py(uij) on 4 N4, the Gy-torsors V'|y, — ; glue to a
global Gy-torsor V' — X ® W By construction, 7,()’) = Y. Since X is projective, it algebraizes to
a Gy-torsors Y/ — X ® W such that n(Y') =Y. O

We also have another map
dLog;: X\ [p)(R1) — H (X1 ® R, Qy o5 /R

defined as follows. Let p: X1®@R[p] — 1, be a Ry-point of X} [p]. Define d Log; (p) as the pull-back of
the canonical invariant differential dz/z on p, via p. Here we use that the invariant differentials
of Xi[p] coincide with the invariant differentials of Xy, i.e. with H°(X1,Qx, /g,). The following
proposition answers a question raised in [AM04, Remark 6.1].

ProprosITION 13.5. The following diagram is commutative.

HY(X @ R, ) —>H0(X1 ® R, Qx, ©R/R)

Zl TdLogl

XV[pl(R) XY [pl(Ry)
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Proof. To simplify the notation we assume R = R and that every pp-torsor over X is rigidified at
the origin. Let f : Y7 — X be a (rigidified) p,-torsor. Due to the rigidification it has a unique
group scheme structure such that f is a homomorphism of group schemes (with kernel f,). The
isomorphism ¢: Ext!(X, pp) — Hom(X1[p], p) has the following explicit description. The pull-
back [p]*(Y7) of Y7 via multiplication by p on X is canonically trivial since Hom(X7, p1,) = 0, i.e.
p]*(Y1) = pp x X1. We thus get an induced homomorphism h: X7 — Y; such that foh = [p]; this
induces the required map ¢([Y1]): Xi[p] — fp-

Let Fg, (respectively, Fx,) be the absolute Frobenius on S; (respectively, X;). Denote by X fp )
the fiber product of X; — S; via Fg, and by W : Xfp) — X the projection. Let V : X]Ep) — X3
be Verschiebung, we then get two maps V* and W* from H! (X7, 1) to H! (Xfp),up). Consider the
map V*; via the isomorphisms

HY (X1, ) = Hom(Z/pZ, XY), HY(X{, 1) = Hom(Z/pZ, (X{P)")

it coincides with the homomorphism v: Hom(Z/pZ, X)) — Hom(Z/pZ, (Xfp ))V) induced by
VY XY — (Xfp))v. Since VV: X} — (X]Ep))v = (X))@ is the relative Frobenius and Frobenius is
the identity on Z/pZ, the map v coincide with the map ¢ — Fg (). We conclude that W* = V*.

Suppose that the j,-torsor Y; is given on a covering by open affine subschemes 4 = {U;}; of X;
by local equations Z{ = ; with v; € T'(U;, O;)). Then, (dZ;/Z;); € CY(8k, Qy, /g, ) lifts the invariant
differential dz/z of p, and dLog,([Y1]) is the global differential of X; given by the pull-back of
(dZ;]Z;); via h. Since [p] is the composite of Verschiebung V' and (the relative) Frobenius F, the p,-
torsor [p]* (Y1) is F*(V*[V1]) = F*(W*[Y1]) = F, [Y1]. The latter is defined on U; by the equation
Z? —~? and admits the trivialization Z; = v; so that the pull-back of (dZ;/Z;); via h is locally given
by (dv;/i)i- The conclusion follows.

Proposition 13.5 is motivated by the following weak integral analogue of the Hodge-Tate de-
composition as suggested in [AMO04, Remark 6.1]. O

13.6 Relations with the Hodge—Tate decomposition
Su@ose that p > 3. Let K be an algebraic closure of K and let V be the integral closure of V
in K. Let C, (respectively, Oc,) be the p-adic completion of K (respectively, V). Let A € V be
an element of valuation v(\) := 1/p. The Hodge-Tate decomposition is a canonical isomorphism of
Galois modules
H' (X7, Q) ®q, C, = (H'(X, Ox) & H(X, Q) /1) (—1)) @v Cy;

see [Tat67, Remark on p. 180]. To simplify the following heuristic considerations we will ignore the
Galois action from now on. We will discuss it in a more general situation in a future paper.

In Proposition 13.4 and 13.5 we proved that we have an exact sequence of [Fj-vector spaces:

0—H(X®V,Gy) — H(X 0K, ) "2 H(X 07,0, 0. (13.6.1)

If X}, is ordinary, we can obtain from (13.6.1) a generalization of the Hodge—Tate decomposition to
p-torsion coefficients. Indeed, we remark the following.

(1) the kernel of d Log; has dimension g as F,-vector space by Proposition 12.1(1).

(2) By Proposition 12.1(2) the kernel of d Log; with H'(X®V, Z/pZ) because Z /pZ ~ Gpi/p-1; the
reduction modulo p gives HY(X ® V,Z/pZ) = H' (X1 ® V,Z/pZ). By Artin-Schreier theory,
cf. Theorem 8.1, we have an exact sequence

0 — H'(X; ® V,Z/pZ) — H'(X1,0x,) ©v V ~— H'(X1,0x,) @y V.
Furthermore, we have H'(X;,0x,) @y V = H'(X; ® V,Z/pZ) @, V /pV. This is deduced
600

https://doi.org/10.1112/50010437X07002813 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X07002813

THE CANONICAL SUBGROUP FOR FAMILIES OF ABELIAN VARIETIES

using Nakayama’s lemma since it holds modulo the maximal ideal of V by [Mum70, Corollary
on p. 143];

(3) We have that H(X; ® V, Q;l oV /V) coincides with Im(dLog;) ®r, V/pV. Indeed, using the
Cartier operator and relating the Hodge to de Rham and the conjugate spectral sequences on
Hig (X1 ® V/V) (see [Kat73, §2], especially Corollary 2.3.1.2) we obtain a Frobenius linear
homomorphism

—1 . 0 7 Ol 0 7 Ol
The ordinarity of X implies that it is an isomorphism, cf. [Kat72, (2.3.4.1.4)]. By [Kat72,
(2.1.2.1)] it is the identity on the image of d Log;. One concludes using [Mum?70, Corollary on
p. 143] once more.

One then deduces from (13.6.1) the exact sequence
0—H'(X,0x) @v (V/pV) = H(X @ K, i) ©2 V — H(X, Q% y,) @v (V/pV) — 0.

This can be seen as a weak Hodge—Tate decomposition with torsion coefficients.

Condition (3) is equivalent to asking whether X} is ordinary: if it holds, HO(Xk,Qﬁ(k /k) is
generated by logarithmic differential forms so that the Cartier operator is an isomorphism and this
is equivalent to requiring that X} is ordinary.

Consequently, if Xj is not ordinary, one does not expect such a decomposition to exist.
Nevertheless, suppose that X — S is a (w, g)-situation with w < 1/p (and p > 3). Then, we
still have an exact sequence

1 b7 1 1 b7 dLogy +r0 7 Ol
00— H (XK, u)? — HY(X @ K, i) —= H(X, ® V. 0% ov )
Moreover, H' (X ® K, ,up)[l/ Plig a [F,-vector space of dimension g by Proposition 12.1. Thus, in this
case, one has an exact sequence in the flavor of the Hodge—Tate decomposition for torsion coefficients.
The authors believe that a similar phenomenon should occur for H'(X @ K, ju,n) (for every n > 1)
and will return to this topic in a future paper.
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